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THE BR OAD WELL MODEL IN A THIN CHANNEL ¤

ANDREW J. CHRISTLIEB, y , JAMES A. ROSSMANITH, z , AND PETER SMEREKA x

Abstract. In this paper we are concerned with the limiting behavior of gas°ow in a thin channel
as described by the Broadw ell model. The Broadw ell model is a simpli¯ed kinetic description for gas
dynamics where the main assumption is that the particle distribution function can be represented by
a discrete number of velocities. Starting from the Broadw ell model and the appropriate boundary
conditions we derive two 1D models for gas transp ort in a thin channel. In the limit of no inter-
particle collisions the 1D model is the well known telegraph equation. In the case of collisional °ow
the 1D model is a system of three ¯rst-order hyperbolic PDEs. Both 1D models are validated through
numerical simulations that compare the 1D models to the 2D Broadw ell system. Furthermore, in the
limit of no inter-particle collisions we are able to rigorously show that under a di®usive scaling the
solutions of the full Broadw ell model converge weakly to solutions of the di®usion equation. Under
a hyperbolic scaling we are able to show that solutions to the collisionless Broadw ell model converge
weakly to the solutions of the telegraph equation. Finally , we derive a long-time asymptotic formula
for the solution of the collisionless Broadw ell system, which reveals oscillations that explain why
the convergence in the di®usive and hyperbolic scalings must be weak. Due to the nonlinearit y of
the inter-particle collisions, we are not able to prove rigorous convergence results for the collisional
Broadw ell system.

Key words. Discrete velocit y models, Broadw ell model, Thin channel, Telegraph equation,
Kinetic modeling, Rare¯ed gas dynamics.
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1. In tro duction
Recent advances in the manufacturing of microscale technology have made it

possible to construct mechanical systems on the micro-scale [19]. It was quickly
discovered that systemson the scaleof tens of microns can behave quite di®erently
from their macroscalecounterparts. The e®ectsof decreasingthe gas density have
beendiscussedin review articles in the MEMS communit y [20, 22] and are discussed
in standard texts on gas dynamics [8, 14, 31]. In addition, experiments have shown
that even mildly rare¯ed gas °ows behave far di®erent on the microscale then they
do on the macroscale[15, 27, 33, 34]. This initial work has generateda great deal of
interest in trying to describe the fundamental physics for systemson this scalewith
the goal of better predicting the behavior of thesesystems.

A subclass of these devices(e.g., micro-sensorsand/or micro-pumps) have mi-
cro/nano scale°ow channels cut in them. The channel width in these devicesmay
rangefrom tens of microns down to tens of nanometers[28, 29]. Becausethesedevices
are often intended to be operated at atmospheric pressurewhere the mean distance
a particle travels before undergoing a binary collision with another particle is about
70 nanometersin air, the gasmay appear very dilute on the scaleof thesedevices.
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The dynamics of a gascan be modelled using the Boltzmann equation:

@f
@t

+ ~u¢r f =
½

±f
±t

¾

c
; (1.1)

where f = f (~x; ~u;t) is the particle distribution function in phase-space.The left-hand
side of this equation represents particle transport while the right-hand side models
binary collisions. A measureof the diluteness of a gas is the Knudsen number, K n ,
which is the ratio of the mean distance between inter-particle collisions, ¸ , and the
characteristic length scaleof the system, L . The relative importance of the collision
operator is directly tied to the Knudsen number, K n . If the Knudsen number is
small then the °ow is dominated by binary collisions. In this case,the solution of the
Boltzmann equation can be approximated by a function of the type:

f M = ½(~x;t) exp

(

¡
(u0 ¡ u(~x; t))2

T (~x; t)

)

; (1.2)

where f M is called a local Maxwellian. In this limit one can employ the Chapman-
Enskogformalism to derive transport equationsfor the density, ½(~x; t), velocity, u(~x; t),
and temperature, T(~x; t) [14]. However, when K n is not small this approximation to
the Boltzmann equation fails.

For the micro/nano devices,the Knudsennumber is typically in the range 0:01·
K n · 10. As the width of the channel reducesto the point where K n > 1, the gas
enters the free molecular °ow regime in which the gas particles are more likely to
have a collision with the walls of the system than with each other. This regime
has been studied analytically as one possible limit of the Boltzmann equation by
Babovsky [2, 3] and BÄorgerset al. [6]. Thesearticles considerthe long-time behavior
of the Boltzmann equation in the limit of no particle-particle collisions; this limit is
sometimesreferred to as the Knudsengaslimit. Babovsky [2] describesthe long-time
evolution of a Knudsen gas in a thin tube. BÄorgers et al. [3, 6] and Babovsky [2]
discussthe behavior of a Knudsengasfor °ow in a thin channel. In thesearticles, it
is shown that under an appropriate scalingthe long-time behavior of the Knudsengas
convergesto solutions of the di®usion equation. In addition, BÄorgers et al. [6] have
shown that the time scaleon which di®usiontakesplaceis sensitive to the model used
to describe the distribution of particles re°ecting from the wall. The approach taken
in thesearticles is basedon statistical arguments regarding the behavior of small angle
collisionswith the wall of the channel or tube. In addition, Golse[21], Dogb¶e [18], and
Boatto and Golse [9] develop non-statistical arguments to show that solutions of the
Knudsengas for thin channel °ow have a di®usion limit as the depth of the channel
goesto zero. Degondand Mancini [17] and Degond,Latocha, Mancini, and Mellet [16]
rigorously showed that a di®usionlimit is also reached by an electron gasin both the
collisionlessand collisional cases,respectively. Finally, Aoki and Degond [1] showed
that a Knudsen gas that is driven by temperature gradients along the channel walls
can be approximated by a convection-di®usionequation.

In this work, we considerthe dynamicsof a discretevelocity model in a thin chan-
nel. Becausethe model we consideris a signi¯cant simpli¯cation of the full Boltzmann
equation, we are able to extract more detailed information than previous work on the
Knudsen gas in a thin channel. The major simplifying assumption of the model is
that the gas particles can only travel along a discrete number of directions. Broad-
well [10, 11] developed the ¯rst discrete velocity model as a tool for understanding
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shock formation in a gas. The successof this simple model inspired a great deal of
work on discrete velocity models. Ca°isch [12, 13] studied the °uid dynamic limit of
the Broadwell model and was able to show that solutions of the 1D Broadwell model
converge weakly to solutions of the °uid dynamic equations. The literature on dis-
crete velocity models has becomequite extensive. The review article by Platkowski
and Illner [26] discussesmuch of the know theory about the °uid dynamic limit and
the numerical schemesderived for °uid dynamics basedon discrete velocity models.
More recent work has involved using discrete velocity models to study rare¯ed gas
dynamics. Valougeorgisand Naris [30] useddiscretevelocity models in the simulation
of high K n gas°ows in a microchannel. Bellouquid [7] hasshown that under the right
scaling, solutions of the collisional Broadwell model in the in¯nite domain converge
to solutions of a wave equation.

The paper is broken into two main parts. In the ¯rst part, we derive depth-
averagedmodels for °ow in a thin channel for both the collisionlessand collisional
Broadwell model. The collisionlessequations lead to a telegraph equation, while the
collisional equations lead to a system of three ¯rst-order hyperbolic PDEs. In the
secondpart, we show that under a hyperbolic scaling the solutions of the Broadwell
model converge to solutions of our 1D model in the weak sense. Under a di®usive
scaling, we show that the collisionlessBroadwell model convergesweakly to solutions
of a di®usion equation. Finally, we derive a long-time asymptotic formula for the
solution of the collisionlessBroadwell system, which revealsoscillations that explain
why the convergencein the di®usive and hyperbolic scalingsmust be weak.

Fig. 1.1. The Br oadwell model in a thin channel and no variation in the z-dir ection. Without
col lisions (¾= 0) only N 1 ;N 2 ;N 3 , and N 4 are dynamic al ly important. With col lisions (¾6= 0) an
additional component, N 5 , is intr oduced to denote the particles that end up tr avelling in the z-
dir ection after col lisions. In the col lisional case we do not need to consider two densities in the (+)
and (¡ ) z-dir ections (e.g., N 5 and N 6 ) since N 5 ´ N 6 in order to maintain zero momentum in the
z-dir ection.

2. Deriv ation of a collisionless thin-c hannel mo del
We consider a version of the 6-velocity model originally proposedby Broadwell

as a discrete velocity approximation to the Boltzmann equations [10]. In Broadwell's
model, all particles move at a constant speedc and are allowed only to travel in six
directions: § x, § y, and § z. We will study this model in an in¯nitely long channel
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of height H . We consider only solutions that are independent of z, and we rotate
Broadwell's model by 45± degreesso that particles that are incident on the wall are
re°ected down the channel (see Figure 1.1). We note that in order to obtain 2D
solutions with zeroz-momentum it is required that the number of particles in the (+)
and (¡ ) z-directions are equal for all (x; y;t). Therefore, the systemconsideredin this
work is described entirely by ¯v e directions: N1;N2;N3;N4, and N5.

We ¯rst consider the completely collisionlesscase.This further reducesthe orig-
inal 6-velocity model to a 4-velocity model (N1{ N4), becausein the absenceof col-
lisions we can assert without loss of generality that N5 ´ 0 for all (x; y;t). After
non-dimensionalization, the collisionless4-velocity Broadwell model for °ow in a nar-
row channel that we consider in this work is given by the following four advection
equations:
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@N2

@t
¡

@N2

@x
¡

@N2

@y
= 0; (2.2)

@N3

@t
¡

@N3

@x
+

@N3

@y
= 0; (2.3)

@N4

@t
+

@N4

@x
¡

@N4

@y
= 0; (2.4)

on (x; y) 2 [¡1 ;1 ]£ [0;h], where h is the non-dimensional channel depth. Non-
dimensional parametersare related to dimensional quantities in the following way:

N ? = L ¡ 3N; x? = Lx; y? = Ly ; t? = (L=c)t; and h = H=L;

where L is the characteristic length scaleof the initial condition. Coupling between
the four velocities comesfrom interaction at the top and bottom walls of the channel:
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where0< ®< 1 is the accommodation coe±cient and describesthe \roughness" of the
wall. ®! 0 implies that the wall is smooth, and therefore particles undergo specular
re°ection at the walls. In our model this meansthat incident particles simply bounce
o®in a direction 90± from the incident direction. ®! 1 implies that the wall is rough,
and thereforeparticles undergodi®usere°ection at the walls. In our model this means
that incident particles are redistributed equally into the two directions pointing away
from the wall.

The goal of this sectionis to derive a 1D approximation the collisionlessequations
(2.1) { (2.4) in the casewhere the channel depth, h, is a small parameter. In Sections
2.1{2.3 we derive such a model, in Section 2.4 we indicate how this model behavesin
the long-time, and in Section 2.5 we test this 1D model against the full 2D equations
in a numerical example.
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2.1. The depth-a veraged equations. We begin by de¯ning the depth-
averaged number density:

N i (x; t) =
1
h

Z h

0
N i (x; y;t) dy; (2.9)

wherei = 1;2;3;4. Depth-averagingequations(2.1){(2.4) acrossthe channel yields the
following equations:
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Applying boundary conditions (2.5) { (2.8) yields
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We de¯ne the total density, ½, and the momentum, m, as follows:

½(x; t) = N 1(x; t) + N 2(x; t) + N 3(x; t) + N 4(x; t) (2.18)

m(x; t) = N 1(x; t) ¡ N 2(x; t) ¡ N 3(x; t) + N 4(x; t) : (2.19)

Re-writing equations (2.14){(2.17) in terms of the total density and the momentum
yields
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2.2. The thin-c hannel appro ximation. We now turn our attention to
replacing the right-hand side of equation (2.21) by something only involving ½(x; t)
and m(x; t). We begin by de¯ning the following functions:
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for i = 1;2;3;4. Note that

f i (x; h; t) = gi (x; 0;t) = N i (x; t) :

In order to relate f i (x; 0;t) to f i (x; h; t), a Taylor expansionabout the point y = 0 can
be applied:
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Similarly, in order to relate gi (x; h; t) to gi (x; 0;t), a Taylor expansionabout the point
y = h can be applied:
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Next, we can replace the partial derivatives with respect to y in (2.24){(2.25) by
appealing to the two-dimensionalequations (2.1){(2.4); noting that

N i = N i + O(h)

we ¯nd:
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Combining the above result and the Taylor expansions(2.24) and (2.25) yields the
following result:
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Finally, this result can be plugged into (2.21) to produce
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Therefore, to order O(h) we obtain the following system of equations:
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= 0 (2.27)
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We will refer to this system of hyperbolic partial di®erential equations as the colli-
sionlessthin-channel model.

2.3. A telegraph equation. Further insight can be gained into the collision-
lessthin-channel model by taking the derivative of equation (2.27) with respect to t
and the derivative of equation (2.28) with respect to x:
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Combining thesetwo equationsand reordering the terms producesthe following tele-
graph equation:
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Therefore, we have shown that the collisionlessthin-channel model is in fact a tele-
graph equation. This implies that the depth-averageddensity, ½(x; t), hasthe tendency
to both propagate and di®usealong the channel. The derivation we have presented
in this section is not rigorous; however, in Section 4 we will in fact prove that the 2D
4-velocity Broadwell model convergesweakly to the telegraph equation (2.31) under
an appropriate scaling (Theorem 4.2).

2.4. Long-time behavior: the di®usion equation. It is well-known that as
t ! 1 , the telegraph equation on an in¯nite domain behaveslike a di®usionequation
(seefor exampleZauderer [35]). In Section4 we will prove that under an appropriate
scaling, the 2D 4-velocity Broadwell model convergesweakly to a di®usionequation.
In this section, however, we will use a non-rigorous approach to obtain a di®usion
equation from the telegraph equation (2.31).

We consider the behavior of system (2.27){(2.28) on a time scaleof t = O(h¡ 1).
On this time scale,equation (2.28) reducesto the following relationship:
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Solving this equation for m(x; t) yields
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Substituting this result into the conservation of massequation, (2.27), yields to O(h2)
the following di®usionequation:
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Therefore, on long-time scalesthe collisionlessthin-channel model approximately dif-
fusesdown the channel with the di®usionconstant proportional to the channel depth,
h. This result is qualitativ ely in agreement with previous work on the long-time
behavior of a Knudsengas in a thin channel [4, 5, 21].

2.5. An example. In order to demonstrate the validit y of the above derived
collisionlessthin-channel model, we consider an example with h = 0:04, ®= 0:5, and
the following initial conditions:

N1;2;3;4(x; y;0)=

(
0:25 if (x ¡ 0:5)2 + 15(y ¡ 0:02)2 < 0:152

0 otherwise:
(2.35)

The solution to the 2D collisionless 4-velocity Broadwell model is computed on a
1000£ 20 grid on the computational domain [¡ 0:5;1:5]£ [0;h] using the cla wpack
softwarepackage[23], which is basedon the wavepropagation method of LeVeque[24].
We take in this computation a CFL (Courant-Friedrichs-Lewy) number of exactly one:

¢ t
¢ x

=
¢ t
¢ y

= 1;

which for this constant coe±cient problem results in the wave propagation method
reproducing the exact solution. Ghost cells are intro duced to enforceboundary con-
ditions (2.5){(2.8) at y = 0 and y = h and zeroth-order extrapolation conditions at
x = ¡ 0:5 and x = 1:5 [25].

The thin-channel model (2.27){(2.28) with initial conditions

½(x; 0)=

(
10
3

p
0:152 ¡ (x ¡ 0:5)2 if 0:35< x < 0:65

0 otherwise
(2.36)

m(x; 0)= 0; (2.37)

is also solved using the cla wpack software package. In particular we use a grid
of 2000 points on the computational domain [¡ 0:5;1:5], zeroth-order extrapolation
conditions at x = ¡ 0:5 and x = 1:5, and a CFL number of 0.95. The sourceterm in
(2.28) is coupledto the left-hand sideof system(2.27){(2.28) through Strang operator
splitting [25]. The results of this 1D simulation are compared against the depth-
averaged2D solution as well as the exact solution of the di®usionequation (2.34) in
Figures 3.1{3.2. In these ¯gures we only display the solution for x 2 [0:3;0:7]. These
results show that the 1D thin-channel model accurately captures the general form of
the depth-averaged2D solution. The plots also indicate that the di®usionequation is
not accurate for short times, but becomesmore accurate for long time. Finally, these
plots show that for a ¯xed h and t ! 1 the 1D thin-channel model convergesonly
weakly the Broadwell model solution. In Section 4 we will rigorously prove that the
convergenceis indeed only weak.

3. Deriv ation of a collisional thin-c hannel mo del
We now attempt to obtain an analogousresult to the above thin-channel model

in the caseof the collisional Broadwell model. The Broadwell model with collisions is
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given by
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where¾¸ 0 is the collision constant and is related to the dimensionalcollision constant
in the following way:

¾? = L 2c¾:

N5 represents the velocities in both the + and ¡ z-directions. The collisions that
appear on the right-hand sidesof these equations can be understood by noting the
following properties:

1. The only collisionsthat actually changethe densitiesare N1{ N2, N3{ N4, and
N5{ N5;

2. Each of these collisions will produce one the following three outcomeseach
with a 1/3 probabilit y: N1 and N2, N3 and N4, and N5 and N5.

Therefore, the right-hand side of (3.1), for example, says that N1 will be produced
with probabilit y 1/3 if an N3{ N4 collision occurs, produced with probabilit y 1/3 if
an N5{ N5 collision occurs, but lost with probabilit y 2/3 if an N1{ N2 collision occurs.
The remaining right-hand sidesfollow from similar reasoningfor N2 through N5. We
should note herethat equation (3.5) represents only oneof the N5 velocities (i.e., only
the + or only the ¡ z-direction density); and therefore, to obtain the total density of
all particles we will have to count N5 twice.

The goal of this section is to derive a 1D approximation the collisional equations
(3.1) { (3.5) in the casewhere the channel depth, h, is a small parameter. In Section
3.1 we derive such a model, in Section 3.2 we indicate how this model behavesin the
long-time, and in Section 3.3 we test this 1D model against the full 2D equations in
a numerical example.

3.1. The thin-c hannel mo del. We begin, again, by depth-averaging the
above equations. The key observation one needsto make is that

¾N i N j ´
¾
h

Z h

0
N i (x; y;t)N j (x; y;t) dy= ¾N i N j + O(¾h2) : (3.6)

With this approximation, it is quite straightforward to usethe sametechniquesas in
the collisionlesscaseto obtain the thin-channel approximation. However, in order to
obtain a thin-channel approximation that is O(h), we make the following assumption:

¾· O(h¡ 1); (3.7)

which givesan upper bound on the collision constant in order to still obtain quasi-1D
solutions. Under this assumption, the approximation in (3.6) is always accurate to at
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least O(h). The total density, ½, and the momentum, m, can be de¯ned as

½(x; t) = N 1(x; t) + N 2(x; t) + N 3(x; t) + N 4(x; t) + 2N 5(x; t) (3.8)

m(x; t) = N 1(x; t) ¡ N 2(x; t) ¡ N 3(x; t) + N 4(x; t) : (3.9)

By doing the identical stepsas before, the Broadwell equationswith collisions can be
reducedto the following system of ¯rst order partial di®erential equations:

@½
@t

+
@m
@x

= 0 (3.10)

@m
@t

+
@

@x
(½¡ 2z) =

µ
¡ 2®
2¡ ®

¶ µ
1
h

¶
m (3.11)

@z
@t

=
¾
24

¡
(½+ 2z)(½¡ 6z) ¡ m2¢

; (3.12)

where z(x; t) ´ N 5(x; t). We will refer to this system of hyperbolic partial di®erential
equations as the collisional thin-channel model. The right-hand side of equation
(3.12) was obtained by noting that if the depth-averagedy-momentum is zero then
N 1 = N 4 and N 2 = N 3. System (3.10){(3.12) is analogousto the collisionlesssystem
(2.27){(2.28); however, the collisional systemcannot be written asa simple telegraph
equation analogousto (2.31).

3.2. Long-time behavior: the di®usion equation. Let us consider the
behavior of system (3.10){(3.12) on a time scaleof t = O(h¡ p), where p¸ 1. We note
that the value of p should be made large enoughin order to allow equation (3.12) to
relax. Therefore, p directly depends on the strength of ¾: the weaker the collisions,
the larger p has to be in order for the equation to (3.12) to relax to its natural state:

hp

¾
¿ 1:

On this time scale,equations (3.11) and (3.12) reduceto the following relationships:

O(hp) +
@

@x
(½¡ 2z) =

µ
¡ 2®
2¡ ®

¶ µ
1
h

¶
m (3.13)

O
µ

hp

¾

¶
= (½+ 2z)(½¡ 6z) ¡ m2 : (3.14)

Solving theseequations to leading for z(x; t) and m(x; t) yields

z =
½
6

+ ¢¢¢ (3.15)

m = ¡
2
3

h
µ

2¡ ®
2®

¶
@½
@x

+ ¢¢¢: (3.16)

Substituting this result into the conservation of mass equation, (3.10), yields the
following di®usionequation:

@½
@t

¡
2
3

h
µ

2¡ ®
2®

¶
@2½
@x2 = 0: (3.17)

Note that the di®usion constant in (3.17) is 1.5 times smaller than the di®usion
constant in (2.34) and is independent of the actual value of ¾(as long as¾< O(h¡ 1)).
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This sudden jump to 2/3 of the collisionlessvalue can be explained by the fact that
the Broadwell model goes from being described entirely by four directions in the
collisionlesscase to six when collisions are included. These extra directions allow
for some mass to accumulate in N5 = N6, and unlike the other directions, N5 and
N6 do not contribute to the quantit y that is being damped by wall collisions: the
x-momentum.

Unlike in the collisionlesscase,we have no rigorous theorems to show that the
collisional Broadwell model convergeseither to system (3.10)-(3.12) or to di®usion
equation (3.17). However, wewill provide numerical evidencebelow that suggeststhat
system(3.10)-(3.12) is a good approximation to the collisional Broadwell model when
h is small; and furthermore, that di®usion equation (3.17) is a good approximation
to both (3.10)-(3.12) and the Broadwell model in the long-time.

3.3. An example. In order to demonstrate the validit y of the above derived
collisional thin-channel model, we consideran examplewith h = 0:04, ®= 0:5, ¾= 100,
and the following initial conditions:

N1;2;3;4(x; y;0)=

(
0:25 if (x ¡ 0:5)2 + 15(y ¡ 0:02)2 < 0:152

0 otherwise
(3.18)

N5(x; y;0)= 0: (3.19)

The solution to the 2D collisional 4-velocity Broadwell model is computedon the same
computational grid with the sameboundary conditions as in Section 2.5. We take in
this computation a CFL number of 0.995:

¢ t
¢ x

=
¢ t
¢ y

= 0:995:

The collisional source term is approximated via the implicit trap ezoidal rule and
coupled to the left-hand side of system(3.1){(3.5) through Strang operator splitting.

The thin-channel model (3.10){(3.12) with initial conditions

½(x; 0)=

(
10
3

p
0:152 ¡ (x ¡ 0:5)2 if 0:35< x < 0:65

0 otherwise
(3.20)

m(x; 0)= 0 (3.21)

z(x; 0)= 0; (3.22)

is solved on a grid of 2000points on the computational domain [¡ 0:5;1:5]. The source
term in (2.28) is again approximated using the implicit trap ezoidal rule and coupled
to the left-hand side of system (3.10){(3.12) through Strang operator splitting. The
results of this 1D simulation are comparedagainst the depth-averaged2D solution as
well as the exact solution of the di®usionequation (3.17) in Figures 3.3{3.4. In these
¯gures we only display the solution for x 2 [0;1]. Theseresults show that the 1D thin-
channel model accurately captures the depth-averagedbehavior of the 2D solution;
and furthermore, they indicate that the di®usion equation is a good approximation
only in the long-time.
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(a)

(b)

(c)

Fig. 3.1. The Br oadwell model without col lisions (¾= 0) in a thin channel. Shown in these
panels are the depth-averaged exact 2D solution (cir cles-line), 1D telegraph solution (solid line), 1D
di®usion solution (dashed line). The exact 2D solution is sampled on a 1000£ 20 grid for (x; y) 2
[¡ 0:5;1:5]£ [0;0:04], the approximate 1D solution is computed with 2000 points for x 2 [¡ 0:5;1:5],
and the di®usion equation is solved exactly.
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(a)

(b)

(c)

Fig. 3.2. Col lisionless Br oadwell solution continue d from Figur e 3.1. One can see from these
plots that the convergence of the 1D thin-channel approximation to the depth-averaged 2D system
for a ¯xe d h and t ! 1 is only weak.
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(a)

(b)

(c)

Fig. 3.3. The Br oadwell model with col lisions (¾= 100) in a thin channel. Shown in these
panels are the depth-averaged exact 2D solution (cir cles-line), 1D telegraph solution (solid line), 1D
di®usion solution (dashed line). The exact 2D solution is sampled on a 1000£ 20 grid for (x; y) 2
[¡ 0:5;1:5]£ [0;0:04], the approximate 1D solution is computed with 2000 points for x 2 [¡ 0:5;1:5],
and the di®usion equation is solved exactly.
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(a)

(b)

(c)

Fig. 3.4. Col lisional Br oadwell solution continue d from Figur e 3.3.
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4. Limiting behavior theorems in the collisionless case
In this section we shall prove sometheoremsconcerning limiting behavior of the

4-velocity collisionlessBroadwell model (2.1){(2.4). To simplify the presentation we
shall rescalex, y, and t so that h = 1 and the domain is D= f (x; y)j(¡1 ;1 ) £ [0;1]g
in this section only. We shall also write the unknowns as a vector,

N (x; y;t) = (N1;N2;N3;N4)T :

It is useful to de¯ne the inner product,

hu ;w i ´
Z 1

0
u H w dy; (4.1)

and the vectors 1 ´ (1;1;1;1)T and 1§ ´ (1;¡ 1;¡ 1;1)T . The depth-averageddensity
and momentum can now be written as follows:

½(x; t) = h1;N (x; ¢;t)i

m(x; t) = h1§ ;N (x; ¢;t)i :

We will also require the Fourier transform of N in the x-direction, which we denote
as cN and de¯ne as follows:

cN (k;y;t) =
1

2¼

Z 1

¡1
N (x; y;t) e¡ ik x dx:

We shall usethe following function spacefor our theorems

N 2 B (D) if max
0· y · 1

Z 1

¡1

¡
jN (x; y)j + jN (x; y)j2 + jN x (x; y)j2

¢
dx < 1 (4.2)

In other words, N (x; y) 2 L 1 \ H 1(R) for each y 2 [0;1].

4.1. Di®usiv e behavior. The discussion in Section 2 suggeststhat the
Broadwell model under certain conditions behaveslike a di®usionequation. We shall
prove that under a di®usive scaling the depth-averageddensity convergesweakly to a
solution of a di®usionequation.

Supposewe consider initial conditions of the form

N (x; y;0)= M 0(x=¸; y)=¸; (4.3)

where ¸ is a length scale. We note that the total massfor these initial conditions is
independent of ¸ . We usethe following rescaledindependent variables:

X = x=¸ and T = t=¸ 2: (4.4)

In these variables, our new unknown is the rescaled number density, denoted by
M ¸ (X ;y;T) and it is related to the original density by

M ¸ (X ;y;T) ´ ¸ N (¸X ;y;¸ 2T); (4.5)

where the initial conditions are

M ¸ (X ;y;0)= M 0(X ;y): (4.6)
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The rescaleddepth-averageddensity is denoted Ã¸ (X ;T) and is given by

Ã¸ (X ;T) = h1;M ¸ (X ;¢;T)i : (4.7)

We have the following theorem concerningthe behavior of the rescaleddensity in the
limit as ¸ ! 1 .

Theorem 4.1. If the initial conditions are N (x; y;0)= M 0(x=¸; y)=¸ , where
M 0(x; y) 2 B (D), then as ¸ ! 1 , Ã¸ (X ;T) (de¯ned by (4.7)) converges weakly to
Ã(X ;T) which satis¯es the di®usion equation:

ÃT = DÃX X ;

where D = (2¡ ®)=2®, with the initial condition

Ã(X ;0)= h1;M 0(X ;¢)i :

This theorem establishesthat under a di®usive scalingthe depth-averageddensity
for the Broadwell model satis¯es (weakly) a di®usionequation.

4.2. Hyp erb olic behavior. The results from Section 2 also suggestthat the
density for the Broadwell model should have a connection with a telegraph equation.
Here we verify that under hyperbolic scaling the depth-averaged density converges
weakly to a solution of the telegraph equation. To explain this statement more pre-
cisely, we ¯rst recall the telegraph equation (2.31),

2®
(2¡ ®)

½t ¡ ½xx + ½tt = 0;

where we have set c= h = 1. Next we usethe following rescaling:

X = x=¸ and T = t=¸; (4.8)

and obtain the following telegraph equation:

2®¸
(2¡ ®)

uT ¡ uX X + uT T = 0;

whereu(X ;T) = ¸½(¸X ;¸T ). We note that if we let ®! 0 and ¸ ! 1 sothat ®¸ = 2¡,
we obtain that

2¡ uT ¡ uX X + uT T = 0: (4.9)

For later referencewe note that the solution of this equation can be written as

u(X ;T) =
Z 1

¡1
bg1(k)ei (kX ¡ ¾1 (k )T ) dk+

Z 1

¡1
bg2(k)ei (kX ¡ ¾2 (k )T ) dk; (4.10)

where

¾1;2(k) = ¡ i ¡ § i
p

¡ 2 ¡ k2; (4.11)

and bg1 and bg2 are determined by initial conditions. In particular if ½(X ;0)= ½0(X )
and m(X ;0)= m0(X ), then

bg1 =
¾2 b½0 ¡ k bm0

¾2 ¡ ¾1
and bg2 =

¾1 b½0 ¡ k bm0

¾1 ¡ ¾2
:
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Basedon the scalingsusedabove we de¯ne the following rescalednumber density:

P ¸ (X ;y;T) ´ ¸ N (¸X ;y;¸T ;®= 2¡ =¸ ); (4.12)

and the rescaleddepth-averageddensity:

Á¸ (X ;T) = h1;P ¸ (X ;¢;T)i : (4.13)

We can prove the following theorem concerningthe telegraph equation and the Broad-
well model.

Theorem 4.2. If the initial conditions are N (x; y;0)= M 0(x=¸; y)=¸ , where
M 0(x; y) 2 B (D), then as ¸ ! 1 and ®! 0 with ®¸ = 2¡ we havethat Á¸ (X ;T) con-
vergesweakly to Á(X ;T). Á(X ;T) is a solution of the telegraph equation given by (4.9)
with initial conditions:

Á(X ;0)= h1;M 0(X ;¢)i and

m(X ;0) = h1§ ;M 0(X ;¢)i ;

where ÁT + mX = 0.

4.3. Long-time behavior. The ¯nal theorem we present provides us an
asymptotic formula for the behavior of the depth-averageddensity as t ! 1 .

Theorem 4.3. If the initial conditions are N (x; y;0)= N 0(x; y), where N 0(x; y) 2
B (D) and

cN 0(k;y) =
1X

n = ¡1

4X

j =1

bgj ;n (k) v j ;n (k;y) (4.14)

in L 2([0;1]) (for each k) for somecoe±cients bgj ;n , then the density for the Broadwell
model has the following asymptotic behavior:

½(x; t) =

r
¼

Dt
exp

·
¡ x2

4Dt

¸ Ã
1X

m = ¡1

cm

³
ei¼m (x ¡ t ) + ei¼m (x + t )

´
+ o(t ¡ 1

2 )

!

;

where D = (2¡ ®)=(2®) and

c2m =
1
4

hcN 0(2m¼;¢);v1;m (2m¼;¢)i

c2m +1 =
1
4

hcN 0((2m + 1)¼;¢);v2;m (2m + 1)¼;¢i:

Expressionsfor the vectors v j ;n are derived in Section 4.4.1. Furthermore, if N 0 =
1
4 f (x)1 then ½(x; 0)= f (x) and it follows from the above expressionsthat

½(x; t) =

r
¼

16Dt
exp

·
¡ x2

4Dt

¸ Ã
1X

m = ¡1

bf (¼m)
³

ei¼m (x ¡ t ) + ei¼m (x + t )
´

+ o(t ¡ 1
2 )

!

:

Remark. If we knew that the eigenfunctionsf v j ;n (k;y)g were, for all k, complete in
L 2[0;1] we could remove the condition given by (4.14).

Theorem4.3 indicates that for a classof initial conditions the long-time behavior is
composedof oscillatory functions that have the fundamental solution of the di®usion
equation as an envelope. In particular, this demonstrates that the convergenceto
the di®usion equation as described in Theorem 4.1 can not be better than weak
convergence.Indeed, Figure 3.2(b) clearly shows theseoscillations.
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4.4. Pro of of Theorems. We prove in this section the above theorems. In
particular, we begin by computing the solution to the 4-velocity Broadwell model
(2.1){(2.4).

4.4.1. Eigenfunction expansion. The proof of each of the above theorems
relies on an eigenfunction expansionof the the Broadwell model, which we will now
outline. We begin by Fourier transforming the Broadwell model in x and assuminga
solution of the form:

bN j (k;y;t) = bn j (k;y)e¡ i! (k ) t for j = 1;2;3;4: (4.15)

Plugging this into the Fourier transformed Broadwell model results in a ¯rst order
ODE in y for each bn; theseare easily solved and in view of the boundary conditions
we write the solutions as

bn1 = a1 exp[i (! ¡ k)y]

bn2 = a2 exp[i (! + k)(1 ¡ y)] (4.16)

bn3 = a3 exp[i (! + k)y]

bn4 = a4 exp[i (! ¡ k)(1 ¡ y)] :

Applying the boundary conditions we ¯nd that

M (z)a = 0; (4.17)

where a = (a1;a2;a3;a4)T and

M (z) =

0

B
B
@

¡ 2 ®zp 0 (2¡ ®)z=p
®z=p ¡ 2 (2¡ ®)zp 0

0 (2¡ ®)zp ¡ 2 ®z=p
(2¡ ®)z=p 0 ®zp ¡ 2

1

C
C
A

with z = ei! and p= eik . For nontrivial solutions we must ¯nd the values of z for
which the determinant vanishes. We will also need to compute the eigenvectors, a,
that correspond to thesevaluesof z. The determinant of M (z) vanisheswhenever

P+ (z)P¡ (z) = 0 where P§ (z) = 1+ (1¡ ®)z2 §
(2¡ ®)

2

µ
1
p

+ p
¶

z:

We de¯ne z1 and z2 such that P¡ (z1) = 0 and P¡ (z2) = 0. It follows that z3 = ¡ z1

and z4 = ¡ z2 satisfy P+ (z3) = 0 and P+ (z4) = 0. We can obtain an expressionfor z1

entirely in terms of k and ® by solving P¡ (z) = 0 and substituting p= eik :

z1(k) =
³

(2¡ ®)cos(k) ¡
p

(2¡ ®)2 cos2(k) ¡ 4(1¡ ®)
´ .

(2(1¡ ®)) :

Furthermore, it follows easily that

z2(k) = ¡ z1(k + ¼); z3(k) = ¡ z1(k); z4(k) = z1(k + ¼): (4.18)

Therefore it is enoughto understand z1(k). We note the following properties:

z1(k) = z1(k + 2n¼) where n = § 1;§ 2;:::::

z1(k + 2n¼) = 1+
2¡ ®
2®

k2 + O(k4):
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To compute the dispersion relationship we needto ¯nd ! j . Sincez1 = ei! 1 ,

! 1(k) = ¡ i log(z1)

= i ­( k) + µ(k) + 2¼n; n = 0;§ 1;§ 2;:::; (4.19)

where ­( k) = ¡ logjz1j and µ(k) = cos¡ 1(Re(z1)=jz1j). Since! 1 is a 2¼-periodic func-
tion of k, it is enoughto understand the behavior of ! 1 for 0· k · 2¼. It easyto see
that

z1 =
½

complex if kc < k < ¼¡ kc or ¼+ kc < k < 2¼¡ kc

real otherwise;

where

kc = cos¡ 1
µ

2
p

1¡ ®
2¡ ®

¶
:

We observe that if Im(z1) = 0 then

µ=
½

0 if Re(z) > 0
§ ¼ if Re(z) < 0;

wherethe sign is chosensothat µ is continuous. On the other hand, wenote if Im(z1) 6=
0 then one can easily check that jz1j = (1¡ ®)¡ 1=2 and cos(µ) = cos(k)=cos(kc). We
also observe that if we expand ­, then we ¯nd that

­( k) = ¡
2¡ ®
2®

k2 + O(k4): (4.20)

We collect the above results and summarizethem in Figure 4.1. In view of the above
discussionand equation (4.18), we have the eigenfrequencies:

! 1;n (k) = i ­( k) + µ(k) + 2n¼

! 2;n (k) = i ­( k + ¼) + µ(k + ¼) + (2n + 1)¼

! 3;n (k) = i ­( k) + µ(k) + (2n + 1)¼

! 4;n (k) = i ­( k + ¼) + µ(k + ¼) + 2n¼:

The eigenvectors corresponding the zj s described above are

a1 =

0

B
B
@

1
E1

E1

1

1

C
C
A ; a2 =

0

B
B
@

1
E2

E2

1

1

C
C
A ; a3 =

0

B
B
@

1
¡ E1

E1

¡ 1

1

C
C
A ; and a4 =

0

B
B
@

1
¡ E2

E2

¡ 1

1

C
C
A ;

where

E j =

¡
2p¡ (2¡ ®)zj

¢

®zj p2 for j = 1;2:

We also note the following:

E1(k = 2m¼) = 1 and E1(k = (2m + 1)¼) = ¡ 1 (4.21)
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Fig. 4.1. A plot of µ and ­ as functions of k for ®= 1
2 . The point on the k axis where µ ¯rst

becomes nonzero (moving away from the origin) marks kc .

E2(k = 2m¼) = ¡ 1 and E2(k = (2m + 1)¼) = 1: (4.22)

Equations (4.21) and (4.22) are valid if ® is strictly boundedaway from zero. On the
other hand,

lim
" ! 0

E1(k = w"; ®= 2¡ " ) =
¡

¡ iw +
p

¡ 2 ¡ w2
´ F1(w;¡) (4.23)
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lim
" ! 0

E2(k = w"; ®= 2¡ " ) =
¡

¡ iw ¡
p

¡ 2 ¡ w2
´ F2(w;¡) : (4.24)

Combining the results for the eigenvectors and eigenfrequencieswe obtain the
following eigenfunctions:

v j ;n (k;y) =

0

B
B
@

aj ;1 exp[i (! j ;n ¡ k)y]
aj ;2 exp[i (! j ;n + k)(1 ¡ y)]
aj ;3 exp[i (! j ;n + k)y]
aj ;4 exp[i (! j ;n ¡ k)(1 ¡ y)]

1

C
C
A : (4.25)

4.5. Orthogonalit y results. Unfortunately the setof eigenfunctionsgivenby
(4.25) is not an orthogonal set; however, theseeigenfunctionshave someorthogonality
properties that turn out to be su±cient for our needs.We will outline theseproperties
in this section. If we de¯ne the inner product as in (4.1), then one can verify by a
direct computation using equations (4.21) and (4.22) that

hv1;n (2m¼;¢);v j ;` (2m¼;¢)i = 4±1j ±n` (4.26)

and

hv2;n ((2m + 1)¼;¢);v j ;` ((2m + 1)¼;¢)i = 4±2j ±n` : (4.27)

One can also establish, recalling that 1 = (1;1;1;1)T , by direct computation that

h1;v1;n (2m¼;¢)i =

8
<

:

4 if n = m = 0
2 if n = § m
0 otherwise

(4.28)

and

h1;v2;n ((2m + 1)¼;¢)i =
½

2 if 2n + 1= § (2m + 1)
0 otherwise

(4.29)

h1;v3;n (k;¢)i = h1;v4;n (k;¢)i = 0: (4.30)

In expressions(4.26) { (4.30), j = 1;2;3;4 and `; n;m = 0;§ 1;§ 2;§ 3;:::.

Prop osition 4.1. The set of vectors
n

f v j ;n (0;y)g4
j =1

o1

n = ¡1
is complete in L 2[0;1].

Proof. De¯ne the following 4£ 4 matrices:

Wj =
½

diag(1;1;1;1) if j = 1;3
diag(e2­( ¼)y ;e2­( ¼)(1 ¡ y) ;e2­( ¼)y ;e2­( ¼)(1 ¡ y)) ) if j = 2;4:

(4.31)

One can useWj to formulate the following orthogonality condition:

hv j ;n (0;¢);W` v `;m (0;¢)i = 4±j ;` ±m;n : (4.32)

An eigenfunction expansionfor f (y) can be deducedusing (4.32), and we ¯nd that

f N (y) =
1
4

NX

n = ¡ N

4X

j =1

hv j ;n (0;¢);Wj f (¢)i v j ;n (0;y): (4.33)

In section 4.6.4 (Lemma 4.1), we prove for any f 2 L 2[0;1] that

lim
N !1

jj f ¡ f N jj2 = 0: (4.34)

This completesthe proof of Proposition 4.1.
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4.6. Fourier Transform. Returning to (4.15) we seethat the Fourier trans-
form of N = (N1;N2;N3;N4)T is

cN =
1X

n = ¡1

4X

j =1

bgj ;n (k) v j ;n (k;y)e¡ i! j ;n (k ) t ; (4.35)

where bgj ;n (k) comesfrom expanding the initial condition:

cN 0(k;y) =
1X

n = ¡1

4X

j =1

bgj ;n (k) v j ;n (k;y): (4.36)

Since

½(x; t) = h1;N i and b½(k;t) = h1;cN i ;

we can useequation (4.30) to write:

b½(k;t) = b½1(k;t) + b½2(k;t);

where

b½j (k;t) =
1X

n = ¡1

Gj ;n (k)e¡ i! j ;n (k ) t (4.37)

and

Gj ;n (k) = bgj ;n (k)h1;v j ;n (k;y)i : (4.38)

We will usethe results of this section to prove the three theorems.

4.6.1. Pro of of theorem 4.1. We start by taking the inverse Fourier
transform of b½j . It is convenient to break up the integral in intervals of length 2¼due
to the periodic nature of ! as outlined in the section above. We have that

½j (x; t) =
Z 1

¡1
b½j (k;t) eik x dk (4.39)

=
1X

m = ¡1

Z ¼(2m +1)

¼(2m ¡ 1)
b½j (k;t) eik x dk (4.40)

=
1X

m = ¡1

1X

n = ¡1

A ( j )
n;m e¡ i¼2nt ; (4.41)

where

A ( j )
n;m =

Z (2m +1) ¼

(2m ¡ 1)¼
Gj ;n e¡ i! j ;n (k ) t eik x dk:

Let k = 2¼m + w and we can write

A ( j )
n;m = ei 2m¼x I ( j )

n;m ;
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where

I ( j )
n;m =

Z ¼

¡ ¼
Gj ;n (2m¼+ w)e¡ i! j ; 0 t eiw x dw: (4.42)

In expression(4.42) we have made useof he periodicit y of ! . Therefore we can write

½j (x; t) =
1X

m = ¡1

1X

n = ¡1

I ( j )
n;m e¡ i 2¼(mx ¡ nt ) : (4.43)

Under the assumptionsof the Theorem, the initial conditions for N take the form
N (x; y;0)= M 0(x=¸; y)=¸ . Since M 0 2 B (D) then cM 0(¢;y) 2 L 1(R). It also follows
from our rescalingthat

bgj ;n (k) ! bgj ;n (¸k ): (4.44)

Therefore we can write I ( j )
n;m as

I ( j )
n;m =

Z ¼

¡ ¼
Gj ;n (2m¼+ w)e¡ i! j ; 0 (w ) t eiw x dw;

where

Gj ;n (2m¼+ w) = bgj ;n (2¼m¸ + ¸w )h1;v j ;n (2m¼+ w)i : (4.45)

We now usethe rescaledvariables to compute:

Ã¸ (X ;T) = Ã1(X ;T) + Ã2(X ;T); (4.46)

where

Ãj (X ;T) =
1X

m = ¡1

1X

n = ¡1

J ( j )
n;m e¡ i 2¼̧ (mX ¡ nT ¸ ) (4.47)

with

J ( j )
n;m =

Z ¸¼

¡ ¸¼
bgj ;n (2¼m¸ + k)h1;v1;n (2m¼+ k

¸ )i e¡ i! j ; 0 ( k
¸ ) ¸ 2 T eik X dk:

One can show using the results of Section 4.4.1 that

lim
¸ !1

! 1;0( k
¸ )¸ 2 = ¡ iD k2 (4.48)

and

lim
¸ !1

! 2;0( k
¸ )¸ 2 = ¡ i1 : (4.49)

Clearly from (4.49) we ¯nd lim ¸ !1 J (2)
n;m = 0. We will examine the behavior of J (1)

n;m

as ¸ ! 1 . First we consider the casen = m = 0:

J (1)
0;0 =

Z ¸¼

¡ ¸¼
bg0;0(k)h1;v1;0( k

¸ )i e¡ i! 1; 0 ( k
¸ ) ¸ 2 T eik X dk:
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By our hypothesison the initial conditions g0;0(k) 2 L 1, and we can usethe dominated
convergencetheorem to verify that

lim
¸ !1

J (1)
0;0 =

Z 1

¡1
4bg1;0(k)eik X e¡ D k 2 T dk: (4.50)

Turning to the casem 6= 0 and n 6= 0; sincebgj ;n (k) 2 L 1 it follows that

J ( j )
n;m < 1 : (4.51)

Using (4.50), (4.51), and recalling that lim ¸ !1 J (2)
n;m = 0, it follows from (4.46) and

(4.47) that

Ã¸ (X ;T) ! Ã(X ;T) weakly as ¸ ! 1 ;

where

Ã(X ;T) =
Z 1

¡1
4bg1;0(k)eik X ¡ k 2 D T dk;

which is a solution of the di®usionequation. To completeour proof we must compute
bg1;0 in terms the initial conditions. Combining (4.36) and (4.44) we have that

cM 0(¸k ;y) =
4X

j =1

1X

m = ¡1

bgj ;m (¸k ) v j ;m (k;y): (4.52)

We let w = ¸k and take ¸ ! 1 to obtain that

cM 0(w;y) =
4X

j =1

1X

m = ¡1

bgj ;m (w)v j ;m (0;y): (4.53)

Our choice of initial conditions implies that cM 0(¢;y) 2 L 2[0;1]. By Proposition 4.1
the eigenfunctions, f v j ;m (0;y)g, are complete in L 2[0;1]. This combined with (4.32)
indicates that we can uniquely determine bgj ;m for any cM 0(¢;y) 2 L 2[0;1].

To ¯nish, we use(4.26) to obtain that

bg1;0(w) =
1
4

hv1;0(0;¢); cM 0(w;¢)i =
1
4

h1; cM 0(w;¢)i ;

and the proof of Theorem 4.1 is complete. ¥

4.6.2. Pro of of Theorem 4.2. In this theorem the initial conditions are
the sameas for Theorem 4.1, and the expressionfor I ( j )

n;m is thereby the same:

I ( j )
n;m =

Z ¼

¡ ¼
Gj ;n (2m¼+ w)e¡ i! j ; 0 (w ;®) t eiw x dw;

whereGj ;n (2m¼+ w) is givenby (4.45) and wehavewritten ! j ;0 sothat its dependence
on ® is explicitly recognized.We now usethe rescaledvariables (4.8) to compute:

Á¸ (X ;T) = Á1(X ;T) + Á2(X ;T);
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where

Áj (X ;T) =
1X

m = ¡1

1X

n = ¡1

J ( j )
n;m e¡ i 2¼̧ (mX ¡ nT )

with

J ( j )
n;m =

Z ¸¼

¡ ¸¼
bgj ;n (2m¼̧ + k)h1;v j ;n (2m¼+ k

¸ ; 2¡
¸ ;y)i e¡ i¸! j ; 0 ( k

¸ ; 2¡
¸ )T eik X dk

and v j ;n = v j ;n (k;®;y).
By expanding ¸! j ;0( k

¸ ; 2¡
¸ ) in seriesin ¸ ¡ 1 one can prove that

lim
¸ !1

¸! j ;0

µ
k
¸

;
2¡
¸

¶
= ¾j (k); (4.54)

where ¾j (k) is given by (4.11). In addition one can show that

lim
¸ !1

v j ;n

µ
2¼m +

k
¸

;
2¡
¸

;y
¶

= u j ;n (m;y);

with

u j ;n (m;y) =

0

B
B
@

exp[2¼i (n ¡ m)y]
Fj exp[2¼i (n + m)(1 ¡ y)]
Fj exp

£
2¼i (n + m + 1

2 )y
¤

exp
£
2¼i (n ¡ m + 1

2 )(1 ¡ y))
¤

1

C
C
A

where j = 1;2 and Fj are given by (4.23) and (4.24). The expressionsfor j = 3;4
follow in a straightforward way. Onecanprovethe following orthogonality relationship
about thesevectors:

hu j ;n (0;¢);u j ;m (0;¢)i = 2(1+ F 2
j )±n; ¡ m for j = 1;2

hu j ;n (0;¢);u j ;m (0;¢)i = 2(1+ F 2
j ¡ 2)±n; ¡ (m +1) for j = 3;4 (4.55)

hu i;n (0;¢);u j ;m (0;¢)i = 0 if i 6= j :

We can establish that u i;n (0;y) can be usedto form a completebasisin L 2[0;1] using
a similar argument as was given in Proposition 4.1. In addition we have the identit y:

h1;u j ;0(0;¢)i = 2(1+ Fj ): (4.56)

We proceedin a similar fashion as in Theorem 4.1, using (4.56), and prove that

lim
¸ !1

J ( j )
0;0 =

Z 1

¡1
gj ;0(k)(1 + Fj (k;¡)) ei (kx ¡ ¾j (k )) t dk;

and if m 6= 0 and n 6= 0 then

lim
¸ !1

J ( j )
n;m < 1 :

Therefore we have that

Á¸ (X ;T) ! Á(X ;T) weakly as ¸ ! 1 ;
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where

Á(X ;T) =
Z 1

¡1

h
Á1(k)e¡ i¾1 (k )T + Á2(k)e¡ i¾2 (k )T

i
eik X dk

with Áj (k) = (1+ Fj (k;¡)) bgj ;0(k).
To complete the proof we must compute Áj (k) in terms of the initial conditions.

Recall from (4.36) that bgj ;n (¸k ) must satisfy:

cM 0(¸k ;y) =
4X

j =1

1X

n = ¡1

bgj ;n (¸k ) v j ;n (k;®;y); (4.57)

which we write as

cM 0(w;y) =
4X

j =1

1X

n = ¡1

bgj ;n (w)v j ;n (w=¸; 2¡ =¸; y): (4.58)

Now let ¸ ! 1 to obtain that

cM 0(w;y) =
4X

j =1

1X

n = ¡1

bgj ;n (w)u j ;n (0;y): (4.59)

Our choice of initial conditions implies that cM 0(¢;y) 2 L 2[0;1] and we know that
f u j ;m (0;y)g forms a completebasisin L 2[0;1]. We can usethe orthogonality relations
(4.55) to uniquely determine bgj ;n for any cM 0(¢;y) 2 L 2[0;1].

It follows from (4.59) and (4.55) that

bgj ;0(w) =
hu j ;0(0;¢); cM 0(¢)i
2(1+ F 2

j (w;¡))
for j = 1;2: (4.60)

Finally we note that

u j ;0(0) =
1
2

(1+ Fj )1+
1
2

(1¡ Fj )1§ for j = 1;2: (4.61)

A straightforward but somewhat lengthy calculation yields that

Á1(k) =
¾2 b½0 ¡ k bm0

¾2 ¡ ¾1

Á2(k) =
¾1 b½0 ¡ k bm0

¾1 ¡ ¾2
;

where ½0 = h1;M 0(X ;¢)i , m0 = h1§ ;M 0(X ;¢)i , and ¾j is given by (4.11). If we com-
pare with the solution of the telegraph equation given by (4.10), we seethat the proof
of this theorem is complete. ¥
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4.6.3. Pro of of Theorem 4.3. We again start by taking the inverseFourier
transform of b½1. We have that

½1(x; t) =
Z 1

¡1
b½1(k;t) eik x dk (4.62)

=
1X

m = ¡1

Z ¼(2m +1)

¼(2m ¡ 1)
b½1(k;t) eik x dk (4.63)

=
1X

m = ¡1

1X

n = ¡1

An;m e¡ i¼2nt ; (4.64)

where

An;m =
Z (2m +1) ¼

(2m ¡ 1)¼
G1;n et (­( k ) ¡ iµ (k )) eik x dk:

Let k = 2¼m + w and we can write:

An;m = ei 2m¼x I (1)
n;m ;

where

I (1)
n;m =

Z ¼

¡ ¼
G1;n (2m¼+ w)et (­( w )¡ iµ (w)) eiw x dw: (4.65)

Here we have usedthe periodicit y of ­ and µ. Using this de¯nition we can write:

½1(x; t) =
1X

m = ¡1

1X

n = ¡1

I (1)
n;m e¡ i 2¼(mx ¡ nt ) : (4.66)

Wecanhandle½2(x; t) is a similar fashionexceptthe starting point is slightly di®erent,
namely

½2(x; t) =
Z 1

¡1
b½2(k;t) eik x dk (4.67)

=
1X

m = ¡1

Z (2m +2) ¼

2m¼
b½2(k;t) eik x dk: (4.68)

Following essentially the samestepswe arrive at

½2(x; t) =
1X

m = ¡1

1X

n = ¡1

I (2)
n;m e¡ i¼((2 m +1) x ¡ (2n +1) t ) (4.69)

I (2)
n;m =

Z ¼

¡ ¼
G2;n ((2m + 1)¼+ w)et (­( w )¡ iµ (w)) eiw x dw: (4.70)

Our choiceof initial conditions guaranteesthat bgj ;n (k) will be bounded;consequently
Gj ;n is also bounded and we can use Lemmas 4.2 and 4.3 to establish the following
asymptotic expression:

I ( j )
n;m = e¡ x 2 =4D t

µ p
¼

p
Dt

Gj ;n ((2m + j ¡ 1)¼) + o(t ¡ 1
2 )

¶
for j = 1;2: (4.71)
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Next we useequations (4.38), (4.28) and (4.29) to show that

G1;n (2m¼) =

8
<

:

4 if n = m = 0
2 if n = § m
0 otherwise

(4.72)

G2;n ((2m + 1)¼) =
½

2 if 2n + 1= § (2m + 1)
0 otherwise.

(4.73)

Combining equations (4.66), (4.69), (4.71), (4.72), and (4.73) we have that

½(x; t) =
2
p

¼
p

Dt
e¡ x 2 =4D t

Ã
1X

m = ¡1

cm

³
ei¼2m (x ¡ t ) + ei¼2m (x + t )

´
+ o(t ¡ 1

2 )

!

; (4.74)

where

c2m = bg1;m (2m¼) and c2m +1 = bg2;m ((2m + 1)¼): (4.75)

To complete the proof of the theorem we must determine cm in terms of the initial
conditions. Recall from (4.36) that

cN 0(k;y) =
4X

j =1

1X

m = ¡1

bgj ;m (k) v j ;m (k;y)

We can usethe orthogonality relations (4.26) and (4.27) to obtain that

bg1;m (2m¼) =
1
4

hcN 0(2m¼;¢);v1;m (2m¼;¢)i

and

bg2;m ((2m + 1)¼) =
1
4

hcN 0((2m + 1)¼;¢);v2;m ((2m + 1)¼;¢)i :

This completesthe proof of Theorem 4.3. ¥

4.6.4. Three lemmas.

Lemma 4.1. For any f 2 L 2[0;1] its eigenfunction expansion as given by (4.33)
convergesin L 2. In other words, lim N !1 jj f ¡ f N jj2 = 0.

Proof. The eigenfunction expansiongiven by (4.33) can be written as

f N (y) =
Z 1

0
K (x; y) f (y)dy; (4.76)

where K is the 4£ 4 matrix given by

K (x; y) =
1
4

NX

n = ¡ N

4X

j =1

v j ;n (0;x) ­ Wj v j ;n (0;y): (4.77)
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The entries of K are given by

K 11 = 1
4 (1+ e­( ¼)( y¡ x ) )(1 + ei¼(y¡ x ) ))DN (x ¡ y)

K 12 = 1
4 (1¡ e­( ¼)(1 ¡ x ¡ y) )(1 + ei¼(x + y) )DN (x + y)

K 13 = 1
4 (1¡ e­( ¼)( y¡ x )) )(1 + ei¼(x ¡ y) )DN (x ¡ y)

K 14 = 1
4 (1+ e­( ¼)(1 ¡ x ¡ y) )(1 + ei¼(x + y) )DN (x + y)

K 21 = 1
4 (1¡ e­( ¼)( x + y¡ 1) )(1 + e¡ i¼(x + y) )DN (x + y)

K 22 = 1
4 (1+ e­( ¼)( x ¡ y) )(1 + ei¼(x ¡ y) )DN (x ¡ y)

K 23 = 1
4 (1+ e­( ¼)( x + y¡ 1) )(1 + e¡ i¼(x + y) )DN (x + y)

K 24 = 1
4 (1¡ e­( ¼)( x ¡ y) )(1 + ei¼(y¡ x ) )DN (x ¡ y)

K 31 = 1
4 (1¡ e­( ¼)( y¡ x ) )(1 + ei¼(x ¡ y) )DN (x ¡ y)

K 32 = 1
4 (1+ e­( ¼)(1 ¡ y¡ x ) )(1 + ei¼(x + y) )DN (x + y)

K 33 = 1
4 (1+ e­( ¼)( y¡ x ) )(1 + ei¼(x ¡ y) )DN (x ¡ y)

K 34 = 1
4 (1¡ e­( ¼)(1 ¡ y¡ x ) )(1 + ei¼(x + y) )DN (x + y)

K 41 = 1
4 (1+ e­( ¼)( x + y¡ 1) )(1 + e¡ i¼(x + y) )DN (x + y)

K 42 = 1
4 (1¡ e­( ¼)( x ¡ y) )(1 + ei¼(y¡ x ) )DN (x ¡ y)

K 43 = 1
4 (1¡ e­( ¼)( x + y¡ 1) )(1 + e¡ i¼(y+ x ) )DN (x + y)

K 44 = 1
4 (1+ e­( ¼)( x ¡ y) )(1 + ei¼(y¡ x ) )DN (x ¡ y);

where DN is the Dirichlet Kernel and is given by

DN (x) =
NX

n = ¡ N

e2¼nix =
sin((2N + 1)¼x)

sin(¼x)
:

We now invoke the following theorem concerningthe Dirichlet kernel (seefor example
[32]).

Theorem (Riesz). For f 2 L 2

lim
N !1

°
°
°
° f (x) ¡

Z 1

0
f (y)DN (x ¡ y)dy

°
°
°
°

2
= 0:

This theorem is valid in L p for 1< p< 1 but herewe are only concernedwith the
L 2 case. In fact, we require a slight generalization of this theorem:

Let g(x) be a C1 function, then for f 2 L 2

lim
N !1

°
°
°
° f (x)g(0) ¡

Z 1

0
f (y)g(x ¡ y)DN (x ¡ y)dy

°
°
°
°

2
= 0: (4.78)

This modi¯cation follows directly from Riesz's Theorem. We can use (4.78) to
show that

lim
N !1

°
°
°
° f i ¡

Z 1

0
K ii f i dy

°
°
°
°

2
= 0
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for i = 1;2;3;4, and

lim
N !1

°
°
°
°

Z 1

0
K ij f j dy

°
°
°
°

2
= 0

for (i; j ) = (1;3);(3;1);(2;4);(4;2). To handle the other caseswe observe that

Z 1

0
f (x)g(x + y) (1+ ei¼(x + y) )DN (x + y)dy

=
Z 1

0
f (x)g(x ¡ w+ 1)(1¡ ei¼(x ¡ w) )DN (x ¡ w)dw:

To derive this expressionwehaveusedthe periodicit y of the Dirichlet kernel (D N (x) =
DN (x + 1)). It then follows from (4.78) that

lim
N !1

°
°
°
°

Z 1

0
f (x)g(x ¡ w+ 1)(1¡ ei¼(x ¡ w) )DN (x ¡ w)dw

°
°
°
°

2
= 0:

The proof of the lemma is complete.

Lemma 4.2. Consider

g(x; t) =
Z `

¡ `
eik x e­( k ) t f (k)dk; (4.79)

where f (k) is a bounded function and

­( k) + Dk2 · 0 (4.80)

­( k) + Dk2 = o(k2): (4.81)

Then we have the following asymptotic expression:

g(x; t) = e¡ x 2 =4D t
µ

f (0)
p

¼
p

Dt
+ o(t ¡ 1

2 )
¶

: (4.82)

Proof. Let k = w=
p

t and s= x=
p

t, then

g(x; t) = e¡ s2 =4D h(s;t)=
p

t; (4.83)

where

h(s;t) =
Z 1

¡1
p(t; w;s)dw

and

p(t; w;s) = es2 =4D eiw s¡ D w 2
et ­( w=

p
t )+ D w 2

f (w=
p

t)Â[¡ `
p

t;`
p

t ]:

In the above expressionÂA is the characteristic function of the set A. In view of
hypothesis (4.81) we have that

lim
t !1

t­( w=
p

t) + Dw2 = 0:
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Consequently

lim
t !1

p(t; w;s) = eiw s¡ D w 2
f (0)es2 =4D :

We can usehypothesis (4.80) to obtain the following bound (uniform in t):

jp(t; w;s)j · e¡ D w 2
es2 =4D max

[¡ `;` ]
f (k):

We can now usethe dominated convergencetheorem to verify that

lim
t !1

Z 1

¡1
p(t; w;s)dw= es2 =4D

Z 1

¡1
eiw s¡ D w 2

f (0)dw (4.84)

=
f (0)

p
¼

p
D

: (4.85)

Therefore we can concludethat

h(s;t) =
f (0)

p
¼

p
D

+ o(1) as t ! 1 : (4.86)

Combining (4.83),(4.86), and s= x=
p

t completesthe proof of Lemma 4.2.

Lemma 4.3. We have the following asymptotic expression for I ( j )
n;m given by (4.65)

and (4.70):

I ( j )
n;m = e¡ x 2 =4D t

µ p
¼

p
Dt

Gj ;n ((2m + j ¡ 1)¼) + o(t ¡ 1
2 )

¶
for j = 1;2: (4.87)

Proof. We begin with the de¯nition of I ( j )
n;m :

I ( j )
n;m =

Z ¼

¡ ¼
Gj ;n ((2m + j ¡ 1)¼+ w)et (­( w )¡ iµ (w)) eiw x dw:

In view of the properties of ­ and µ outlined in Section 4.4.1, we can write the above
equation as

I ( j )
n;m =

Z k c

¡ k c

Gj ;n ((2m + j ¡ 1)¼+ w)et ­( w ) eiw x dw+ O(e¡ t ):

One can expand the expressionfor ­( w) in a power series in w and verify that it
satis¯es the hypothesesof Lemma 4.2. By our hypothesis on the initial conditions
Gj ;n is bounded. Hencewe may apply Lemma 4.2 to the integral above and our proof
is ¯nished.

5. Summary
In this paper, we have examinedthe Broadwell model betweentwo parallel plates

with and without inter-particle collisions. In the collisionlesscasewe present formal
asymptotic arguments that indicate that the depth-averaged density should satisfy
a telegraph equation. A similar analysis is performed to the Broadwell model with
collisions. Here we ¯nd that the depth-averageddensity should satisfy a telegraph
equation coupled to an ODE which accounts for the e®ectsof collisions. In addition,
it is demonstrated that in both casesthe predictions of our telegraph equationsagree
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well with numerical calculations. In the collisionless case, we prove that under a
di®usive scaling the depth-averageddensity will converge weakly to a solution of a
di®usionequation. We also prove that under a hyperbolic scaling the depth-averaged
density will convergeweakly to a solution of the telegraph equation. Finally, we derive
an asymptotic formula for the long-time behavior of the depth-averageddensity, which
revealsoscillations indicating that the convergencediscussedabove must be weak.
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