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Rooted trees for 3D Navier-Stok es equation

Massimiliano Gubinelli
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Abstra ct. We establish a representation of a class of solutions of 3d Navier-
Stokes equations in R® using sums over rooted trees. We study the conver-
gence prop erties of this series recovering in a simplied manner some results
obtained recently by Sinai and other known results for solutions in spaces
of pseudo-measuresintro duced initially by Le Jan and Sznitman. The series
representation make sensealso in the critical case where there exists global
solutions for small initial data and it allows the study of their long-time or
small-distance behavior.
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1. Intro duction

We considerthe NS equation in the form
Z, Z
1) (k)= e Mltypk) + i el KT gk vg(k kO Pyvs (kY ds
0 R3

wherev; 2 C(R?; C®) is the Fourier transform of the velocity eld, h; i isthe scalar
product in C3 and P, : C3! C3 is the projection on the directions orthogonal to
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the vectork 2 R3, i.e. Pka= a hk;aikjkj 1. Eq. (1) will be studied in the spaces
(; ) 2[23) andwherev2 ( ; )ifv2 C(R3C® with k v(k) = 0and

kvk = supjkj jv(k)j< 1 :
k2R3

We will write = 2+ " with " 2 [0; 1).

The spaces( ; ) areinteresting because,in general, they contain solutions
with in nite energy and enstrophy so classicalresults about existenceand unique-
nessof solutions do not apply.

In a seriesof papers, Sinai [8, 9, 10], studies eq. (1) in these spacesgiving
elemerary proofsthat in ( ; ) with > 2, there is existence of unique local
solutions and that these solutions survive for arbitrary large time if the initial
condition is small enough.

Moreover in the \critical* space (2 ;2) there is existenceand unigquenessof
global solutions for small initial data. This latter global result was initially proven
by Le Jan and Sznitman [11] using a probabilistic represertation (under the name
of stochastic cas@adeg and afterwards reproved by Cannoneand Planchon [5] in a
more standard functional-analytic fashion.

The analysis of the equation (1) in various function spacessimilar to ( ; )
is summarizedin the work of Bhattacharya et al. in [1]. A more recert review of
the current status of the stochastic cascadesapproach has beenrecertly given by
Waymire in [12].

We are interested in explicit seriesrepresenations for these (local or global)
solutions. When > 2 Sinai [9] proved that the local solution can be represened
by a absolutely convergert seriesand in [10] he analyzed this serieswith the aim
of understanding better the growth of the various terms. A dierent seriesrepre-
sentation appearsalsoin the book of Gallavotti [7].

Our cortribution will be to prove yet another seriesrepresenation for the
solutions in ( ; ) including the critical case = 2 which was left open by the
analysis of Sinai. This seriesrepreseration is indexed by rooted trees

Rooted trees appear naturally in the seriesexpansion of solutions to ODEs.
They possessemarkable algebraic properties which were masterfully exploited by
Butcher [4] to provide a generaltheory of Runge-Kutta (R-K) methods for numer-
ical integration. Afterwards rooted trees appearedalsoin the work of Connesand
Kreimer [6] on the mathematical structure of renormalization in quantum eld the-
ory. The work of Brouder [2, 3] givesa short overview of the algebraic properties
of rooted trees and explore someconnectionshetweenR-K methods and renormal-
ization.

These widespreadapplications of rooted trees were the initial motivations for
this work. In the following we show that rooted trees are a natural languagein
which the known results (and some new ones) about the eq. (1) in the spaces
( ; ) can be proven rather easily Moreover the represertation with a series
indexed by rooted-trees can be cortrolled in a straightforward way and provide
informations on the solutions themseles, like the behavior for large times or for
large wave-vectors.

The plan of the paper is asfollows. In Sec.2 we intro duce rooted trees which
will be usedin Sec.3 to prove the seriesrepreseration for the solutions of NS
equation. Next in Sec.3.1 we make someobsenations on the di erent nature of
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someclassesf terms which cortribute to the seriesand which appeared originally
in the work of Sinai [10]. In App. A we review briey, for sake of completeness,
the question of existenceand uniquenessproblem for the equation (1) in the spaces
( ; !). At the end, App. B collects someproofs.

2. Trees

A rooted tree is a graph with a special vertex called root such that there is a
unique path from the root to any other vertex of the tree. Here someexamplesof
rooted trees:

[ V
I V V \Y
We draw the root at the bottom with the tree growing upwards (as real trees). In a
rooted tree the order of the branchesat any vertex is ignored so the following two
are represenations of the sametree:

Vv \Y
Given k rooted trees 1; ; k wedene =q; ; k] as the tree obtained by
attaching the k roots of ; ; k to anew vertex which will bethe root of . Any

tree can be constructed using the simple tree  and the operation [ ], e.g.

|
[1=1 ;[ = V; etc. ..

On trees we will de ne various functions. Denote T the set of all rooted trees and
letj j: T ! N the map which counts the number of vertices of the tree and which

can be de ned recursively as
=1 Lo kli=1+jaj+  +jj
moreover we de ne the tree factorial T ! N as

()= 1 (o kD=0l k0 (o) ()

Last, we de ne the symmetry factor : T ! N: this is de ned recursively as
()=121and ([1 nD)=s(1u::550) (1) ( n) wheres( 1;:::; ) is the
order of the permutation group of the (ordered) n-uple ( 1;:::; n) 2 T". In the

sequelwe will only needto consider the subset BT T which contains rooted
treeswith at most two sonsfor ead vertex, this is due to the bilinear nature of the
non-linear term in the NS equation.

3. Series represen tation

If welet c;(k) = jkj vi(k) the eq. (1) above takesthe form
z

z
. S h; cs(k k9iPics(K9
2) c(k)=el Wiy +i el K 9k dk0—= :
@ a® +i ko KT
for function ¢c2 C(R3; C?) such that sup, kciko < 1, Hk; (k)i = 0 and c(0) = 0.
For simplicity write the above equation in the abstract form
z t

3) G = Sico+ . St sB(cs;cs)ds:
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where S is a bounded semigroup and B is the symmetrized bilinear operator
B(c;d) = (B1i(c;d) + B1(d;c))=2 with

z

Bacd) = ik aketkiok k9i Ped(k).
RS

jk kg jk9

Let V = fc2 C(R3C?3) : ¢(0) = O;h;c(k)i = 0 and kckg < 1g and for any
T > 0 de ne the Banach spaceWt = Cy([0; T]; V) endowed with the sup norm.
De ne the bilinear operator B : W+ Wy ! Wy as

Zt
Bi(c;d) = St sB(cs;ds) ds:
0

Lemma 3.1. For any 2and any T > 0, the operator B is well de ned and
there exists an increasing function N : R, ! R, suchthat

4) iBe(c;d)j  Nikckokdko

where N; tendsto zero ast! O for any 2. Moreover when = 2 we havea
uniform bound sup, Nt N < 1 independentof T.

Pr oof. The proof canbefound in the paper of Sinai [8] and consistsin a direct
estimate of the integral. Somegeneral considerationson the bilinear operator are
summarizedin App. A.

Now de ne the operator :BT V! Wy by recurrenceas

©) (;h)=B(Sh;Sh) ([ I'h)=2B(Sh; (;h))
and
(6) ([ 125h)=2B( (1;h); (2:h)

forany h2 V, ; 1; » 2 BT wherewelet (Sh); = Sih.
To nd solutions of eq. (3) in Wy with initial condition h 2 V we setup Picard

iterations fu(™ 2 Wrg, asu® = Sih and u{"* = Sih+ B (u(™;uM).
Lemma 3.2. The functions u(™ havethe representation

1
7 u™=sh+ — (:h)

2BTh 1 ( )

where BT,, BT is the set of rooted trees for which the leavesare at distance at
most n from the root and where we conventionally let BT ;= ;.
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Pr oof. It is clearthat the formula holds for n = 0 (the sum doesnot contain
any terms). Assumeit holds for any k n and let us proveit for n + 1:

u™D = sh+ Bu™;uM)

X
=Sh+B(Sh;Sh)+ 2 iB(Sh; ( ;h)
2BThn 1 ()
e ey (2
st (D (D)
X 1
=Sh+ (;h)+ — ([ Ih)
2BTh 1 ()
X 1 1
+ > (' Lh)+ >~  Lh)
st e 22 (D (D) wr. 20 O)
Sh X 1 (:h)
= + J— '
2B Thn ()
since [ D=2 ()>and (D= ()
The norm convergenceof the series
®) u=Sh+ = — (:n
2B T ()

in Wt implies corvergenceof the Picard iterates u(™ to the elemern u 2 Wy which
satisfy eq. (3) in [0; T] with initial condition ug = h.

De ne the following function :BT ! R:
()=2 D=1+ () C120= (H+ (H

and note that h 7! ( ;h) is an homogeneousfunction of order ( ). Always
holds

(9) Gi+n=2 () ji+1

as easily proven by induction onj j.

The following cortrol of the coe cien ts of the series(8) is the main result of
this note.
Theorem 3.3. For any " 2 [0;1) the following estimate is true
i «(:h)(k)j C el KiZt=(j J+1) ¢ i"=2khk0( )
whete the constants C satisfy:

A A
Ci121= ——————C 1C 2; C1= 7—=C;
(227 50T 2=2 AT

for someconstant A depending only on
The proof of this theorem is reported in App. B.

Remark 3.4. The constants C can be chosenas follows:
C=Al ()=
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Now we can prove the following result about existenceand seriesrepresertation
of solutions of eq. (1) in the spaces( ; ) ( = 2included).

Cor ollar y 3.5. The series(8) hasthe following properties:
a) for " 2 (0;1) and xed khkg it convegesin norm for small t and solve
the problem (2) in W; ;
b) for " 2 (0;1) and xed T it convergesin norm in W+ for khky small
enough;
c) for "= 0 (i.,e. = 2) and for khky small enoughit convergesin norm in
W; and de ne a glotal solution of the problem (2).

Pr oof. Using Thm. 3.3 and Remark 3.4 we nd that there exists a constart
B sudh that

X e iae
jur(k)  [Sch](k)j BII ()1 () "2el WG D ¢ = 2ni ()
(0 X Z,Brel e t"= 2khk$™ ™ 7 1 khk(™Y
n 1
where Z, is the number of rooted trees in BT with n vertices. The following
recursive relations can be usedto bound the Z, )s(
Zl = 1, Zn+1 Zn + anznz:
ni+nz=n
From this relation it is not dicult to provethat Z, grows at most exponertially,
i.e. there exists a constart D such that
(11) Z, D"(n+1) ¥2
(seefor example[9], Sec.3). .

Next, by induction we can provethat () 21 . This bound is optimal
sinceit is saturated by the binary treesfor which every path from the root to the
leaves has the samelength. Using this bound, eq. (9) and eq. (11) in eq. (10) we
get

X o . _ -
jur(K)j  JISthI(K)j +  ZpBMel K= =20+ =2 g A gD =2
X n 1
khko+  (DBt=2)"(n+ 1) 32khk{"™? 7 1 khk{™*" 7
n 1
sothe series(8) cornvergesin norm whene\er the geometric series
X . ; i}
(DBt=2)"khk{"*D =2 1A Khk{" =2
n 1

cornverges. This givesdirectly a); b);c). Indeed note that for " = 0 the dependence
on t disappear in this last series.

(12)

Now, lets come back to the original variables. It is clear that the function
ve(k) = jkj 2ug(k) satisfy eq. (1) in [0; T] when the seriesde ning u corvergesin
W+ . Here we are interested in the behavior of the global solutions when = 2:

Cor ollar y 3.6. In the case = 2 and when khk; is su ciently small the
glokal solution v of eg. (1) with initial condition h hasthe following two properties:

a) for xed k 2 R3nf0g, limy;  jvi(k)j = O;



NAVIER-STOKES  EQUA TION 167

b) for xed "g_> 0, there exists two constants C3;C4 such that jvi(K)j
Cse G4k tasjkj! 1.

Pr oof. By the samebounds performed in Cor. 3.5 we seethat the function
ve(K) = jKj 2u(k) satisfy th)((a inequality

(k)i e MUh(kj+ Cl(n+ 1) el MIEMHE (D= (g 0
n 1

for khk, small enoughto guarantee the corvergenceof the series
X

Cl(n+ 1) 32khky' ™ 2
n 1

Then xed k 2 R3nfOg we have limgy; el K*E(+D) = 0 for each n and we obtain
that jv(k)j! Oast! 1.

Next, we want to estimate the seriesat xed t and for jkj ! 1 by Laplace
rr>1(ethod. Write

X i
Cl(n+ 1) 32l MU= kil 2 higP T el KD nlog(Cakhic™)

n 1 n 1

q__
The exponert in the sumofthe r.h.s hasa maximum for n ' jkjIO t= j Iog(Clkhkézz)j

and so,whenjkj! 1 we have
Y N 1=2 A
el kj“t=(n+1)+ nlog(Cikhk;™ ) Cge Cajkj t

n 1
q__
where C4 = 2= ong(Clkhkfz)j and C3 is some nite constart.

3.1. Remarks on particular subsets of trees. In the series(8) dierent
classesf treesgive di erent contributions. We de ne simple treesthe treeswith at
most onebranch at ead vertex, i.e. ofthe form [ [ ] ]. Short treesare instead
trees for which at ead vertex we have two branches, eat of which carriesa xed
proportion ( orl ) of the vertices. Of coursethis will not be possiblein general,
sowe allow the proportion to oscillate around in the interval | ; + ], for
some xed 0< < min(; 1 ). Sincerooted treesdoesnot distinguish between
branchesat a vertex, we take herethe corverntion that the branchesare ordered by
the number of verticesin the corresponding subtree. With this corvention we can
consider,without loosing generality, valuesof 2 (0; 1=2).

We will denote BT the set of simple trees and BT the set of short trees
corresponding to the proportion

We have a rst simple lemma:

Lemma 3.7. For 2 BTy wehave () = j jl. For any 2 (0;1=2) there

exists constants D1; D,; D3; D4 suchthat, for any 2 BT we have
Dsj j 'D}’ () Dijj 'Dy":

Pr oof. The proof of the rst claim is trivial. For the second,note that we
can choosethe constarts D1;D,; D3; D4 sud that the inequalities are true for all
the trees 2 BT with j j 1 for some xed m and moreover they satisfy

1 1
D,D, 1 and Ds3D,

. a ) @ + )+ ) =
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Then we proceedby induction on n  n. Assumethe inequality is true for
treeswith j j < n and obsenethat, for 2 BT ,j j=n wehave = [1 2] with

SRR R

and o
1 Piih JJ—ZJ‘ @+ qih
Then
Dj i+ 2j D2D 1 DJ i
=jj D222 172 2
R A S I )L NBNE
0,04
( ) mh) i
and similarly we obtain () D3DL jj j 1, proving the claim.

This di erent behavior of the two classesof trees is responsible for di erent
convergenceproperties of the sum (8) when restricted to simple or short trees.

De ne X 1

Wi = [

2BT, ()

then as consequencef Lemma 3.7 and Theorem 3.3 we have the following result:

t( ;h)

Cor ollar y 3.8. For " > 0, the seriesw; convemgesin V for everyt and every
initial condition h 2 V and

JWt(k)J BOX B" ej kj2t=(n+1) tn": 2(1+ khko)n+l .

1o N2 |
Pr oof. The estimateson the seriesare similar to thosein Cor. 3.5, but now
thecoecient () =] j! goesto innit y fast enoughto guarantee the corvergence

of the seriesfor any time.

In [10], Sinai studied di erent classesof contributions to his seriesrepresera-
tion of NS. He calls the various cortributions diagrams and then intro ducesshort
and simple diagramswhich are analogousto short and simpletrees(evenif diagrams
doesnot exactly correspondsto our trees). He then shows that the contribution of
the simple diagrams cannot causethe divergenceof the overall series. Corollary 3.8
is the analogousof this result in our setting.

For short trees the function behaves exponertially with the size of the tree
and this is not enoughto make the seriesrestricted to short trees converge for
arbitrary time (when" > 0). A similar phenomenonis obsened in [10] for short
diagrams.
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App endix A. Remarks on the spaces ( ; !)

Without going in detailed proofs we would like to note someremarks about
the natural functional spacesin which solutions of eq. (1) live. Following Sinai [8]
dene thespace( ; !')(; ! 0)asthe spaceof cortinuousfunctionsv : R®! C3
such that

kvk, = sup (k) jv(k)j< 1
k2R3

where (k) = jkj forjkj 1, (k) =jkj ' forjkj 1. Functions in this space
can be bounded above by jkj  for small k and by jkj ' for large k. Considerthe
the bilinear integral operator

Z, z

(13) Bv;v)(tk) =i e K9 gkhve(k  k9)iPyvs(k9) ds
0 R3

appearing in the r.h.s of eq. (1). For this operator we have the bound
(14) JB(v;V)(tK)j  sup kvsk? jkj (1 el K1 (k)
0 st
R
where I (k) = o, dk® (k k9 (k). For k 6 O the integral I (k) corvergeswhen
I >3=2and < 3andwe prove easily that, whenjkj 1

21 for < 3=2
(k) C >ongjkjj for =3=2
" jkj® 2 for3=2< <3
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while when jkj > 1

(
jkj® 2 for3=2<! <3

I (k C
() Cojkj ! forl 3

This behavior translates in the following estimates for the r.h.s. of eq. (14). So
whenjkj 1:

8
2jkj t@ )2 for <1

Kt el ik o _jkj @rjt)  forl 2
ki jti¢ 272 for2 <3

and whenjkj 1

8 o
2jkjz2 2 (1 el Kty for3=2<1! <2
ki fa el K'Yk c Uik t@n )t 22 forz2 13
ki ' (LA jtj)r2 for 3 |

Theseboundsimply that 8 mapsC([0;T]; ( ; !)) in itself whenewer! 2 for any
2 [0;3) and in this casethe norm N of B is given by

Nt = supsup[ (k) Yjkj (1 el “™)I (k)]
t T k

and becomesmall with T allowing a direct proof of existenceand uniquenessof
solutions to eq. (1) for small time. Moreover when 2 [1;2] the norm Ny is
uniformly boundedin T and this implies existenceand uniquenesf global solutions
with small enoughinitial condition.

Note moreover that the samebounds are true on the torus (only wave-vectors
jkj 1 are important in this case)and that they always imply uniform cortrol
in time of the norm Ny for any ! 2. In this casewe have the existenceand
uniquenessof global solutions with small initial conditions whosedeca at in nit y
is not worsethan jkj ' . Details can be found in [8].

App endix B. Pro ofs
B.1. Theorem 3.3.

Pr oof. We will prove the statement by induction onj j = n. Let us assume
that the estimate is true for any tree °with j § < n and Iet us prove it for trees

with j j = n. Considerthe case =[ ! ?Jwith j Yj=p,j ?j= «
Z,
o2k 2 el M WIB( (;h); u( 2;h))jdu
0
2z, z
i L )k K9jj u( 2, h)(K9)]
2 duel Kt Wijkj d|<°J u(s
0 0 jk K9 k9
t
2C 1C zkhk,' )} duel Kt wy=20 NP FDjy +1
S
z

et K9Zu=(p+1) | K%j2u=(q+D)
Re jk K9 kg
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The exponert in the integral has a maximum as a function of k°and
jk  kY%u N jk92u jkj2u
p+1 qt1l pt+tg+2

for any k°2 R3. So
j t([12;h)(K)j 2C :C 2khk,'’

z t
el KI*t=(pra+2) g el K%t u)(p+a+l) =(p+ q+2)
0
(u)=20 "I+ "Djkj
(15) 1
dkO—
re Jk K9 jkI
AC :C qkhk,( Jei K*=(p+a+2)
z t
duel KZ(t w(prar) =(p+a+2) ()'=20 "I+ *Dijkj4
0
where, if e is a unit vector in R3 we let
1
A= 2  dKo————— < 1:
reje k9 Jkg
Considerthe term on this last line of eq. (15):
z t
duel KI*(t u(prard) =(pra+2) (yy'=2( "i+i *Djk;4
0 z,
= U et 2 R4 el RIPA uprard) =(pra+d) =20 Y+ %) gy
0

with K= (t s)¥™2k. Let a= (p+ q+ 1)=(p+ g+ 2). We have the following bound,
provedin lemmaB.1 below:
z 1
el '@ wayera™=2qy k2 + (p+ g)"=2
0
Gathering all together we get

1

jkj2

. h)(K)j A% 1C 2khk,( el Ki*=i i*D) i i*=2
Joo( 1 2l h)(K)j 2KNKq ajkj2 + (p+ g)"=2

When " 2 (0;1) we have
iRz
sup — -
k2re &Kj2 + (p+ @)"=2
where K is a constart not depending on ", soin this case

K[(p+ o) =2

ti i=2

i o1 alh)(K)] AT AC okhky! el B0 D 7=

When " = 0 we have instead the bound

i (12K AYT iC 2khky' Jel K= 1D

Proving the claim in this case.The other casescan be treated similarly.
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Lemma B.1. Z,
e a(l U)ubdu 1A (a+ b) 1
0
Pr oof. Easy:
z Z, Z,
e al Wybdy = e (@ uPdu e & Pidy
0 Zol 0

e (a+b)udu: (a+ b) 1
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