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THE BR OAD WELL MODEL IN A THIN CHANNEL °*

ANDREW J. CHRISTLIEB, Y, JAMES A. ROSSMANITH, %, AND PETER SMEREKA X

Abstract.  In this paper we are concerned with the limiting behavior of gas°ow in athin channel
as described by the Broadwell model. The Broadw ell model is a simpli'ed kinetic description for gas
dynamics where the main assumption is that the particle distribution function can be represented by
a discrete number of velocities. Starting from the Broadw ell model and the appropriate boundary
conditions we derive two 1D models for gas transport in a thin channel. In the limit of no inter-
particle collisions the 1D model is the well known telegraph equation. In the case of collisional °ow
the 1D model is a system of three rst-order hyperbolic PDEs. Both 1D models are validated through
numerical simulations that compare the 1D models to the 2D Broadw ell system. Furthermore, in the
limit of no inter-particle collisions we are able to rigorously show that under a di®usive scaling the
solutions of the full Broadw ell model converge weakly to solutions of the di®usion equation. Under
a hyperbolic scaling we are able to show that solutions to the collisionless Broadw ell model converge
weakly to the solutions of the telegraph equation. Finally , we derive a long-time asymptotic formula
for the solution of the collisionless Broadwell system, which reveals oscillations that explain why
the convergencein the di®usive and hyperbolic scalings must be weak. Due to the nonlinearit y of
the inter-particle collisions, we are not able to prove rigorous convergence results for the collisional
Broadw ell system.

Key words. Discrete velocity models, Broadwell model, Thin channel, Telegraph equation,
Kinetic modeling, Rare’ed gas dynamics.

AMS sub ject classications.  76P05, 82B40, 35L50, 35K10

1. Intro duction

Recent advancesin the manufacturing of microscale technology have made it
possible to construct mechanical systemson the micro-scale [19]. It was quickly
discovered that systemson the scaleof tens of microns can behave quite di®ererily
from their macroscalecourterparts. The e®ectsof decreasingthe gas density have
beendiscussedin review articles in the MEMS comnmunity [20, 22] and are discussed
in standard texts on gasdynamics [8, 14, 31]. In addition, experimerts have shown
that even mildly rare ed gas °ows behave far di®erert on the microscalethen they
do on the macroscale[15, 27, 33, 34]. This initial work has generateda great deal of
interest in trying to describe the fundamental physics for systemson this scalewith
the goal of better predicting the behavior of these systems.

A subclass of these devices(e.g., micro-sensorsand/or micro-pumps) have mi-
cro/nano scale°ow channelscut in them. The channel width in these devicesmay
rangefrom tens of microns down to tens of nanometers[28, 29]. Becausethesedevices
are often intended to be operated at atmospheric pressurewhere the mean distance
a particle travels before undergoing a binary collision with another particle is about
70 nanometersin air, the gasmay appear very dilute on the scaleof thesedevices.
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The dynamics of a gascan be modelled using the Boltzmann equation:

Y
@ _ o H
@i = & o (1.1)

wheref = f (%, t;t) is the particle distribution function in phase-spaceThe left-hand
side of this equation represens particle transport while the right-hand side models
binary collisions. A measureof the diluteness of a gasis the Knudsennumber, K,
which is the ratio of the mean distance between inter-particle collisions, , , and the
characteristic length scaleof the system, L. The relative importance of the collision
operator is directly tied to the Knudsen number, K. If the Knudsen number is
small then the °ow is dominated by binary collisions. In this case,the solution of the
Boltzmann equation can be approximated by a function of the type:

~ (Uoi u(x;t»z)

fm = Yx:t)exp | T D) ; (1.2)

where f, is called a local Maxwellian. In this limit one can employ the Chapman-
Enskogformalism to derive transport equationsfor the density, %x;t), velocity, u(x;t),
and temperature, T (%;t) [14]. Howewer, when K, is not small this approximation to
the Boltzmann equation fails.

For the micro/nano devices,the Knudsennumber is typically in the range 0:01-
Kpn - 10. As the width of the channel reducesto the point where K, > 1, the gas
enters the free molecular °ow regime in which the gas particles are more likely to
have a collision with the walls of the system than with ead other. This regime
has been studied analytically as one possible limit of the Boltzmann equation by
Babovsky [2, 3] and BArgerset al. [6]. Thesearticles considerthe long-time behavior
of the Boltzmann equation in the limit of no particle-particle collisions; this limit is
sometimesreferredto asthe Knudsengaslimit. Babovsky [2] describesthe long-time
ewlution of a Knudsengasin a thin tube. BArgerset al. [3, 6] and Babovsky [2]
discussthe behavior of a Knudsengasfor °ow in a thin channel. In thesearticles, it
is shavn that under an appropriate scalingthe long-time behavior of the Knudsengas
corvergesto solutions of the di®usion equation. In addition, BArgerset al. [6] have
shown that the time scaleon which di®usiontakesplaceis sensitive to the model used
to describe the distribution of particles re°ecting from the wall. The approad taken
in thesearticles is basedon statistical argumerts regarding the behavior of small angle
collisionswith the wall of the channelor tube. In addition, Golse[21], Dogb&[18], and
Boatto and Golse[9] develop non-statistical argumerts to show that solutions of the
Knudsengasfor thin channel °ow have a di®usionlimit asthe depth of the channel
goesto zero. Degondand Mancini [17] and Degond, Latocha, Mancini, and Mellet [16]
rigorously shaved that a di®usionlimit is alsoreaded by an electron gasin both the
collisionlessand collisional cases,respectively. Finally, Aoki and Degond[1] showed
that a Knudsengasthat is driven by temperature gradients along the channel walls
can be approximated by a corvection-di®usionequation.

In this work, we considerthe dynamics of a discrete velocity model in a thin chan-
nel. Becausethe model we consideris a signi cant simpli cation of the full Boltzmann
equation, we are able to extract more detailed information than previous work on the
Knudsengasin a thin channel. The major simplifying assumption of the model is
that the gasparticles can only travel along a discrete number of directions. Broad-
well [10, 11] dewveloped the rst discrete velocity model as a tool for understanding
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shock formation in a gas. The successf this simple model inspired a great deal of
work on discrete velocity models. Ca°isch [12, 13] studied the °uid dynamic limit of
the Broadwell model and was able to show that solutions of the 1D Broadwell model
converge weakly to solutions of the °uid dynamic equations. The literature on dis-
crete velocity models has becomequite extensive. The review article by Platk owski
and lllner [26] discussesnuch of the know theory about the °uid dynamic limit and
the numerical schemesderived for °uid dynamics basedon discrete velocity models.
More recernt work has involved using discrete velocity models to study rare ed gas
dynamics. Valougeorgisand Naris [30] useddiscrete velocity modelsin the simulation
of high K, gas®ows in a microchannel. Bellouquid [7] hasshown that under the right
scaling, solutions of the collisional Broadwell model in the in"nite domain cornverge
to solutions of a wave equation.

The paper is broken into two main parts. In the rst part, we derive depth-
averaged models for °ow in a thin channel for both the collisionlessand collisional
Broadwell model. The collisionlessequationslead to a telegraph equation, while the
collisional equations lead to a system of three rst-order hyperbolic PDEs. In the
secondpart, we shav that under a hyperbolic scaling the solutions of the Broadwell
model converge to solutions of our 1D model in the weak sense. Under a di®usive
scaling, we show that the collisionlessBroadwell model corvergesweakly to solutions
of a di®usion equation. Finally, we derive a long-time asymptotic formula for the
solution of the collisionlessBroadwell system, which reveals oscillations that explain
why the convergencein the di®usive and hyperbolic scalingsmust be weak.
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Fig. 1.1. The Broadwell model in a thin channel and no variation in the z-dir ection. Without
collisions (%= 0) only N1;N2;N3, and N4 are dynamically important. With collisions (%6 0) an
additional component, Ns, is intr oduced to denote the particles that end up travelling in the z-
direction after collisions. In the collisional case we do not need to consider two densities in the (+)
and (j ) z-directions (e.g., N5 and Ng) since N5~ Ng in order to maintain zero momentum in the
z-dir ection.

2. Deriv ation of a collisionless thin-c hannel model

We consider a version of the 6-velocity model originally proposedby Broadwell
as a discrete velocity approximation to the Boltzmann equations[10]. In Broadwell's
model, all particles move at a constart speedc and are allowed only to travel in six
directions: §x, 8y, and § z. We will study this model in an in"nitely long channel
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of height H. We consider only solutions that are independent of z, and we rotate
Broadwell's model by 45* degreesso that particles that are incident on the wall are
re°ected down the channel (see Figure 1.1). We note that in order to obtain 2D
solutions with zeroz-momertum it is required that the number of particles in the (+)
and (j ) z-directions are equalfor all (x;y;t). Therefore,the systemconsideredin this
work is described ertirely by "v e directions: N1;N5;N3;N4, and Ns.

We rst considerthe completely collisionlesscase. This further reducesthe orig-
inal 6-velocity model to a 4-velocity model (N1{N4), becausein the absenceof col-
lisions we can assert without loss of generality that Ng~ O for all (x;y;t). After
non-dimensionalization, the collisionless4-velocity Broadwell model for “ow in a nar-
row channel that we considerin this work is given by the following four advection
equations:

on (x;y¥)2[il ;1 ]£[0;h], where h is the non-dimensional channel depth. Non-
dimensional parametersare related to dimensional quartities in the following way:

N?=LI3N; x’=Lx; y’=Ly; t’=(L=c)t; and h=H-=L;

where L is the characteristic length scaleof the initial condition. Coupling between
the four velocities comesfrom interaction at the top and bottom walls of the channel:
J— — 3 — — s

Nl_y:0 = (1 ®)N4_y:O + 2, Nz_y:O + N4_y:o (2.5)
Ns:y:o =(1j ®)Nz:y:0 + gsNZ__y:O + N4__y:O (2.6)
NZ:y:h: (1 ®)N3;:h+§3|\|1;,:h+ Ns;:h (2.7)
N4_y=h:(1i ®)N1_y=h+§ Nl_y=h+N3_y=h ; (2.8)

where0< ®< 1 is the accommalation coezcient and describesthe \roughness" of the
wall. ®! 0 implies that the wall is smooth, and therefore particles undergo specular
re°ection at the walls. In our model this meansthat incident particles simply bounce
o®in a direction 90* from the incident direction. ®! 1 implies that the wall is rough,
and therefore particles undergodi®usere®ection at the walls. In our model this means
that incident particles are redistributed equally into the two directions pointing away
from the wall.

The goal of this sectionis to derive a 1D approximation the collisionlessequations
(2.1) { (2.4) in the casewherethe channel depth, h, is a small parameter. In Sections
2.1{2.3 we derive such a model, in Section 2.4 we indicate how this model behavesin
the long-time, and in Section 2.5 we test this 1D model against the full 2D equations
in a numerical example.
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2.1. The depth-a veraged equations. We begin by de ning the depth-
averagal numter density:

NiGGD= o NGy dy; (2.9)

wherei = 1;2;3;4. Depth-averagingequations(2.1){(2.4) acrossthe channelyields the
following equations:

@, @;_1 N
@ @ Ml Ny #10
@, @, _ 1, - =
@ @& hN2y=ni N2y=o) (2.11)
@; @3_1 - ) -
@' @& H(NS y=0i N3 ) (2.12)
@, @4 1 - ) - ]
@+ @— H(N4 y:h| N4 y:O)' (213)
Applying boundary conditions (2.5) { (2.8) yields
— — 3 — 3 — —
@, @, _1 ® - - N
@ @& _53( I ®)N y=0+§3N2y=o+N4y:o i N1y (2.14)
A, @AN,_1 - ® - - -
6' @_Hs(ll ®)N y:h+§3 Nl y:h+N3 y:h ] N2 y:OI (215)
@z @z_ 1 - ® - - -
@I @_Hs(ll ®) N, y=0+§3N2y=O+N4y=O i N3y=h (2.16)
@, @4_ 1 - ® - - -
@*‘@ = (i ®N; y=ht7% Niy_y*Ns o i Nayg (2.17)
We de ne the total density, % and the momentum, m, as follows:
Ygx;t) = N 1(x;t) + No(x;t) + Na(x;t) + N4(x;t) (2.18)
mx;t)= N1(x;t) i Na(xt)i Na(x;t)+ Na(x;t): (2.19)

Re-writing equations (2.14){(2.17) in terms of the total density and the momertum
yields

@’2 @n
=0 2.20
'@ - (2.20)
@n @5 ® - = =
6 @ h Nzy *Ns y=hl N4 y=0 | N1 y=h (2.21)
2.2. The thin-c hannel appro ximation. We now turn our attention to

replacing the right-hand side of equation (2.21) by something only involving “x; t)
and m(x;t). We begin by de ning the following functions:

filayin= - OZNi(x;' Od (2.22)

g(xyt)=i % ) Ni(x;";t)d"; (2.23)
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for i = 1;2;3;4. Note that
fi(xh;t)=gi(x;0;t) = Nj(x;t):

In order to relate f;(x; 0;t) to fi(x; h;t), a Taylor expansionabout the point y= 0 can
be applied:
. 2 @f:
fi(x;ht)= N;(x;t) = fi(x;0;t) + h@(x;o;t)+ h—@(x; 0;t)+ :::
@ 2 @2
h @, (2.24)
= 0+ N;(x;0;t) + E@I(X;O;t)+ s

Similarly, in order to relate g; (x; h;t) to gi(x; 0;t), a Taylor expansionabout the point
y = h can be applied:
. 2 @
6 (% 0;t)= Ni (1) = g (x; h;t) i h@(x;h;t)+ h—@(X;h;t)+ o
@ 2 @2
h @, (2.25)
= 0+ Nj(x;h;t) E@'(x;h;tﬂ s

Next, we can replace the partial derivatives with respect to y in (2.24){(2.25) by
appealing to the two-dimensional equations (2.1){(2.4); noting that

N;i=N;+ O(h)
we nd:
a Har, av,
i @1(x;h;t)= u@“ @1‘" +0(h)
i %(x;h;tF u%+ %ﬂ +O(h)
%(X;O;t)= %+% + O(h):

Combining the above result and the Taylor expansions(2.24) and (2.25) yields the
following result:

ley:h:m,- gu%+ %ﬂ+0(h2)
Ngzy:h:m; gu%i %ﬂ+0(h2)
Nz:y=0=Wzi gu@gfi %{fztomz)
N4:y:O:W4i gu@g;+ %‘ﬂ+0(h2):

Finally, this result can be pluggedinto (2.21) to produce
o, @ o' @ o

a'@ 2 a & .Hm+O(h): (2.26)
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Therefore, to order O(h) we obtain the following system of equations:

@, on_, 2.27)
@ @\ qpT

@n @ " i "1 . (2.28)
@ @& 2® h '
We will refer to this system of hyperbolic partial di®ererial equations as the colli-
sionlessthin-channel model.

2.3. A telegraph equation. Further insight can be gainedinto the collision-
lessthin-channel model by taking the derivative of equation (2.27) with respect to t
and the derivative of equation (2.28) with respect to x:

1
@2/2 Gm _, (2.29)
@ @0 H w1
@m @1/2 i2® "1 @n,
@@ @’ 2i® h @
Combining thesetwo equationsand reordering the terms producesthe following tele-
graph eguation:

(2.30)

Moo T as L@, @Y

2i® @' et e

Therefore, we have shawn that the collisionlessthin-channel model is in fact a tele-
graph equation. This impliesthat the depth-averageddensity, %4x;t), hasthe tendency
to both propagate and di®usealong the channel. The derivation we have preseried
in this sectionis not rigorous; however, in Section4 we will in fact prove that the 2D
4-velocity Broadwell model convergesweakly to the telegraph equation (2.31) under
an appropriate scaling (Theorem 4.2).

0: (2.31)

2.4. Long-time behavior: the di®usion equation. It iswell-known that as
t! 1 ,the telegraph equation on an in nite domain behaveslike a di®usionequation
(seefor example Zauderer[35]). In Section4 we will prove that under an appropriate
scaling, the 2D 4-velocity Broadwell model corvergesweakly to a di®usion equation.
In this section, however, we will use a non-rigorous approac to obtain a di®usion
equation from the telegraph equation (2.31).

We considerthe behavior of system (2.27){(2.28) on a time scaleof t= O(hi 1).
On this time scale,equation (2.28) reducesto the following relationship:

H w1
@_" i2® "1
Oo(h)+ & 2® h (2.32)
Solving this equation for m(x;t) yields
M 1
_ 2i ® @
m=j h ® @+ 0(h?): (2.33)

Substituting this result into the consenation of massequation, (2.27), yieldsto O(h?)
the following di®usionequation:

@ M2 o @
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Therefore, on long-time scalesthe collisionlessthin-channel model approximately dif-
fusesdown the channelwith the di®usionconstart proportional to the channel depth,
h. This result is qualitativ ely in agreemem with previous work on the long-time
behavior of a Knudsengasin a thin channel [4, 5, 21].

2.5. An example. In order to demonstrate the validity of the above derived
collisionlessthin-channel model, we consider an example with h= 0:04, ®= 0.5, and
the following initial conditions:

(
0:25 if (xj 0:5)%+ 15(yj 0:02)°< 0:1%?

. (2.35)
0 otherwise

N1;2;:3,4(Xy;0)=

The solution to the 2D collisionless4-velocity Broadwell model is computed on a
1000£ 20 grid on the computational domain [j 0:5;1:5]£ [0;h] using the cla wpack
software padkage[23], which is basedon the wave propagation method of LeVeque[24].
Wetakein this computation a CFL (Courant-Friedrichs-Lewy) number of exactly one:

which for this constart coexcient problem results in the wave propagation method
reproducing the exact solution. Ghost cells are introduced to enforceboundary con-
ditions (2.5){(2.8) at y=0 and y= h and zeroth-order extrapolation conditions at
x=1j 0:5and x= 1.5 [25].

The thin-channel model (2.27){(2.28) with initial conditions

(
1P 0:1% (xj 0:5)2 if 0:35< x< 0:65
3

“%x;0)= .
0 otherwise

(2.36)
m(x;0)= 0; (2.37)

is also solved using the cla wpack software padkage. In particular we use a grid
of 2000 points on the computational domain [j 0:5;1:5], zeroth-order extrapolation
conditions at x = 0:5 and x= 1:5, and a CFL number of 0.95. The sourceterm in
(2.28) is coupledto the left-hand side of system(2.27){(2.28) through Strang operator
splitting [25]. The results of this 1D simulation are compared against the depth-
averaged?2D solution as well asthe exact solution of the di®usionequation (2.34) in
Figures 3.1{3.2. In these gures we only display the solution for x 2 [0:3;0:7]. These
results shaw that the 1D thin-channel model accurately captures the generalform of
the depth-averaged2D solution. The plots alsoindicate that the di®usionequation is
not accurate for short times, but becomesmore accurate for long time. Finally, these
plots shaw that for a xed h andt! 1 the 1D thin-channel model corvergesonly
weakly the Broadwell model solution. In Section 4 we will rigorously prove that the
cornvergenceis indeed only weak.

3. Deriv ation of a collisional thin-c hannel model

We now attempt to obtain an analogousresult to the above thin-channel model
in the caseof the collisional Broadwell model. The Broadwell model with collisionsis
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given by

@, @, @ _ 1, ,¢
+ + = =% i 2N7{No+ N3N4+ N 3.1
a @ @ _ 3+1 2NiN2# NaNa+ Ns (3.1)

%2 i @@’:(2 i @(;2 = %/Ji 2NN+ NgNg+ N§¢ (3.2)
%3; @(;(3 + %3 = %%iNlNzi 2NN, + N52¢ (3.3)
%“ + %4‘ @(;4 = %%iNlNzi 2NNy + N§¢ (3.4)

%: %%iN1N2+ N3Ny 2N§¢; (3.5)

where%, 0isthe collision constart and is related to the dimensionalcollision constart
in the following way:

Y= L%c¥%

N5 represens the velocities in both the + and j z-directions. The collisions that
appear on the right-hand sidesof these equations can be understood by noting the
following properties:
1. The only collisionsthat actually changethe densitiesare N1{ N2, N3{N4, and
Ns{Ns;
2. Each of these collisions will produce one the following three outcomeseadh
with a 1/3 probability: N; and N,, N3 and Ng4, and Ns and Ns.
Therefore, the right-hand side of (3.1), for example, says that N; will be produced
with probability 1/3 if an N3{N4 collision occurs, produced with probability 1/3 if
an Ns{Ns5 collision occurs, but lost with probability 2/3 if an N1{N; collision occurs.
The remaining right-hand sidesfollow from similar reasoningfor N, through Ns. We
should note herethat equation (3.5) represerts only one of the N5 velocities (i.e., only
the + or only the | z-direction density); and therefore, to obtain the total density of
all particles we will have to court N5 twice.

The goal of this sectionis to derive a 1D approximation the collisional equations
(3.1) { (3.5) in the casewhere the channel depth, h, is a small parameter. In Section
3.1 we derive such a model, in Section 3.2 we indicate how this model behavesin the
long-time, and in Section 3.3 we test this 1D model against the full 2D equationsin
a numerical example.

3.1. The thin-c hannel model. We begin, again, by depth-averaging the
above equations. The key obsenation one needsto make is that
oyt NS
YNiN; o Ni (x; y;t)Nj (;y;t)dy= ¥NiN;j + O(¥h?): (3.6)

With this approximation, it is quite straightforward to usethe sametechniquesasin
the collisionlesscaseto obtain the thin-channel approximation. Howewer, in order to
obtain a thin-channel approximation that is O(h), we make the following assumption:

Y% O(h b); (3.7

which givesan upper bound on the collision constart in order to still obtain quasi-1D
solutions. Under this assumption, the approximation in (3.6) is always accurateto at
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least O(h). The total density, %2 and the momentum, m, can be de ned as
X 1) = N1(x;t)+ No(x;t) + Na(x;t) + Na(x;t) + 2N 5(x; 1) (3.8)
mx;t)= N1(x;t)i Na(x;t)i Na(x;t)+ Na(x;t): (3.9)

By doing the identical stepsasbefore,the Broadwell equationswith collisions can be
reducedto the following systemof rst order partial di®erertial equations:

@2 @n
G2 @n_ 1
@n @@+@ B-2®““1ﬂ o
v oy 12® 1
R 204 22 e n M (3.11)
%:%'(% 22)(Y4 62)i m2¢; (3.12)

where z(x;t)” Ns(x;t). We will refer to this system of hyperbolic partial di®erenial
equations as the collisional thin-channel model. The right-hand side of equation
(3.12) was obtained by noting that if the depth-averagedy-momertum is zero then
N;= N, and N, = N3. System (3.10){(3.12) is analogousto the collisionlesssystem
(2.27){(2.28); howeer, the collisional systemcannot be written asa simple telegraph
equation analogousto (2.31).

3.2. Long-time behavior: the di®usion equation. Let us consider the
behavior of system (3.10){(3.12) on a time scaleof t= O(hi P), wherep, 1. We note
that the value of p should be made large enoughin order to allow equation (3.12) to
relax. Therefore, p directly dependson the strength of ¥ the wealker the collisions,
the larger p hasto be in order for the equation to (3.12) to relax to its natural state:

hP

—¢ L
%C'

On this time scale,equations (3.11) and (3.12) reduceto the following relationships:

H w1
@ i 20 1
MY+ 21 27)= 2
o)+ G (4 2= 3o pom (3.13)
H hpﬂ
O — = (% 2z)(Y4 62)j m?: (3.14)

Y

Solving these equationsto leading for z(x;t) and m(x;t) yields

Y
= 4 o0 (3.15)

6
TR |
_ 27210 @

Substituting this result into the consenation of mass equation, (3.10), yields the
following di®usion equation:
e 2 "2 o @n
@'3 2 @
Note that the di®usion constart in (3.17) is 1.5 times smaller than the di®usion
constart in (2.34) and is independert of the actual value of %(as long as¥< O(hi 1)).

0: (3.17)
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This suddenjump to 2/3 of the collisionlessvalue can be explained by the fact that
the Broadwell model goes from being described ertirely by four directions in the
collisionlesscaseto six when collisions are included. These extra directions allow
for somemassto accunulate in Ns= Ng, and unlike the other directions, N5 and
Ng do not cortribute to the quantity that is being damped by wall collisions: the
X-momertum.

Unlike in the collisionlesscase,we have no rigorous theoremsto show that the
collisional Broadwell model convergeseither to system (3.10)-(3.12) or to di®usion
equation (3.17). However, we will provide numerical evidencebelow that suggestghat
system(3.10)-(3.12) is a good approximation to the collisional Broadwell model when
h is small; and furthermore, that di®usion equation (3.17) is a good approximation
to both (3.10)-(3.12) and the Broadwell model in the long-time.

3.3. An example. In order to demonstrate the validity of the above derived
collisional thin-channel model, we consideran examplewith h= 0:04, ®= 0:5, ¥= 100,
and the following initial conditions:

(
0:25 if (xj 0:5)%?+ 15(yj 0:02)°< 0:1%7

Ni23a(GYi0)= 0 o erwise

(3.18)

Ns(x;y;0)= 0: (3.19)

The solution to the 2D collisional 4-velocity Broadwell model is computed on the same
computational grid with the sameboundary conditions asin Section2.5. We take in
this computation a CFL number of 0.995:

¢t_ ¢t

—=—=0:995

tx ¢y
The collisional source term is approximated via the implicit trapezoidal rule and
coupledto the left-hand side of system (3.1){(3.5) through Strang operator splitting.

The thin-channel model (3.10){(3.12) with initial conditions

(
gﬂp 0:1% (xj 0:5)2 if 0:35< x< 0:65

Ax0)= otherwise (3.20)
m(x;0)=0 (3.21)
z(x;0)=0; (3.22)

is solved on a grid of 2000points on the computational domain [j 0:5;1:5]. The source
term in (2.28) is again approximated using the implicit trap ezoidal rule and coupled
to the left-hand side of system (3.10){(3.12) through Strang operator splitting. The
results of this 1D simulation are comparedagainst the depth-averaged2D solution as
well asthe exact solution of the di®usionequation (3.17) in Figures 3.3{3.4. In these
“gures we only display the solution for x 2 [0;1]. Theseresults show that the 1D thin-

channel model accurately captures the depth-averagedbehavior of the 2D solution;
and furthermore, they indicate that the di®usion equation is a good approximation

only in the long-time.
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Averaged Density attimet=0 (
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a=05h=0.04,6=0)

0.5
0.375- A
0.25+ 4
0.125+ G
0 5 | 1 | =
0.3 04 0.5 0.6 0.7
(a)
Averaged Density attimet=02 (a=05h=0.04,6=0)
Q25 r e 1
0.2 ]
—-— 2D
w, ---- Diffusion N
s .
0.125 ‘ ‘ '
0.3 0.4 0.5 0.6 0.7
(b)
Averaged Density attimet=04 (a=05h=0.04,06=0)
0.2 1
0.18 1
0.16 — 1D 1
---- Diffusion
0.14) {
0.3 04 0.5 0.6 0.7
(c)

Fig. 3.1. The Broadwell model without collisions (%= 0) in a thin channel. Shown in these
panels are the depth-averaged exact 2D solution (cir cles-line), 1D telegraph solution (solid line), 1D
di®usion solution (dashed line). The exact 2D solution is sampled on a 1000£ 20 grid for (x;y)2
[i 0:5;1:5]£ [0;0:04], the approximate 1D solution is computed with 2000 points for x 2 [j 0:5;1:5],
and the di®usion eguation is solved exactly.
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Averaged Density attimet=06 (®=05,h=0.04,6=0)
0.17 ‘ v ‘

- 2D
— 1D
---- Diffusion

0.13° | | "
0.3 0.4 0.5 0.6 0.7
@)
Averaged Density attimet=08 (o=05,h=004,6=0)
0.148" | ‘ | )
0.14- i
0.132+ .
---- Diffusion
0.124
(b) 0.3 0.4 0.5 0.6 0.7
Averaged Density attimet=1 (®=05h=0.04,0=0)
0.134+ | Py ' P | .
0.126 1
w7 —-— 2D
0.118 . — 1D
---- Diffusion
0.11 :
0.3 0.4 0.5 0.6 0.7
(©)

Fig. 3.2. Collisionless Broadwell solution continued from Figure 3.1. One can see from these
plots that the convergence of the 1D thin-channel approximation to the depth-averaged 2D system
for a xed h and t! 1 is only weak.



456 THE BROADWELL MODEL IN A THIN CHANNEL

@)

(b)

(©

Fig. 3.3. The Broadwell model with collisions (%= 100) in a thin channel. Shown in these
panels are the depth-averaged exact 2D solution (cir cles-line), 1D telegraph solution (solid line), 1D
di®usion solution (dashed line). The exact 2D solution is sampled on a 1000£ 20 grid for (x;y)2
[i 0:5;1:5]£ [0;0:04], the approximate 1D solution is computed with 2000 points for x 2 [j 0:5;1:5],
and the di®usion equation is solved exactly.
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@)

(b)

(©

Fig. 3.4. Collisional Broadwell solution continued from Figure 3.3.
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4. Limiting behavior theorems in the collisionless case

In this section we shall prove sometheoremsconcerninglimiting behavior of the
4-velocity collisionlessBroadwell model (2.1){(2.4). To simplify the presenation we
shall rescalex, y, and t sothat h=1 and the domain is D=f(x;y)j(i1 ;1 )£ [0;1]g
in this sectiononly. We shall also write the unknowns as a vector,

N (x;y;t)= (N1;N2;N3;Ng) T

It is usefulto de ne the inner product,
z 1
hu;wi ut wdy; (4.1)
0
and the vectors 1° (1;1;1;1)" and 15 ~ (1;j 1;j 1;1)". The depth-averageddensity
and momertum can now be written as follows:

X 1) = hLN (X; Gt)i
m(x;t) = hlg ;N (x; Gt)i:

We will also require the Fourier transform of N in the x-direction, which we denote
asN and dene asfollows:
141
oty = “\- i KX Ay
N (kyit)= 5, X N (x;y;t)el ®*dx:
We shall usethe following function spacefor our theorems
N 2B(D) if max IN OGY)i+ N (6 y)i%+ N (6 y)j? dx< 1 (4.2)
Y1
In other words, N (x;y) 2 L*\ H(R) for each y 2 [0;1].

4.1. Di®usiv e behavior. The discussionin Section 2 suggeststhat the
Broadwell model under certain conditions behaveslike a di®usionequation. We shall
prove that under a di®usiwe scalingthe depth-averageddensity convergesweakly to a
solution of a di®usion equation.

Supposewe considerinitial conditions of the form

N (X;y¥;0)=M o(x=,; ¥)=,; 4.3)

where , is a length scale. We note that the total massfor theseinitial conditions is
independert of . We usethe following rescaledindependen variables:

X=x=, and T=t= 2 (4.4)

In these variables, our new unknown is the rescaled number density, denoted by
M (X;y;T) and it is related to the original density by

M (X;y:T) N (X ys, 2T, (4.5)
where the initial conditions are

M (X;y;0)= M o(X;y): (4.6)
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The rescaleddepth-averageddensity is denoted A, (X;T) and is given by

A (X;T)=m;M _ (X;6T)i: 4.7)
We have the following theorem concerningthe behavior of the rescaleddensity in the
limt as, ! 1.
Theorem 4.1. If the initial conditions are N (X;y;0)=M o(x=,; y)=,, wher
M o(x;y)2B (D), thenas,! 1, A (X;T) (dened by (4.7)) converges weakly to
A(X;T) which satis es the di®usion equation:

Ar = DAxx;
where D = (2 ®)=2®, with the initial condition
A(X;0)= hL;M o(X;®i:

This theorem establishesthat under a di®usive scalingthe depth-averageddensity
for the Broadwell model satis es (weakly) a di®usion equation.

4.2. Hyp erbolic behavior. The results from Section 2 also suggestthat the
density for the Broadwell model should have a connectionwith a telegraph equation.
Here we verify that under hyperbolic scaling the depth-averaged density converges
weakly to a solution of the telegraph equation. To explain this statemert more pre-
cisely, we rst recall the telegraph equation (2.31),

2®

" Y% Ya+ % =O;
(2i®) 21 7%x 2

where we have setc= h= 1. Next we usethe following rescaling:
X=x=, and T=t=; (4.8)
and obtain the following telegraph equation:

2®, i .
2 @'l uxx +urr =0;

whereu(X;T)= %(,X ;,T ). Wenotethat if welet®' Oand,! 1 sothat ®, = 2j,
we obtain that

2iuri Uxx +urT=0: (4.9
For later referencewe note that the solution of this equation can be written as
Z, zZ,
uX;TY= (k) ERXTAOD ks (k)@ WX %0 gk (4.10)
il i1
where
p
Ya2(K)=iii 81 i2j k% (4.11)

and b; and b, are determined by initial conditions. In particular if ¥4X;0)= %(X)
and m(X;0)= mgy(X), then

Yol i kimo

Yatlj kimo
Yoi Ya '

Yai ¥

b= and b=
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Basedon the scalingsusedabove we de ne the following rescalednumber density:

P (X5yiT)” LN (X 3y T;®=2i=); (4.12)
and the rescaleddepth-averageddensity:
A (X;T)=hLP (X;6T)i: (4.13)

We can prove the following theorem concerningthe telegraph equation and the Broad-
well model.

Theorem 4.2. If the initial conditions are N (x;y;0)= M o(x=,; y)=,, wher
M o(x;y)2 B (D), thenas, ! 1 and®! Owith ® =2 wehavethat A (X;T) con-
vergesweakly to A(X;T). A(X;T) is a solution of the telegraph equation given by (4.9)
with initial conditions:

A(X;0)=hL;M o(X;9i and
m(X;0)= hlg ;M o(X;9i;
where Ar + my = 0.

4.3. Long-time behavior. The "nal theorem we presen provides us an
asymptotic formula for the behavior of the depth-averageddensity ast! 1 .
Theorem 4.3. If the initial conditions are N (x;y;0)= N o(x;y), wher N o(X;y) 2
B (D) and

XX
N o(kiy) = G:n (K)Vin (kiy) (4.14)
n=il j=1

in L2([0;1]) (for each k) for somecoeztcients ., then the density for the Broadwel

model has the following asymptotic behavior:
. A . !
7 . Xz, X_ 3 . ‘
Yex:t) = 74 exp | G g¥am (xi t) 4 gam(x+1) 4 o(t! %)
m=ijl

where D = (2 ®)=(2®) and
Com = %HSZI 0(2mY4Q;v1.m (2mY4 Qi
Com+1 = %h&l o(@Cm+ 1)YQ;vom (2m+ 1)¥4 ¢k
Expressionsfor the vectors v;;, are derived in Section 4.4.1. Furthermore, if N o=
1 ()1 then %x; 0)= f (x) and it follows from the atove expressionsthat

Va X% " ? (Xi t) 4 g¥am t)’ :
ex r= ]/m e|1 am (X + el1 am (X + + o t| >
16Dt P 4Dt fym) (t"7)

X t) =

Remark. If we knew that the eigenfunctionsfv;., (k;y)g were, for all k, completein
L2[0;1] we could remove the condition given by (4.14).

Theorem4.3indicatesthat for a classof initial conditions the long-time behavior is
composedof oscillatory functions that have the fundamertal solution of the di®usion
equation as an envelope. In particular, this demonstratesthat the convergenceto
the di®usion equation as described in Theorem 4.1 can not be better than weak
convergence.Indeed, Figure 3.2(b) clearly shaws these oscillations.
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4.4. Pro of of Theorems. We prove in this section the above theorems. In
particular, we begin by computing the solution to the 4-velocity Broadwell model
(2.1){(2.4).

4.4.1. Eigenfunction expansion. The proof of ead of the above theorems
relies on an eigenfunction expansion of the the Broadwell model, which we will now
outline. We begin by Fourier transforming the Broadwell model in x and assuminga
solution of the form:

N (kiy;t) = by (ky)el ' Ot for j = 1,234 (4.15)

Plugging this into the Fourier transformed Broadwell model results in a rst order
ODE in y for eath b; theseare easily solved and in view of the boundary conditions
we write the solutions as

by=azexp[i(! i K)y]

b,=azexp[i(! +Kk)(1; y)] (4.16)
bs=azexp[i(! +k)y]

by=aqexpli(! i k)(1i y)I:

Applying the boundary conditions we nd that

M (z)a=0; (4.17)
wherea = (a;;ay;as;as)" and
° i 2 ®zp 0 (@i ®)z=|o1
M(z)= % ®20:p (2ii (;)zp (2ii Cg)zp ®zozp
2i ®z=p 0 ®zp i 2

with z=¢€' and p=€X. For nontrivial solutions we must 'nd the values of z for
which the determinant vanishes. We will also needto compute the eigervectors, a,
that correspond to thesevaluesof z. The determinant of M (z) vanisheswhene\er

H 1

2i ® 1
P. (2)P, (z)=0 where Ps(z)= 1+ (1j ®)z°8§ % —+p z
We de ne z; and z, suc that P; (z;)=0 and P; (z2)=0. It follows that zz=j z;
and z, = j z, satisfy P. (z3) = 0 and P, (z4) = 0. We can obtain an expressionfor z;
ertirely in terms of k and ® by solving P, (z) = 0 and substituting p= e :
3 .

L= @ ®cotk)i = @i §2coR(®); 4L © (2(Li ©):

Furthermore, it follows easily that
zp(K)=i za(k+%);  za(k)=i z1(k); za(k) = za(k+¥): (4.18)
Therefore it is enoughto understand z; (k). We note the following properties:

2i ®
2®

zi(k+2n¥) = 1+ kZ+ O(k*:
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To compute the dispersion relationship we needto nd ! ;. Sincez; = e,
(k) =i ilog(z1)
=i-(k)+ uk)+2¥n; n=0;81,82;::; (4.19)

where -( k) = i logjzij and p(k) = cos *(Re(z1)5jz1j). Since! ; is a 2¥periodic func-
tion of k, it is enoughto understand the behavior of ! ; for 0- k- 2% It easyto see
that

e
complex if ke<k<¥%i ke or Ya ko< k< 2V ke
real otherwise

where

P

ke = cos !
.= cod 5 ®

We obsene that if Im(z;) = 0 then
1

_ 0 if Re(z)>0

M= s it Re(z)<0;

wherethe signis chosensothat pis cortinuous. On the other hand, we note if Im(z1) 6
0 then one can easily ched that jz;j= (1; ®)i 1*2 and cos() = cosk)=cogk.). We
also obsene that if we expand-, then we nd that

(k)= 2;—®®k2+ O(k*): (4.20)

We collect the above results and summarizethem in Figure 4.1. In view of the above
discussionand equation (4.18), we have the eigenfrequencies:

Pan (K)=i-( k) + u(k) + 2nva
Pon(K)=i-( k+ Y+ wk+ %+ 2n+ 1)V
Pan(K)=i-( k) + (k) + (2n+ 1)¥a
Pan(k)=1-(k+ Y+ u(k+ ¥+ 2n%i

The eigervectors corresponding the z; s described above are

0 1 0 1 0 1 0 1
1 1 1 1
_ Elg. _ Ezg. _%i Elg. _%i Ezg.
al_ E]_ 1] a2_ E2 ) a3_ El y and a4— E2 y
1 1 il il
where
i 21 )z
_ 4Pi ei ®)7 L _ 1.0
EJ - W fOI’j - 1,2

We also note the following:

Eik=2m¥)=1 and Ei(k=(@2m+1)¥=i 1 (4.21)
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Fig. 4.1. A plot of pand - as functions of k for ®= % The point on the k axis where p st
becomes nonzero (moving away from the origin) marks Kc.

Ex(k=2m¥)=; 1 and E,(k=(@2m+ 1)¥)= 1: (4.22)

Equations (4.21) and (4.22) are valid if ® is strictly bounded away from zero. On the
other hand,

lim Ex(k=w"®=2")= ——f———" Fi(w;i) (4.23)

piw+ 2 w?
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lim Ex(k=w" ®= 2i")= ——P——u " Fa(wi)) : (4.24)

w2 w?

Combining the results for the eigervectors and eigenfrequencieswve obtain the
following eigenfunctions:

0 ,

aaexpli(tjni Kyl

3 2expli(! 0 + K)(1i VI E. 425

aaexpli(ljn+ Kyl A (4.23)

gj;aexpli(tjni K)(Li y)l

4.5. Orthogonalit vy results. Unfortunately the setof eigenfunctionsgiven by

(4.25) is not an orthogonal set; however, theseeigenfunctionshave someorthogonality
propertiesthat turn out to be sutcient for our needs. We will outline theseproperties
in this section. If we de ne the inner product asin (4.1), then one can verify by a
direct computation using equations (4.21) and (4.22) that

V10 (2mY4Q;vi - (2mY4 Qi = 44y 1y (4.26)

Vj n (k;y) =

and
o (C2m+ 1)%9,vi (2m+ 1)Y4Qi = 4ty ;- (4.27)
One can also establish, recalling that 1= (1;1;1;1)", by direct computation that

<4 if n=m=0
h;vin(2mY¥9i= 2 if n=8m (4.28)
" 0 otherwise

and
%y i et §(2m+ 1)
_ L if 2n+ 1= m
hL;van (K, Qi = hL;van (K, Qi = O (4.30)
In expressions(4.26) { (4.30),j = 1;2;3;4 and ";n;m=0;81;82;8 3;::..
n 0,

Prop osition 4.1. The setof vectors fvj., (O;y)gj“:l . is completein L?[0;1].
e
Proof. De ne the following 4£ 4 matrices: I

%
_ “diag(1;1:1;1) it j=13 431
1T diag(e?( Y ;e Ai )2 (Y. 2 AT Y)Y if = 2:4 (4.31)
One can useW; to formulate the following orthogonality condition:

hjn (0;Q;W-vom (0,90 = 4% fn - (4.32)

An eigenfunction expansionfor f (y) can be deducedusing (4.32), and we nd that

1 XX .
fny)= 2 tin (0;9; Wi f (Qivin(Oy): (4.33)
n=i Nj=1

In section4.6.4 (Lemma 4.1), we prove for any f 2 L2[0;1] that
Jmejit i fydiz=0: (4.34)

This completesthe proof of Proposition 4.1. 0
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4.6. Fourier Transform. Returning to (4.15) we seethat the Fourier trans-
form of N = (N1;N2;N3;N,)T is

X x .
N = Bin () Vi (k;yyel in (98 (4.35)
n=il j=1
where ;n (k) comesfrom expanding the initial condition:
X X
No(kiy)= G:n (K)vin (Kiy): (4.36)
n=il j=1
Since
“x;t)=h;Ni and #k;t)=hl;Ni;
we can use equation (4.30) to write:
Hk;t) = A (k;t) + B (k;t);
where
X .
% (k;t) = Gjn(k)e ! im () (4.37)
n=il
and
Gj;n (k)= g;n (k)hl;Vj;n (k;y)i: (4.38)
We will usethe results of this sectionto prove the three theorems.

4.6.1. Pro of of theorem 4.1. We start by taking the inverse Fourier
transform of #. It is corveniert to break up the integral in intervals of length 2%due
to the periodic nature of ! asoutlined in the section above. We have that

z 1
Bixt)=  w(kt)edk (4.39)
il
X z Y42m+1) _
= i (k;t) &> dk (4.40)
m=i1 YA2mi 1)
x A i) o ¥a2
= Al) e Pt (4.41)
m=il n=il
where
Z 2m+1) v
Al = Gjne " in (tekxdk:
’ emi V¥

Let k= 2%m+ w and we can write

Aﬁ‘llr)n - eiZm%xlng;r)n :
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where
z Ya
100 = Gjn(2m¥at w)e " it e X dw: (4.42)
i Va

In expression(4.42) we have made use of he periodicity of ! . Therefore we can write
S
(X t)= (1), ef 12Amxi ) (4.43)

Under the assumptionsof the Theorem, the initial conditions for N take the form
N (x;y;0)= M o(x=,; y)=,. SinceM 2B (D) then ¥ o(¢y) 2 L*(R). It also follows
from our rescalingthat

Gin(k)! Bin(k): (4.44)
Therefore we can write Ir(ﬂ% as
z Ya
Il = Gin(@mYew)e ! it X dw;
i Ya
where
Gj:n (2mYat W) = g (2, + ,W)NL; V. (2MYat w)i: (4.45)

We now usethe rescaledvariablesto compute:

A (X;T)=A(X;T)+ Ax(X;T); (4.46)

where

) S

Aj (X;T)Z ‘]r(1]n)"| g 12% (mX i nT,) (4.47)

m=jl n=jl
with
z Ya
I = @Y, + KLV, RmYer )ie el T ek X g

Rz
One can shaw using the results of Section 4.4.1 that
lim 1 :0(%), 2= iDk? (4.48)
and

lim 1 50(%), 2=ji1: (4.49)

Clearly from (4.49) we nd lim ,ﬁ%

as,! 1. First we considerthe casen =
z .,

3= Buo(k)hLivyg(x)ie * 1ol T ek X gi:

i Ya

0. We will examinethe behavior of J(l)

m=0:
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By our hypothesison the initial conditions go.o(k) 2 L, and we can usethe dominated
corvergencetheorem to verify that
Z 1
lim IB= sk e PK T dk: (4.50)
5 il
Turning to the casem & 0 and n 6 0; sincel;.n (k) 2 L it follows that
3 <1 (4.51)

Using (4.50), (4.51), and recalling that lim 3 Jr(,zr)n =0, it follows from (4.46) and
(4.47) that

A (X;T)! A(X;T) weaklyas,! 1;

where
Z 1
AX;T)= Aly.o(K) € X i K°DT gi;
i1

which is a solution of the di®usionequation. To complete our proof we must compute
b1.0 in terms the initial conditions. Combining (4.36) and (4.44) we have that

Xt R
Mo(k:y)= G m (K)Vim (Ky): (4.52)
j=lm=jl
Welet w= k andtake,! 1 to obtain that

X R
M o(w;y) = G :m (W) Vj:m (0Y): (4.53)

j=1m=ijl

Our choice of initial conditions implies that K o(¢y)2 L?[0;1]. By Proposition 4.1
the eigenfunctions,fv;.m (0;y)g, are completein L2[0;1]. This combined with (4.32)

indicates that we can uniquely determine bj..» for any M o(¢y) 2 L2[0;1].
To nish, we use(4.26) to obtain that

Bro(W) = 21v1.0(0:9: 81 o(wii = 2L o(w;9i;

and the proof of Theorem 4.1 is complete. ¥
4.6.2. Pro of of Theorem 4.2 In this theorem the initial conditions are
the sameasfor Theorem 4.1, and the expressionfor Irﬁ{% is thereby the same:
z Ya
100 = Gjn(2m¥er w)e " 1:0(Wi®t WX gy,

i i

whereG; ., (2m¥Ys+ w) is given by (4.45) and we havewritten ! ;. sothat its dependence
on ® is explicitly recognized.We now usethe rescaledvariables (4.8) to compute:

A (X5T)= AKX T)+ A(X;T);
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where

; x X _ _
AX;T)= J0) @i 124 (mX i nT)
m=il n=jl ’
with
z RZ)
Ih = b0 (MY + K)NL;vj o 2mYet &2 y)iel 10( 55T gk X g
i Y

and vj.n = Vi (k;®y).

By expanding ,! j;o(K;z—i) in seriesin , i 1 one can prove that
H 1
: k 2j )
’|!I1m o S = % (k); (4.54)
where % (k) is given by (4.11). In addition one can show that
H 1
. k 2j
lim vin 2vm+ =Ly = upa(myy);

with

exp[2¥i(nj m)y]
Fj expRvi(n+m)(1i yy §
Fj expg2vi(n+ m+ %)y g
exp 2vi(ni m+ 3)(1i y))

Uj:n (myy)=

wherej = 1;2 and F; are given by (4.23) and (4.24). The expressionsfor j = 3;4
follow in a straightforward way. One can prove the following orthogonality relationship
about thesevectors:

H 0 (0: 95U m (0591 = 2(1+ F) %0 m for j=1.2
H 0 (093U m (091 = 2(1+ F o) %0 (m+1) for j=34 (4.55)
Hlin (0;9;uj;m (0;9i =0 if i6j:

We can establishthat u;., (0;y) canbe usedto form a complete basisin L2[0;1] using
a similar argumert aswas given in Proposition 4.1. In addition we have the identit y:

hl;uj0(0;9i = 2(1+ F): (4.56)
We proceedin a similar fashion asin Theorem 4.1, using (4.56), and prove that
z 1
im 3¢0=  gro(k)(AL+ Fj (ki) €®* %Dtk
st il

and if m6 0 and n6 0 then
’I]ilm Jl <1
Therefore we have that

A (X;T)! AXX;T) weaklyas ! 1;

B
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where

Z1h i
AX;T) = Ag(k)el PalOT 4+ Ay(k) el P2 (0T e X di

il

with A (k)= (1+ Fj (ki) (k).
To complete the proof we must compute A; (k) in terms of the initial conditions.
Recall from (4.36) that . (,k ) must satisfy:

x4+ N
M o(k;y)= G0 (K)Vin (ki ®Y); (4.57)
j=1n=il
which we write as
x4+ R
M o(w;y)= G0 (W)vjn(w=,;2i=,y): (4.58)
j=1 n=jl
Now let ;! 1 to obtain that
x4 X
M o(w;y)= G :n (W)Uj:n (07y): (4.59)
j=1 n=jl

Our choice of initial conditions implies that K o(¢y) 2 L?[0;1] and we know that
fuj.m (0;y)g forms a complete basisin L2[0;1]. We can usethe orthogonality relations
(4.55) to uniquely determine ., for any M o(¢y) 2 L2[0;1].

It follows from (4.59) and (4.55) that

_ 1j.0(0; ;9 o(9i .
Gi.o(w) = 2(1+ FJZ(W;i)) for j=12 (4.60)
Finally we note that
1 1 .
uj.0(0) = §(1+ Fi)l+ é(1i Fi)ls for j=1L2 (4.61)

A straightforward but somewhatlengthy calculation yields that

. _ ?/Q%i kmlo
S A
. _ ?Vi%i klhlol
Aolk)= =5~

where Y5 = h1;M o(X;9i, mg= hls ;M o(X;9i, and % is given by (4.11). If we com-
pare with the solution of the telegraph equation given by (4.10), we seethat the proof
of this theorem is complete. ¥
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4.6.3. Pro of of Theorem 4.3. We again start by taking the inverseFourier
transform of ¥2. We have that

Z,y
]/g(X;t) = %(k;t) eikx dk (4.62)
i1
¥ Z yomey .
- th (k;t) € dk (4.63)
m=i1 Y42mj 1)
X X -
= An;m e| |1/42nt; (464)
m=il n=jl
where
z 2m+1) Ya
Anm = Gy €60 KT G kX g

@2mi VY%
Let k= 2¥m+ w and we can write:

An;m — ei2m1/4>< [ r(11r2n :
where
Z Ya
I = Gun(2mYa+ w) e (0 WIT W) gwx gy, (4.65)
i Ya

Here we have usedthe periodicity of - and p. Using this de nition we can write:

1 L) — R R 1) qi i2%{mx nt).
a(x;t) = Iim € : (4.66)

m=ijl n=jl

We canhandle %2(x;t) is a similar fashionexceptthe starting point is slightly di®erert,
namely
z 1
Yo(x;t) = (k;t) ek * dk (4.67)
il
X z (2m+2) Ya
= B (k;t) e dk: (4.68)

m=il 2mYa

Following essetially the samestepswe arrive at

b3 X . .
]/Q(Xa t) — Irs,2r2n g iYa((2m+1) xj (2n+1) t) (469)
=il n=ijl
1/4 . .
1@ = Gan((@2m+ 1)¥ar w) 'l Wi W) gWx gyy: (4.70)
i Va
Our choice of initial conditions guararteesthat 4;;, (k) will be bounded; consequetly
G;j.n is also bounded and we can use Lemmas 4.2 and 4.3 to establish the following
asymptotic expression:
Hp, l

Gy =e =0t p LG @mei phror ) for j=12 @7
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Next we use equations (4.38), (4.28) and (4.29) to show that
8

<4 if n=m=0
Gin(2m¥=_ 2 if n=8m (4.72)
* 0 otherwise
1/22 if 2n+1=8§(2m+1)
_ = i n+ 1= m
Gan(@M+ D)= Giherwise. (4.73)
Combining equations (4.66), (4.69), (4.71), (4.72), and (4.73) we have that
P . ' N
l/(X;t): p_e‘ x“=4Dt Cm e|1/42m(xi t)+ e|’/42m(x+t) + o(t] 5) : (4_74)
Dt m= i1
where
Com = Bim (2M¥) and  Com+1 = boym ((2M+ 1)Y): (4.75)

To complete the proof of the theorem we must determine c,, in terms of the initial
conditions. Recall from (4.36) that

X0
N oo(kyy) = g:m (K)vj:m (K}y)

j=im=i1
We can usethe orthogonality relations (4.26) and (4.27) to obtain that
bim (2mY) = %h&l 0(2mY4 ;v 1.m (2mY4 @i
and
Bom (2m+ 1)) = 718 (2 + 149V 2m (@ + 149
This completesthe proof of Theorem 4.3. ¥

4.6.4. Three lemmas.

Lemma 4.1. For any f 2 L2[0;1] its eigenfunction exmnsion as given by (4.33)
convergesin L2. In other words, limyy  jif i fyjj2=0.
Proof. The eigenfunction expansiongiven by (4.33) can be written as
z 1
fn(y)= . K (xy)f (y)dy; (4.76)

whereK is the 4£ 4 matrix given by
Xox

1 _
K(x;y)= 2 Vin (0;X)- Wjvjn(0;y): 4.77)
n=j Nj=1
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The ertries of K are given by

K= 3(1+ €010 1+ 01 )Dy (i y)
Kip= 3(1j e AT X1+ 40Dy (x+y)
Kiz= 3(1i et 0TV )(1+ I D)Dy (xj y)
K= 1(1+ e( i xi V)1 + @YDy (x+y)
Kor= (Lj €(HCHYiD) 1+ ¢ PO)Dy (x+y)
Koo = 3(1+ eIy (1+ I Dy (xi y)
Kog= 3(1+ e VI D)1+ el O)Dy (x+y)
Kaa= $(Lj eI (1+ 01Dy (xi y)
Kai= (1 e 01+ XDy (xj y)
Kap= 1(1+ e i vyi X))(1+ ga(x+ y))DN (x+y)
Kaz= 3(1+ e 0T 1+ XI)Dy (xi y)
Kaa= (1 e HETYI0) 1+ 0Dy (x+y)
Ka= 3(1+ e HOHYID) 1+ @ PO Dy (x+y)
Kaz= $(Li eIy (1+ 01 X)Dy (xi y)
Kaz= 3(Lj e(MHCYID) 1+ e MU0)Dy (x+y)
Kaa= 31+ e A1+ 0TNDy (xj y);

where Dy is the Dirichlet Kernel and is given by

D ()= sin(¥x)

n=i N

We now invoke the following theorem concerningthe Diric hlet kernel (seefor example
[32).
Theorem (Riesz). For f 2L?

o Z, .

lim of (x)i  f(y)Dn(Xi y)dye =0:
N1 0 2

This theoremis valid in LP for 1< p< 1 but herewe are only concernedwith the
L2 case.In fact, we require a slight generalization of this theorem:

Let g(x) be a C! function, then for f 2 L2

. Z, o
Jm e (g0 fYxi Y)Dx (i y)dye =0 (4.78)
’ 2

This modi cation follows directly from Riesz's Theorem. We can use (4.78) to

show that
o Z, )
Nlign of i , K fidy32: 0
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fori=1;2;3;4, and
oZ 4 o
Nl!rl‘n o . Kij f,—dyozzo

for (i;]) = (1;3);(3;1);(2;4);(4;2). To handle the other caseswe obsene that
z 1
fF(x)g(x+y) (1+ 0Dy (x+y)dy
0 7 L
= fX)g(xi w+1)(Lj €I WDy (xi w)dw:
0

473

To derive this expressionwe have usedthe periodicity of the Dirichlet kernel (D (x) =

Dy (x+ 1)). It then follows from (4.78) that
oZ o
Jimoc £ oggxi wr 1)(1i €”XTM)Dy (xi wydws = 0:
! 0 2

The proof of the lemmais complete. O

Lemma 4.2. Consider
Z .
gix;t)=  &xel Wtf (k) dk;

i
whet f (k) is a bounde function and

-(k)+Dk?- 0
-( k) + Dk?= o(k?):

Then we have the following asymptotic expression:
M P
g(x;t) = € x2=apt | go?:)it/{'— o(t! %)

Proof. Let k= w:p t and s= x:p t, then

!

gt =& “n(si= ¢
where
z 1
h(s;t)= p(t; w;s) dw

and

- P P= p_ -
p(t;w;s) = € =40 g si Dw’ gl-( w="Dr D’ g (= DA, PPy

(4.79)

(4.80)
(4.81)

(4.82)

(4.83)

In the above expressionA, is the characteristic function of the set A. In view of

hypothesis (4.81) we have that

. p-
Jim t-(w=" 1)+ Dw?=0:
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Consequetly
Jim p(twis) = €5 P (0) =P
We can use hypothesis (4.80) to obtain the following bound (uniform in t):
jp(t wis)j - @ O e maxf (k):

We can now usethe dominated convergencetheoremto verify that

Z 1 z 1
Jim p(tw;s)dw=e5=40  gWsi DW f (g)dw (4.84)
: il il
Py
f 0)6 & (4.85)

Therefore we can concludethat
P
f Y
h(s;t) = 48)57‘4 o(l) as t! 1: (4.86)

Combining (4.83),(4.86), and s= x:pf completesthe proof of Lemma 4.2. O

Lemma 4.3. We havethe following asymptotic expression for Ir(]'% given by (4.65)
and (4.70):

L e Py, T
10} = el X"=4Dt pﬁej;n (Cm+ji D)YY+oti 2) for j=1;2: (4.87)
Proof. We begin with the de nition of I,(H% :
Zy,
100 = Gyn((@m+] i 1)Yer w)e Wi W) gwx gy,
i Ya

In view of the properties of - and p outlined in Section4.4.1, we can write the above
equation as

Z kc
1) = Gjn((@m+ji 1Y+ w)e W eV dw+ O(e t):
i ke
One can expand the expressionfor -( w) in a power seriesin w and verify that it
satis es the hypothesesof Lemma 4.2. By our hypothesis on the initial conditions

Gj.n is bounded. Hencewe may apply Lemma4.2to the integral above and our proof
is "nished. O

5. Summary

In this paper, we have examinedthe Broadwell model betweentwo parallel plates
with and without inter-particle collisions. In the collisionlesscasewe presern formal
asymptotic argumerts that indicate that the depth-averageddensity should satisfy
a telegraph equation. A similar analysis is performed to the Broadwell model with
collisions. Here we 'nd that the depth-averageddensity should satisfy a telegraph
equation coupledto an ODE which accourts for the e®ectsof collisions. In addition,
it is demonstratedthat in both casesthe predictions of our telegraph equationsagree
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well with numerical calculations. In the collisionless case, we prove that under a
di®usiwe scaling the depth-averageddensity will converge weakly to a solution of a
di®usionequation. We also prove that under a hyperbolic scalingthe depth-averaged
density will corvergeweakly to a solution of the telegraph equation. Finally, we derive
an asymptotic formula for the long-time behavior of the depth-averageddensity, which
reveals oscillations indicating that the convergencediscussedabove must be weak.
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