Dynamics of PDE, Vol.1, No.4, 381-400, 2004

The Generalized Incompressible Navier-Stokes Equations i n
Besov Spaces

Jiahong Wu
Communicated by Charles Li, received July 21, 2004.

Abstract. This paper is concerned with global solutions of the general ized
Navier-Stokes equations. The generalized Navier-Stokes e quations here refer
to the equations obtained by replacing the Laplacian in the N avier-Stokes
equations by the more general operator ()  with > 0. It has previously
been shown that any classical solution of the d-dimensional generalized Navier-

Stokes equations with % + % is always global in time. Thus, attention
here is solely focused on the case when < % + %. We consider solutions

emanating from initial data in several Besov spaces and esta blish the global
existence and uniqueness of the solutions when the correspo nding initial data
are comparable to the di usion coe cient in these Besov spac es.
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1. Introduction

Whether or not every smooth solution of the 3D Navier-Stokesequations is
global in time has been intensively investigated but yet remains open. In this paper,
we consider a more general form of the incompressible NaviStokes equations,
namely

(1.2) @u+uru+rpP= () u r u=0;
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where > 0 and > O are real parameters. (1.1) becomes the Navier-Stokes
equations in the case of = 1 and will thus be referred to as the generalized
Navier-Stokes (GNS) equations. The goal of this paper is to stablish the global
existence and uniqueness of solutions of (1.1) when the c@sponding initial data

(1.2) u(x; 0) = uo(x)
are prescribed in several functional spaces detailed below

We consider the generald-dimensional GNS equations. When % + %, any
classical solution of (1.1) is always global in time (L4]). In particular, smooth
solutions of the 2D Navier-Stokes equations and the 3D GNS agtions with 5

a
do not develop nite-time singularities.

This paper focuses its attention on the case when < % + %. We seek global

solutions emanating from initial data in several Besov spaes. Besov spaces include
many of the frequently-used function spaces such as the Solsy spaces and the
Helder spaces and constitute a very natural setting for studying solutions of various
partial di erential equations ([ 1]1,[4],[5],[7],[12],[13],[15]). Our study here covers
the inhomogeneous Besov spacé,.; and B}.,, and the homogeneous Besov space
BS.;. Our major results can be roughly summarized as follows. Assning > 0

and < %+ %, the GNS equations (1.1) have a unique and global solution wén

the norm of ug is comparable to in any one of the spaces:
) Bj, withl p 2,r> landr> 1+% 2 ;
i) By, with r> Landr 1+9 2
i) BL, with r=1+ 9 2> 1;

iv) Bjgwithl<g<1,r>landr>1+§ 2.

Precise statements and their proofs will be deferred until ction 3 and Section 4.
A particular consequence of these results is the global exsnce of solutions starting
d

with data in the usual Sobolev spaceH" with r> 1+ 35 2 .

The indexr =1+ % 2 appears to be critical in a sense that we now explain.
Solutions of the GNS equations (1.1) are scaling invariant. That is, if (u;P) is a
solution of the GNS equations, then (1 ;P ) is also a solution of the GNS equations,
where

ut)y= 2 tu(x; 2t); Pxt)= Y 2P(x 2 t):
As we shall show in Section 5, the norm ofi is virtually invariant in the homoge-
d d
neous Besov spaceséflf ? and Béfl? 2, namely

kUk1+Qz kUku!z;kUkuiz kUkuiz;
i1 By’ Boi? Boi?

N

where means the equivalence between two norms. These invariancegperties
allow one to argue that the index restriction in iii) may not b e relaxed tor

1+ % 2 and that the inhomogeneous Besov space in i) wittp = 2 may not be

replaced by the homogeneous Besov spad&.; with r> 1l andr> 1+ % 2.

Further explanations will be provided in Section 5.

We remark that Cannone, Planchon, Lemare-Rieusset and ohers have previ-
ously studied mild solutions of the Navier-Stokes equatios in Besov spaces via the
xed point arguments based on the continuity of the bilinear form in these spaces.
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One related result is the small- data global (in time) existence of mild solutions in
the homogeneous Besov spacﬁg W|th 1 <p< 3(3]). This result was later

extended to B.,%’ W|th p > 3, but the uniqueness of such mild solutions is un-
known ([8]). In comparison, this paper is mainly concerned with solutons in more
regular Besov spaces in which the solutions of the GNS equaths can be shown to
be unique.

Before presenting our major results in Section 3 and Sectio, we provide
the de nitions of Besov spaces and some embedding relationand inequalities in
Section 2. We also need several other inequalities involvin Besov spaces, which
are left to the Appendix.

2. Besov spaces

In this section, we provide the de nitions of the homogeneows and the inhomo-
geneous Besov spaces. They are de ned through the LittlewabPaley decomposi-
tion. Several related embedding relations and inequalitis will also be given here.
Except for Proposition 2.3, most of the materials in this setion are classical and
we refer the reader to the books 2], [6], [9], [10] for more details.

We start with the Fourier transform. The Fourier transform 0 of a L -function

f is given by .

(2.1) )= f(x)e 2* dx
Rd

More generally, the Fourier transform of anyf 2 S9 the space of tempered distri-
butions, is given by

(Rg) =(f; b)
for any g 2 S, the usual Schwarz class. The Fourier transform is a boundedinear
bijection from S°to S°whose inverse is also bounded.

The fractional power of the Laplacian can be de ned in terms d the Fourier
transform. For a general exponent 2 R,

() =2f()=@ i ®):
For notational convenience, we will write for () 72 from now on. Another
important family of operators are the Riesz transforms. For1 | d,

Rif()= ij—'jfb():

To de ne the Besov spacgs, we X some notation.

So= 2S; (x)x dx=0;j j=0;1,2
Rd
Its dual is given by
Sg= 8%=8; = s%P;
where P is the space of multinomials. In other words, two distributions in S§ are
identi ed as the same if their di erence is a multinomial.
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We now introduce a dyadic partition of RY. We choose o 2 S(RY) such that
o IS even,

supp o=f :21 j j 2g and ¢> 0onAg;
whereAj =f : 2 1< jj<2*gforj2 2z Forj22Z dene
()= o1)

anddene ;2S by
b.( )= P i) .
‘ o)
j
It follows that both bj and ; are even and satisfy the following properties:
bj()=bo@ 1 ); suppP; A;;  j0 =21 4@ x):
Furthermore,

by L if 2RYnfog;
k() 0, if =0:
k=1
Thus, for a general function 2 S, we have

b.()b()= b() for 2 RInfog:
k=1
But, if 2 Sg, then

b.()b()= bB() forall 2R:

k=1
Thatis, for 2 Sy,
X
k =
k=1
and hence
ps
(2.2) k =1
k=1

in the weak* topology of S for any f 2 S9.
Now let 2 C} (RY) be even and satisfy

b3
R y=1 by ():

k=0

Then, forany 2S,

ps

+ Kk =

0
and hence

X
(2-3) f+ K f=f°

k=0

in S%for any f 2 S°

To de ne the homogeneous Besov spaces, we set
(2.4) if= 3 f =0, 1 2
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Suppose thats 2 R and p;q2 [1;1 ]. We say that f 2 B5., if f 2 S§ and

25K jfkee T< 1
j=1

Bp,q is a Banach space when equipped with the norm

P . 1=

R UL ek ik Y ifgel;
(2.5) kf es, 5
©osupy qe 1 25k jfkue; ifgq=1":

Bp.q with this norm will be referred to as homogeneous Besov space

To introduce the inhomogeneous Besov spaces, we de ne

< 0 if ] 2,
(2.6) f= f: ifj= 1
o5 ifj =0;12
For s2 Randp;q2 [1;1 ], we say thatf 2 B, if f 2S%and
0 1 14

X
k ofke+ @ 29 jfk, A <1:
j=0

Bp.q is @ Banach space with the norm
8 P, . q 1= .
Rk afke+ g 25k jfkee , ifg<1;

>

@7)  Kfjjag,
k afkie +supy <1 25k jfkee; if q=1:
Bp.q With this norm will be referred to as inhomogeneous Besov spze.

We now point out several simple facts concerning the operats | :

(2.8) i k=0;1ifjj ki 2
X
(2.9) Sj k! 0 asj L
k=1
(2.10) k(§ 1f F)=0;10fjj ki 4
| in (2.9) denotes the identity operator and (2.9) is simply another way of writing
(2.2) and (2.3). Finally, we caution that ; with | 1 associated with the

homogeneous Besov spadg;., are de ned di erently from those associated with
the inhomogeneous Besov spade;.,. Therefore, it will be understood that j with
] 1 in the context of the homogeneous Besov space are given by.42 and by
(2.6) in the context of the inhomogeneous Besov space.

The Besov spaces de ned above obey various inclusion relatns. In particular,
we have the following theorem.

Theorem 2.1. Assume that 2 Randp;q2 [1;1 ].
1) If > O, thenB,, Byyq-
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2) If >, then Bp:ﬁ Bp:ﬁ' This inclusion relation is false for the
homogeneous Besov spaces.
1 o g 1 ,thenBp, By, andBy, Bpyg,-

4) (Besovembeddingtheorem' JIf1 pr p2 1 and ;= 2+d(pi1
5 then Bplg(RY) - Bpzg(RY) and Bylg(RY)  Byq(RY).

In addition, the usual Sobolev spaces are a special type of Bev spaces and
thus follow similar embedding rnelations. We recall that I)or 0,
H = f2S%jjjf()j2L?
and n 0
H = f28% (1+))73f)j2L?

It is not hard to check that

H (R) = By,(RY) and H (RY) = B,,(RY):
By 3) of Theorem 2.1 is
(2.11) Boy B Byyi By H B2

We now turn to Bernstein's inequalities. When the Fourier transform of a
function is supported on a ball or an annulus, theLP-norms of its derivatives can
be bounded in terms of the norms of the function itself. Inequalities of this nature
are referred to as Bernstein's inequalities. The classicaBernstein's inequalities
only allow integer derivatives. They can actually be extended to involve fractional
derivatives. In the following, we shall rst state as a proposition the classical
Bernstein's inequalities and then present the fractional Bernstein inequalities.

Proposition 2.2 Letk Obeanintegerandl p q 1
1) If supp f 2RY:jj c g, then
supkD fko ¢ Krd@= =kf ,:
ji=k
2) Ifsupp® f 2RY:c; j j ¢ g then

g krd=p 1=0) supkD fkia ¢4 k+d(@=p 1=Q)|f K, ,:
=k

where c; ¢;; ¢z; ¢z and ¢4 are constants independent of .

The proof of this proposition is classical and can be found in6]. We now
state the generalized Bernstein's inequalities involvingfractional derivatives. In
the following proposition, we still use ¢ (or ¢ with a subindex) to denote various
constants whose values may be di erent from line to line. Ocasionally, we useC
with a subindex to mark some crucial constants.

Proposition 2.3, Assumethat 2 Rand1l p q 1

1) If Oandsupp® f 2R%:jj c g then
k fkea ¢ *IAZ ZOkfk ,;
2) Ifsupp® f 2RY:c; j j ¢ g then

Cs +d(1=p 1=q) K kaq Ca +d(1=p l:q)kf kLp:
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Proposition 2.3 is a simple extension of Proposition 2.2. Tk statements in
Proposition 2.3 are communicated to the author by David Ullrich [11].

To establish the major results of this paper, we also need seval other inequal-
ities involving Besov spaces. They include the logarithmicBesov inequalities, two
commutator estimates, and some estimates for the usual pradatt of two functions
in Besov spaces. Instead of presenting them here, we leave toe Appendix.

3. B, solutions

In this section, we study solutions of the initial-value problem (IVP) for the

GNS equations, name8ly
< @Qu+uru+rP= () u
(3.2) o r u=0;
u(x; 0) = up(x):

Attention will be mainly focused on up 2 B}, (RY). Our goal is to establish the
existence and uniqueness of solutions to (3.1) withugp 2 B}.; satisfying suitable
conditions. The major results are presented in Theorem 3.2.For the purpose of
proving this theorem, we rst present an a priori estimate stated in Proposition
3.1. We remark that Theorem 3.2 can be extended to cover any itial datum in
By1 withl p 2through an embedding theorem.

We start with an important a priori estimate.

Proposition 3.1 Letr2 Rands> 1+ % Then any solution (u; P) of the

IVP (3.1) obeys the following di erential inequality

d
(3.2) akukBg;l +C kukB;lz CkUsz1 kUkBE‘

1!
where C's are constants with possible dependence anand s only.

Proposition 3.1 contains a major ingredient in proving Theaem 3.2 stated

below. As we have mentioned in the introduction, the issue ofglobal smooth

solutions has been resolved for (3.1) with > % + %. Therefore, we shall assume

1, d
that < 35+ § here.

Theorem 3.2 Let > Oand < %+ %. Assume thatug 2 B.; with

d
. + ¢
r>1 r>1 > 2
and satis es
(33) kakBE;l Co
for some suitable constantCy. Then the IVP (3.1) has a unique global solution
(u; P) satisfying
u2 L' ([0;1);B5; )\ LM([0;1); BEY )\ C([0:1 )i By Y);
P2LY(0;1);Bj; )
and
ku( ;t)kBE:1 2Co ; forall t> O:
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We make two remarks.

Remark . Using the Besov embedding theorem (Theorem 2.1), we can eshd
Theorem 3.2 to cover any initial datum up 2 Bj; with 1 p 2. In fact,
Theorem 2.1 states thatfor 1 p 2ands=r+d(; 3),

S;l Bg;l :
Thus, up 2 B, withl p 2ands> 1+ § 2 impliesthat up 2 Bj; with

r> 1+ 9 2 . Therefore, if up 2 BS, with

1 p 2 s>1; s>1+g 2:

then Theorem 3.2 implies that (3.1) has a unique global solubn.
Remark . Because of the embedding relations in (2.11), namely
= B5;2 B5;1 ;

another special consequence of Theorem 3.2 is the global sténce and uniqueness
of solutions of (3.1) corresponding to any initial datum in the usual Sobolev space

H with r>1+9 2.

We now proceed to the proofs of Proposition 3.1 and Theorem 3.

Proof of Proposition 3.1. For eachj 2 Z, we apply ; to the GNS equations in
(3.2),

@ ju+ur ju+ () Gu=[ur; jur P
where the brackets []in [u r ; ;] represents the commutator, namely
[ur; jlusur ju j(u ru):
Multiplying by  ju and integrating with respect to x leads to
d

(3.4) 5K jukZz + 1 =11+ 111,
where
z
I = ]ujzdx,
z
Im= Qur,; jju ;udx
z

i = (r jP) judx

We now evaluate these terms. By Proposition 2.3) has the following lower bound
(3.5) | ¢c221 k juk?.:

To deal with 11 , we rst apply Helder's inequality and then the commutator esti-
mate in Proposition A.2 to obtain

(3.6) Il k juk_2ku r; jJuk2 ckruk.: k juk?.:

The estimate of II1 is more complex and the following lemma is devoted to it.
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Lemma 3.3. For j 2 Z and any solution (u; P) of the IVP (3.1), we have
z

(3.7) ( jrP) judx ckruk.: k juk?;:

Proof of Lemma 3.3 Applying r to the rst equation in (3.1) and using the
second equation, we have

P=R kR|(Uk U|);
where R with a subindex denotes a 2D Riesz transform, and the repeatktindices
k and | are summed. Therefore,
jir P RkRi( j(urug)  j(ukr up))
RkRi([uir; jluc+[uer; jlw)
R «Ri(ur ( juk)+ ur (jw))
Mg+ 115

Correspondingly, the integral to be bounded is divided intotwo parts:
z z z
(3.8) ( jrP) judx= 1l judx+ 1l judx:

For the rst integral, we have
z

X
My judx Kk juk_zKI 1k 2 ko jukgz Kluir; jJukke:
ik

Applying the commutator estimate in Proposition A.2 yields

z
(3.9) Iy judx  ckr uk: k juk?;:
To bound the second term in (3.8), we integrate by parts,
z Z
I 5 jUdX = RkR|(U|@( juk)) ijdX
z
Rk Ri(uk@( ju)) jumdx
z
= RkRi((@u) juk) jumadx
z
RcRi((@uk) ju) jumdx
It is then clear that
(3.10) I, judx  ckr uk: k juk?;:

(3.7) is obtained by combining (3.8), (3.9) and (3.10). Thiscompletes the proof of
Lemma 3.3.

We now resume the proof of Proposition 3.1. Collecting the gfmates in (3.5),
(3.6) and (3.7), we obtain

d

Gtk 1ukee + e 220 k juk_> ckr uk i Kk jukpz:
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Multiplying by 2 1" and taking sup, leads to
d
(3.11) grkukes,, *+C Kukgye  ckrukii Kuks,

Note that we have switched(;it and sup . This can be justi ed using the Monotone

Convergence Theorem. Finally, we apply Proposition A.1 to lound kr uk_: in

terms of kuks;, with s> 1+ 5, namely

(3.12) kr ukg1 ckr ukB;ll ckukBi1 :
Inserting (3.12) in (3.11) nishes the proof.

Proof of Theorem 3.2  We apply the method of successive approximation. It
consists of constructing a successive approximation seqoee f (u(";P(M)g and
showing its convergence to (; P), the solution of the IVP (3.1).

Consider a successive approximation sequendgu(™; P("))g satisfying
g u(o) =0; P(O) =0;

@u(n+l) + u(n) r u(n+1) = r P(n+1) ( ) u(n+1) :
2 r u(n+1) =0;

umD (x; 0) = ul™ (x) = Snez Uo(X):

(3.13)

To show that f (u(™; P(")g converges, we prove that
i) f(uM;PM)gis bounded uniformly in
L' ((0;1 );B%; )\ LY([0;1);BS? ) LY([0;1);BY; );
i) f(u™;P(M)gisa Cauchy sequence in
L' ([0;1);B5,, ")\ LY([0;1 ); BS, 2 LY([0;1 ); BS,Y):

To establish i), we proceed as in the proof of Proposition 3.1 That is, we start
with the second equation in (3.13) and estimateu("*D) in B5., . We deal with the

term involving P("*Y as in Lemma 3.7. It is bounded by
(3.14)

k jr POk c(kr u™kes k ju™D ko + kr u™D ks ko juMk2):
After going through the steps as in proof of Proposition 3.1,we arrive at

d

+1 +1
aku(n )kBE;l +C ku(n )kB£:+12

c(kr uMkg 2 ku™*D ke, + kr u(M*D) g, ku(”)ksg;l ):

Sincer+2 > 1+3, we apply Proposition A.1 to boundkr u(k_: andkr u™*b k.1 .
Therefore,

d

aku(””) key, +¢C ku("*D) kg2

c(kuMkgrz ku™ kg, + ku" kg2 kuMkgy, ):
This inequality allows us to show inductively that if (3.3) h olds, namely
|(U0|(B£;1 Co X
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then for any t > 0,
z t

(3.15) sup ku™(; )kgr, +c kuM(; Ykgre d 2Co :
2[0t] ' 0 21

Thus fu(™gis bounded uniformly in L* ([0;1 ); BL.; )\ L([0;1 ); B ). To see
the uniform boundedness off P(Mgin L([0;1 ); BS.; ), we note that

P = RyR(uf" u™™):
We then apply Proposition A.4 and Proposition A.1 to obtain

xd
kP (n+1) kB511 ku(kn) LII(n+1) kB£;1
k;l =1
c(ku™Mkir ku™ D kgy -+ ku ks kuMkgg )
o(kuMkg 2 ku™ D kgy, + ku™ D kg kuWkey, ):
It then follows from (3.15) that for a constant c,
kP ™k 101 )8y, )
This completes the proof of i).

To establish ii), we consider the di erences
V(n+1) = u(n+1) u(n)’ Q(n+1) = P(n+1) P(n),

which satisfy
g @v(n+1) + uMm p yn+D) 4 2 y(n+) — Q(n+1) + v(M I’U(n);
(3.16) r v(™ =0Q;
v (3¢ 0) = V" (x) = st o

We shall show that for any integern > 0
t

(3.17) sup kv (; kg 1+ C kv(M( ; )kg: 12 d Kk Uokgy, 2 (n 3

2[0:t] 0
valid for any t > 0. To establish (3.17), we estimatefv(™ g in Bg;ll. After going
through a similar procedure as above, we obtain

d
—ky(n+1) (n+1) (n+1)
dth kBg;ll + c kv kB£;11+z kr Q kBE;ll

(3.18) +kvM r U(n)kB;ll + csup2’ Diku™ r vt ke
' i
To obtain suitable bounds for the terms on the right-hand side, we apply the com-

mutator estimate in Proposition A.3.
sup2(" Diku™ ¢ v ko
j

(3.19) c(kr uMkL 1 kv("*D Kgy o+ kv k1 ku™kg; | ):

The term involving r Q("*Y can be estimated similarly as in (3.14), but we apply
the commutator estimate in Proposition A.3 rather than the one in Proposition
A.2.

(3.20) kr Q("*D kgr 1 c(kr ulMk 1 kvm*D Ky 1+ kv(™D k1 ku™kg; | ):
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Sincer > 1, we apply Proposition A.4 to bound the product v(" r u(",
(3.21) kv(M r U(n)kBg;ll c(kvMk 1 kr u(”)kBg;ll + kV(n)kBg;ll kr uMk 1)

We further apply Proposition A.1 to bound the L -norms in (3.19), (3.20) and

(3.21) and then insert the resulting estimates in (3.18). Ths leads us to the in-
equality

d

I D kgr 1+ c kv kg, s

o(kuMkgyz kv kg o+ kv kg, e kuMkgy, )

+e(kviVkg, e kuMkey + kvMkg, iku®kg e ):
Integrating this inequality over [0;t], we obtain

t
1 . 1 .
sup kv("™D (: Jkgy 1+ € X kv("D ( )kg; vz d

2[05t] |

K ns1Uokgs 1+ ¢ sup kv™D kg, 1+ sup kviMkg, s

2[0:t] 2 2[0:t]
Zt
kuMkg -2 d
0 2;1
Zt
(n) (n) (n+1) .
(3.22) +52L;£t]ku Key, , kv kB£:11+2 + kv kB£:11+2 d:

Noticing that k 4+ uokBE‘ll k uokBE;1 2 ", (3.22) allows us to prove by induc-

tion that (3.17) holds. As a consequence, we have shown thatu(™ g is a Cauchy
sequence in

L' ([0:1 );B5,y )\ LY([0;1 );B5, ™ ):
The bound for f Q(") g can be obtained in a similar fashion as fof P(™ g. According
to (3.16),

Q(n+1) = Ry Rl(u(kn) V|(n+1) + V|(<n) ul(n)):
Therefore,

QU™ (5t)kgy 1 o kviMkgy 1+ kv kg, o kuWkg, 12
1 .
o kviVkgy ve + kv kg 1 kuMkg o

Since fu(™g is bounded uniformly in L* ([0;1 );B5, )\ L([0;1 ); B ) and
fvMgin Lt ([0;1 ); BS., M)\ L1([0;1 ); BL., ™2 ), we obtain that f Q(™gis bounded
uniformly in L*([0;1 ); Bg;ll). Thatis, fP(Mgis a Cauchy sequence i 1([0;1 ); Bg;ll .
This completes the proof of ii).
We can now conclude from ii) that there exists a unique

(u;P)2 L' ([0;1 );B5, )\ L(0;1);B5, ™ ) LY([0;1 )i BS,yY)

such that
u™ 1 U in LT ([0:1); B,V LH(0:1 ) B, P );

PM 1 P in LY(0;1 ); B, Y):
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Because of i), (;P) actually belongs to
LY ([0:1):B51 )\ LY([0:1 );B5Y ) LM([0;1):BSy ):

In addition, fu(™g and u are both absolutely continuous from [Q1 ) to Bj.,*,
or simply u™;u 2 C([0;1 ); B}.,"). To prove this fact, we rewrite the second
equation in (3.13) in the integral form,

z t
u(n+l) (X,t) — ugn+l) (X) + g(n+l) (X, )d
0
with
g(n+1) - u(n) r u(n+1) r P(n+l) ( ) u(n+1) :
Sinceg("*) has the following bound

kg(n+1)(;t)kB£;11 C(ku(“)kBE;luz ku"D kg, -+ k”(n)sz;llk”(nﬂ) Kgyz )

+kr POD g v+ kuMD kg 1
B211 BZ;l
and each term on the right is in L1([0; 1 )), we have
kg™ (kg 12 LY([0;1)):

Therefore, fu("*b g is absolutely continuous from [Q1 ) to B;;ll and so isu.

Finally, letting n ! 1 in (3.13), we obtain that (u;P) satis es the GNS
equations in (3.1). This completes the proof of Theorem 3.2.

4. B3, and B}, Solutions

We continue in this section the study of solutions of the IVP (3.1), but we now
assume thatuo is either in B, or in B, with g2 [1;1 ). The major results are
presented in three theorems. The rst theorem is on solutiors in the homogeneous
Besov spaceB’.; while the second one is on solutions in the inhomogeneous spa

2.1~ The third theorem concerns solutions inB}., with 1 <q < 1. It appears

that the conclusion in the third theorem is invalid for BJ.,.

We rst state the theorem for up 2 BS ;.

Theorem 4.1 Consider the solutions of the IVP (3.1) with > 0O and <
I+ 9. 1f up 2 By with

and

(4.1) Kuoky, ~ Ci

B‘E;l
for some suitable constaniC,, then the IVP (3.1) has a unique global solution(u; P)
satisfying

u2 L' ([0;1);B5,)\ LY(0;1 );B52 )\ C([0;1 ); B, Y);
P2 LY([0;1);B)y)



394 JIAHONG WU

and
ku( ;t)kB?r_1 2C,;; foranyt> O:

A similar result holds for up in the inhomogeneous Besov spacB).;, but the
condition on r can be relaxed tor 1+ % 2 .
Theorem 4.2. Consider the solutions of (3.1) with > 0O and < %+ %. If
Uo 2 Bj.; with
d
> 1; 1+ - 2
r ;T >
and
(4.2) |(l.l()|(|3£;1 C,
for some suitable constantC,, then the IVP (3.1) has a unique global solutionu
satisfying
u2 L' ([0;1);B5,)\ L([0;1 );BSZ )\ C([0;1 ); BS,Y);
P2 L*([0;1);Bj,)
and
ku(;t)ks;, 2C, foranyt> O
Theorem 4.3. If ug 2 Bg;q with

d 2
< < . > : > — -
1<q<1; r>1 r 1+2 q

and
(43) kuOkBE;q Cs;
for some suitable constaniCs, then the IVP (3.1) has a unique global solution(u; P)
satisfying
+ 2
u2 L' ([0;1 );Bsg)\ LY0;1 );B;;q )\ C([0;1 ); B, N):

P2 L90;1 );Bhg)
and
(4.4) ku( ;t)kBE:q 2C3 foranyt> O:

We now prove these theorems.

Proof of Theorem 4.1 The major tool is the method of successive approximation.
Since the details resemble those in the proof of Theorem 3.2t is redundant to
provide a full proof of this theorem. Instead, we prove a majo a priori estimate,
which can be easily extended into a complete proof of Theorem.1. As in the proof
of Proposition 3.1, we have

(4.5) %k juk 2+ ¢ 220 k juk_. ckr uk: k jukge:
Multiplying (4.5) by 2 I and summing overj 2 Z yields

d

akuk%1 +c kUkB_;:rlz ckr uk 1 kUkB;;I:
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Sincer +2 =1+ % we have according to 1) of Proposition A.1,

kr uky 1 ckr UkB_;;*rlz 1 ckukBerlz
This leads to the inequality
d
dt
That is, for some suitable constantC; > 0,

kukB?r:1+ c kUkB_;:rlz ckuksﬁrﬁz kukB7 :

r
i1

akukB?r;1 c C Kk ukB?r;1 kUkB,;ff
If ug satis es (4.1), this inequality then implies that ku( ;t)kB?,_1 is a non-increasing

function of t for t > 0. This yields the boundedness ol in L ([0;1 ); BS)\
L1([0;1); rff ). To establish an a priori estimate for P, we note that

P= R «Ri(ux;w):

Applying Proposition A.4 and Proposition A.1 yields
kP(;t)key, ckukBé;lm kUkB?r;j

Therefore, kP (;t)kg, s in L1([0;1)) or P 2 LY([0;1 ); B.,). As explained at
the beginning of this proof, we omit further details. This concludes the proof.
Proof of Theorem 4.2 The proof is similar to that of Theorem 4.1. The major
di erence is that here we use part 2) of Proposition A.1 to bound kr uk; 1 , namely

kr ukg 1 CkUkB;l:
This inequality is valid for any s 1+ % and thus allows the condition onr to
be relaxed tor 1+ % 2 . We shall again omit the details on constructing a

successive approximation sequence and showing its convertce to the solution of
the GNS equations.

Proof of Theorem 4.3 As we have explained previously, it su ces to present only
relevant a priori estimates. Forq > 1, we multiply (4.5) by gq29" k ,—ukﬁpl and
then sum overj from 1to 1 to obtain
d
— a q
(4.6) dtKUKBE;q + cq kUKB;;f
2

Sincer + T 1+ % 3) of Proposition A.1 implies that

ckr uk 1 kukgg;q:

=q

kr uk_1 ckr uk ,, 2, ckuk ,,2_ :
a B,y °
2;q9 2;q9
Inserting this inequality and the basic embedding inequalty
kUkBE:q k UkBELZ =q

in (4.6) yields
d
akukgg;q c(Cs k ukBE;q)kukg;;12 s
where C3 is a suitable constant depending on , g and r only. This di erential
inequality implies that ku( ;t)kBE:q is a non-increasing function oft 0. Thus, if
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Up satis es (4.3), then (4.4) holds for allt > 0. An a priori estimate for P can be
obtained as in the proof of Theorem 4.1. This completes the prof of Theorem 4.3.

5. Scaling invariance

In this section, we examine some properties of the Besov spas in which the
solutions of the GNS equations have been studied. In particiar, we investigate the
scaling invariance property of these spaces and their imptiations. This will help us
have a better understanding of the results presented in the pvious two sections.

The Besov spaceﬁéfl% ? and B;flg ? are critical to solutions of the Navier-
Stokes equations. As mentioned in the introduction, solutons of the GNS equations
obey a scaling property. That is, if (u; P) satis es the GNS equations (1.1), then
(u ;P ) also satis es (1.1), where

ut)y= 2 tu(x 2t); P(xt)= 4 ZP(x 2 t):
4 2 1+ 2 e
The Besov spaces3,;* and B,.;? are critical in the sense that the norm

of u is essentially invariant in these spaces. More precisely, evhave the following
lemma.

Lemma 5.1. If =2 for somek 2 Z, then
(51) ku (,t)kB_;ng_ , = ku( ;22k t)kB_;ul% .
(52) ku (;t)kB_;Jr% 2 = kU( ;22k t)kB_;Jr% 2
1 i1

More generally, for any > 0,
(5.3) ku (;t)kB;H% ,  kou(;2?k t)kB;f )

[N

ku (;t)k g, ku(;22tk .4, ;
B—z;lZ Boi

2

where denotes the equivalence of two norms.

Proof. Foranyj 2 Z, we rz1ave

kju GOkt = b,-();jb(nZd
(5.4) = 4 2d byl HZjb(; 2 b)jdd:
Rd

When = 2K, this equality implies
K ju (Gtkee=25C 1 & u(; 22 tkee:

Thus,
ku (ik o, = sup 203 2Dk ju (;t)kee
B—2;17 1 <j< 1
= sup 202 200 Wi u(;22% tkee
1 << 1
(5.5) = ku( ;22K t)kB;% s
i1
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This proves (5.1). For a general > 0, choosek 2 Z such that
2 1< 2¢:
Since bo can be chosen to satisfy

bozj—k boz_j bOW;

we obtain by inserting these inequalities in (5.4)
201 5K u( 22K ke koju (Ghkee 201 TR ke u(5 22K koo

(5.3) is then established after following the lines as in thecase = 2X. The proof
f (5.2) is similar to that of (5.1) and the dierence is that o ne replaces sup by
27 in (5.5). This completes the proof.

Now, we explore some of the implications of the scaling invaance of these
spaces. Theorem 3.2 asserts that the GNS equations have a gpie global solution
corresponding to any initial datum uo in the inhomogeneous Besov spadg;; and
comparable to , wherer > 1+ % 2 . If the conclusion of Theorem 3.2 were also
true for the homogeneous Besov spacBy.; with r> 1+ % 2 , then one would
be able to remove the smallness condition thatig is comparable to in B, . The
reason is simple. For anyup 2 BS.; ,

2

Up (X;t) Yug(x; 2 1)

remains in B5.; and is comparable to in B.; for suciently small > 0 since
r(1+¢ 2) .
ka kB—E;l 2 |(l.l()|(B_£;1 .
Then u emanating fromug leads to u, the solution corresponding toug.
d . .
Similarly, the invariance property of B;J'l 2 2 may provide another explanation
as to why Theorem 4.2 allows for solutions in any Besov spac8j.; with r

d
1+ 9 2 but the result in Theorem 4.1 is only for Bglflz 2.

Appendix

As mentioned before, this appendix contains several inequiies that we have used
to prove our major results. First, we present the logarithmic Besov type inequalities.
The inequalities allows us to bound theL?® -norm in terms of the norms in Besov
spaces.
Proposition A.l. Letl p 1
r d i - d
1) If £ 2 By, (R%) with r = D then
(A.1) kf kp:  ckf kB{M:
2) If f 2 B, (RY) with r g, then
(A.2) kfkoi  ckfkgp,:
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3) If f 2B},(RY) withq>1andr> % then

kf kB P
(A3) kf k|_1 Ckf kB? 1 1 + |0g2 W

In particular, (A.3) implies kf k.:  ckf kBrrJ;q .
Proof. Forj 2 Z, (2.8) allows us )t(o write

jf = Kk jfZ
jk jj<2
It then follows from Proposition 2.2 thatforany 1 p 1 ,
k fke: ¢ 2%k jfke €25 K [fkip:
jk jj<2

Eo prove (A.1), we assumef 2 By, with r = % and take the L* -norm of f =
1

i=1 jf toget
R X Py
kf k1 k jkal c 27 k jkap:Ckfk d .
j=1 j=1 Bp
The proof of (A.2) is similar, but the di erence is that ; = 0 with j 2 is zero

in the context of a inhomogeneous Besov space. Fdr2 Bf.; with r  d=p,

% R,
kf ki1 k jkal c 27 k jkap
j= 1 j= 1

x
Cc 2" k jkap:Ckka{,;l:
i= 1
To prove (A.3), we write for f 2 B[,
R X R
(A.4) f = jf: jf+ jf;
ji= 1 j= 1 j=N+1
whereN is an integer to be speci ed. TheL® -norm of the rst sum can be bounded
by

k jfker (N +2)kfkgo

11 °

=1

while the second sum is bounded by
X y

k jfkes c 20 k jfkee
j=N+1 j=N~+1
O ){_ 1 1:q0 O ){_ 1 1=q
c@ 2la°(d=p 1)A @ KT, A

j=N+1 j=N+1

c2 Na 4P g kg,
P
where ¢ satis es 1=+ 1=¢’ = 1. Thus, for a constant ¢ depending onp;qand r,
kfkis (N +2) kfkgg  +c2 N9 P kfig, -
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kf ks . .
If we setN = O(; %,:p log, & kBB?"?‘q ), (A.3) is then established.

We have used extensively the commutator estimates stated irthe next two
propositions. These estimates have previously been obta@d in [16].

Proposition A.2. Forp2[1;1]andj 2 Z, we have
Klu r; jIvkee c(kr ukes k jvkee + kr vkes ko jukpe);
where the bracketd;] represent the commutator, namely
[ur; jv=ur ;v j(u rv):

The estimate in Proposition A.2 is suitable for situations when u and v are
equally regular. If r v is not known to be in L* , then the following commutator
estimator is more useful.

Proposition A.3. Forp2[1;1]andj 2 Z, we have
Klu r; jIvke c(kr uks k jvkes +2) kvks k jukgs)

The following proposition bounds the product uv in a Besov space in terms of
the norms of u and v in the same Besov space.

Proposition A.4. For any s> 0 and p;g2 [1;1 ], we have
kuka%c| c(kuky 1 kka%c| + kvk 1 kukB&q );
kukaS;q c(kuky 1 kaBS;q + kvk 1 kukBS;q ):

The proof of this proposition is classical (see e.¢4|,[6]). A special consequence
of this proposition and Proposition A.1 is that Bj; with s = d=p, Bj,; with p  d=p
and B, with s >d=p are all Banach algebras.
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