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Abstra ct. This paper provides a precise sensein which the time t map for the Euler
equations of an ideal 
uid in a region in Rn (or a smooth compact n-manifold with
boundary) is a Poisson map relativ e to the Lie-P oisson bracket associated with the group
of volume preserving di�eomorphism group. This is interesting and nontrivial because
in Eulerian representation, the time t maps need not be C 1 from the Sobolev class H s to
itself (where s > (n=2) + 1). The idea of how this di�cult y is overcome is to exploit the
fact that one does have smoothness in the Lagrangian representation and then carefully
perform a Lie-P oisson reduction procedure.

1. In tro duction

Hamiltonian structures play a fundamental role in mathematical physics. It's enough
to recall a few examples: classical mechanics, electrodynamics, quantum mechanics, hy-
drodynamics and general relativit y. However, when applying the classical methods and
technics of symplectic geometry to PDEs, one facessigni�can t di�culties, both analytical
and conceptual.

Part of the problem is that symplectic forms that arise in many applications are weak
symplectic forms on in�nite dimensionalmanifolds. More importantly , often integral curves
of PDEs are not di�eren tiable in time in the function spacesonewould normally use; in the
linear case,this corresponds to the fact that the operators involved are unbounded. Stock
examplesinclude the Euler and Klein-Gordon equations. When dealing with such systems
onehasto pay careful attention to domainsof de�nitions asmany standard formulas become
only formal relationships. Their justi�cation is often cumbersomeand requiressomead hoc
methods.

The goal of this paper is to contribute to the development of techniques that are useful
for the treatment of nonlinear PDEs with non-di�eren tiable (in time) solutions and build a
framework that allows a systematic and rigorous study of such systemsand is applicable to
the broad rangeof physical phenomena.Previous work in this vein is Cherno� and Marsden
[1974].

Speci�cally , this article is devoted to the study of the Euler equations for an ideal 
uid
on the compact manifold, the example that provides the main inspiration and motivation.
The goal is to understand in what exact sense(if any) the 
o w generatedby Euler's equation
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consistsof Poissonmaps. Sincethe classicwork of Arnold Arnold [1966], it hasbeenknown
that formally the Euler equation could be viewed as a Hamiltonian system. (Expositions of
this may be found in Arnold and Khesin [1998] and Marsden and Ratiu [1999]).

The work of Ebin and Marsden [1970] showed the remarkable fact that in appropriate
function spaces,the 
o w of the Euler equations in Lagrangian representation (in Sobolev
function spacesH s for s > (n=2) + 1) is given by a smooth vector �eld and hence all
the di�culties are resolved in that context. This work also shows that one can perform a
reduction (Euler-Poincar�ereduction) to Eulerian representation to rigorously derive that the
solutions obtained this way satisfy the Euler equations (taking into account one derivative
lossdue to the reduction procedure).

>From the work of Ebin and Marsden [1970], the reduced
o w of the Euler equationsin
H s are known to form a continuous
o w in H s (both in time and in the initial velocity �eld),
and regardedas maps from H s to H s� 1, they are C1. Another remarkable property of the
solutions also follows from this samework|namely that the individual particle tra jectories
are C1 in time, a fact not so easy to seedirectly in Eulerian representation (see Kato
[2000]).

While a versionof the symplectic natureof the 
o w of the Euler equationsfollowsdirectly
from the results in Ebin and Marsden [1970] (taking into account the lossof onederivative),
it is not so clear that there is a well de�ned Poisson sensefor the results. In fact, the
work of Lewis, Marsden, Montgomery, and Ratiu [1986] (and many subsequent papers by
other authors) shows that in the Poissoncontext, this derivative lossis a nontrivial issuein
de�ning a good sensein which onehasa Poissonmanifold and in which the Euler equations
then de�ne a Hamiltonian system in the Poissonsense. The main purposesof this paper
is to �l l this gap by means of a nonsmooth Lie-Poisson reduction procedure on appropriate
classesof functions.

This article has the following structure. In x2 we give important background infor-
mation on Euler equation and manifolds of di�eomorphisms. Then, we recall the basic
ideas of Poissonreduction in x3. Our results are presented in next two sections. In x4 we
prove that tangent bundle of a weak Riemannian manifold carries a Poissonstructure in an
appropriate sense,provided that the manifold possessesa smooth Riemannian connection.
The later requirement is ful�lled on the groups of di�eomorphisms according to the work of
Ebin and Marsden [1970]. In x5 we utilize this result to show that the 
o w of Euler equation
is Poissonin an appropriate sense.We concludewith short discussionof presented results
in x6.

2. Solutions of the Euler Equation

In this section we present some classical results concerning the Euler equation that
motivated our study. The notation and exposition follows Ebin and Marsden [1970].

The Euler equationson compact manifold are traditionally formulated in the following
way. Let M be a compact Riemannian n-manifold possibly with boundary @M . Find a
time dependent vector �eld u, (which has an associated 
o w denoted � t ) such that

(1) u0 is a given initial condition with div u0 = 0
(2) The Euler equations hold:

(2.1)
@ut

@t
+ r u t ut = � gradpt

for somescalar function pt : M ! R (the pressure),
(3) div ut = 0, and
(4) u is parallel to @M .

It is standard that above equation can be formally rewritten asan ODE on the spaceof
divergencefreevector �elds with a derivative loss. But it wasdiscoveredby Ebin and Marsden
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[1970] that this is literally true with no derivative loss in Lagrangian representation. We
recall how this proceeds.Let � be a volume form on the manifold M . Let H s(M ; N ) denote
the spaceof mappings of Sobolev class s from an n-manifold M to a manifold N . For
s > n=2 + 1, let

Ds = f � 2 H s(M ; M ) j � is bijective and � � 1 2 H s(M ; M )g and

Ds
� = f � 2 Ds j � � � = � g:

Then both Ds; Ds
� are smooth in�nite dimensional manifolds and topological groups, more-

over Ds
� is a closedsubmanifold and a subgroup of Ds .

Let e� : TDs
� ! Ds

� and � : TM ! M be the canonical projections and let e : M !
M ; e(m) = m be the identit y element of the groups Ds

� ; Ds . Then

T� Ds = f u 2 H s(M ; TM ) j � � u = � and uk@M g;

TeDs
� = Xs

div (M ) = f u 2 H s(M ; TM ) j � � u = e; div u = 0 and uk@M g;

where Xs
div (M ) denotesthe spaceof H s divergencefree vector �elds on M that are parallel

to the boundary.
A given Riemannian metric on M inducesa right invariant weak Riemannian metric on

Ds
� given by

(2.2) hX ; Y i � =
Z

M
hX (m); Y(m)i � (m ) � (m)

for X ; Y 2 T� Ds
� where scalar product under the integral sign is taken in M .

As wasshown in Ebin and Marsden [1970], Ds
� possessesa smooth Riemannian connec-

tion and, as a consequence,a smooth spray, which we will denote S.

Pr oposition 2.1. (Ebin and Marsden [1970]) For s > (n=2)+ 1, the weak Riemannian
metric (2.2) has a C1 spray S : TDs

� ! TTDs
� . Let Ft : TDs

� ! TDs
� be the (local, C1 )


ow of S. Let vt = Ft (u0) (the material velocity �eld) and � t = ~� (vt ) (the particle position
�eld). Then the solution of the Euler equation with initial condition u(0) = u0 is given by

ut = vt � � � 1
t :

>From the properties of the di�eomorphism group, one seesthat this result shows that
the Euler equations (2.1) are well-posedin H s in Eulerian representation.

3. Motiv ation: The Poisson Reduction Theorem

First, recall the following basic and simple result about Poisson reduction (see, for
example,Marsden and Ratiu [1999]).

Suppose that G is a Lie group that acts on a Poisson manifold P and that for each
g 2 G the action map � g : P ! P is a Poissonmap. Supposethat the quotient P=G is a
smooth manifold and the projection � : P ! P=G is a submersion. Then, there is a unique
Poissonstructure f� ; �g on P=G such that � is a Poissonmap. It is given by

f f ; kg � � = f f � � ; k � � gP 8k; f 2 F (P=G);

where f� ; �gP is a Poissonbracket in P and F (P=G) is a set of smooth functions on P=G.
If X H is a Hamiltonian vector �eld for a G-invariant Hamiltonian H 2 F (P), then �

also induces reduction of dynamics. There is a function h 2 F (P=G) such that H = h � � .
Since� is a Poissonmap it transforms X H on P to X h on P=G, that is, T � � X H = X h � � .
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Denoting the 
o w of X H by Ft and the 
o w of X h by ~Ft we obtain commutativ e diagram

P
F t� � � � ! P

?
?
y �

?
?
y �

P=G
~F t� � � � ! P=G

Our strategy is to apply the above procedure to the context of 
uids. To do so, de�ne
the map � : TDs

� ! Xs
div via

� (� ; v) = v � � � 1;

where � 2 Ds
� ; (� ; v) 2 T� Ds

� ; � � v = � . Let ~Ft : Xs
div ! Xs

div be given by

~Ft (v) = � � Ft (v)

for v 2 Xs
div : By Proposition 2.1, ~Ft is the 
o w of Euler equation on Xs

div , i.e. ut = ~Ft (u0)
satis�es the Euler equations (2.1).

It is clear from the preceding developments that Ft (as a 
o w of a spray) is a 
o w of
Hamiltonian vector �eld on TDs

� . The following commutativ e diagram

TDs
�

F t� � � � ! TDs
�

?
?
y �

?
?
y �

TeDs
�

~F t� � � � ! TeDs
�

suggeststhat the 
o w of Euler equation itself, which is obtained from Ft via Poissonreduc-
tion, should be a Hamiltonian 
o w in the senseof Poissonmanifolds and this is certainly
formally true (see,for instance Lewis, Marsden, Montgomery, and Ratiu [1986] for both the
caseconsideredhere as well as the caseof free boundary problems).

However, as noted in this referenceand elsewhere,there are di�culties in �nding the
right classof functions so that one gets a Poissonstructure in a precisesense. To justify
the formal insight in precisefunction spaces,one has to overcometwo hurdles.

The �rst hurdle is that TDs
� is only a weak symplectic manifold, and therefore doesnot

necessarycarry a Poissonbracket in any obvious way without specialad hoc hypothesessuch
as \the neededfunctional derivativesexist" which have long beenrecognizedasawkward at
best.

The secondhurdle is that TDs
� is not a Lie group in the usual sense(left multiplication

is not smooth), and � is not a smooth map (inversion in Ds
� is not smooth). Therefore,

the well developed theory of Poissonand Lie-Poissonreduction is not directly applicable in
this case,even though the lossof derivativesone su�ers from thesetransformations is well
understood.

The main point of this paper is to resolve these di�culties in what we believe is a
satisfactory way. We do this in the following sections.

4. Poisson Structures on W eak Riemannian Manifolds

Let Q be a weak Riemannian manifold modelled on Banach spaceE with metric h�; �i .
Then TQ possessesa canonicalweak symplectic form that is given in charts by the following
standard formula (see,e.g., Marsden and Ratiu [1999]):


( � ; e)(( e1; e2); (e3; e4)) = he1; e4i � � he2; e3i � + D � he;e1i � � e3 � D � he;e3i � � e1;

where � 2 Q, e;e1; e2; e3; e4 2 E.
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For a smooth function f : M ! R on a (strong) symplectic manifold (M ; 
 1), let X f

denote its Hamiltonian vector �eld. Then

(4.1) f f ; gg = 
 1(X f ; X g)

makes(M ; f �; �g) into a Poissonmanifold.
Since 
 is weak, formula 4.1 does not automatically de�ne Poissonbracket f f ; gg for

arbitrary functions f ; g 2 F (TQ) since X f ; X g may fail to exist and even if they do, one
has to make additional hypothesesto obtain the Jacobi identit y.

However, under the two additional hypothesis:

(1) Q has smooth Riemannian connection;
(2) The inclusion T� Q ! T �

� Q (the literal dual space)via

v(u) = hv; ui � 8u 2 T� Q

is dense,

it will be shown that one can de�ne a Poissonbracket on the subalgebra

K(TQ) =
�

f 2 TQ

�
�
�
�
@f
@�

;
@f
@v

2 C1 (TQ; TQ)
�

of F (TQ). Here @f
@� ; @f

@v are covariant partial derivatives on TQ, the de�nition of which
will be given below.

This newly de�ned bracket makesK(TQ) into a Lie algebra and retains essential dy-
namical properties of a \true" Poisson bracket, including the Jacobi identity and the fact
that 
ows of Hamiltonian vector �elds are Poissonmapsand, of course, energy is conserved.
Moreover, we will show that the bracket indeed is related to the canonical weak symplectic
form in the way that one would expect. In the following we assumethat conditions (1) and
(2) are satis�ed.

Covariant Partial Derivatives.First, we intro duce covariant partial derivativeson TQ.
Let � : TQ ! Q and � 1 : TTQ ! TQ be natural projections, � : Q � U � E � E ! E be a
Christo�el map and K : TTQ ! TQ be a connector map. In local representation,

K (� ; v; u; w) = (� ; w + �( � )(v; u)) :

De�ne � : TTQ ! TQ
L

TQ
L

TQ by

� = (� 1; T � ; K ):

It is standard that � is a di�eomorphism (seeEliasson [1967]). For H : TQ ! R we set

@H
@�

(V ) � W = dH � � � 1(V; W; 0) 8 V; W 2 TqQ;

@H
@v

(V ) � W = dH � � � 1(V; 0; W ) 8 V; W 2 TqQ:

In local representation, this reads

@H
@�

(� ; v) � (� ; u) = dH � � � 1(( � ; v); (� ; u); (� ; 0))

= dH � (� ; v; u; � �( � )(v; u)) ;

and

@H
@v

(� ; v) � (� ; w) = dH � � � 1(( � ; v); (� ; 0); (� ; w))

= dH � (� ; v; 0; w)) :
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Similarly, for � : TQ ! TQ1 we de�ne @�
@� ; @�

@v : TQ ! L (TQ; TTQ1) (here L (TQ; TTQ1) is
the spaceof linear maps TQ ! TTQ1) by

@�
@�

(V ) � W = T� � � � 1(V; W; 0) 8 V; W 2 TqQ;

@�
@v

(V ) � W = T� � � � 1(V; 0; W ) 8 V; W 2 TqQ:

The following Lemmasare readily veri�ed.

Lemma 4.1. Let X be a vector �eld on TQ, Y be a vector �eld on TQ1, � : TQ1 ! TQ.
Then

dH � X =
@H
@�

� T � (X ) +
@H
@v

� K (X );

@(H � � )
@�

� Y = dH �
�

@�
@�

� Y
�

;

@(H � � )
@v

� Y = dH �
�

@�
@v

� Y
�

:

Lemma 4.2. For H 2 C1(TQ; R), we have

@H
@�

(� ; v) � (� ; u) =
d
dt

�
�
�
�
t =0

H (� t ; vt );

@H
@v

(� ; v) � (� ; w) =
d
dt

�
�
�
�
t =0

H (� ; v + tw);

where (� t ; vt ) is the parallel translation of (� ; v) along the curve � t with � 0
t (0) = u.

Let

Kk (TQ) =
�

f 2 Ck+1 (TQ; R)

�
�
�
�

@f
@�

;
@f
@v

2 Ck (TQ; TQ)
�

:

Now we can de�ne the bracket f� ; �g via

(4.2) f f ; gg(� ; v) =
�

@f
@�

(� ; v);
@g
@v

v(� ; v)
�

�
�

�
@f
@v

(� ; v);
@g
@�

(� ; v)
�

�
:

Preliminaries on the PoissonStructure. The following is the �rst main result.

Theorem 4.3. The bracket (4.2) mapsK k � Km into Kmin (k ;m ) � 1 and also mapsK � K
into K.

Remark. By de�nition of the covariant partial derivatives, @h
@� ; @h

@v : T� Q ! T �
� Q for

h : TQ ! R. The theorem assertsthat if h = f f ; gg then, in fact, @h
@� (� ; v); @h

@v (� ; v) 2 TQ,
i.e. there are Z (� ; v); Y (� ; v) 2 T� Q such that

@h
@�

(� ; v) � X = hZ; X i ;
@h
@v

(� ; v) � X = hZ; X i 8X 2 T� Q

and the maps (� ; v) ! Z (� ; v); Y (� ; v) have appropriate smoothness.
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Pro of. De�ne operator D
dt = K � d

dt . This de�nition extends the usual notion of co-
variant derivative from vector �elds along curves on Q to arbitrary curves on TQ. Let
f ; g : TQ ! R and h = f f ; gg. Choosing (� t ; vt ) as in Lemma 4.2, we obtain

@h
@�

(� ; v) � (� ; u)

=
d
dt

�
�
�
�
t =0

�
@f
@�

(� t ; vt );
@g
@v

(� t ; vt )
�

� t

�
d
dt

�
�
�
�
t =0

�
@f
@v

(� t ; vt );
@g
@�

(� t ; vt )
�

� t

=
�

D
dt

�
�
�
�
t =0

@f
@�

(� t ; vt );
@g
@v

(� ; v)
�

�

+
�

@f
@�

(� ; v);
D
dt

�
�
�
�
t =0

@g
@v

(� t ; vt )
�

�

�
�

D
dt

�
�
�
�
t =0

@f
@v

(� t ; vt );
@g
@�

(� ; v)
�

�

�
�

@f
@v

(� ; v);
D
dt

�
�
�
�
t =0

@g
@�

(� t ; vt )
�

�

=
�

K
@
@�

@f
@�

(� ; v) � (� ; u);
@g
@v

(� ; v)
�

�
+

�
K

@
@�

@g
@v

(� ; v) � (� ; u);
@f
@�

(� ; v)
�

�

�
�

K
@
@�

@g
@�

(� ; v) � (� ; u);
@f
@v

(� ; v)
�

�
�

�
K

@
@�

@f
@v

(� ; v) � (� ; u);
@g
@�

(� ; v)
�

�
:

To proceedfurther, we needto calculate the quantit y
�

K
@
@�

@f
@�

(� ; v) � (� ; u); (� ; w)
�

�
;

where (� ; w) is an arbitrary element of T� Q. Let (� ts ; vts ) be a parametric surface in TQ
with the following properties:

(1) d
dt

�
�
t =0

� t 0 = u; (� 00; v00) = (� ; v);
(2) (� t 0; vt 0) is a parallel translation of (� ; v);
(3) (� t 0; wt ) is a parallel translation of (� 00; w0) = (� ; w);
(4) d

ds

�
�
s=0 � ts = wt for all s;

(5) (� ts ; vts ) is a parallel translation of (� t 0; vt 0) for all s.

Then, keepingin mind Lemmas 4.1, 4.2 and symmetry of Riemannian connection, one
checks the following:

�
K

@
@�

@f
@�

(� ; v) � (� ; u); (� ; w)
�

�
=

�
D
dt

�
�
�
�
t =0

@f
@�

(� t 0; vt 0); (� ; w)
�

�

=
d
dt t =0

�
@f
@�

(� t 0; vt 0); (� t 0; wt )
�

� t

=
d
dt

�
�
�
�
t =0

d
dss=0

f (� ts ; vts ) =
d
dss=0

d
dt t =0

f (� ts ; vts ) =
d
dss=0

df �
d
dt

�
�
�
�
t =0

(� ts ; vts )

=
d
ds

�
�
�
�
s=0

�
@f
@v

(� 0s ; v0s) � K
d
dt t =0

(� ts ; vts ) +
@f
@�

(� 0s ; v0s) � T �
d
dt t =0

(� ts ; vts )
�

=
d
ds

�
�
�
�
s=0

" �
@f
@v

(� 0s ; v0s);
D
dt t =0

(� ts ; vts )
�

� 0s
+

�
@f
@�

(� 0s ; v0s);
d
dt t =0

� ts

�

� 0s

#

=
�

D
dss=0

@f
@v

(� 0s ; v0s);
D
dt t =0

(� t 0; vt 0)
�

�
+

�
@f
@v

(� ; v);
D
dss=0

D
dt

�
�
�
�
t =0

(� ts ; vts )
�

�

+
�

D
dss=0

@f
@�

(� 0s ; v0s);
d
dt t =0

� t 0

�

�
+

�
@f
@�

(� ; v);
D
ds

�
�
�
�
s=0

d
dt t =0

� ts

�

�

:
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Lemma 4.4. (seeDo Carmo [1992]). Let R denote the Ricci curvature tensor. Then

D
ds

D
dt

(� ts ; vts ) =
D
dt

D
ds

(� ts ; vts ) + R(
d
dt

� ts ;
d
ds

� ts )( � ts ; vts );

D
ds

d
dt

� ts =
D
dt

d
ds

� ts :

By construction of (� ts ; vts ), we have D
dt

�
�
t =0 (� t 0; vt 0) = 0. Applying lemma 4.4 we

obtain

D
dss=0

D
dt

�
�
�
�
t =0

(� ts ; vts ) = R
�

d
dt

�
�
�
�
t =0

� t 0;
d
ds

�
�
�
�
s=0

� 0s

�
(� ; v) = R(( � ; u); (� ; w))( � ; v);

D
dss=0

d
dt

�
�
�
�
t =0

� ts =
D
dt t =0

(� t 0; wt ) = 0:

Thus,
�

K
@
@�

@f
@�

(� ; v) � (� ; u); (� ; w)
�

�

= 0 +
�

@f
@v

(� ; v); R(( � ; u); (� ; w))( � ; v)
�

�

+
�

K
@
@�

@f
@�

(� ; v) � (� ; w); (� ; u)
�

�
+ 0

=
�

K
@
@�

@f
@�

(� ; v) � (� ; w); (� ; u)
�

�
�

�
R(( � ; v);

@f
@v

(� ; v))( � ; w); (� ; u)
�

�

by Bianchi's identit y. Similar calculations yield
�

K
@
@v

@f
@v

(� ; v) � (� ; u); (� ; w)
�

�
=

�
K

@
@v

@f
@v

(� ; v) � (� ; w); (� ; u)
�

�
;

�
K

@
@�

@f
@v

(� ; v) � (� ; u); (� ; w)
�

�
=

�
K

@
@v

@f
@�

(� ; v) � (� ; w); (� ; u)
�

�
:

Substituting this into the formulas for @h
@� and using Bianchi's identit y once again, we

get

@h
@�

(� ; v) � (� ; u) =
�

K
@
@�

@f
@�

(� ; v) �
@g
@v

(� ; v) + K
@
@v

@g
@�

(� ; v) �
@f
@�

(� ; v); (� ; u)
�

�

�
�

K
@
@�

@g
@�

(� ; v) �
@f
@v

(� ; v) + K
@
@v

@f
@�

(� ; v) �
@g
@�

(� ; v); (� ; u)
�

�

+
�

R(
@f
@v

;
@g
@�

) � (� ; v); (� ; u)
�

�
:

Similarly,

@h
@v

(� ; v) � (� ; u) =
�

K
@
@�

@f
@v

(� ; v) �
@g
@v

(� ; v) + K
@
@v

@g
@v

(� ; v) �
@f
@�

(� ; v); (� ; u)
�

�

�
�

K
@
@�

@g
@v

(� ; v) �
@f
@v

(� ; v) + K
@
@v

@f
@v

(� ; v) �
@g
@�

(� ; v); (� ; u)
�

�
:

As K is smooth, the statement of the theorem follows. �
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Hamiltonian Vector Fields. The smoothness structure of Hamiltonian vector �elds is
given as follows.

Pr oposition 4.5. The vector �eld X H is a Ck Hamiltonian vector �eld (with respect to
canonical weak symplectic form) on TQ of classCk if and only if H 2 K k (TQ). Moreover,

(4.3) X H (� ; v) =
�

� ; v;
@H
@v

; �
@H
@�

� �( � )(v;
@H
@v

)
�

:

Pro of. In local representation, we have

(4.4) 
( � ; e)(( e1; e2); (e3; e4)) = he1; e4i � � he2; e3i � + h�( � )(e;e3); e1i � � h�( � )(e;e1); e3i � :

Indeed,
D � he;e1i � e3 = h�( � )(e3; e1); ei � + h�( � )(e3; e); e1i � :

Substituting this expressioninto the formula for 
 and using the symmetry of � we obtain
the desiredresult. �

Let X H = (� ; v; e1; e2) be a Hamiltonian vector �eld, Z = (� ; v; u; w) 2 T( � ;v ) TQ be
arbitrary . Then


( X H ; Z ) = hw + �( � )(v; u); e1i � he2 + �( � )(v; e1); ui :

On the other hand, by lemma 4.1


( X H ; Z ) = dH � Z =
@H
@�

� T � Z +
@H
@v

K Z =
@H
@�

� (� ; u) +
@H
@v

� (� ; w + �( u; v)) :

Setting u = 0 and comparing the above expressionswe seethat @H
@v (� ; v) � (� ; w) =

he1; wi 8w 2 E: Similarly, setting w = 0 yields

@H
@�

(� ; v) � (� ; u) = � he2 + �( � )(v; e1); ui 8u 2 E:

Thus, H 2 K k .
Conversely, let H 2 K k . De�ning a vector �eld X H by formula 4.3 and substituting

into formula 4.4 one obtains for arbitrary vector Z 2 T( � ;v ) TQ


( X H ; Z ) =
�

@H
@v

; K Z
�

+
�

@H
@�

; T � Z
�

= dH � Z: �

Pr oposition 4.6. Let f ; g 2 K k be arbitrary. Then

f f ; gg = 
( X f ; X g):

Pro of. By Proposition 4.5, the vector �elds X f ; X g are de�ned whenever f f ; gg is.
Then


( X f ; X g) = df � X g =
@f
@�

� T � X g +
@f
@v

K X g =
@f
@�

�
@g
@v

�
@g
@�

�
@f
@v

= f f ; gg: �

Theorem 4.7. The bracket f �; �g is antisymmetric, bilinear, derivation on each factor
and makesK into a Lie-algebra.

Pro of. Antisymmetry, linearit y and property of being derivation follows directly from
the de�nition of the bracket. By Theorem 4.3 f� ; �g leaves K invariant. Then, Jacobi
identit y follows from Proposition 4.6 in the usual way, for exampleas in Marsden and Ratiu
[1999]. �

Now, TQ has both symplectic and Poissonstructures, and therefore two generally dif-
ferent de�nitions of Hamiltonian vector �elds. We need to check that in our casethese
coincide. To do so, let X P

f temporarily denote the Hamiltonian vector �eld with respect to
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Poissonstructure f �; �g and X f denotesthe Hamiltonian vector �eld with respect to canon-
ical symplectic form corresponding to function the f . Recall, that X P

f is de�ned asa vector
�eld such that

X P
f [h] = f h; f g 8h 2 K:

Thus, for all h 2 K,

X P
f [h] =

@h
@�

�
@f
@v

�
@h
@v

�
@f
@�

= dh � X P
f =

@h
@�

� T � X P
f +

@h
@v

� K X P
f

and therefore, T � X P
f = @f

@v and K X P
f = � @f

@� . Comparing this with formula 4.3, we see
that X f � X P

f . Finally, from the coordinate expression,it is easyto seethat X f is a well
de�ned Ck vector �eld for any f 2 K k .

Previously we established that classesK k are preserved under bracketing. Unfortu-
nately, for f 2 K k and a di�eomorphism  : TQ ! TQ the composition f �  doesnot have
to be in any classKm . One can, however, composewith symplectic di�e omorphisms.

Pr oposition 4.8. Let  be a symplectic Ck di�e omorphism, f 2 K k . Then f �  2 K k .

Pro of. We have
X f �  =  � (X f );

and so by Proposition 4.5, f �  2 K k . �

Pr oposition 4.9. Let Ft be a 
ow of a smooth Hamiltonian vector �eld on TQ. Then
Ft is a Poisson, i.e. for all f ; g 2 K

f f � Ft ; g � Ft g = f f ; gg � Ft :

Pro of. Ft is symplectic with respect to the weak Riemannian form. SinceFt preserves
classK, the statement follows from Jacobi identit y by the usual argument. �

5. Geometric Prop erties of the Flo w of the Euler Equations

As we stated earlier, in Ebin and Marsden [1970] it is shown that Ds
� carries a smooth

Riemannian connection, and therefore the results of the previous section apply. Therefore,
by thoseresults, the spaceTDs

� carriesa Poissonstructure (in the precisesensegiven there)

which we denote f �; �g. Let K , bK , eK stand for the corresponding connector maps on the
underlying manifold M , on Ds and Ds

� respectively, while r , br , er are the corresponding

connectionsand �, b�, e� are the corresponding Christo�el maps. In the following h�; �i denotes
the Riemannian metric on M , Ds , Ds

� and an induced scalar product on Xs
div = TeDs

�
depending on the context. The relationship betweenthesemetrics is given by 2.2.

Recall the notation from x3. Namely, let Ft be the 
o w of the spray on TDs
� , ~Ft denote

the 
o w of Euler equation on Xs
div and � : TDs

� ! Xs
div , � (� ; v) = v � � � 1. Recall also that

we have the commutativ e diagram

Pr oposition 5.1. The following diagram is commutative:

TDs
�

F t� � � � ! TDs
�

?
?
y �

?
?
y �

Xs
div

~F t� � � � ! Xs
div

Now we prepare and recall from Ebin and Marsden [1970] someuseful Lemmas.
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Lemma 5.2. Let � 2 Ds
� . De�ne R� : Ds

� ! Ds
� via R� (� ) = � � � ; 8� . Then

TR� � Ft (v) = Ft � TR� (v) 8v 2 TDs
� :

Pro of. Indeed, notice that

d
dt

(� t � � ; _� t � � ) = (� t � � ; _� t � � ; _� t � � ; •� t � � )

= TTR� (� t ; _� t ; _� t ; •� t ) = TTR� S(Ft (v))

= S(TR� Ft (v)) = S(� t � � ; _� t � � )

by right invariance of the spray. Thus, TR� Ft (v) = (� t � � ; _� t � � ) is an integral curve of S.
SinceTR� F0(v) = TR� (v), the statement of the Lemma follows from uniquenessof integral
curves. �

Recall that by de�nition, ~Ft (V ) = � � Ft (V ) for all V 2 TeDs
� = Xs

div . Let V = (� ; v) 2
TDs

� . Then, using the precedingLemma, we obtain

~Ft � � (V ) = � � Ft (� (V ))

= � � Ft � TR� � 1 (V ) = � � TR� � 1 � Ft (V ):

Notice, that � � TR� = � for any � 2 Ds
� . Indeed,

� � TR� (� ; v) = � (� � � ; v � � ) = (e;v � � � (� � � ) � 1)

= (e;v � � � � � 1 � � � 1) = (e;v � � � 1) = � (� ; v):

Thus � � TR� � 1 = � and the Proposition is proved. �

A PoissonStructure on the Lie Algebra. Now, we construct a Poissonbracket f �; �g+ on
Xs

div so that � is a Poissonmap. For f ; g : Xs
div ! R such that df ; dg : Xs

div ! Xr
div de�ne

f f ; gg+ (v) =


dg(v); r df (v) v

�
�



df (v); r dg(v) v

�
:

As in x4, de�ne

Kk ;s = f f 2 Ck+1 (Xs
div ; R) j df 2 Ck (Xs

div ; Xs
div )g

and

Kk ;s
r ;t = f f 2 Ck (Xs

div ; R) j df 2 Ck (Xr
div ; Xt

div )g:

Theorem 5.3. Let s > n=2+ 1. Then f �; �g+ is a bilinear map K k ;s � Kk ;s ! Kk ;s
s+1 ;s� 1

and a derivation on each factor. Moreover, it satis�es Jacobi identity on Xs+1
div , that is for

all f ; g; h 2 K k ;s , and v 2 Xs+1
div ,

O(v) :=
�

f ; f g; hg+

	
+

(v) +
�

h; f f ; gg+

	
+

(v) +
�

g; f h; f g+

	
+

(v) = 0:

Pro of. Let f ; g 2 K k ;s . Recall, that for r > n=2, H r (M ; R) is an algebra. Thus,
(u; v) ! r u v is a bilinear bounded map Xs

div � Xs
div ! Xs� 1

div (and Xs
div � Xs+1

div ! Xs
div ),

hencesmooth. This implies that

z(v) = f f ; gg+ (v) 2 Ck (Xs
div ; R):

Bilinearit y and derivation property of f� ; �g+ trivially follows from properties of d; r
and h�; �i .
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Now we calculate dz. Let v; u 2 Xs+1
div . Sincez 2 Ck (Xs

div ; R), the Fr�echet derivative of
z exists and coincideswith its Gateaux derivative. Thus, by bilinearit y of scalar product
and r ,

dz(v) � u =
d
dt

�
�
�
�
t =0

z(v + tu)

=


Ddg(v) � u; r df (v)v

�
+



dg(v); r D df (v) �u v

�

+


dg(v); r df (v) u

�
�



Ddf (v) � u; r dg(v) v

�

�


df (v); r D dg(v) �u v

�
�



df (v); r dg(v) u

�

Lemma 5.4. Let X 2 Xs
div , s > n=2 + 1, and let Y; W be H s vector �elds on M. Then

hY; r X W i = � hr X Y; W i :

Pro of. By the Sobolev theorems, X is a C1 vector �eld on M . By properties of the
Riemannian connection, for all m 2 M

hY; r X W i m = � hr X Y; W i m + X hY; W i m :

Thus,

hY; r X W i = � hr X Y; W i +
Z

M
X hY; W i m �:

Let Gt be a 
o w of X on M . SinceX is divergencefree, � is Gt invariant, i.e. G�
t (� ) = � ,

where G�
t denotesa pullback by Gt . Then

Z

M
X hY; W i m =

Z

M

d
dt t =0

hY; W i G t (m ) �

=
d
dt t =0

Z

M
hY; W i G t (m ) G�

t (� )

=
d
dt t =0

Z

M
G�

t (hY; W i m � )

=
d
dt t =0

Z

M
hY; W i m � = 0: �

Lemma 5.5. Let df 2 Ck (Xs
div ; Xt

div ), s; t � 0. Then for all u; v; w 2 Xs
div

hDdf (v) � u; wi = hDdf (v) � w; ui :

Pro of. We compute as follows:

hDdf (v) � u; wi =
d
dt t =0

hdf (v + tu); wi

=
d
dt t =0

d
dss=0

f (v + tu + sw)

=
d
dss=0

d
dt t =0

f (v + tu + sw)

= hDdf (v) � w; ui : �

Lemma 5.6. (The Hodge Decomposition; seeEbin and Marsden [1970]). Let X be an
H s vector �eld on M , s � 0. There is an H s+1 function � and an H s vector �eld Y with
Y divergence free, such that

X = grad� + Y

Further, the projection maps
Pe(X ) = Y

Q(X ) = grad�



THE LIE-POISSON STR UCTURE 293

are continuous linear maps on H s(M ; TM ). The decomposition is orthogonal in L 2 sense,
that is for all Z 2 Xs

div

(5.1) hZ; X i = hZ; Y i = hZ; PeX i

Lemma 5.7. There is a bilinear continuous map B : Xs
div � Xs+1

div ! Xs
div (s > n=2) such

that for all Z 2 Xs
div ; W 2 X s+1 ; Y 2 C(M ; TM )

hZ; r Y W i = hB (Z; W ); Y i

Pro of. Fix coordinate system f x i g on M and let gij denote components of metric
tensor, Z i denote components of vector �eld Z in the chosensystem. Let gij gj k = � k

i (as
usually, the summation on repeated indexesis understood). Then

hZ; r Y W i =
Z

M
gij Z i

�
@W j

@xk
Y k + � j

k r Y k W r
�

�

=
Z

M
gsm gmk gij Z i

�
@W j

@xk
+ � j

k r W r
�

Y s�

= hV; Y i ;

where

V m = gmk gij Z i
�

@W j

@xk
+ � j

k r W r
�

:

SinceH s is an algebra for s > n=2 it follows that V is an H s vector �eld. Now we set

B (Z; W ) = PeV

and use5.1. �

By Lemmata 5.4-5.7, we have

dz(v) � u =


Ddg(v) � Per df (v) v; u

�
+ hDdf (v) � B (dg(v); v); ui +



r df (v) dg(v); u

�

�


Ddf (v) � Per dg(v) v; u

�
+ hDdg(v) � B (df (v); v); ui +



r dg(v) df (v); u

�
:

Thus for any v 2 Xs+1
div ,

d f f ; gg+ (v) = Pe[r dg(v) df (v) � r df (v) dg(v)]

+ Ddf (v) � B (dg(v); v) � Ddg(v) � B (df (v); v)

+ Ddg(v) � Per df (v) v � Ddf (v) � Per dg(v) v;

and henced f f ; gg+ 2 Ck (Xs+1
div ; Xs� 1

div ) and f f ; gg+ 2 Kk ;s
s+1 ;s� 1.

Remark. If f ; g 2 K k ;s \ Kk ;s+1 , then v ! Per df (v) dg(v), v ! Per dg(v) df (v) are Ck as
maps Xs+1

div ! Xs
div , hencef f ; gg+ 2 Kk ;s

s+1 ;s .

Now we prove the Jacobi identit y. To simplify notation, we set

B f (v) = B (df (v); v); r f (v) = Per df (v) v:
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Moreover, since in the following argument all functions are evaluated at the same point
v 2 Xs+1

div , we will write B f ; r f ; df instead of B f (v), etc. By Lemmata 5.5-5.7, we obtain

Of gh (v) =
�

f ; f g; hg+

	
+

(v)

=


d f g; hg+ ; r f

�
�



B f ; d f g; hg+

�

=


d f g; hg+ ; r f � B f

�

= hPe[r dh dg � r dgdh]; r f � B f i + hDdg � (Bh � r h ); r f � B f i

+ hDdh � (r g � Bg); r f � B f i

= h[dh; dg]; r f � B f i + Dghf � Dhf g;

where Dghf = hDdg � (Bh � r h ); r f � B f i and [�; �] is a Lie bracket of vector �elds on M .
Notice that Lie bracket of divergencefree vector �elds is divergencefree.

For s > n=2 + 2

h[dh; dg]; r f � B f i = h[[dh(v); dg(v)] ; df (v)] ; vi :

Sinceterms of type D f gh cancelout in the Jacobi cycle

O(v) = Of gh (v) + Ohf g(v) + Oghf (v);

and sothe Jacobi identit y for bracket f� ; �g+ follows from the Jacobi identit y for vector �elds.
However, for n=2 + 1 < s � n=2 + 2 Lie bracket of dh(v) and dg(v) is an Xs� 1

div vector �eld,
hencemerely continuousand therefore [[dh(v); dg(v)] ; df (v)] may fail to exist. Therefore, in
this casemore care is needed.

Let

A f gh = hdf ; r dg r dh vi ;

Cf gh =


df ; r [dg;df ]v

�

With this notation in mind, by Lemma 5.4 and the Hodge decomposition

h[dh; dg]; r f i = hr dh dg � r dgdh; r df vi = � Aghf + Ahg f :

Similarly, by de�nition of B
h[dh; dg]; B f i = Cf hg :

By a well known formula for Riemannian connection,

r X r Y Z � r Y r X Z = r [X ;Y ]Z;

for all su�cien tly smooth vector �elds X ; Y; Z . Thus,

A f gh � A f hg = hdf ; r dg r dh v � r dh r df vi =


df ; r [dg;dh ]v

�
= Cf gh :

Thus,
�

f ; f g; hg+

	
+

= � Aghf + Ahg f � Cf hg + Dghf � Dhf g;

and so
�

f ; f g; hg+

	
+

+
�

h; f f ; gg+

	
+

+
�

g; f h; f g+

	
+

= � Aghf + Ahg f � Cf hg + Dghf � Dhf g

� A f gh + Agf h � Chg f + D f gh � Dghf

� Ahf g + A f hg � Cgf h + Dhf g � D f gh

= (Agf h � Aghf � Cgf h ) + (A f hg � A f gh � Cf hg )

+ (Ahg f � Ahf g � Chg f ) = 0: �
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Remark. If df (v); dh(v) 2 Xs
div , s > n=2 + 1, then by Lemma 5.4

f f ; hg+ (v) = h[dh(v); df (v)]; vi :

This shows that bracket f� ; �g+ is naturally related to Lie-Poissonbracket on (Xs
div )� .

Now we establish the relationship betweenPoissonbracket f� ; �g+ on Xs
div that we just

intro duced and Poissonbracket f� ; �g on Ds
� . For f ; h : Xs

div ! R de�ne

f R = f � � :

Theorem 5.8. De�ne the function spaces

Ck
r (Xs

div ) =
�

f 2 Ck (Xs
div ; R)

�
� df (v) 2 Xr

div 8v 2 Xs
div

	
;

and

Ck
r (TDs

� ) =
�

f 2 Ck (TDs
� ; R)

�
�
�
�
@f
@�

(v);
@f
@v

(v) 2 TD r
� 8v 2 TDs

�

�
:

Then f R 2 Ck
r (TDs+ k

� ) for f 2 Ck
r (Xs

div ) (r; s > n=2 + 1; k � 1) and for all f ; h 2
C1

r (X s); v 2 Xs+1
div

f f ; hg+ (v) = f f R ; hR g(v) = f f � � ; g � � g(v):

Pro of. Without lossof generality s � r . Since� is not even a C1 function Ds
� ! Xs

div
it is not obvious that f f R ; hR g is de�ned. However, di�eren tiating f R and hR as functions
TDs+ k

� ! TDs
� one obtains the required result.

Lemma 5.9. Under the assumptionsof the Theorem,

@f R

@v
(� ; v) = TR� df (� (� ; v)) :

Pro of. It is well known (Ebin and Marsden [1970]) that � 2 Ck (TDs+ k
� ; TDs

� ). Notice,
that for (� ; u) 2 TDs+ k

� ,

@�
@v

(� ; v) � (� ; u) =
d
dt t =0

� (� ; v + tu) = (e;v � � � 1; 0; u � � � 1)

where time derivative is taken in TDs
� . By lemma 4.1

@f R

@v
= df � eK

@�
@v

:

Thus, by right invariance of the metric on Ds
�

@f R

@v
(� ; v) � (� ; u) = df (v � � � 1) � eK (e;v � � � 1; 0; u � � � 1)

= df (v � � � 1) � (u � � � 1)

=


df (� (� ; v); u � � � 1�

e

= hTR� df (� (� ; v)) ; (� ; u)i � : �

Lemma 5.10. Under the assumptionsof the Theorem

@f R

@�
(� ; v) � (� ; u) = �

D
df (v � � � 1); eK [T(v � � � 1) � (u � � � 1)]

E

e

that is,
@f R

@�
(� ; v) = � TR� B f (� (� ; v)) :
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Pro of. First, we calculate @�
@� . Let (� ; u) 2 TDs+ k

� , (� t ; vt ) be a parallel translation of

(� ; v) with d
dt t =0 � t = u. Recall that

d
dt

� t
� 1 = � T � t

� 1 �
d
dt

� t � � t
� 1:

Then, by Lemma 4.2,

@�
@�

(� ; v) � (� ; u) =
d
dt t =0

� (� t ; vt ) =
d
dt t =0

vt � � t
� 1

= Tv0 �
d
dt t =0

� t
� 1 +

�
d
dt t =0

vt

�
� � � 1

0

= � Tv � T � � 1 � u � � � 1 �
�

d
dt t =0

vt

�
� � � 1:

Sinceconnection on Ds
� is right invariant, i.e.,

eK � TTR� = TR� � eK 8� 2 Ds
�

we have

eK
�

d
dt t =0

vt � � � 1
�

=
�

eK
d
dt t =0

vt

�
� � � 1 = 0:

By Lemma 4.1
@f R

@�
= df � eK

@�
@�

:

Combining above equalities together, we get

@f R

@�
(� ; v) � (� ; u) = � df � eK

�
T(v � � � 1) � (u � � � 1)

�
:

= �
D

df (v � � � 1); eK [T(v � � � 1) � (u � � � 1)]
E

e
:

We claim that for all X ; Y; Z 2 Xs
div

(5.2)
D

Z; eK [TX � Y ]
E

= hZ; r Y X i :

Recall that by construction (seeEbin and Marsden [1970]),

eK = P � bK ;

P = TR� � Pe � TR� 1
� ;

bK (Y ) = K � Y;

By a well known formula of di�eren tial geometry, we have

K � TX � Y = r Y X ;

and hence
eK [TX � Y ] = Pe[r Y X ]:

By the Hodge decomposition
D

Z; eK [TX � Y ]
E

= hZ; r Y X i = hB (Z; X ); Y i :

By the above developments and right invariance of metric on Ds
� , we have

@f R

@�
(� ; v) � (� ; u) = �



B f (v � � � 1); u � � � 1�

= � hTR� B f (� (� ; v)) ; ui � : �
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Calculating f f R ; hR g at v 2 Xs+1
div by Lemmata 5.9,5.10, we obtain

f f R ; hR g(v) = � hB f (v); dh(v)i + hBh (v); df (v)i

= �


df (v); r dh (v) v

�
+



dh(v); r df (v) v

�

= f df ; dhg+ (v): �

Pr oposition 5.11. Map � : TDs
� ! Xs

div is a Poisson map, i.e. for all f ; h 2 C1
r (Xs

div )
pointwise in TDs+1

� (r; s > n=2 + 1)

f f � � ; h � � g = f f ; hg+ � � :

Pro of. Since� is the identit y on Xs
div , the statement follows immediately from Theorem

5.8. �

Pr oposition 5.12. Let v 2 TD r
� and f ; g 2 C1(TD r

� ; R) are such that @f
@v (Ft (v)) ,

@f
@� (Ft (v)) , @g

@v (Ft (v)) , @g
@� (Ft (v)) 2 TDs

� , r ; s > n=2 + 1. Then

f f � Ft ; g � Ft g(v) = f f ; gg(Ft (v)) :

In particular, Ft preservesC1
s (TD r

� ) and for f ; h 2 K1;s pointwise in TDs+1
�

f f � � � Ft ; h � � � Ft g(v) = f f � � ; h � � g (Ft (v)) :

Pro of. Without lossof generality r � s. First, we notice that covariant partial deriva-
tiv esof f � Ft ; g � Ft at v are elements of TDs

� . Indeed,

@
@�

(g � Ft )(v) � u =
�

@g
@�

(Ft (v)) ; T e�
@Ft

@�
(v) � u

�
+

�
@g
@v

(Ft (v)) ; eK
@Ft

@�
(v) � u

�
:

There is a function ~g 2 K(TDs
� ) such that

@g
@v

(Ft (v)) =
@~g
@v

(Ft (v)) ;
@g
@�

(Ft (v)) =
@~g
@�

(Ft (v)) :

Thus,
@
@�

(g � Ft )(v) � u =
@
@�

(~g � Ft )(v) � u:

However, by Proposition 4.8 ~g � Ft 2 K(TDs
� ) for any ~g 2 K(TDs

� ), hence there is Zg 2
C1 (TDs

� ; TDs
� ) such that for all u,

@
@�

(g � Ft )(v) � u =
@
@�

(~g � Ft )(v) � u = hZg(v); ui :

In a similar sense,one shows that @
@v (f � Ft )(v) 2 TDs

� .
Thus, f f � Ft ; g � Ft g(v) is well de�ned and depends only on values of @f

@v ; @f
@� ; @g

@� ; @g
@v

calculated at point Ft (v). However, f f ; gg � Ft (v) also dependsonly on valuesof covariant
partial derivativesat Ft (v). Then, we choose ~f ; ~g 2 K(TDs

� ) such that

@f
@v

(Ft (v)) =
@~f
@v

(Ft (v))

@f
@�

(Ft (v)) =
@~f
@�

(Ft (v)) ;

@g
@v

(Ft (v)) =
@~g
@v

(Ft (v)) ;

@g
@�

(Ft (v)) =
@~g
@�

(Ft (v)) :
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The equality n
~f � Ft ; ~g � Ft

o
(v) =

n
~f ; ~g

o
� Ft (v)

follows from Proposition 4.9. By the precedingarguments, the sameholds if we replace ~f ; ~g
with f ; g. This concludesthe �rst part of the Proposition. The secondpart then follows. �

Theorem 5.13. The map ~Ft is Poisson with respect to the bracket f� ; �g+ .

Pro of. Let f ; h 2 K k ;s . Then f � � 2 C1
s (Xs+1

div ). By Proposition 5.12.

f � ~Ft = f � � � Ft 2 C1
s (Xs+1

div )

and we have pointwise in Xs+2
div :

n
f � ~Ft ; h � ~Ft

o

+
(Theorem 5.8)

=
n

f � ~Ft � � ; h � ~Ft � �
o

(Proposition 5.1 )

= f f � � � Ft ; h � � � Ft g (Proposition 5.12)

= f f � � ; h � � g � Ft (Proposition 5.11)

= f f ; hg+ � � � Ft = f f ; hg+ � ~Ft : �

6. Conclusions

In the previoussectionswesuccessfullyimplemented a nonsmooth Lie-Poissonreduction
technique for the study of the Euler equations of ideal 
uid 
o w. This enabledus to �nd a
precisesensein which the 
o w of Euler equation on the Lie algebraof divergencefree vector
�elds (parallel to the boundary of the 
uid region) is a Hamiltonian system in the Poisson
senseand that the 
o w consistsof Poissonmaps, despite the fact that this 
o w is believed
(as maps from H s to H s) to be continuous, but not di�eren tiable.

A key part of this processwasto intro ducea Poissonstructure on the spaceof divergence
free vector �elds. As one would expect from the bracket derived via a type of Lie-Poisson
reduction, this bracket is closely related to the formal Lie-Poissonbracket on the dual to
the Lie algebra of divergencefree vector �elds.

Even though we consideronly Euler's equation, the technique developed here is directly
applicable to several other important systems|those which can be written as an ODE on
groups of di�eomorphisms, such as the following:

(1) The Camassa-Holm(CH) equation on S1|see Camassaand Holm [1993]:

ut � utxx = � 3uux + 2ux uxx + uuxxx :

(2) The averagedEuler equations(or the LAE- � equations)|see Holm, Marsden, and Ratiu
[1998a,b]:

@t (1 � � 2�) u + (u � r )(1 � � 2�) u � � 2(r u)T � � u = � gradp;

wherediv u = 0 and u satis�es appropriate boundary conditions, such asthe no-slip
conditions u = 0 on @M .

(3) The EPDi� equation (also called the averagedtemplate matching equation) on a
compactmanifold M |see Holm and Marsden[2003] and Hirani, Marsden, and Arv o
[2001]:

ut � � 2� u + u(div u) � � 2(div u)� u + (u � r )u

� � 2(u � r )� u + (Du)T � u � � 2(Du)T � � u = 0;

with appropriate boundary conditions, such as the no-slip conditions u = 0 on
@M . The EPDi� equations reduceto the CH equations in the caseM = S1.
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Theseequationsmay bederivedasthe right reduction to the identit y of the geodesicmo-
tion on the appropriate Lie group (see,for example,Camassaand Holm [1993] and Misiolek
[1998, 2002] for the caseof the CH equations), and the preceding referencesfor the other
equations. The crucial technical fact that enablesour methods to work in both casesis the
smoothnessof the spray on the Lie group. For the caseof the CH equationsand the LAE- �
equations on regionswith no boundary, this is due to Shkoller [1998] and for regions with
boundary to Marsden, Ratiu, and Shkoller [2000]. For the caseof the EPDi� equations, a
rather convincing plausibilit y argument is given Holm and Marsden [2003].

One important direction in which we would like to pursue these ideas is that of non-
smooth solutions. Even for the ideal Euler equations, this is interesting becauseof the
singular solutions, such as point vortices, vortex �lamen ts and sheets. They clearly have
themselvesan interesting Poissonstructure, as was investigated by Marsden and Weinstein
[1983] and Langer and Perline [1991]. There are similar interesting singular solutions for the
EPDi� equations,whosegeometry is investigated in Holm and Marsden [2003]. It would be
very interesting if, on the smaller spacesappropriate for these classesof singular solutions
that are intro duced in thesereferences,the smooth spray property still holds and, if that is
the case,whether or not one could then carry out the program in the present paper.

Another interesting direction for the present research is to the caseof free boundary
problems,a notoriously di�cult casefor in�nite dimensionalPoissonstructures, even at the
formal level (seeLewis, Marsden, Montgomery, and Ratiu [1986], Kruse, Marsden, and Scheurle
[1993], Kruse, Mahalov, and Marsden [1999] and Bering [2000].)
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