Dynamics

of PDE, Vol.2, No.4, 357-370, 2005

Kink{Lik e Periodic Travelling Waves for Lattice Equations

NogrdwhE

with On{Site and Inter{Site Potentials

Michal Feckan and Vassilis Rothos

Communic ated by Michal Feckan, received July 5, 2005.

Abstra ct. The existence of travelling generalized kinks with oscillation tails
is studied for a class of 1D lattice equations with both onsite and intersite
potential. The travelling wave equation of the corresponding discrete nonlin-
ear equation is formulated as an advanced{delay di eren tial equation which is
reduced by a center manifold method to a 4-dimensional singular ODE with
certain symmetries and with a symmetric heteroclinic structure. Bifurcations
of solutions from the heteroclinic ones are investigated for the singular per-
turbation systems of autonomous o.d.eqns in R4. This givesthe existence of
generalized kink solutions with co{propagating oscillation tails.
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358 MICHAL FECKAN AND VASSILIS ROTHOS

modes in anharmonic moleculesand molecular crystals. Using classical approxi-
mations, these are described by nonlinear lattice equations (di eren tial{di erence
equations).

Most nonlinear lattice systemsare not integrable even if the PDE model in the
cortinuum limit is; see[2], [5] and referencestherein. Prototype models for such
nonlinear lattices take the form of various discrete NLS equations or systems, a
particularly important classof solutions of which are so called discrete breathers
which are homoclinic in spaceand oscillatory in time. Other questions involve
the existenceand propagation of topological defectsor kinks which mathematically
are heteroclinic connectionsbetweena ground and an excited steady state. Non-
equilibrium dynamics of many physical systemscan be characterizedby the creation
and motion of topological excitations or defects,so called kinks, which have appli-
cationsto problems suc asdislocation and masstransport in solids, charge-density
waves,commensurable-incommensurabl@hasetransitions, Josephsontransmission
lines etc. Protot ype models here are discrete version of sine-Gordonequations, also
known as Frenkel-Kontorova (FK) models. There are many outstanding issuesfor
such systemsrelating to the global existenceand dynamics of localised modes for
generalnonlinearities, away from either continuum or anti-continuum limits.

In this paper, we considera perturb ed Hamiltonian chain of coupled oscillators
with an Hamiltonian

X 1 1
(1.1) H= U2+ (Uner Un)?+H (Up)+ G (Unsr  Up)

n2z
where" > 0 is a discretnessparameter and is a small parameter measuring the
relation of intersite and o site potentials, H ;G 2 C?(R) and 0is a parameter.
The Hamiltonian H givesthe discrete nonlinear Klein-Gordon eqn:

1
®n ﬁ(unﬂ 2un + Up 1)+ h (un)
(12) n (o)
+ g(un un 1) gun+1  un) =0;

whereh (x) = H%(x) and g(x) = GYx).

Egn (1.2) with = O canbe consideredasa spatial discretization of the p.d.eqn
(1.3) Ut u +h (u)=0:
The discrete sine-Gordon equation for hg(u) = sinu, ( = 0)and = 0in (1.2) of
the form
(1.4) Un = Un+1 ZUn + Un 1 2Slnun
has beennumerically investigatedby Eilb ed and co-workers[3], [9]: As ! 0, we
get the continuum sine-Gordon equation with the supporting moving kinks of the
form .

h x ot |

(1.5) u(x;t) = 4arctan exp ]9ﬁ

Thus it was natural [3] to seeknumerically solutions of
(1.6) 2UN2) = U(z+ 1) 2U()+U(z 1) ?sinU(z2);

whereU(z) = U(n t) = up(t), with the boundary conditions U(z) ! 0 mod 2
asz! 1 . Hedid not nd sud solutions. His closestresult is that the numerical
solution of (1.6) near (1.5) hastails of periodic wavesof small amplitude.
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We also considera Hamiltonian perturbation to (1.4) of the form

1 .
®n ﬁ(unﬂ 2un + U, 1) + sinup
(17) n 0
+ sin(Up  Up+r) + Sinuy,  up 1) = 0:

Motivated by (1.7), we x h h for = 0and supposethe following conditions:
(A1) h;g2 CY(R) areodd, his 2 -periodic, h(x )= h(x) and gis globally
Lipschitz on R.

(A2) h( )=h()=0,hY )= hY )= a?> 0and there is a heteroclinic
solution of x h(x) = Osuchthat (t)=2 ( tyand (t)! 2

ast! +1.
For (1.7) clearly h(x) = g(x) = sinx and ( t) = 4arctan[expt]. We show
bellow in Section 6 that the condition h(x ) = h(x) is super uous in (Al), so

it can be omitted. But for simplicity, we prove the results under condition (Al).
By assumption(A2), the ODE (1.3) with = 0admits travelling wave solutions

X t

u(x;t) = pﬁ; 0< <1:

We considerfor travelling wave solutions of (1.2) of stationary pro le in a moving

referencewith constart velocity =". One can write

upr(t)=V n —t V(z); z=n t; 0< < 1:

Eqgn (1.2) is reducedto the following functional di erential equation:
2v%z) V@E+ 1D+ 2V(2) V(z 1+ "2h(V(2)
n o}

(1.8) +"2 gV V(z 1) gV(z+1) V() =0;

where © represerts di eren tiation with respect to z. This paper provides analytical
results about the existenceof solutions of egn (1.8) near and the relationship
betweentravelling wave solutions of (1.2) and (1.3) for " > 0, small.

The outline of the paper is as follows: In Section 2, we formulate eqn (1.8) as
a dynamical system. In Section 3, we apply certer manifold theory to the study
of existence of travelling waves with non-small amplitude oscillations on in nite
nonlinear lattice (perturbed discrete sine-Gordon). In Sections4 and 5, we state
and prove the main theorems of this paper. In Section 6, we also investigate the
existenceof travelling wave solutions of eqn (1.7), that are closedto the kink solution
when the form of h is given by

1+ 2 )sinu
1+ (1 cosu))?
and 0. In Appendix, we prove somepreliminary results concerningthe unique-

ness of solution for the linearized o.d.eqn x + h(x) = 0 along the heteroclinic
solution.

h (u) =

2. Formalism in discrete dynamical system

In this section, we considerthe advanced-dely di erential equation (1.8) asa
dynamical system.
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We shift V(z) ! V(2) and note h(x ) = h(x) in (1.8) to get the
following functional di erential equation:

2v%z) VvV@E+ 1D+ 2V(2) V(Ez 1) "?h(V(2)
n (0]

(2.1) #"2 g(V(z) V(z 1) g(V(z+1) V() =0:

Since computations are the sameas in [4], we follow that paper. We introduce a
new variable v 2 [ 1;1] and functions X (t; v) = x(t + v). The notation U(t)(v) =
x(t); (t); X (t;v) indicates our intention to construct V as a map from R into
somefunction spaceliving on the v-interval [ 1;1]. Egn (2.1) can be written as

follows
w2
U = LU + —ZM(U);

(2.2)
uv) = x(); (t);X(v) 5 v2[ L1
where 0 1
0 1 0
L=@ 2% o0 L1+% 1A
0 0 @

n 0
M(U) = 0;h(x) a(x X () o('X(v) x) ;0

and ! be the dierence operators, de ned by X (v) = X( 1). We introduce
the Banach spacesH and D for U(v) = x; ;X (V)
H=R? C[ 1;1];
n
D= U2R? CY 1;1]jX(0)= x

with the usual maximum norms. Then L 2 L(D;H) and M 2 C!(D;D). We
consider (2.2) on D. The spectrum (L) is given by the explicit solution of the
problem (2.2) with " = 0O:

Ut v) = (x; ;X (v)e'
where is given by the roots of characteristic equation:

N()= 2+ 32(1 cosh ) = 0:

There are in nitely many isolated eigervalues 2 C. We are interested in those

eigervalues , which de ne the certer manifold of the problem (2.2) at < = 0.

Clearly (L) is invariant under ! and ! . The certral part (L) =
(L)\ {R is determined by the equation

2
2 — . .
(2.3) q°+ —(cosq 1)=0; gq2R:
The resolvert equation
(I LuU=F; 2C;U2D

has to be solvabled for any given F 2 H. When is not in the spectrum of
the operator L, the inhomogeneousproblem can be solved. The eigervalues ,
de ned by the roots of the characteristic equation, appear as poled in the solution
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of the resolvent equation. The certer manifold reductions follow from the Laurent

expansionof the solution of resolvert equation near the eigervalues with < = 0.

The basicpropertiesof (L) aregivenin Lemma1 of [6] and we refer the reader

to that paper for more details. In this paper, we assumethat ; < < 1 where
= 1 isthe rst value from the left of 1 for which the equations

2 .
Z+ S(cos  1)=0; —sin =0

have a common nonzerosolution 6 0. Then equation N ({g) = 0 has the double
root 0 and simpleroots . Hencewe have (L) = f0; {qg.

3. Center manifold reductions

The linear operator on the 4th-dimensional certral subspaceH. hasthe form

0 1
0 0 0
..., _Boo o o§
Le=L=He = %o 0 0 q
00 qo
in the basis( 1; 2; 3; 4) de ned by
1= (3,061);  2=(0;1;v)
3= (1;0;cosqv); 4= (0;q;sinqv)

and which satisesL 1 =0,L = 1,L 3= Q4L 4=03;.
The projection P : H! H¢ is given by

Pc(U) = P1(U) 1+ P2(U) 2+ P3(U) 3+ Py(U) 4;
where

2 1 z

PuU) = 5% ——3 (1 9)X(9+X( 9 ds;
0

71
2 1
PZ(U): 2 1 + 2 1 x( S) X(S) dsa
0

71

P3(U) =  2gx sing(l s) X(s)+ X( s) ds =q? sinqg ;
0
71

PsUy= 2 + cosg(l s) X( s) X(s)ds=q? sing:
0

Theseprojections are derived asthe residuesof the inverse(1 L) tat = 0; {qg,
respectively, of the resolvent operator [7].

Condition (A1) implies that M is globally Lipschitz. So we can apply the
procedureof a certer manifold method [7] to getfor ", small the reducedequation
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of (2.2) over H; given by

w2
Uc = Lcuc + _ZPCM Uc + "2 . (Ue)
(3.1)

= Lalle+ Po(M (ug)) + O():

whereu; = u; 1+ Up 2+ U3 3+ Ug 4 and - is the graph map of the center
manifold. Then (3.1) hasthe form

)

1
w2
qzW]ﬁ(ul;uzuaum"z; );

fi(us;uz;us;ug;?; )

for a C1-function fi. Let us consider
X(t) = xa(t) = us(t="); xa(t) = uz(t=")=";
y(t) = ya(t) = us(t="); ya(t) = ua(t="):
Then (3.1) hasthe form

1
X1 = X Xp = 5 fxai"X2iyniy2i "% )
— q . p— " o . - .ll2. .
= — = i + -
V1= oY Yo it oz Sinqﬁ(xl, X2:y1:Y2: "% )
which gives
1 n n ", .
x= T (MY Y=g )
(3:2) 2 2 "?q
y+qy= mf()@ XY "Y=g" )
wheref (X1;X2;y1;y2;" )= h(Xxg+y1))+ O("2+j j). For"= =0andy= 0,
the limit equation of (3.2) hasthe form
(3.3) 1 ?x hx)=0
which is preciselythe travelling wave equation of the PDE (1.3) with p= 0 shifted
byu ! u . Equation (3.3) hasa heteroclinic solution x(t) = (t= 1  2) for
M= (Y
We considerthe symmetry S(U) = x; ;X ( v) onH. Then (2.2) is re-
versible with respectto S,i.e. S L= L S,M S= S M. Moreover, we
havePc S=S Pcand51= 1,S o= 2, 3= 3,S 4= 4. Hence
0 1
1 0 0 O
_ _BO 10 O
Se=SH=@o 0 1 o0
0 0 0 1
Since S is unitary, the map - can be chosen[6] in such a way that S =

Sc. This implies

n2 n2
LcScuc+ —PcM ScUc+ "% « (ScUe) = Sc Leuc+ —PcM U+ " (Uc)
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Hence (3.1) is reversible with respect to S;. Moreover, S; hasin the coordinates
(X1;X2;Y1;Y2) on H¢ the form Sc(X1;X2;V1;Y2) = (X1; X2;Y1;  Y2). Consequetly
we get for (3.2):

(B1) f(X1; Xz2iy1; V23" ) = f(XeiXziyay2; ™ ).
Furthermore, we consider the symmetry S(U) = U on H. Then (2.2) is

symmetric with respectto S,i.e. S L=L S, M S=S M. Moreover, we
haveP. S=S P.. Consequetly we get for (3.2):

(B2) f( X1 X2; yi; Y23 )= f(Xeixaiy1iy2;"; ).
Finally, we consider the shift S(U) = U+ 2 ; onH. ThenL = L S,
M S=M,P. S=S P. Henceweget SH, = H; and in the coordinates

(X155X2;Y1;Y2) onHe we have Sc(X1;X2;Y1;Y2) = (X1+2 ;X2;Y1;Y2) for Sc = S=H..
Consequetly we get for (3.2):

(B3) f(x1+ 2 ix2;y1¥2:" ) = f(XuiXaiyiy2," )
Summarizing we seethat the reducedo.d.eqn(3.2) satis es properties (B1-B3).

4. Bifurcation Results

Motiv ated by properties (B1-3), we study in this section singularly perturbed
systemsof the form

x+ h(x) = f1 x5y ")

"yt y ="ty

where" > 0 is a small parameter and we assumethe following assumptions
(C1) f1;01 2 C, f1(x1;%2;0;0;0) = O.

(4.1)

(C2) fa(xa; X2;y15 Y23") = falXeixa;y1iy2;") = fa( XaiX2; yiiye;") =
fi(Xe+ 2 ;x25y15y2;") and gu(X1; X2iy1; ¥2;") = Gu(X1;X2iy1y2;") =
O X1iX2; Y13Y2;") = GulXa + 2 (X2iy1;Y2;").
We note that (A3) implies the next property
(€3 h( )=h()=0hC )=hA)= a<0and ()= (1)
is a heteroclinic solution of x + h(x) = Osuch that ( t)= (t)and
(t)! ast! +1.
Wesstudiedin [4] a similar problem whenequationx+ h(x) = 0 had a homoclinic
solution.
First we are looking for periodic solutions of (4.1) near a heteroclinic loop
( (1);0[ ( ( t);0). For this reason,we make the change of variables

X = O+ =u; v = v;

and we get
2y 4y = g (g iy g ey Py
1 n ) o
(4.2) ot Y Ju= o h( +"u) h()  hY)"

1 - 4 P i3
nl=4, . wiza Pmu3=2 .
+ o fa( u; —+ u; vV )
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We are looking for solutions of (4.1) satisfying x(0) = x(T) = 0, y(0) = y(T) = 0.
This gives
u©) =0, uT)= T)="1
v(0)=0; vT)=0:

The next result dealswith this problem.

(4.3)

Theorem 4.1 For any ko 2 N there is an "¢ > 0 suchthat for any0< " < "
and T =" Kk[" 3?1 + withk2N,k ko, 2[ =3; =3] system(4.1) hasa
4T -periodic solution (x(t);y(t)) near ( (t);0), T t T suchthat x, y are odd
functions and x(t + 2T) =  x(t), y(t+ 2T) = y(t). Here [* 37?] is the integer
part of " 372,

Pr oof. First of all, by usingLemmas7.1-7.2from Appendix and the approac
asin the rst part of the proof of Theorem 3.1 in [4], we seethat for any kg 2 N
thereisan"y > Osudhthat forany0< "< "gand T =" k[* 3?] + with k2 N,
k ko, 2[ =3; =3], problem (4.2)-(4.3) has a solution on the interval [O; T].
This givesa solution of (4.1) near ( (t);0), 0 t T satisfying x(0) = x(T)= 0
and y(0) = y(T) = 0. We extend thesefunctions as follows

x(t) for t2][0;T]
X(2T t) for t2[T;2T]

XO=5 % 2T) for t2[2T;3T]
X(4T t) for t2[3T;4T];
and 38
y(t) for t2[0;T]
y(t) = y2T t) for t2][T;2T]

2 y(t 2T) for t2][2T;3T]

y(4T t) for t2[3T;4T]:
We easily ched that theseare the desired4T -periodic solutions stated in Theorem
4.1.

Now we are looking for a solution near a heteroclinic solution ( (t);0). For this
reasonwe considerthe conditions x(0) = 0, x(T) = and y(0) = y(T) = 0. The
above change of variables gives

WO =0 uM)=(  (T)="
v(0) = v(T) = 0:

So we considerthe problem (4.2) subject to (4.4). The next result dealswith this
problem.

(4.4)

Theorem 4.2. For any kg 2 N thereis an "¢ > 0 suchthat for any 0< " < "
and T = " Kk[* ®2] + withk2 N, k ko, 2][ =6, =2], system(4.1) has
a solution (x(t);y(t)) on R near ( (t);0), T t T suchthat x, y are odd
functions and x(t + 2T) = x(t) + 2 , y(t + 2T) = y(t).

Pr oof. Again, by using Lemmas7.3-7.4from Appendix and the approac as
in the rst part of the proof of Theorem 3.1 in [4], we seethat for any ko 2 N there
isan"g> Osud that forany 0< "< "gand T = " K[" 3] +  with k2 N,
k ko, 2][ =6; =2], problem (4.2) with (4.4) hasa solution on the interval [O; T].
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This givesa solution of (4.1) near( (t);0),0 t T satisfyingx(0) = 0,x(T) =
and y(0) = y(T) = 0. We extend thesefunctions as follows
X(t) = x(t) for t2][0;T]
T2 x(2T t) for t2[T;2T];
and
(t) = y(t) for t2[0;T]
YO="""yver t for t2[T:2T]:

We easily ched that theseare the desiredsolutions stated in Theorem 4.2.

Remark 4.3. We note that the derived 4T -periodic solutions X1 and yt+ in
Theorem 4.1 of equation (4.1) arenearto ( (t);0) in the sensethat x7.-(t)  (t) =

O("™), 7 (1) L) = OC"*™), yry(t) = O ™), "yr (t) = O(" ™) uniformly for
T t T andT satisfying the assumption of Theorem 4.1 for a xed ko. These
estimatesare consistert with the form of (4.1). Similarly for Theorem 4.2.

5. Travelling Waves
By applying Theorems4.1 and 4.2 to (3.2) we get the following result:

Theorem 5.1 For any kg 2 N thereis an "o > 0 suchthat for any0< " < ",

i "o"Frand T = " K[" %] + with k 2 N, k ko, 2 [ =3, =6],
system (3.2) has a 4T -periodic solution (Xt 1(t);yr1(t)) near ( (t);0), T
t T suchthat x7.~1, yr.1 are odd functions and Xt 1(t + 2T) = Xy 1(t),

yre1(t+ 2T) =  yr-1(t). Moreover, under theseassumptions,system(3.2) hasa
solution (Xt 2(t);yr2(t)) onRnear ( (t);0), T t T suchthatXt.2, yr2
are odd functions and Xt 2(t + 2T) = Xy o(t) + 2 , yroo(t + 2T) = yro o(t).

The solutions of Theorem 5.1 have the forms

UG (8) = xroni (1) 1+ "Xgoni () 2% Yoo (') 3+ "(yre (D=0 47 1= 12
in (3.1). Furthermore, we have U(t; ) = uc(t) + "2 = (Uc(t)) = uc(t) + O("2?)
for (2.2) on the certer manifold consideredin (3.1). We also note that the x(t)-
coordinate of U(t; v) in (2.2) satis es (2.1). Consequetly, if x™"' ("), i = 1;2 are
the x-coordinates of ul; (t)+ "2 - (ul; (1)), then the travelling wave solutions of
(1.2) corresponding to Xt (t), yT:i (t) have the forms

wrM=x" e ot =X )=
5.1) n (1) r ( )
Xt (N )+ yre (' 1)+ O("P):

Clearly ul"1(t) is T= -periodic in t with the velocity — while u]:"2(t) is T= -
periodically shifted (librational) in t with the velocity . Then Remark 4.3 gives

n t -
unt M= P + 00"

uniformly for T "n t T and T satisfying the assumptionsof Theorem 5.1
for a xed ko. We shall call travelling wave solution ul"1(t)+ , n2 Z of (1.2) as
rotational while ul"2(t) + , n 2 Z aslibrational

Finally, we note that we get (1.2) with = 0 from (1.3) by putting

up(t) = u("n; t);

u"(n+ 1);t) 2u("n;t)+ u("(n  1);t) .
n2 *

Uxx ("N; t)
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Summarizing we get the main analytical result of this paper.

Theorem 5.2, If h;g satisfy the assumptions(Al 2) then traveling wave

solution u(x;t) = P—L for0< ;< < lof(13) wth = 0cankte
approximated by the both rotational and librational traveling wavesolutions of (1.2)
with = 0 with very large periods and with the velaity for = o("'™*) small.

We note that travelling wave solution (5.1) of (1.8) derived in this paper have
tails of periodic wavesof small amplitude causedby the y-componerts in (5.1). This
result is consistert with the numerical result of J.C. Eilbed for (1.6) mentioned in
Intro duction.

For 0< < 4, wecould still usethe above method. We know from [6] that
there is a decreasingsequencef igt; (0;1)with ;! Oasi! 1 and for any

i+1 < < j the linear operator L hasthe double non semi-simpleeigernvalue at
0, and 2i + 1 pairs of simple imaginary eigervalues. So after the certer manifold
reduction, we should get a systemlike (3.2) and we could generalizethe bifurcation
results of Section 4 for such systems. We do not carry out those computations in
this paper.

6. Generalized potentials

We note in this sectionthat our method can be usedfor broader classof func-
tions h than above. For instance, let us considerP.D.E.

(6.1) Ut Ux +h (u)y=0

for

_ 1+ 2 )sinu
(W= T @ cosu)?
and 0. Wenotethat h (u )6 h (u)for > 0,socondition (A1) doesnot

hold. But still likein (1.7), we take its spatial discretization with a Hamiltonian
perturbation of the form
1
®in ﬁ(unﬂ 2up + up 1)+ h (un)
(6.2) n o
+ sin(Up  Ups1) + sin(u, U, 1) = 0:

Now we make a changeof variablesu ! u andu, ! uj, in (6.1) and
(6.2), respectively, to get
(6.3) Ur U + g (u)=0
and
1
8h  ;5(Un+s1 2Un+ Un 1)+ g (Un)
(6.4) n 0
+ sin(Up  Up+1) + sin(up  up 1) = 0;
respectively, for

1+ 2 )sinu |
(1+ (1+ cosu))?’

(6.5) g (u)=
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Clearly g 2 CY(R)isodd and?2 -periodic. Hencewe can carry out the certer man-
ifold reduction of Section 3 for (6.2) to get a systemlike (4.1) with the nonsingular
unperturb ed part

@ x gx=o:
Wehaveg ( )=g ()=0andg®( )=g°()=1+2 > 0. Hence( ;0)
and ( ;0) are hyperbolic equilibria of
(6.6) X=y;, Y=g (x):

It is not dicult to obsene that the upper odd heteroclinic solution of (6.6)
connecting( ;0) and ( ;0) is determined by the equation

R A T S S R
1+ 2 co( =2)
(0) = 0;
which is equivalert to the implicit equation
p 2 i = 1 —
"2 arcsin—2 Psm( M=2) , arctanh p sint_(=2) - Pivar
1+2 1+2 cog( ()=2)

Summarizing, we can apply the results of the above sectionsto (6.2) uniformly for
0 from boundedintervals. Moreover, we seethat our method can be usedwhen

instead of the condition h(x ) = h(x) we considerh( x ) = h(x ).
But if h is odd and 2 -periodic then h( x )=h( x+ )= h(x ). Hence
the condition h(x ) = h(x) is super uous in (Al), soit can be omitted.

7. App endix: Linearization around hetero clinic connection

We take the linearization of the equation

(7.2) x+h(x)=0
along (t)= (1) and considerthe variational equation
(7.2) u+ hY (thu=2z(t); 0 t T:

We note that (t) is even while °(t) is odd and (t) satis es (7.1). Sincehq )=
h( )= a?<0,a>0,wehave (t);*(t) e 2 ast! +1,i.e. it holdsthat

{t)=e 1 k; 60 and °*(t)=e ! k80 as t! +1 :
The homogeneouseqgn (7.2) with z = 0 has solutions w; (t), i = 1;2 such that:
. wy iseven,wi(0) = 1, w;(0) = 0, wi(t);wy(t) e @ ast! +1,
. Wy is odd, w2(0) = 0, w»(0) = 1, wao(t);wo(t) €' ast! +1.
First we consider(7.2) with the boundary value conditions
(7.3) u@©)=0; u(T)=b:
The generalsolution of (7.2) hasthe form
u(t) = cawa(t) + cowa(t) + za(t);
Zt
zi(t) = wa(thwa(s) wi(t)wa(s) z(s) ds:
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The condition (7.3) givesc; = 0 and

a(T), b
W) W (M)

C =

Hence,we get

wo(t) 4

u(t) = L(z;b bvyz(T)

wa(t)w(s)z(s) ds
t ~

y4)
. wa(t) w1 (T)wa(s)z(s) ds wy (t)wa(s)z(s) ds:

w2(T)
0
Then

wy(t) z
_ W
u(t) = bm t wa(t)wi(s)z(s) ds

Zt
wi(T)wa(s)z(s)ds  wy(t)wz(s)z(s) ds:
0

By using the above asymptotic properties of wy and w,, there is a constart C; > 0
sudh that for any t;s2 [0; T]and T > O large, we get

wa()=wa(T)j  C1&t D jup()=wa(T)j  Ct T
jwa(hwi(s)j  C1e" 9 jwp(t)wa(s)j Cret 9
jwa ()wi (T)wz(s)=wz(T)j  Cres 2T
JWo(t)wa (T)Wa(S)=Wo(T)j  C162(*° 21
jwithwa(s)j  C1eC U jwy(twa(s)]  Cet Y
These estimatesimply the existenceof a constart ¢> 0 sud that
(7.4) fiuij + jiuil - c(b + jizii);
where jjxjj = maxgp.t]jx(t)j. Summarizing, we get the next result.

L+ o (t)
w(T) .

Lemma 7.1 Problem (7.2)-(7.3) has a unique solution u = L1 (z;b) satisfying
(7.4).

Now, we considerthe problem
"v+v="z(t); 0 t T;

(7.5)
v(0) = v(T) = 0:
We can immediately seethat the solution of eqn (7.5) is given by
. z zZt
1 sin(t=") T s .t s )
v(t) = Lig (2) cogT=) cos——z(s)ds+  sin——z(s) ds:
0 0
If T satis es
(7.6) I k =3; k2N
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then1 jcoqT=")j] 1=2, and we obtain the estimate
(7.7) jivii +ji"vii - 6Tjjzjj:
Summarizing, we get the next result.

Lemma 7.2. If condition (7.6) holds then problem (7.5) has a unique solution
v = L (z) satisfying (7.7).

Next, we consider(7.2) with the boundary conditions

(7.8) ui0)=0;, u(T)=hb:
By substituting (7.8) into the above general solution of (7.2), we get c; = 0 and
C = ﬁ VZVZ((TT)) Hence,we get
u(t) = L2(z;b) b\)’v";((;)) Wa(t)wy(s)z(s) ds
t
¢ il Zt
+vv\;/§((T)) O w1 (T)wz(s)z(s) ds O wy(t)wz(s)z(s) ds:
Then
_ pwe(t)
u(t) = WalT) t Wz (t)wa(s)z(s) ds
7t
*xfT(;))o T 85 (O (2() b5

Again by using the above asymptotic properties of w; and w,, there is a constart
C, > O such that for any t;s2 [0;T]and T > 0 large, we get

wo(t)=we(T)j  Co T jwa(t)=we(T)j  Coe T
wa(thwa(s)]  Ce" ¥ jwa(thwy(s)] Coe?t ®
Wa ()W (T)wa(s)=wa(T)j  Coe*(t*s 2T);
W (W (T)wa(s)=we(T)j  Cpe(t*s 21
jwitwa(s)j  C262C V5 jwy(wa(s)j  Cae?® Y
These estimatesimply the existenceof a constart ¢ > 0 suc that
(7.9) jluji + jjuij (b + jizjj) -
Summarizing, we get the next result.

Lemma 7.3. Problem (7.2)-(7.8) has a unique solution u = L2(z;b) satisfying
(7.9).
Finally, we considerthe problem
"y+v="z(t); 0 t T;

(7.10) v(0) = v(T) = 0:
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We can immediately seethat the solution of eqn (7.10) is given by

sin(t=") z T s z t s
v(t) = L3 (2) sin(T_=") sin——z(s)ds+ sin——z(s)ds:
0 0
If T satis es
(7.11) =2 I k =6, k2N

then 1 jsin(T=")] 1=2, and we obtain the estimate

(7.12) iivii + ji"vii - 6Tjjzjj:
Summarizing, we get the next result.

Lemma 7.4. If condition (7.11) holdsthen problem(7.10) hasa unigue solution

v = L% (z) satisfying (7.12).
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