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Abstra ct. This paper provides a precise sensein which the time t map for the Euler
equations of an ideal uid in a region in R" (or a smooth compact n-manifold with

boundary) is a Poisson map relativ e to the Lie-P oisson bracket asscciated with the group
of volume preserving di eomorphism group. This is interesting and nontrivial because
in Eulerian represertation, the time t maps need not be C* from the Sobolev classH S to
itself (where s> (n=2) + 1). The idea of how this dicult y is overcome is to exploit the
fact that one does have smoothness in the Lagrangian representation and then carefully

perform a Lie-P oisson reduction procedure.

1. Intro duction

Hamiltonian structures play a fundamental role in mathematical physics. It's enough
to recall a few examples: classical mecanics, electrodynamics, quantum mechanics, hy-
drodynamics and general relativity. However, when applying the classical methods and
technics of symplectic geometry to PDES, one facessigni cant di culties, both analytical
and conceptual.

Part of the problem is that symplectic forms that arise in many applications are weak
symplectic forms on in nite dimensional manifolds. More importantly, often integral curves
of PDEs are not di erentiable in time in the function spacesonewould normally use;in the
linear case,this correspondsto the fact that the operators involved are unbounded. Stock
examplesinclude the Euler and Klein-Gordon equations. When dealing with such systems
onehasto pay careful attention to domainsof de nitions asmany standard formulas become
only formal relationships. Their justi cation is often cumbersomeand requires somead hoc
methods.

The goal of this paper is to contribute to the dewvelopmert of techniquesthat are useful
for the treatment of nonlinear PDEs with non-di erentiable (in time) solutions and build a
framework that allows a systematic and rigorous study of such systemsand is applicable to
the broad range of physical phenomena. Previous work in this veinis Cherno and Marsden
[1974.

Speci cally, this article is dewoted to the study of the Euler equationsfor an ideal uid
on the compact manifold, the example that provides the main inspiration and motivation.
The goalis to understandin what exact sensg(if any) the o w generatedby Euler's equation
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consistsof Poissonmaps. Sincethe classicwork of Arnold Arnold [1964, it hasbeenknown
that formally the Euler equation could be viewed as a Hamiltonian system. (Exp ositions of
this may be found in Arnold and Khesin [19949 and Marsden and Ratiu [1999).

The work of Ebin and Marsden [197( showved the remarkable fact that in appropriate
function spaces,the ow of the Euler equationsin Lagrangian represetation (in Sobolev
function spacesH*® for s > (n=2) + 1) is given by a smooth vector eld and henceall
the di culties are resolved in that context. This work also shows that one can perform a
reduction (Euler-Poincarereduction) to Eulerian represenation to rigorously derive that the
solutions obtained this way satisfy the Euler equations (taking into accourt one derivative
lossdue to the reduction procedure).

>Fom the work of Ebin and Marsden [197(, the reduced o w of the Euler equationsin
H s are known to form a continuous o w in H* (both in time and in the initial velocity eld),
and regardedas maps from HS to HS 1, they are C1. Another remarkable property of the
solutions also follows from this samework|namely that the individual particle trajectories
are C! in time, a fact not so easyto seedirectly in Eulerian represenation (see Kato
[2000Q).

While aversionof the symplectic nature of the o w of the Euler equationsfollows directly
from the resultsin Ebin and Marsden[197( (taking into accourt the lossof onederivative),
it is not so clear that there is a well de ned Poisson sensefor the results. In fact, the
work of Lewis, Marsden, Montgomery, and Ratiu [198§ (and many subsequeh papers by
other authors) shaws that in the Poissoncontext, this derivative lossis a nontrivial issuein
de ning a good sensein which one hasa Poissonmanifold and in which the Euler equations
then de ne a Hamiltonian systemin the Poissonsense. The main purposesof this paper
is to || this gap by means of a nonsmaoth Lie-Poisson reduction procedure on appropriate
classesof functions.

This article has the following structure. In x2 we give important badkground infor-
mation on Euler equation and manifolds of di eomorphisms. Then, we recall the basic
ideas of Poissonreduction in x3. Our results are preseried in next two sections. In x4 we
prove that tangent bundle of a weak Riemannian manifold carries a Poissonstructure in an
appropriate sense,provided that the manifold possesses smath Riemannian connection.
The later requiremert is ful lled on the groups of di eomorphisms accordingto the work of
Ebin and Marsden[197Q. In x5 we utilize this result to shaw that the o w of Euler equation
is Poissonin an appropriate sense.We concludewith short discussionof preserted results
in x6.

2. Solutions of the Euler Equation

In this section we presert some classical results concerning the Euler equation that
motivated our study. The notation and exposition follows Ebin and Marsden [197(.

The Euler equationson compact manifold are traditionally formulated in the following
way. Let M be a compact Riemannian n-manifold possibly with boundary @1. Find a
time dependert vector eld u, (which hasan assaiated ow denoted ) suc that

(1) ug is a giveninitial condition with divug= 0
(2) The Euler equationshold:

(2.1) % +r U = gradp
for somescalar function p; : M ! R (the pressure),
(3) divu; = 0, and
(4) uis parallel to @V .
It is standard that above equation can be formally rewritten asan ODE on the spaceof
divergencereevector elds with aderivativeloss. But it wasdiscoveredby Ebin and Marsden
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[197Q that this is literally true with no derivative lossin Lagrangian represetation. We
recall how this proceeds.Let be avolume form on the manifold M. Let HS(M;N) denote
the spaceof mappings of Soholev classs from an n-manifold M to a manifold N. For
s> n=2+ 1, let

DS=f 2HS(M;M)j isbijectiveand '2HS(M;M)g and

D>=f 2D°%j = g

Then both DS; D3 are smooth in nite dimensional manifolds and topological groups, more-
over D® is a closedsubmanifold and a subgroup of DS.

Lete: TDS! DS and :TM ! M be the canonical projections and let e : M !
M; e(m) = m bethe identity elemen of the groups D%; D®. Then

TD*=fu2 HM;TM)j u= and uk@Mg

TeD® = X§, (M) = fu2 HS(M;TM)|j u=e;divu=0 and uk@g;

where X3, (M) denotesthe spaceof H® divergencefree vector elds on M that are parallel
to the boundary.
A given Riemannian metric on M inducesa right invariant weak Riemannian metric on
DS given by
z
(2.2) hX;Yi = X (m); Y (M)i () (M)
M

for X;Y 2 T D® where scalar product under the integral signis takenin M.
As was showvn in Ebin and Marsden[1970, D® possessea smooth Riemannian connec-
tion and, as a consequencea smooth spray, which we will denote S.

Pr oposition 2.1. (Ebin and Marsden[197() For s > (n=2)+ 1, the weak Riemannian
metric (2.2) hasa C! spray S: TDS! TTDS. LetF, : TDS! TDS be the (local, C!)
ow of S. Let v; = F{(up) (the material velaity eld) and = ~(v) (the particle position
eld). Then the solution of the Euler equation with initial condition u(0) = ug is given by

ur=ve 5

>Fom the properties of the di eomorphism group, one seesthat this result shows that

the Euler equations(2.1) are well-posedin H* in Eulerian represenation.

3. Motiv ation: The Poisson Reduction Theorem

First, recall the following basic and simple result about Poisson reduction (see, for
example, Marsden and Ratiu [1999).

Supposethat G is a Lie group that acts on a Poissonmanifold P and that for eath
g2 G the action map 4:P ! P isaPoissonmap. Supposethat the quotient P=G is a
smooth manifold and the projection :P ! P=Gis a submersion. Then, there is a unique
Poissonstructure f ; g on P=G suc that is a Poissonmap. It is given by

ff;kg =ff k gp 8k;f 2 F(P=G);

wheref ; gp is a Poissonbracket in P and F (P=G) is a set of smooth functions on P=G.
If Xy is a Hamiltonian vector eld for a G-invariant Hamiltonian H 2 F (P), then

also inducesreduction of dynamics. There is a function h 2 F(P=G) such that H = h

Since is a Poissonmap it transforms Xy on P to X on P=G, that is, T Xy = Xy,



284 SERGIY VASYLKEVYCH AND JERR OLD E. MARSDEN

Denoting the ow of Xy by F; and the ow of X, by F; we obtain commutativ e diagram

F‘I

< OVT
<-OVT

Ft

P=G "I P=G

Our strategy is to apply the above procedureto the context of uids. To do so,de ne
themap :TDS! X§, via
(sv)=v 5
where 2 DS;( ;v)2TDS®;, v= .LetF :X§, ! X§, begivenby
Fi(v) = Fe(v)

for v 2 X§, : By Proposition 2.1, F; is the ow of Euler equation on X3, , i.e. u; = Fi(uo)
satis es the Euler equations(2.1).

It is clear from the preceding developmerts that F; (asa ow of a spray) isa ow of
Hamiltonian vector eld on TDS. The following commutativ e diagram

Ft

TDS | TDS
? ?
9 %
y y

T.DS 1 T.DS

suggeststhat the o w of Euler equation itself, which is obtained from F; via Poissonreduc-
tion, should be a Hamiltonian ow in the senseof Poissonmanifolds and this is certainly
formally true (see,for instance Lewis, Marsden, Montgomery, and Ratiu [198§ for both the
caseconsideredhere as well asthe caseof free boundary problems).

However, as noted in this referenceand elsewhere there are di culties in nding the
right classof functions so that one gets a Poissonstructure in a precisesense. To justify
the formal insight in precisefunction spaces,one hasto overcometwo hurdles.

The rst hurdle is that TD?® is only a weak symplectic manifold, and therefore doesnot
necessarycarry a Poissonbracket in any obvious way without special ad hoc hypothesessuch
as\the neededfunctional derivativesexist" which have long beenrecognizedas awkward at
best.

The secondhurdle is that TDS is not a Lie group in the usual sense(left multiplication
is not smooth), and is not a smooth map (inversionin D* is not smooth). Therefore,
the well dewveloped theory of Poissonand Lie-Poissonreduction is not directly applicablein
this case,even though the lossof derivativesone su ers from thesetransformations is well
understood.

The main point of this paper is to resolve these di culties in what we believe is a
satisfactory way. We do this in the following sections.

4. Poisson Structures on Weak Riemannian Manifolds

Let Q be a weak Riemannian manifold modelled on Banach spaceE with metric h; i.
Then T Q possessea canonicalweak symplectic form that is givenin charts by the following
standard formula (see,e.g., Marsden and Ratiu [1999):

( ;e)(er;e);(es;eq)) = hep;eai hepyesi + D hejesi e3 D hejesi eg;
where 2 Q, e;er;er;e3;6e4 2 E.
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For a smooth function f : M ! R on a (strong) symplectic manifold (M; 1), let X;
denoteits Hamiltonian vector eld. Then

(4.1) ff;00= 1(Xt;Xyg)

makes(M;f ; g) into a Poissonmanifold.

Since is weak, formula 4.1 does not automatically de ne Poissonbracket ff;gg for
arbitrary functions f;g 2 F(TQ) since Xt ; Xy may fail to exist and even if they do, one
hasto make additional hypothesesto obtain the Jacobi identit y.

However, under the two additional hypothesis:

(1) Q hassmooth Riemannian connection;
(2) Theinclusion T Q! T Q (the literal dual space)via

v(u) = hv; ui 8u2TQ

is dense,
it will be showvn that one can de ne a Poissonbracket on the subalgebra
@ @ 1
K(TQ)= f2TQ —/— =2C (TQ;T
(TQ) Q @@ (TQ;TQ)

of F(TQ). Here %; % are covariant partial derivatives on TQ, the de nition of which
will be given below.

This newly de ned bracket makesK(TQ) into a Lie algeba and retains essential dy-
namical properties of a \true" Poisson bracket, including the Jacobi identity and the fact
that ows of Hamiltonian vector elds are Poissonmapsand, of course, enemy is conservel.
Moreover, we will show that the bracket indeed s related to the canonical weak symplectic
form in the way that onewould expect. In the following we assumethat conditions (1) and
(2) are satis ed.

Covariant Partial Derivatives.First, we introduce covariant partial derivativeson TQ.
Let :TQ! Qand ;:TTQ! TQ benatural projections, :Q U E E! E bea
Christoel mapandK : TTQ! TQ be a connectormap. In local represeration,

K(sviuw) = (swH+ (O )(vsu):
Dene :TTQ! TQL TQL TQ by
= (1T ;K):

It is standard that is a di eomorphism (seeEliasson[1967). ForH : TQ! R we set

%(V) W = dH HV;W;0) 8V;W 2 T4Q;

%(V) W = dH LV;o;wW) 8V;W 2 T,Q:
In local represenation, this reads
@

@ (W (w=dH v su)i(50))
=dH (;v;u; (O )(viu));
and
T Gw=dH HGC0i(w)
=dH ( ;v;0;w)):
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Similarly, for :TQ! TQ; wedene ;& :7Q! L(TQ:TTQ,) (hereL(TQ;TTQ) s
the spaceof linear mapsTQ! TTQ;) by

%(V) wW=T HV;W;0) 8V;W 2 T4Q;
@ _ 1\ O . .
@(V) wW=T (V;0;W) 8V, W 2 T,Q:

The following Lemmas are readily veri ed.

Lemma 4.1 LetX beavector eld onTQ, Y beavector eld onTQ,, :TQ;! TQ.
Then

_ e @ .
dH X = @ T (X)+ @ K (X);
ad ) ., _ @ . .
@ Y = dH @ Y ;
ad ) . @
@ Y = dH @ Y
Lemma 4.2. For H 2 C(TQ;R), we have
e e d Y-
(W CGw= g Huw;
i = @ : :
@( !V) ( ,W)— atZOH( ,V+tW),
whee ( ;) is the parallel translation of ( ;v) along the curve  with 9(0) = u.
Let
k - k+1 . Q@ k .
K(TQ)= f2C"*(TQ;R) @@ 2CYTQ;TQ)
Now we can de ne the bracket f ; g via
ool = B D @ @ .
(4.2) ffi99( ;v) = @( V) @V( V) @( V) @( V)

Preliminaries on the PoissonStructure. The following is the rst main result.

Theorem 4.3. The bracket (4.2) mapsKX K™ into KMn(km) 1 andalsomapsK K
into K.

Remark. By de nition of the covariant partial derivatives, %; % :TQ! T Q for
h:TQ! R. The theorem assertsthat if h = ff;gg then, in fact, %( iV); %( V)2 TQ,
i.e. thereareZ( ;v);Y( ;v) 2 T Q sudc that

@, oy @
@(,V)X—I’IZ,XI, @(,V)X hz;Xi 8X2TQ

and the maps( ;v)! Z( ;v);Y( ;v) have appropriate smoothness.
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Pro of. De ne operator = =K é’—t This de nition extends the usual notion of co-
variant derivative from vector elds along curveson Q to arbitrary curveson TQ. Let
f;0: TQ! Randh=ff;gg. Choosing( t;Vv) asin Lemma 4.2, we obtain

%( V) ()

- %tzo %( t;vt);%( V) | %tzo g( 6V @( V) t

= %I:O%( t;vt);%( V) o+ Q( v); dE @( t:Vt)
%tog(t;w);@( V) —( Ettog(t vi)

K——( V) (u); @( )+ K—@( V) (u); —( )

@@J : oy @
@tV () ( v) K@@( V) Guig (V)

To proceedfurther, we needto calculate the quartit y
@@
K=—=—(;v yuy; (Csw)
@@( ) (su)i(iw)

where ( ;w) is an arbitrary elemen of T Q. Let ( s;Vs) be a parametric surfacein TQ
with the following properties:

@) & .., 0= o0ivoo)= (V)

(2) ( to;Vio) is a parallel translation of ( ;V);

(3) ( to; W) is a parallel translation of ( go;Wo) = ( ;W);

@) &, s=wforals;

(5) ( ts;Vis) is a parallel translation of ( o;Vto) for all s.

Then, keepingin mind Lemmas 4.1, 4.2 and symmetry of Riemannian connection, one
cheds the following:

@@, ... . _ D @, . .
K @@( V) (u)(sw) = dat . @( t0;Ve0); ( ;w)
d
= tiso %( 105 Vt0); (105 Wt) |
_d d d d _ . d d _
= at_o dSeco (s Vis)= dseco dtie f(isiVis)= d_Ss:Od atzo(ts,vts)
_d @ _ d _ @ _ d .
= % ] @( 0s; Vos) Kﬁt:o( tsiVis) + @( os;Vos) T at:o( ts ) Vis)
) #
- d @ ., 0D . @, . ..d
T ds - @( OS’VOS)’at:O( ts Vis) Os+ @( 0s: Vos); == s .
b @ . @, . D D _
d_Ss:O —( o0s; Vos); dt - ( t0; Vt0) + @( iV); d_Ss:O at t:0( ts s Vis)
D @ , @, .,D d
dss=0 @

0s VOs)u atzo to @( ,V), d_S o atzo ts
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Lemma 4.4. (seeDo Carmo [1997). Let R denotethe Ricci curvature tensor. Then
DD DD d d
d_sa( ts;Vts) = ad_s( ts:Vis) + R(a 55 5 ts)( ts;Vis);

bd bd .
dsdt ® ~ dtds ®

By construction of ( s;Vis), we have 5—t 10 ( t0:Vto) = 0. Applying lemma 4.4 we

obtain
D D d q
d_Ss:O dt t:o( ts;Vis) = R at - t0s ds o os (V)= R((;u);(sw)( ;v);
D d D
dss=o dt t=0 © at=0( ;W) = 0:
Thus,

@@ . (-
Kaa( V) Gulw

0+ %uwmuwumxm

£ K2 Gy +0

@@, . (- W@ (-
K@@( ,V) ( !W)!( ,U) R(( !V)!@( !V))( !W)!( ,U)
by Bianchi's identity. Similar calculations yield

@@, ., .. _ L@@, .
Kggl W Cwilw = KzZZ(v) (Wi

@@ , . (- @a . - (-
K@@( ,V) (,U),(,W) K@@(,V) (,W),(,U)

Substituting this into the formulas for @ and using Bianchi's identit y once again, we

get ¢
%( V) (su)= Kg%( 1V) %( V) + K@@%( ;V) %( V)i (su)
K@@%( V) %( V) + K@@%( ;V) %( V), (su)
+ R(%;%) (v)i(su)
Similarly,
TUW (0= Kgo (W) G+ Ko d () 2wy
K@@%( V) %( V) + K@@%( ;V) %( V), (su)

As K is smooth, the statemert of the theorem follows.
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Hamiltonian Vector Fields. The smoothness structure of Hamiltonian vector elds is
given as follows.

Pr oposition 4.5. The vector eld Xy is a C¥ Hamiltonian vector eld (with respct to
canonical weak sympletic form) on TQ of classCK if and only if H 2 KX(TQ). Moreover,

@, & @
,V,@, @ ( )(v,@)
Pro of. In local represertation, we have
(4.4) ( ;e)((er;e);(es;eq)) = herjesi hexiesi + h( )(ejes);eni h( )(ejer);esi
Indeed,

(4.3) Xu(;v)=

D hejeii es= h( )(es;er);ei + h( )(es;e);ei
Substituting this expressioninto the formula for and using the symmetry of we obtain
the desiredresult.

Let Xy = ( ;v;er;e2) be a Hamiltonian vector eld, Z = ( ;v;u;w) 2 T ) TQ be
arbitrary . Then

( Xu;Z)=hw+ ( )v;u);eri heo+ ( )(v;er);ui:
On the other hand, by lemma 4.1

( Xy;Z)=dH Z:% T Z+ %KZ:% (;u)+% (sw+ (uv):

Setting u = 0 and comparing the above expressionswe seethat %( v) (;w) =
he;;wi 8w 2 E: Similarly, setting w = 0 yields

%( V) (;u)= hex+ ( )(v;er);ui 8u2E:

Thus, H 2 KK,
Conversely let H 2 KK. Dening a vector eld Xy by formula 4.3 and substituting
into formula 4.4 one obtains for arbitrary vectorZ 2 T ., TQ

oy @ @ _ .
( Xu;2)= @,KZ + @,TZ dH Z:

Pr oposition 4.6. Let f;g2 KK be arbitrary. Then
ffig9= ( X1;Xg):

Pro of. By Proposition 4.5, the vector elds X;;X4 are de ned whenewer ff;gg is.
Then
@ @ @ @ @ @
— T Xg+ =KXg= = = — —=1ff;g0
@ e "ew@ @ a ¥

Theorem 4.7. The bracketf ; g is antisymmetric, bilinear, derivation on each factor
and makesK into a Lie-algebia.

Pro of. Antisymmetry, linearity and property of being derivation follows directly from
the de nition of the bracket. By Theorem 4.3 f ; g leaves K invariant. Then, Jacobi
identit y follows from Proposition 4.6 in the usual way, for exampleasin Marsden and Ratiu
[1999.

Now, TQ has both symplectic and Poissonstructures, and therefore two generally dif-
ferent de nitions of Hamiltonian vector elds. We needto ched that in our casethese
coincide. To do so, let X{ temporarily denote the Hamiltonian vector eld with respect to
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Poissonstructure f ; g and Xt denotesthe Hamiltonian vector eld with respectto canon-
ical symplectic form corresponding to function the f . Recall, that X is de ned asa vector
eld sud that

XP[h=fh;fg 8h2K:
Thus, for all h 2 K,

wn-29 ¢ ¢
= dh xfngxf+% KXF
a

and therefore, T X = % and KXF = . Comparing this with formula 4.3, we see
that X  XF. Finally, from the coordinate expression,it is easyto seethat X is a well

de ned CK vector eld for any f 2 KX,

Previously we established that classesk® are presened under bracketing. Unfortu-
nately, for f 2 KK and a di eomorphism :TQ! TQ the composition f doesnot have
to be in any classK™. One can, however, composewith symplectic di e omorphisms.

Pr oposition 4.8. Let be a sympletic C¥ di e omorphism,f 2 KX, Thenf 2 Kk,

Pro of. We have
Xe = (Xg);
and so by Proposition 4.5, f 2 KK,

Pr oposition 4.9. Let F; be a ow of a smath Hamiltonian vector eld on TQ. Then
F; is a Poisson,i.e. for all f;g2 K

ff Fgg Fig=ff;g9 Fi:

Pro of. F; is symplectic with respect to the weak Riemannian form. SinceF; presenes
classK, the statemert follows from Jacobi identit y by the usual argumert.

5. Geometric Prop erties of the Flow of the Euler Equations

As we stated earlier, in Ebin and Marsden [197Q it is shovn that DS carries a smooth
Riemannian connection, and therefore the results of the previous section apply. Therefore,
by thoseresults, the spaceTD*® carriesa Poissonstructure (in the precisesensegiven there)
which we denotef ; g. Let K, R, 1€ stand for the corresponding connector maps on the
underlying manifold M, on DS and DS respectively, while r , P, € arethe corresponding
connectionsand , P € arethe corresponding Christo el maps. In the following h; i denotes
the Riemannian metric on M, D%, D® and an induced scalar product on X§, = TeD?®
depending on the context. The relationship betweenthese metrics is given by 2.2.

Recall the notation from x3. Namely, let F; be the ow of the spray on TD?®, F; denote
the ow of Euler equationon X3, and :TD®! X3,, (;v)=vV 1. Recall also that
we have the commutativ e diagram

Pr oposition 5.1 The following diagram is commutative:
Ft

TDS I TDS
2 2
? ?
y y

Ft
Xgiv ! ><fiiv

Now we prepare and recall from Ebin and Marsden [197( someuseful Lemmas.
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Lemma 5.2 Let 2D°. Dene R :D5! DSviaR ()= ; 8 . Then
TR Fy(v)=F TR (v) 8v2TDS:
Pro of. Indeed, notice that
%(t b1 )=Ce s 1o )
TTR (t; 15 15 %) = TTR S(Ft(Vv))
S(TRF(v)=S(t 51 )

by right invariance of the spray. Thus, TR Fi(v) = (¢ ; 1 ) isanintegral curve of S.
SinceTR Fp(v) = TR (v), the statement of the Lemma follows from uniquenessof integral
curves.

Recall that by de nition, F (V) = Fi(V) forall V 2 TeD® = X§;,. LetV = (;v) 2
TDS. Then, using the precedingLemma, we obtain
Foo (V)= F( (V)
= Fi. TR (V)= TR 1 F(V):

Notice, that TR = forany 2 DS. Indeed,
( v )=(ev C )h

= (ev oY= (ev Y= (v

TR ( ;V)

Thus TR 1= andthe Proposition is proved.

A PoissonStructure on the Lie Algebra. Now, we construct a Poissonbracket f ; g, on
Siy sothat is aPoissonmap. For f;g: X5, ! Rsudthat d;dg: X5, ! X, dene

ff;00, (V) = do(v);r ¢ Vv d (V)i gV -
As in x4, de ne
KK = ff 2 CH (X3 i R) j df 2 CH(XSy i X5 )9
and
KIS = £ 2 CH(X§, i R) j df 2 C*(XGy s XGy o

Theorem 5.3. Lets> n=2+ 1. Thenf ; g, is a bilinear map K*:s  Kks 1 K& ;
and a derivation on each factor. Moreover, it satis es Jacobi identity on X5, that is for
all f;g;h 2 Kks, andv 2 x5t

div
O(v) := fifgihg, ., (V) + h;ff;gg, , (V+ gfhifg, L (v)=0
Pro of. Let f;g 2 KXs. Recall, that for r > n=2, H"(M;R) is an algebra. Thus,

(u;v) ! 1V is a bilinear bounded map X§, X, ! Xg,' (and X§, XG' ! X§,),
hencesmooth. This implies that

2(v) = ff;g9, (v) 2 C*(X3, i R):

Bilinearity and derivation property of f ; g, trivially follows from properties of d;r
and h; i.
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Now we calculate dz. Let v;u 2 X5t . Sincez 2 CK(X$, ;R), the Fredhet derivative of
z exists and coincideswith its Gateaux derivative. Thus, by bilinearity of scalar product
andr ,

d
dz(v) u= g . z(v + tu)

= Ddg(v) u;r ¢V + dg(V);r pa (v) uV
+.dg(V);r ¢ (U Dd (V) ur ggwV
d (v);r Ddg(v) uV d(v);r dg(v)U
Lemma 5.4. Let X 2 X§,,, s> n=2+ 1, and let Y; W be H*® vector elds on M. Then
hY;r xWi= h xY;Wi:
Pro of. By the Sololev theorems, X is a C* vector eld on M. By properties of the
Riemannian connection, for all m 2 M
h;r x Wi, = hr x VWi + X hY; Wi
Thus, z

hY;r xWi= hrxY;Wi+ X hY; Wi
M
Let G; bea ow of X on M. SinceX is divergencefree, is G; invariant, i.e. G,( )= ,

where G, denotesa pl%lback by G;. Th%n

hy; Wi
0 G (m)

2o

X hY; Wi, =
M

4

Sla 2o Sa

hY: Wi, m) G ()

n

o
N

<

G, (hW; Wi )

=
o

N
<

hy,Wi_, =0
M

Lemma 5.5. Letd 2 CX(X§,: X}, ), sit 0. Then for all u;v;w 2 X5,
Dd (v) u;wi = DA (v) w;ui:

P
I}
o

Pro of. We compute as follows:

Dd (v) u;wi

tico hd (v + tu);wi

d d
= Gtico d_Ss:Of (v+ tu+ sw)
d d
B d_SS:O at:of (V tu SW)

Dd (v) w;ui:

Lemma 5.6. (The Hodge Decomposition; seeEbin and Marsden [197(). Let X be an
HS vector eld on M, s 0. Thereis an HS*! function and an HS vector eld Y with
Y divergene free, suchthat
X =grad +Y
Further, the projection maps
Pe(X) =Y

Q(X) = grad
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are continuous linear mapson H$(M; TM). The decomposition is orthogonal in L? sense,
that is for all Z 2 X3,

(5.1) RZ;Xi = hRZ;Yi = iZ; PeXi

Lemma 5.7. There is a bilinear continuous mapB : X§, X3! ! X§, (s> n=2) such
that for all Z 2 X5, ;W 2 X5*1;Y 2 C(M;TM)

iv !

hz;r yWi=hB(Z;W);Yi

Pro of. Fix coordinate system fxjg on M and let g; denote componerts of metric
tensor, Z' denote componerts of vector eld Z in the chosensystem. Let g; gk = K (as
usually, the summation on repeated indexesis understood). Then

Z _
Coavi )

p 20— YR+ L YRwe

" Ji & kr

) i .
gsmgmkgijzl @V + JkrWr Ys
M @
hv;Yi;

W;r yWi

z

where

) i )
vm = gmkgij Zi %4_ JkrWr

SinceH S is an algebrafor s > n=2 it follows that V is an H® vector eld. Now we set
B(Z;W) = PV

and use5.1

By Lemmata 5.4-5.7, we have

dz(v) u= Ddg(v) Per ¢ )Vviu + hDd (v) B(dg(v);v);ui + r 4 ,ydg(v);u
Dd (V) Per ggyVv;u + MDdg(v) B(d (v);v);ui + 1 ggud (V);u :

Thus for any v 2 X5t

dff;99, (V) = Pelr gguyd (V) T & (vdg(V)]
+ Dd (v) B(dg(v);v) Ddg(v) B(d (v);Vv)
+ Ddg(V) Per o (v)V Dd (V) Per dg(v) Vs

and hencedff;gg, 2 CK(X5; x5, and ff;gg, 2 KES 5 4.
Remark. If f;g2 KKS\ KKS*1 then v! Per ¢ (ydg(v), V! Per gq)d (v) are Ck as

maps X5t 1 XS, , henceff;gg, 2 K& .

Now we prove the Jacobiidentity. To simplify notation, we set

Br (v) = B(dF (V);V); 1 (V) = Per ¢ (Vs
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Moreover, since in the following argumenrt all functions are evaluated at the same point
V2 ng\,l , we will write Bs;r ;;d instead of B¢ (v), etc. By Lemmata 5.5-5.7, we obtain

Ofgn(v) = fifghg, |, (V)

dfgihg, ;r Br;dfg;hg,

dfg;hg, ;r¢+ Bs

MPelr andg 1 ggdh];r ¢+ Bri+ Ddg (Bn rn);r¢ Byl
+ Ddh (rg Bg);r¢ Byi

Hdh;dgl;r +  Bfi+ Dgnt Dt g;

whereDgny = Ddg (Bh rn);r¢ Bsiand[; ]is aLie bracket of vector elds on M.
Notice that Lie bracket of divergencefree vector elds is divergencefree.
Fors> n=2+ 2

Hdh;dgl;r ¢ Bri = Hldh(v);dg(V)]; d (V)] ;vi:
Sinceterms of type D¢ gy cancelout in the Jacobi cycle
O(V) = Of gn(V) + Ot g(V) + Ogns (V);

and sothe Jacobiidentit y for bracket f ; g, followsfrom the Jacobiidentity for vector elds.

However, for n=2+ 1< s n=2+ 2 Lie bracket of dh(v) and dg(v) is an invl vector eld,
hencemerely cortin uous and therefore [[dh(v); dg(v)] ; d (v)] may fail to exist. Therefore, in
this casemore care is needed.

Let

Atgh = ;1 ggr gnVvi;
Cigh = o1 [agiarV
With this notation in mind, by Lemma 5.4 and the Hodge decomposition
Hdh;dgl;r ¢i = hr gndg 1 ggdh;r g Vi = Agni + Apgt:
Similarly, by de nition of B
Hdh;dg]; Bti = Ctng:
By a well known formula for Riemannian connection,
FrxrvZ 1yl xZ=rxyZ;
for all su cien tly smooth vector elds X;Y;Z. Thus,
Afgh  Atng = hdir ggf ahV 1 anl o Vi = ;1 [gg.anV = Cign:
Thus,
fifghg, ., = Agnt + Angt  Cing + Dgnt  Dnrgs
and so
fifogrhg, , + hffige, , + gfhifg, |
Aght + Angt  Cing + Dgnt  Dhrg
Atgh + Agth Chgt + Digh  Dgne
Antg+ Afhg Cgth+ Dnfg Dign
(Agin  Aght  Cgin) * (Athg  Afgn  Cing)
+ (Angt  Anfg Cngt) = 0
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Remark. If d (v);dh(v) 2 X3, , s> n=2+ 1, then by Lemma5.4
ff;hg, (v) = Hdh(v);d (V)]; vi :
This shows that bracket f ; g, is naturally related to Lie-Poissonbracket on (X3, ) .

Now we establish the relationship betweenPoissonbracket f ; g, on X§, that we just
introduced and Poissonbracket f ; gon DS. Forf;h:X§, ! R dene

fR =f
Theorem 5.8. De ne the function spaces
Cr(X§v) = 2 CNX§yiR) d (v) 2 X, 8V 2 X3y

and

@
@
Then fr 2 CK(TDS*X) for f 2 CK(XS,) (r;s > n=2+ Lk 1) and for all f;h 2
CH(X®);v2 X5t

CX(TDS)= f 2 CX(TDS;R) (v);%(v)ZTDrSVZTDS

ffihg, (v) = ffrihrg(v) = ff g g(v):

Pro of. Without lossof generality s r. Since is not evena C! function DS ! X3,
it is not obvious that ffg;hrg is de ned. However, dierentiating fr and hg asfunctions
TDS*kK1 TDS one obtains the required result.

Lemma 5.9. Under the assumptionsof the Theorem,
@r
—(;v=TR d& V)):
@( ) (%)

Pro of. It is well known (Ebin and Marsden[197Q) that 2 CX(TDs*k;TDS®). Notice,
that for ( ;u) 2 TDS*k,

%( V) (u)= d (;v+tu)= (e;v L0ou h

dti=o
where time derivative is takenin TD®. By lemma4.1
@r @
—=d Kk—:
@ @

Thus, by right invariance of the metric on DS

%( V) (suy=d Y KBev Lou b
d(v H@u H

d( (;v);u v

TR o ( (;v);( ;u)i

Lemma 5.10. Under the assumptionsof the Theorem
@r D E
@( V) (sw= d(v Y RIM ) U )] .

that is,
%( V)= TR B ( (;V):
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Pro of. First, we calculate %. Let ( ;u) 2 TDS*X, ( {;v) be a parallel translation of
( ;v) with & = u. Recall that

dt t=0
d d
& t =7 t ! & t t !
Then, by Lemma 4.2,
@ . Ly d oy - d 1
@( V) (u)= dtizo (;w)= dtt:OVt t
= —_ + =
Tvo dti=o ' dte=o 0
- tvT ty 4 Vi !
dtt=o0

Since connectionon D? is right invariant, i.e.,

K TTR =TR K 8 2D°

we have
d 1 _ d 1_ A
|€ at:OVt = leatzo\/t =0
By Lemma 4.1
@r @
—=d K=
@ @

Combining above equalities together, we get

%(;v)(;u)= TV Yo Y

D E
= d(v  HRTV H @ N

We claim that for all X;Y;Z 2 X§,
(5.2) DZ;I@[TX Y] =hz;r yXi:
Recall that by construction (seeEbin and Marsden [197Q),
k=P 10;
P=TR P. TR %
R(Y)=K V;
By a well known formula of di erential geometry, we have
K TX Y=ryX,;

and hence
BRITX Y]= Pefr vX1I:

By the Hodge decomposition
D E
Z;R[TX Y] =hzZ;r yXi=hB(Z;X);Yi:

By the above dewvelopmerts and right invariance of metric on DS, we have

%( V) (= Bi(v  u = KR B( ()i
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Calculating ffr;hrg at v 2 in‘:,l by Lemmata 5.9,5.10, we obtain
ffrihrg(v) = Bt (v);dh(v)i + MBr(v); d (V)i
d (V);r agh)v + dh(v);r ¢V
fd;dhg, (v):

Pr oposition 5.11 Map :TDS! X§, isaPoissonmap,i.e. for all f;h 2 CH(XS,)
pointwise in TDS*! (r;s> n=2+ 1)

ff ;h g=1ff;hg,

Pro of. Since isthe identity on X3, , the statemert followsimmediately from Theorem
5.8

Pr oposition 5.12 Letv 2 TD" and f;g 2 C(TD";R) are such that %(Ft(v)) ,
9 (F(v), 2(Fi(v), 2(Fi(v)) 2 TD®, ;s> n=2+ 1. Then

ff Fig Feg(v) = ff;99(Fi(v):
In particular, F; preservesCl(TD") and for f;h 2 K% pointwise in TDS*!

ff Fe;h Fig(v) = ff  ;h  g(F(v)):

Pro of. Without lossof generality r  s. First, we notice that covariant partial deriva-
tivesof f F;g F; atv are elemens of TDS. Indeed,

@@(g FO(W) u= %(Ft(v)me%(v) u o %(Ft(v»;re%(v) U
There is a function g2 K(TD?®) such that
%(Ft(v» = %(Ft(v»; %(Ft(v» g %(Ft(v»:

Thus,
@@(g FO(W) u= g(g FO(v) u:

However, by Proposition 4.8 ¢ F; 2 K(TD?®) for any g 2 K(TD*®), hencethere is Zy4 2
C! (TDS;TDS) sud that for all u,

B ram u= e R u= 2w

In a similar sense,one shows that g(f Fi)(v) 2 TDS.

Thus, ff F¢;g Fig(v) is well de ned and depends only on values of %;
calculated at point F;(v). However, ff;gg F:(v) alsodependsonly on values of
partial derivativesat F;(v). Then, we choosef™; g2 K(TD?) suc that

@.
@ -l
ovarial

o@
@

(@]
>
—

%(Ft(v» g %(Ft(v»

%(Ft(v)) g g(Ft(v));
DR = SEW;
@

DFw = 2E
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The equality n o n o

~ Fug Fe (V= fig F(v)

follows from Propaosition 4.9. By the precedingargumerts, the sameholds if we replacef™ g
with f;g. This concludesthe rst part of the Proposition. The secondpart then follows.

Theorem 5.13 The map F; is Poisson with respect to the bracketf ; g, .

Pro of. Let f;h 2 KKS, Then f 2 CX(X§1). By Proposition 5.12
f Fi=f Fr 2 CI(X5E
and we have pointwiﬁe in X542
f Fi;h F (Theorem 5.8)
+

n 0
= f /R ;h R (Proposition 5.1)

ff Fi;h Fig (Proposition 5.12
= ff ;h g F¢ (Proposition 5.11)
= ff;hg, Fi = ff;hg, Fu

6. Conclusions

In the previous sectionswe successfullyimplemented a nonsmaoth Lie-Poissonreduction
technique for the study of the Euler equationsof ideal uid ow. This enabledusto nd a
precisesensein which the o w of Euler equation on the Lie algebraof divergencefree vector
elds (parallel to the boundary of the uid region) is a Hamiltonian systemin the Poisson
senseand that the ow consistsof Poissonmaps, despite the fact that this o w is believed
(as mapsfrom HS to HS) to be continuous, but not di eren tiable.

A key part of this processwasto intro ducea Poissonstructure on the spaceof divergence
free vector elds. As onewould expect from the bracket derived via a type of Lie-Poisson
reduction, this bracket is closely related to the formal Lie-Poissonbracket on the dual to
the Lie algebra of divergencefree vector elds.

Eventhough we consideronly Euler's equation, the technique developed hereis directly
applicable to seweral other important systems|those which can be written asan ODE on
groups of di eomorphisms, such asthe following:

(1) The Camassa-Holm(CH) equation on St|see Camassaand Holm [1993:
Ut Ux =  3UUx + 2UxUxx T Ulyyx -

(2) The averagedEuler equations(or the LAE- equations)|see Holm, Marsden, and Ratiu
[1998ab]:

@1 ?*)u+@r)r *)u *ruw’ u= gradp;

wherediv u = 0and u satis es appropriate boundary conditions, such asthe no-slip
conditionsu = 0 on @M .

(3) The EPDi equation (also called the averagedtemplate matching equation) on a
compactmanifold M |[see Holm and Marsden[2003 and Hirani, Marsden, and Arvo
[2001:

Uy 2

u+u(divu)  ?(divu) u+(u r)u
2ur) u+ ODW" u  ?Du’ u=o;

with appropriate boundary conditions, such as the no-slip conditions u = 0 on
@ . The EPDi equationsreduceto the CH equationsin the caseM = S1.
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Theseequationsmay be derived asthe right reduction to the identit y of the geadesicmo-
tion on the appropriate Lie group (see,for example, Camassaand Holm [1993 and Misiolek
[1998 2007 for the caseof the CH equations), and the precedingreferencesfor the other
equations. The crucial technical fact that enablesour methods to work in both casess the
smoothnessof the spray on the Lie group. For the caseof the CH equationsand the LAE-
equations on regionswith no boundary, this is due to Shkoller [1999 and for regions with
boundary to Marsden, Ratiu, and Shkoller [200Q. For the caseof the EPDi equations, a
rather corvincing plausibility argumert is given Holm and Marsden [2003.

One important direction in which we would like to pursue theseideasis that of non-
smooth solutions. Even for the ideal Euler equations, this is interesting becauseof the
singular solutions, sud as point vortices, vortex laments and sheets. They clearly have
themselvesan interesting Poissonstructure, aswasinvestigated by Marsden and Weinstein
[1983 and Langer and Perline [199]]. There are similar interesting singular solutions for the
EPDi equations,whosegeometryis investigatedin Holm and Marsden [2003. It would be
very interesting if, on the smaller spacesappropriate for these classesof singular solutions
that are introducedin thesereferencesthe smooth spray property still holds and, if that is
the case,whether or not one could then carry out the program in the presert paper.

Another interesting direction for the presen researd is to the caseof free boundary
problems, a notoriously di cult casefor in nite dimensional Poissonstructures, even at the
formal level (seeLewis, Marsden, Montgomery, and Ratiu [1986, Kruse, Marsden, and Scheurle
[1993, Kruse, Mahalov, and Marsden [1999 and Bering [200Q.)
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