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On Spectrum of the Linearized 3D Euler Equation
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Abstract. We investigate essential spectrum of the Euler equation lin earized
about an arbitrary smooth steady ow in dimension 3. It is pro ved that
for every Lyapunov-Oseledets exponent of the associated bicharacteristic-
amplitude system, the circle of radius e! has a common point with the spec-
trum. If, in addition, is attained on an aperiodic point, then the spectrum
contains the entire circle.
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1. Introduction

Studying stability of equilibrium solutions to a nonlinear PDE, it is crucial to
understand asymptotic behavior of the corresponding lineazed equation. For the
system of Euler equations governing the motion of an ideal inompressible uid,

(1.1) u= (urjur p;
(1.2) divu=0
this has been the subject of a classical theory originated invorks of Rayleigh,

Kelvin, Love and others [3, 6, 13, 17]. In its early stage a prime emphasis was
given to the search of unstable eigenvalues (i.e. eigenvads with positive real part)
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50 ROMAN SHVYDKOY AND MISHA VISHIK

for particular examples of equilibria such as parallel shea ow. We refer to recent
works [1, 9, 10, 15 ] for modern developments in this direction. The results we vill
present concern examination of so-called essential part ahe spectrum, which may
as well become a source of (linear) instability.

So, we consider a steady solution to (1.1), (1.2), denotedi(x), on the torus
T". Our choice of boundary conditions is motivated by purely technical reasons.
Other types such as the free space or bounded domain should hpresent major
di culties. We also assume su cient smoothness for u(x) where necessary, and
this will be our only restriction on u.

Neglecting non-linear terms, the evolution equation for snall perturbations of
u is written as follows

1.3) vi= (ur)v (v;ir)ur p
1.4) divv=0:

The nature of the spectrum of the Euler operator de ned from (1.3) by
Lv= (ur)v (v;r)ur p

and the corresponding evolution semigroufs; = e ,t 0, is sensitive to the choice
of norm in which instability is measured. For our discussion we take the physically
reasonable energy norm. So, the semigroup acts on the spacé divergence-free
square-integrable vector elds on the torus, written L, (T"), n =2;3.

For a general bounded operatoiG on a Banach space, its spectrum (G) splits
into union of discrete and essential parts. Following Browaer [2]we call 2 (G) a
point of discrete spectrum, gisc (G), if (the third condition given in [ 2] is redundant
for bounded operators)

(1d) is anisolated point in (G),

(2d) the corresponding spectral subspace, determined by #nimage of the Riesz

projection 7

1
P=_—
2i

iz i< 2 G
is nite dimensional.

The essential spectrum denoted by ¢ss(G), is de ned as (G)n gisc (G). Similar
classi cation can be given for any unbounded closed operato

A complete description for the essential spectrum of the lirar Euler equation in
dimension two has been recently given in19]. To state the result, let' ; : T" ! T"
be the integral measure-preserving ow of the steady eld u(x). The maximal
Lyapunov exponent of the Jacobi matrix @' (x) = ( @@ng) ij -1 is de ned by the
formula

. 1 . ]
= I|tr!q Ylogxrg%k@t(x)k.

Then, for n = 2, the following identities hold:

ess(Gt) = fe! j Zj e

ess(L) = fj Rezj g

g

Consequently, we obtain the spectral mapping theorem:

(G)nfog= & (1):
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In dimension three, however, description of essential sp&mim becomes increas-
ingly di cult. The problem arises from the presence of additional vortex stretching
term. In the vorticity formulation of (1.3) it adds a generic ally bounded perturba-
tion to the advective derivative, whereas in two dimensionsit adds only compact
one. To bypass this diculty a new method was deployed in [11, 21] based on
WKB-type expansion of localized highly oscillating perturbations. More speci -
cally, suppose initially

v(x;t =0)= bo(x; )€ ° X ;
where is small, the amplitude by is localized aroundx, and orthogonal to the wave
vector ¢ to insure incompressibility. The corresponding solution @n be expanded
into a formal series in powers of ,
v(X;t) = b(x; o;t)eS* aD= 4 -

Substituting this into (1.3) and disregarding the lower powers of we obtain the
following system of ODE written in Lagrangian coordinates
8

< X = u(x); x(0) = x0 2 T3
(15 = - = @i; (0)= o2 (R% nfog
" b= @ub+2(@ubig)y; KO)= b2 R3: m? o

where =r S. Itis referred to as the bicharacteristic-amplitude system associated
with u(x) (see B] for details). Its dynamical content is the following.
The rst two equations denea owon K= T3 |PR2 given by

1>
(x)
) ) =
@7 (%) ]
where '> ' means 'inverse transpose', andPR? denotes the two dimensional pro-
jective space. The corresponding mapping

(Xo0; 0;b0) ! B(t;Xo0;5 o o)

generated by solutions of the third equation in (1.5) de nesa linear cocycle over
this ow (see [4, 14]):

Bt(Xo; o)bo = B(t;Xo0; o;h):
Since the b-equation is homogenous in and smooth in both variables, so is the
cocycle. Furthermore, sinceK is compact, the classical Oseledets' Multiplicative Er-
godic Theorem |, 16] applies to yield a set of points , called Lyapunov-Oseledets
exponents, for each of which there is axp; o) 2 K and by 2 R3 such that

o1 .
(1.6) = t'lgn {|OQJBt(Xoi 0)boj:
It can be shown that the maximal exponent exists and is equal &

1
= lim =log max kB:(x; )k
max ti1 t g(x; )2K t( )

(see fi]). This dynamical quantity serves as a replacement for the pper Lyapunov
exponent of the basic ow ' ; in three dimensions. In fact, the following formula
for the essential spectral radius was proved in40]

less(Gt) = g me



52 ROMAN SHVYDKOY AND MISHA VISHIK

(see also 18]). This formula was e ectively used in a number of examples b
detect instabilities caused by essential spectrum,d, 11]. For us it gives a piece of
information about the structure of the spectrum, namely «ss(Gi)\fj zj = & mx g6

;. Our rstresult is a direct generalization of this fact.

Theorem 1.1. Supposeu(x) is a smooth equilibrium solution of the Euler
equation (1.1) on T3. Let be any Lyapunov-Oseledets exponent of the associated
system (1.5). Then for all t> 0O,

(1.7) ess(G) \fj zj=¢€ g6 ;:

We prove this theorem in two steps. First, we establish a genal su cient
condition for (1.7) based on existence of a weakly null sequee of unit vectors
fXn g%zl such that for eacht > 0, kG; xpk tends to f (t), which as a function of t
has Lyapunov index . Then, we adopt a construction from [18, 20] and produce
such a sequence for the Euler semigroup.

By analogy with the two dimensional case, one may conjecturghat

(1.8) ess(G) = fe ' ™ jzj €& mg

This amounts to proving two facts: ess(Gt) has no circular gaps, and ess(Gt) is
rotationally invariant. It was shown in [ 18, 20] (see Section 2) that, modulo a
compact perturbation, the Euler semigroup is representabd in a form very similar
to that of the evolution Mather semigroup associated with the b-cocycleB:(x; ).
Due to de la Llave's theorem p], a Mather semigroup has no circular spectral gaps
when de ned on a space of divergence-free vector elds. Evethough it remains
open whether such a property is inherited by the Euler semigoup, this at least
suggests the validity of the rst fact.

As to the second, unfortunately, all known mechanisms prodaing rotational
invariance of the spectrum require presence of long periodior non-periodic orbits in
the underlying ow. In two dimensions, this is automaticall y provided by existence
of a hyperbolic point whenever > 0. Fully three dimensional equilibria, on the
other hand, may exhibit a much more complicated topology in which even periodic
ows can produce positive Lyapunov exponents.

This examination shows that more truthful, although wide open to date, state-
ment would be the annular hull version of (1.8),

[

0 2

€ os(G)=fetmx jzj € mg

The second part of our paper addresses a special case, in whimore re ned
description of the spectrum can be given.

A point xo 2 T2 is called aperiodic if its every neighborhood is crossed by an
orbit of f' (g with arbitrary large (possibly in nite) period. A Lyapunov -Oseledets
exponent is calledaperiodic if the point xq in formula (1.6) can be chosen aperi-
odic. As discussed previously, availability of long orbitsis suggestive to rotational
invariance. Indeed, the following result is true.

Theorem 1.2, Supposeu(x) is a smooth equilibrium solution of the Euler
equation (1.1) on T3. Let be an aperiodic Lyapunov-Oseledets exponent dfL.5).
Then for all t> 0,

fizi=€ g esoGr):
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We leave the essential spectrum of the generator for future tady. Let us
remark that the highly oscillating functions used in the method present the main
obstacle in proving similar results for L. It is possible to suppress the oscillations
in the situation when given Lyapunov exponent is attained fa ¢ and xq satisfying

o ? U(Xg). This special case is treated in article 14], where, in particular, the
authors prove that the exponential growth type of the semigroup and the spectral
bound of the generator are equal.

2. Hyperbolic Semigroups

We start with a few general remarks onCy-semigroups. Our immediate goal
is to nd a simple su cient condition for non-hyperbolicity , which will eventually
lead us to the proof of Theorem 1.1.

Let us recall that a Cy-semigroupf G;g: o of bounded operators on a Banach
space X is called hyperbolic provided X can be split into a direct sum of two
subspacesX s and X, invariant with respect to the semigroup, and such that for
some"> 0 andM > 0 one has

(1h) kGyxk Me "kxk, forall x 2 Xs andt> 0;
(2h) kGyxk M lte'kxk, forall x 2 X, andt> 0.

The semigroup f G;g: ois hyperbolic if and only if (G¢)\ T = ; for all { or,
equivalently, for somet > 0 (see ¥]). If this is the case, the operators

Ps=i_ dz
21 1z G
Po=1 Ps

de ne projection maps onto the corresponding subspaceXs, X, and
(Gijx,)= (G\fj zj e g
(Gijx,) = (G)\fj zj ety

A simple rescaling argument shows that for every 2 R, the new semigroup
operator e! G; has no spectrum inside the annulugel "t j zj el *tg,

Analogously, we say that the semigroupf G;g: o is essentially hyperbolicif

ess(Git)\ T = ; forall t > 0. Equivalently, there are invariant subspacesXs; X¢; Xy
which split X into a direct sum, such that conditions (1h), (2h) are satis ed for
Xs; Xy, and X is nite dimensional.

In this terminology, Theorem 1.1 simply states that fe ! Gyg; o is not essen-
tially hyperbolic for every Lyapunov-Oseledets exponent of the bicharacteristic
system (1.5). So, to prove the theorem we rst establish a simple su cient con-
dition for non-essential hyperbolicity of a general Co-semigroup. Then based on
construction from [18, 20] we verify this condition for the Euler semigroup.

Proposition 2.1, Let fGig; o be aCp-semigroup on a Banach spacX . Sup-
pose there is a sequence of unit vectofsx,gt-; X such that

(Ap) limpn  kGyxpk = f(t) for all t> 0O,

(2p) limyy ¢ logf (t) =
Then fe ' Gig; ¢ is not hyperbolic. If, in addition, x, ! 0 weakly in X, then
fe ' Gigt o is not essentially hyperbolic, i.e.

ess(Gt) \ e'T6 ’
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Proof. After rescaling we can assume that = 0. Also, assume on the con-
trary that fG;g: o is hyperbolic. Then there exist invariant subspacesXs and X
which satisfy conditions (1h), (2h) with some " > 0. Let x, = Xx; + xj where
X3 2 Xs and xj 2 X,. We show that kxpk! 0.

Indeed, x an arbitrary > 0. According to (2p) there is at > 0 such that
0 < f (t) < e®2 Furthermore, by (1p), for suciently large n 2 N we nd
kGixnk  2f (t). This implies, via (1h) and (2h), that for some positive c,

222 > KkGixpk ckGixSk + ckGixUk cM letkxUk:

Thus, kxYk  2c *Me "2, Choosingt so that 2c 'Me "2 < we obtain the
desired result.

Sincekxik! Oasn!1 , condition (1p) can now be replaced by limyn  kG; x5k =
f (t) for eacht> 0. Then in view of (1h), f (t) ce ™ for all t > 0, which contra-
dicts (2p).

Let us assume thatx, ! 0 weakly, and (G{)\ T disc(Gt). Then the
spectral subspaceX . corresponding to the part of the spectrum lying onT is nite
dimensional. The other two subspaces(s and X satisfy (1h) and (2h) as before.
Also, X = Xg X Xy,. We decompose eaclx, into the sum x§ + x§ + x3. If
dimX:= N, we let

X
Xn= Y (xa)y
j=1
for some basisfy; g, in Xc andfy;gl; X . Sincex, ! 0 weakly,y, (x))! 0
for every j, and hence, kx5k ! 0. This implies that the restricted semigroup
fGtjx, x,0t o satises the same hypotheses (1p),(2h), but is hyperbolic ow. By
the preceding argument it is not possible.
This contradiction nishes the proof.

Let us turn to the proof of Theorem 1.1.

In papers [18, 20] a weakly null sequence of divergence free vector eldsx,g
L3, (T?3) satisfying the conditions of Proposition 2.1 was construted. We reproduce
the main steps of the construction here for convenience of & reader.

Let us x a Lyapunov-Oseledets exponent of the b-cocycle determined by
(1.5). Then there exists a point (Xo; o) 2 K and a vector by 2 R? such that

.1 ] .
= lim —10gjB:(Xo; o)boi:
It is shown in [18] that every representative of the Euler semigroup,G;, is equal,
modulo compact perturbation,)'éo the following pseudo-di erential operator
Prw(x) = Bi(' t(x);)(q)e? )
g2 Z3nf Og

Let us take a scalar function h 2 L2(T®), khk = 1 with Fourier transform
supported in the ball of radius R, and its weight concentrated aroundxq. Fix a
> 0 and chooseg 2 Z3 so thatj ¢ o< ,andg= 2 Z3. We de ne

g
jaj?
boh(x)€ "~ * + O( ):

w = r b h(y)e—Y
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So,kw k=1+ O( ). Furthermore,

q
w = — b) ﬁ = ):
() q TIE (@ gq=)
Using the homogeneity and smoothness dB; in the second variable, we obtain
X ,
Pw () = Buxa) g = by fig g=)e
g2 Z3nf Og 19
q X q _
= €% Buxg+q)g+q) —— b f(ge*
. 191
jai R
q X q _
= X Bi(x;q )q —— b A(Q) eI+ 0()
. 191
qg R
=" B q)fi@ e + O( )
jai R
= € *Bu(xq )boh(x) + O ):
WecanletR!1 as ! O slow enough to preserve the limitsO( )! 0 and
w ! 0 weakly, and so thath = h eventually concentrates atxp as ! 0. Thus,

kPrw k= kBt(" t();q)boh (" «())k+ O()!']j Bt(Xo; o)boj:
On the other hand,
kGiw Piw k! 0;as ! 0

since the di erence is compact. So, to conclude the proof wee$ x, = w;-, and
f (t) = iBt(Xo; o)hoj.

3. Aperiodic Case

In this section we outline a scheme of proving Theorem 1.2.
As we mentioned earlier, the presence of high oscillations akes it impossible
to single out one particular point z 2 C in the actual spectrum of L. Instead, we

let z vary on the vertical line Rez = , for some aperiodic Lyapunov-Oseledets
exponent , and we show that
k(L i=") ki1 ;

as"! 0. Choosing"=(@2 k + ) fork=1;2;:::and arbitrary, one gets under
the hypothesis of Gearhart's theorem [2], which implies that el *1 )t 2 (Gy).

Our basic idea is to construct a sequence of vector eldd ~n 2 L3, (T3),
"*N > 0, localized about the orbit of point Xy given by (1.6), so that

lim sup k(L i=") ey k=Kl oy k(N
"0

where (N) is some function not bounded away from zero aN ! 1 . In our
construction, parameter N will be naturally restricted to the largest period of an
orbit passing nearxg. So, in order to let N assume large values, we have to have
long orbits in any neighborhood ofxy. This will be achieved by the aperiodicity
condition.

So, let us x an aperiodic Lyapunov-Oseledets exponent with Xp; o, and by
as in (1.6). For technical reasons, if ¢ ? u(Xp), then we x another ; close to
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o and not perpendicular to u(xg). This assumption is not restrictive and will be
eliminated later.

Since is aperiodic we can choose&g to be aperiodic. In this case, for any
given neighborhoodU of xo and N > 0 we nd an x; with period greater than 2N .
Clearly, if U is su ciently small, then 1 6?u(Xq).

Delglote lSJy a planar tile centered at x; and perpendicular to ;. Let us take
of size® ™ T for" so small that every pointin the ow-box F-y = f' () do t n
is uniquely determined by the corresponding 2 and t2 [O;N].

Our function ! -y is de ned inside this ow-box F-y by the following expres-
sion
i rs e .

" Tgrsz &

where S is a scalar-valued frequency function, andf is a vector amplitude eld
supported in the ow-box. Notice that ! -y being the rotor of a vector eld is
automatically divergence free.

Let us specifyS and f .

Sincer S plays the role of a wave-vector, we want it to evolve along theorbit
according to the -equation in (1.5) with initial condition being a multiple o f ;.
Setting

Sx="«()N=¢
forall x 2 F -y , we see thatS;j 0 and hencer Sj is indeed proportional to ;.

Moreover, S(* (X)) S(x) = t for all x 2 F~\ . Taking the gradient at x = we
obtain

@7 (s« N=rS()
rSC ()= @7 ()rS():

The last identity expresses the fact thatr S(' {( )) is a solution to the -equation
in t. Also, directly from the de nition we infer
(3.2) (u;r)s= M 1
dt
For functions 2 C3 () and 2 C} (O;N) to be speci ed later, we de ne
the amplitude eld by
Z,

B ) t O
(32) =" )= () e "Ny s

where 2 ,0 t N,andb(t) = b(t;; 1;p) = Bi(; 1)bp is the solution to
the b-equation (1.5) with initial data ; 1;by. Recall that X0, 1 o and by
is taken from (1.6).

It will be bene cial to represent ! -y as a sum of oscillating and negligible
terms. Namely, by direct computation,

- T rs f
[ = f eIS_ + - e'S‘ r -5
N i jir Sj2
Denotingg=f €5 and!o=r Erssji we rewrite

(3.3) by =g+ - €S 1 g
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Let z= + i=" be our spectral parameter. Then, the formula forg reads explicitly

ey

— — zt .
(3.4) gx="+( )= () (e “Kt) e Sjb(s)de-

In the next section we investigate the action of L z) on! -y . In particular,
we adjust the functions and properly to make the energy normk(L  z)! -\ k
small relative to k! -y k.

4. Action of L

Using formulas (3.1), (3.3), and (3.4), after tedious but straightforward com-
putations, we obtain at x = ' ¢( )

z t
(s)
ur) @Wey = Atye #(t) ————ds z
(r) @¥w = () We o) pads 29
(4.1) i S 2(t)
' + e 2t t —————ds+ e 2t ) ————
() e B0 opgder e "My,
+@ug € o+ - €5 ((ur )+ @N o
Since the Leray projection is orthogonal, we have
k(L z2)!-nk kK ( (u;r) @W-Nn zleny T pk;
for any scalar function p. Let us choose
_ e LIS e
p—ie Z@Uf,jrsj2 ie q:
Then ' -
rp=r Ses g+ - €S r q:
By construction, b(t) solves the b-equation, i.e.
0_ rs rSs.
b’= @ub+2 @u b’j—r Sj j—r Sk
Combining the last two identities with (4.1), we evaluate at x = ' {( )
t
. I .. [ = 0 zt i
( (U,r) @D‘ N Z:n I P ( ) (t)e ut) o € Sjus)jds
b O D L6 ()i 1 g+ @ulo):
e Uit i o o

Suppressing variables we get the following inequality,
t

KL 2)l-nk k % 'h k+k 2k+"k(ur)or gq+@u!ok
0
=11+ 1+ "3

Our next goal is to make the right hand side in nitely small in comparison
with the norm of I~y as" ! OandN !'1 . We achieve it by a proper choice
of functions and , which are still at our disposal. Their de nition would be
more transparent if to work with  and t rather than x variable. To this end,
let us introduce suitable transformation of coordinates ard change variables in the
integrals I 1; 1.
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We de ne a map from S =[0;N] onto F-N by
H( )= ")
A direct computation shows that

h i

OHE )= u () @ @'«() | @ «()
where =( 1; 2). Let & be the unit vector in the -th direction. Then

h i
@Ht, )= @'%( ) u() e i oe

Consequently, the quantity
jdet@Ht; )j=j(u( )ier  e)j;

denoted d( ) in the sequel, does not depend or. Besides,d(0) 6 0 due to our
assumption that 1 6?2u(x1).
So, making the change of variables il; and |, we get
VA 2

Z,
d)2()e o) ) — gs dd
S

12 L
7 o € Sjb(s)j

2
I 2

d( ) 2() “(t) dud:
S

Let us choose 2 L?( ;d ) so that k KLz .gy=1and
k@) k|_2( d ) 1=p W;
forj j 2. The latter is possible due to our assumption on the size of . Since
all the functions involved in I3 contain at most the second derivative of , we
immediately obtain "I 3! 0as"! 0. Also,
Zy
def

Z, (s) 2
121 d(O)ZO e tpt) qt) ) mds dt =" d(0)JL(N)
N
de

121 d(0) i 4(t)dt SONTCDE

As to the functions ! -\ , using representation (3.3) and performing similar
estimates, we obtain

Zy Z, (s) 2 ot
kl . k21 d(0 e th(t) () —2—ds dt= d(0)I(N):
N O e tE) () (©I(N)
We now de ne as follows,
8
Eo;p_ t O
(1) = t:pN; o<t 1,
T3 1= N; 1<t N 1

(N t)= N; N 1<t N;

smoothed out at 0;1;N  1;N.
This implies that Jo(N) 1=N, whereA B means there is a constant such

that c 1A<B <cA
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To estimate J; and J rst notice that b(t) b( ) wheneverjt j < 1. So,
denoting h(t) = h(t;x1; 1;bp) = e 'jb(t;x1; 1;lp)j we have

z #2
1 N h(N)
1N) 7 RO — 2 dt
z N Zt
J(N) 1 LLIC

N2 o h(s)
Combining the obtained estimates we see that

d(0)J1(N) + d(0)J2(N)

limsupk(L  2)! wn k2=k! oy k% <
"o

d(O)J(N)
E (N)dt 1 s (N)+1
h i = = (N):
RN'R S(N (
£ 46 % oy (N)
Hence,
4.2) Iimirgf k(L 2) k> =2(N):

By the construction, (N) depends only onxs; 1;by but not on the angle
between ; and u(x;). So we canlet ; ! ¢ in (4.2) preserving the inequality.
Furthermore, due to our aperiodicity assumption, the point x; can be chosen as
close toxp as we wish. Hence, we can let; ! xg too. As a result, inequality (4.2)
remains valid for all N > 0 and for xg; o; kp originally given by (1.6). In particular,
the function h in the formula for has Lyapunov index 0, i.e

tllllm - Iogh(t) 0:
So, it remains to prove that (N) is not bounded away from zero asN ! 1

5. Functions with Zero Lyapunov Index

Let us rewrite (N) as the sum
SNy, 1
S(N) S(N)’
Clearly, it su ces to show that S;(N)=S(N) is not bounded away from zero and
S(N)!1 asN!1

The proof of the rst assertion is based on the Gmenwall Lemma, while the
second one requires a more delicate probabilistic argument

(N) =

Lemma 5.1 Let h: R! R* be any function of zero Lyapunov index and let

z Z
17N T hh) :
S]_(N) N IO o @ds dt,
Z 2
1 “ N h(N)
S(N)= & h — Lt

Then S;(N)=S(N) is not bounded away from zero afN ! 1
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Proof. Assume, on the contrary, that there is a constantc > 0 such that
Si(N) c¢S(N). Denoting
Z, 2
h(t
f(t) = st
o h(s)

we can rewrite the inequality above as
z N z N
f(N) c f(t)dt=c +c f (t)dt:
0 1

So, by the Genwall Lemma

f(N) > eN;
which, possibly with di erent c, implies
1ENAN) L 1,
N o h(s) N '

Thus, there is ans 2 [0; N] such that
h(N) > h(s)NieCN:
Sinceh has Lyapunov index zero, we can write
h(s) > e 72
Hence,
h(N) > iechz;

N
which leads to a contradiction.

For the second assertion, it is more convenient to rewriteéS(N ) in an equivalent
discrete form. Namely,
" #,
1 XX hn
S(N) =+ h(n)

N n=1 k=1 h(k)

This readily follows from the fact that h(t) h( ), wheneverjt j< 1.

Lemma 5.2 Let h: N! R* be any function of zero Lyapunov index. Then

Proof. Letus x an arbitrary M 2 N and introduce the following sets

_ ch(n) o
P, = fk n.m>1—Zg
Qv =fn N :jP,j>Mg

It su ces to prove that
(5.1) Iir\lrr?linf jQOnj=N 1=8:
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Indeed, then for su ciently large N we have

#, #y
i)(" X hn) 1 X X' h(n)
N n=1 k=1 h(k) N n2Qn k2Py h(k)
1 X o
N (iPnj=2)
n2Qn
1o, IN o Vo
NIQuiM =4 T oeM = M =40,

In order to prove (5.1) we argue as follows.

Suppose (5.1) fails. Then we can nd an arbitrarily large N such that jQyj <
N=8 or, taking the complement in [O;N], jQfj 7N=8. Let as x one suchN.

Obviously, there exists ann; 2 Qf such thatn;  7N=8. Hence,jPn,j M.

We continue by selecting the rst integer n, to the left of n; that belongs to
Py, \ Qf. Then jP,,j M, (n2;n1)\ P5 \ Qf = ; and

h(ns)  3h(na):

Similarly, we nd n3z<n;the rstin PS \ Qf. ThenjP,,j M and

h(nz)  h(no):

Onthe k-th step, we takeng <ny i tobethe rstin Py \ Qg sothatjP, j M
and

1
h(nic 1) 5h(ne):
The process will continue at least until
(5.2) nk N=8+ M;

for otherwise jPS j>nx M >N=8andjQfj 7N=8,soP; \ Qf 6 ;. Letk
be the rst integer satisfying (5.2).
Then,

1
ok 1
On the other hand, by our construction,
(Niszsni)\ Py \ QF =
(Ni+25Ni) =(Pn, [ Qn)\ (Nivaini):

(5.3) h(n1) h(ng):

So,
Ni Nisx M+ JjOn\ (Njv;N)je
Consequently,
K1
7N=8 N=8 M n; ng= ni Ny
i=1
K1
(k 1M + JON N (Niv1 s ny)j
i=1
(k 1M +jOnj< (k 1M + N=8:
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From this we get the necessary estimate ork :

5N
k W.
Using (5.3) we obtain
1 h(ny) k 1 N 5N 8 N
n_1|Og h(no) - log(1=2) a 1 mlog(l—Z)
5 8
M N log(1=2)

Passing to the limit as N ! 1 shows that the Lyapunov index of h is negative,
which contradicts our hypothesis.
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