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Ro oted trees for 3D Navier-Stok es equation

Massimiliano Gubinelli

Communic ated by Charles Li, received November 22, 2005.

Abstra ct. We establish a representation of a class of solutions of 3d Navier-
Stokes equations in R3 using sums over rooted trees. We study the conver-
gence prop erties of this series recovering in a simpli�ed manner some results
obtained recently by Sinai and other known results for solutions in spaces
of pseudo-measures intro duced initially by Le Jan and Sznitman. The series
representation make sense also in the critical case where there exists global
solutions for small initial data and it allows the study of their long-time or
small-distance behavior.
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1. In tro duction

We consider the NS equation in the form

(1) vt (k) = e�j k j 2 t v0(k) + i
Z t

0
e�j k j 2 ( t � s)

Z

R3
dk0hk; vs(k � k0)i Pk vs(k0) ds

wherevt 2 C(R3; C3) is the Fourier transform of the velocity �eld, h�; �i is the scalar
product in C3 and Pk : C3 ! C3 is the projection on the directions orthogonal to
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the vector k 2 R3, i.e. Pk a = a � hk; ai kjkj � 1. Eq. (1) will be studied in the spaces
�( �; � ), � 2 [2; 3) and where v 2 �( �; � ) if v 2 C(R3; C3) with k � v(k) = 0 and

kvk� = sup
k2 R3

jkj � jv(k)j < 1 :

We will write � = 2 + " with " 2 [0; 1).
The spaces�( �; � ) are interesting because,in general, they contain solutions

with in�nite energy and enstrophy so classicalresults about existenceand unique-
nessof solutions do not apply.

In a seriesof papers, Sinai [8, 9, 10], studies eq. (1) in these spacesgiving
elementary proofs that in �( �; � ) with � > 2, there is existenceof unique local
solutions and that these solutions survive for arbitrary large time if the initial
condition is small enough.

Moreover in the \critical" space�(2 ; 2) there is existenceand uniquenessof
global solutions for small initial data. This latter global result was initially proven
by Le Jan and Sznitman [11] using a probabilistic representation (under the name
of stochastic cascades) and afterwards reproved by Cannoneand Planchon [5] in a
more standard functional-analytic fashion.

The analysis of the equation (1) in various function spacessimilar to �( �; � )
is summarized in the work of Bhattacharya et al. in [1]. A more recent review of
the current status of the stochastic cascadesapproach has been recently given by
Waymire in [12].

We are interested in explicit seriesrepresentations for these (local or global)
solutions. When � > 2 Sinai [9] proved that the local solution can be represented
by a absolutely convergent seriesand in [10] he analyzed this serieswith the aim
of understanding better the growth of the various terms. A di�eren t seriesrepre-
sentation appearsalso in the book of Gallavotti [7].

Our contribution will be to prove yet another series representation for the
solutions in �( �; � ) including the critical case� = 2 which was left open by the
analysis of Sinai. This seriesrepresentation is indexed by rooted trees.

Rooted trees appear naturally in the seriesexpansion of solutions to ODEs.
They possessremarkable algebraic properties which were masterfully exploited by
Butcher [4] to provide a generaltheory of Runge-Kutta (R-K) methods for numer-
ical integration. Afterwards rooted trees appearedalso in the work of Connesand
Kreimer [6] on the mathematical structure of renormalization in quantum �eld the-
ory. The work of Brouder [2, 3] givesa short overview of the algebraic properties
of rooted trees and explore someconnectionsbetweenR-K methods and renormal-
ization.

These widespreadapplications of rooted trees were the initial motivations for
this work. In the following we show that rooted trees are a natural language in
which the known results (and some new ones) about the eq. (1) in the spaces
�( �; � ) can be proven rather easily. Moreover the representation with a series
indexed by rooted-trees can be controlled in a straightforward way and provide
informations on the solutions themselves, like the behavior for large times or for
large wave-vectors.

The plan of the paper is as follows. In Sec.2 we intro duce rooted trees which
will be used in Sec. 3 to prove the seriesrepresentation for the solutions of NS
equation. Next in Sec.3.1 we make someobservations on the di�eren t nature of
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someclassesof terms which contribute to the seriesand which appearedoriginally
in the work of Sinai [10]. In App. A we review brie
y , for sake of completeness,
the question of existenceand uniquenessproblem for the equation (1) in the spaces
�( �; ! ). At the end, App. B collects someproofs.

2. Trees

A rooted tree is a graph with a special vertex called root such that there is a
unique path from the root to any other vertex of the tree. Here someexamplesof
rooted trees:

� �
�

�
� �

�
�
�

�
�

� �
� �

We draw the root at the bottom with the tree growing upwards (as real trees). In a
rooted tree the order of the branchesat any vertex is ignored so the following two
are representations of the sametree:

�
�
�

�
�

� �
�

Given k rooted trees � 1; � � � ; � k we de�ne � = [� 1; � � � ; � k ] as the tree obtained by
attaching the k roots of � 1; � � � ; � k to a new vertex which will be the root of � . Any
tree can be constructed using the simple tree � and the operation [� � � ], e.g.

[� ] = �
� [� ; [� ]] = �

�
�

� ; etc. . .

On trees we will de�ne various functions. Denote T the set of all rooted trees and
let j � j : T ! N the map which counts the number of vertices of the tree and which
can be de�ned recursively as

j � j = 1; j[� 1; : : : ; � k ]j = 1 + j� 1 j + � � � + j� k j

moreover we de�ne the tree factorial 
 : T ! N as


 (� ) = 1; 
 ([� 1; : : : ; � k ]) = j[� 1; : : : ; � k ]j
 (� 1) � � � 
 (� k ):

Last, we de�ne the symmetry factor � : T ! N: this is de�ned recursively as
� (� ) = 1 and � ([� 1 � � � � n ]) = s(� 1; : : : ; � n )� (� 1) � � � � (� n ) where s(� 1; : : : ; � n ) is the
order of the permutation group of the (ordered) n-uple (� 1; : : : ; � n ) 2 T n . In the
sequelwe will only need to consider the subset BT � T which contains rooted
treeswith at most two sonsfor each vertex, this is due to the bilinear nature of the
non-linear term in the NS equation.

3. Series represen tation

If we let ct (k) = jkj � vt (k) the eq. (1) above takesthe form

(2) ct (k) = e�j k j 2 t c0(k) + i
Z t

0
e�j k j 2 ( t � s) jkj �

Z

R3
dk0hk; cs(k � k0)i Pk cs(k0)

jk � k0j � jk0j �

for function c 2 C(R3; C3) such that supt kct k0 < 1 , hk; c(k)i = 0 and c(0) = 0.
For simplicit y write the above equation in the abstract form

(3) ct = St c0 +
Z t

0
St � sB (cs ; cs) ds:
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where S is a bounded semigroup and B is the symmetrized bilinear operator
B (c;d) = (B1(c;d) + B1(d;c))=2 with

B1(c;d) = i jkj �
Z

R3
dk0hk; c(k � k0)i Pk d(k0)

jk � k0j � jk0j �
:

Let V = f c 2 C(R3; C3) : c(0) = 0; hk; c(k)i = 0 and kck0 < 1g and for any
T > 0 de�ne the Banach spaceWT = Cb([0; T ]; V) endowed with the sup norm.
De�ne the bilinear operator B : WT 
 WT ! WT as

Bt (c;d) =
Z t

0
St � sB (cs ; ds) ds:

Lemma 3.1. For any � � 2 and any T > 0, the operator B is well de�ned and
there exists an increasing function N : R+ ! R+ such that

(4) jBt (c;d)j � N t kck0kdk0

where N t tends to zero as t ! 0 for any � � 2. Moreover when � = 2 we have a
uniform bound supt � 0 N t � N � < 1 independent of T .

Pr oof. The proof canbe found in the paper of Sinai [8] and consistsin a direct
estimate of the integral. Somegeneral considerationson the bilinear operator are
summarized in App. A. �

Now de�ne the operator � : BT � V ! WT by recurrenceas

(5) � (� ; h) = B(S�h; S�h) � ([� ]; h) = 2B(S�h; � (� ; h))

and

(6) � ([� 1 � 2]; h) = 2B(� (� 1; h); � (� 2; h))

for any h 2 V,� ; � 1; � 2 2 BT where we let (S�h)t = St h.
To �nd solutions of eq. (3) in WT with initial condition h 2 V we set up Picard

iterations f u(n ) 2 WT gn as u(0)
t = St h and u(n +1)

t = St h + Bt (u(n ) ; u(n ) ).

Lemma 3.2. The functions u(n ) have the representation

(7) u(n ) = S�h +
X

� 2B T n � 1

1
� (� )

� (� ; h)

where BT n � BT is the set of rooted trees for which the leavesare at distance at
most n from the root and where we conventionally let BT � 1 = ; .
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Pr oof. It is clear that the formula holds for n = 0 (the sum doesnot contain
any terms). Assumeit holds for any k � n and let us prove it for n + 1:

u(n +1) = S�h + B(u(n ) ; u(n ) )

= S�h + B(S�h; S�h) + 2
X

� 2B T n � 1

1
� (� )

B(S�h; � (� ; h))

+
X

� 1 ;� 2 2B T n � 1

1
� (� 1)� (� 2)

B(� (� 1; h); � (� 2; h))

= S�h + � (� ; h) +
X

� 2B T n � 1

1
� (� )

� ([� ]; h)

+
X

� 1 ;� 2 2B T n � 1 ;� 1 6= � 2

1
2� (� 1)� (� 2)

� ([� 1 � 2]; h) +
X

� 2B T n � 1

1
2� (� )� (� )

� ([� � ]; h)

= S�h +
X

� 2B T n

1
� (� )

� (� ; h)

since� ([� � ]) = 2� (� )2 and � ([� ]) = � (� ). �

The norm convergenceof the series

(8) u = S�h +
X

� 2B T

1
� (� )

� (� ; h)

in WT implies convergenceof the Picard iterates u(n ) to the element u 2 WT which
satisfy eq. (3) in [0; T ] with initial condition u0 = h.

De�ne the following function � : BT ! R:

� (� ) = 2; � ([� ]) = 1 + � (� ); � ([� 1� 2]) = � (� 1) + � (� 2)

and note that h 7! � ts (� ; h) is an homogeneousfunction of order � (� ). Always
holds

(9) (j� j + 1)=2 � � (� ) � j� j + 1

as easily proven by induction on j� j.

The following control of the coe�cien ts of the series(8) is the main result of
this note.

Theorem 3.3. For any " 2 [0; 1) the following estimate is true

j� t (� ; h)(k)j � C� e�j k j 2 t= ( j � j+1) t j � j "= 2khk� ( � )
0

where the constants C� satisfy:

C[� 1 � 2 ] =
A

j[� 1� 2]j"= 2
C� 1 C� 2 ; C[� ] =

A
j[� ]j"= 2

C� ; C� = A

for someconstant A depending only on � .

The proof of this theorem is reported in App. B.

Remark 3.4. The constants C� can be chosenas follows:

C� = A j � j 
 (� ) � "= 2:
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Now we can prove the following result about existenceand seriesrepresentation
of solutions of eq. (1) in the spaces�( �; � ) (� = 2 included).

Cor ollar y 3.5. The series (8) has the following properties:
a) for " 2 (0; 1) and �xed khk0 it convergesin norm for small t � and solve

the problem (2) in Wt � ;
b) for " 2 (0; 1) and �xed T it converges in norm in WT for khk0 small

enough;
c) for " = 0 (i.e. � = 2) and for khk0 small enoughit convergesin norm in

W1 and de�ne a global solution of the problem (2).

Pr oof. Using Thm. 3.3 and Remark 3.4 we �nd that there exists a constant
B such that

jut (k) � [St h](k)j �
X

�

B j � j � (� ) � 1 
 (� ) � "= 2e�j k j 2 t= ( j � j+1) t j � j "= 2khk� ( � )
0

�
X

n � 1

Zn B n e�j k j 2 t= (n +1) tn"= 2khk(n +1) =2
0

�
1 ^ khk(n +1) =2

0

�
:

(10)

where Zn is the number of rooted trees in BT with n vertices. The following
recursive relations can be usedto bound the Zn 's:

Z1 = 1; Zn +1 � Zn +
X

n 1 + n 2 = n

Zn 1 Zn 2 :

From this relation it is not di�cult to prove that Zn grows at most exponentially ,
i.e. there exists a constant D such that

(11) Zn � D n (n + 1)� 3=2:

(seefor example [9], Sec.3).
Next, by induction we can prove that 
 (� ) � 2j � j� 1. This bound is optimal

since it is saturated by the binary trees for which every path from the root to the
leaveshas the samelength. Using this bound, eq. (9) and eq. (11) in eq. (10) we
get

jut (k)j � j[St h](k)j +
X

n � 1

Zn B n e�j k j 2 t= (n +1) tn"= 2khk(n +1) =2
0

�
1 ^ khk(n +1) =2

0

�

� khk0 +
X

n � 1

(DB t "= 2)n (n + 1)� 3=2khk(n +1) =2
0

�
1 ^ khk(n +1) =2

0

�
:

(12)

so the series(8) convergesin norm whenever the geometric series
X

n � 1

(DB t "= 2)n khk(n +1) =2
0

�
1 ^ khk(n +1) =2

0

�

converges.This givesdirectly a); b); c). Indeed note that for " = 0 the dependence
on t disappear in this last series. �

Now, lets come back to the original variables. It is clear that the function
vt (k) = jkj � 2ut (k) satisfy eq. (1) in [0; T ] when the seriesde�ning u convergesin
WT . Here we are interested in the behavior of the global solutions when � = 2:

Cor ollar y 3.6. In the case � = 2 and when khk2 is su�ciently small the
global solution v of eq. (1) with initial condition h has the following two properties:

a) for �xed k 2 R3nf 0g, lim t !1 jvt (k)j = 0;
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b) for �xed t > 0, there exists two constants C3; C4 such that jvt (k)j �
C3e� C4 j k j

p
t as jkj ! 1 .

Pr oof. By the samebounds performed in Cor. 3.5 we seethat the function
vt (k) = jkj � 2ut (k) satisfy the inequality

jvt (k)j � e�j k j 2 t jh(k)j +
X

n � 1

Cn
1 (n + 1)� 3=2e�j k j 2 t= (n +1) khk(n +1) =2

2 ; k 6= 0

for khk2 small enoughto guarantee the convergenceof the series
X

n � 1

Cn
1 (n + 1)� 3=2khk(n +1) =2

2 :

Then �xed k 2 R3nf 0g we have lim t !1 e�j k j 2 t= (n +1) = 0 for each n and we obtain
that jvt (k)j ! 0 as t ! 1 .

Next, we want to estimate the seriesat �xed t and for jkj ! 1 by Laplace
method. Write
X

n � 1

Cn
1 (n + 1)� 3=2e�j k j 2 t= (n +1) khk(n +1) =2

2 � khk1=2
2

X

n � 1

e�j k j 2 t= (n +1)+ n log (C1 khk1= 2
2 )

The exponent in the sumof the r.h.s hasa maximum for n ' jkj
p

t=
q

j log(C1khk1=2
2 )j

and so, when jkj ! 1 we have
X

n � 1

e�j k j 2 t= (n +1)+ n log (C1 khk1= 2
2 ) � C3e� C4 j k j

p
t

where C4 = 2=
q

j log(C1khk1=2
2 )j and C3 is some�nite constant. �

3.1. Remarks on particular subsets of trees. In the series(8) di�eren t
classesof treesgive di�eren t contributions. We de�ne simple trees the treeswith at
most onebranch at each vertex, i.e. of the form [� � � [� ] � � � ]. Short treesare instead
trees for which at each vertex we have two branches,each of which carries a �xed
proportion (� or 1� � ) of the vertices. Of coursethis will not be possiblein general,
sowe allow the proportion to oscillate around � in the interval [� � � �; � + � � ], for
some�xed 0 < � � < min( �; 1� � ). Sincerooted treesdoesnot distinguish between
branchesat a vertex, we take here the convention that the branchesare ordered by
the number of vertices in the corresponding subtree. With this convention we can
consider,without loosing generality, valuesof � 2 (0; 1=2).

We will denote BT 0 the set of simple trees and BT � the set of short trees
corresponding to the proportion � .

We have a �rst simple lemma:

Lemma 3.7. For � 2 BT 0 we have 
 (� ) = j� j!. For any � 2 (0; 1=2) there
exists constants D1; D2; D3; D4 such that, for any � 2 BT � we have

D3j� j � 1D j � j
4 � 
 (� ) � D1j� j � 1D j � j

2 :

Pr oof. The proof of the �rst claim is trivial. For the second,note that we
can choosethe constants D 1; D2; D3; D4 such that the inequalities are true for all
the trees � 2 BT � with j� j � n for some�xed n and moreover they satisfy

D1D � 1
2

(� � � � )(1 � � � � � � n � 1)
� 1 and

D3D � 1
4

(1 � � + � � )( � + � � )
� 1:
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Then we proceedby induction on n � n. Assume the inequality is true for
trees with j� j < n and observe that, for � 2 BT � , j� j = n we have � = [� 1� 2] with

(� � � � ) �
j� 1 j
j� j

� (� + � � )

and

(1 � � � � � � j� j � 1) �
j� 2 j
j� j

� (1 � � + � � � j� j � 1)

Then


 (� ) = j� j
 (� 1)
 (� 2) � D 2
1

D j � 1 j + j � 2 j
2

j� 1jj � 2 j
�

D 2
1D � 1

2

(� � � � )(1 � � � � � � j� j � 1)
D j � j

2

j� j

�
D 2

1D � 1
2

(� � � � )(1 � � � � � � n � 1)
D j � j

2

j� j
� D1

D j � j
2

j� j

and similarly we obtain 
 (� ) � D 3D j � j
4 j� j � 1, proving the claim. �

This di�eren t behavior of the two classesof trees is responsible for di�eren t
convergenceproperties of the sum (8) when restricted to simple or short trees.

De�ne
wt =

X

� 2B T 0

1
� (� )

� t (� ; h)

then as consequenceof Lemma 3.7 and Theorem 3.3 we have the following result:

Cor ollar y 3.8. For " > 0, the serieswt convergesin V for every t and every
initial condition h 2 V and

jwt (k)j � B 0
1X

n =1

B n

n3=2(n!)"= 2
e�j k j 2 t= (n +1) tn"= 2(1 + khk0)n +1 :

Pr oof. The estimateson the seriesare similar to those in Cor. 3.5, but now
the coe�cien t 
 (� ) = j� j! goesto in�nit y fast enoughto guarantee the convergence
of the seriesfor any time. �

In [10], Sinai studied di�eren t classesof contributions to his seriesrepresenta-
tion of NS. He calls the various contributions diagrams and then intro ducesshort
and simplediagramswhich areanalogousto short and simple trees(even if diagrams
doesnot exactly corresponds to our trees). He then shows that the contribution of
the simple diagramscannot causethe divergenceof the overall series.Corollary 3.8
is the analogousof this result in our setting.

For short trees the function 
 behaves exponentially with the size of the tree
and this is not enough to make the series restricted to short trees converge for
arbitrary time (when " > 0). A similar phenomenonis observed in [10] for short
diagrams.
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App endix A. Remarks on the spaces �( �; ! )

Without going in detailed proofs we would like to note some remarks about
the natural functional spacesin which solutions of eq. (1) live. Following Sinai [8]
de�ne the space�( �; ! ) (�; ! � 0) asthe spaceof continuousfunctions v : R3 ! C3

such that
kvk�;! = sup

k2 R3
 (k) � 1jv(k)j < 1

where  (k) = jkj � � for jkj � 1,  (k) = jkj � ! for jkj � 1. Functions in this space
can be bounded above by jkj � � for small k and by jkj � ! for large k. Consider the
the bilinear integral operator

(13) eB(v; v)( t; k) = i
Z t

0
e�j k j 2 ( t � s)

Z

R3
dk0hk; vs(k � k0)i Pk vs(k0) ds

appearing in the r.h.s of eq. (1). For this operator we have the bound

(14) j eB(v; v)( t; k)j � sup
0� s� t

kvsk2
�;! jkj � 1(1 � e�j k j 2 t )I (k)

where I (k) =
R

R3 dk0 (k � k0) (k). For k 6= 0 the integral I (k) convergeswhen
! > 3=2 and � < 3 and we prove easily that, when jkj � 1

I (k) � C�

8
><

>:

1 for � < 3=2
j log jkjj for � = 3=2

jkj3� 2� for 3=2 < � < 3
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while when jkj > 1

I (k) � C!

(
jkj3� 2! for 3=2 < ! < 3

jkj � ! for ! � 3

This behavior translates in the following estimates for the r.h.s. of eq. (14). So
when jkj � 1:

jkj � 1(1 � e�j k j 2 t )I (k) � C�

8
><

>:

jkj � � t (1 � � )=2 for � < 1

jkj � � (1 ^ jt j) for 1 � � � 2
jkj � � jt j( � � 2)=2 for 2 � � < 3

and when jkj � 1

jkj � 1(1 � e�j k j 2 t )I (k) � C!

8
><

>:

jkj2� 2! (1 � e�j k j 2 t ) for 3=2 < ! < 2

jkj � ! (1 ^ jt j)( ! � 2)=2 for 2 � ! � 3
jkj � ! (1 ^ jt j)1=2 for 3 � !

Thesebounds imply that eB mapsC([0; T ]; �( �; ! )) in itself whenever ! � 2 for any
� 2 [0; 3) and in this casethe norm N of eB is given by

NT = sup
t � T

sup
k

[ (k) � 1 jkj � 1(1 � e�j k j 2 t )I (k)]

and becomesmall with T allowing a direct proof of existenceand uniquenessof
solutions to eq. (1) for small time. Moreover when � 2 [1; 2] the norm NT is
uniformly boundedin T and this implies existenceand uniquenessof global solutions
with small enoughinitial condition.

Note moreover that the samebounds are true on the torus (only wave-vectors
jkj � 1 are important in this case) and that they always imply uniform control
in time of the norm NT for any ! � 2. In this casewe have the existenceand
uniquenessof global solutions with small initial conditions whosedecay at in�nit y
is not worsethan jkj � ! . Details can be found in [8].

App endix B. Pro ofs

B.1. Theorem 3.3.

Pr oof. We will prove the statement by induction on j� j = n. Let us assume
that the estimate is true for any tree � 0 with j� 0j < n and let us prove it for trees
� with j� j = n. Consider the case� = [� 1� 2] with j� 1 j = p, j� 2 j = q:

j� t ([� 1� 2]; h)(k)j � 2
Z t

0
e�j k j 2 ( t � u ) jB (� u (� 1; h); � u (� 2; h)) j du

� 2
Z t

0
du e�j k j 2 ( t � u ) jkj � +1

Z

R3
dk0 j� u (� 1; h)(k � k0)j j� u (� 2; h)(k0)j

jk � k0j � jk0j �

� 2C� 1 C� 2 khk� ( � )
0

Z t

s
du e�j k j 2 ( t � u ) u"= 2( j � 1 j + j � 2 j ) jkj � +1

�
Z

R3
dk0e�j k � k 0j 2 u=(p+1) �j k 0j 2 u=(q+1)

jk � k0j � jk0j �
:
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The exponent in the integral has a maximum as a function of k0 and

jk � k0j2u
p + 1

+
jk0j2u
q + 1

�
jkj2u

p + q + 2

for any k0 2 R3. So

j� t ([� 1� 2]; h)(k)j � 2C� 1 C� 2 khk� ( � )
0

� e�j k j 2 t= (p+ q+2)
Z t

0
du e�j k j 2 ( t � u )( p+ q+1) =(p+ q+2)

(u)"= 2( j � 1 j + j � 2 j ) jkj � +1

�
Z

R3
dk0 1

jk � k0j � jk0j �

� A0C� 1 C� 2 khk� ( � )
0 e�j k j 2 t= (p+ q+2)

�
Z t

0
du e�j k j 2 ( t � u )( p+ q+1) =(p+ q+2) (u)"= 2( j � 1 j + j � 2 j ) jkj4� �

(15)

where, if e is a unit vector in R3 we let

A0 = 2
Z

R3
dk0 1

je � k0j � jk0j �
< 1 :

Consider the term on this last line of eq. (15):
Z t

0
du e�j k j 2 ( t � u )( p+ q+1) =(p+ q+2) (u)"= 2( j � 1 j + j � 2 j ) jkj4� �

= t ( j � 1 j + j � 2 j +1) "= 2
Z 1

0
j~kj4� � e�j ~k j 2 (1 � u)( p+ q+1) =(p+ q+2) u"= 2( j � 1 j + j � 2 j ) du

with ~k = (t � s)1=2k. Let a = (p+ q+ 1)=(p+ q+ 2). We have the following bound,
proved in lemma B.1 below:

Z 1

0
e�j ~k j 2 (1 � u)au(p+ q)"= 2du �

�
aj~kj2 + (p + q)"=2

� � 1

Gathering all together we get

j� t ([� 1� 2]; h)(k)j � A0C� 1 C� 2 khk� ( � )
0 e�j ~k j 2 =( j � j+1) t j � j "= 2 j~kj2� "

aj~kj2 + (p + q)"=2

When " 2 (0; 1) we have

sup
~k2 R3

j~kj2� "

aj~kj2 + (p + q)"=2
� K [(p + q)] � "= 2

where K is a constant not depending on " , so in this case

j� t ([� 1� 2]; h)(k)j � A00C� 1 C� 2 khk� ( � )
0 e�j ~k j 2 =( j � j+1) t j � j "= 2

j� j"= 2

When " = 0 we have instead the bound

j� t ([� 1� 2]; h)(k)j � A00C� 1 C� 2 khk� ( � )
0 e�j ~k j 2 =( j � j+1)

Proving the claim in this case.The other casescan be treated similarly. �
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Lemma B.1. Z 1

0
e� a(1 � u) ubdu � 1 ^ (a + b) � 1

Pr oof. Easy:
Z 1

0
e� a(1 � u) ubdu =

Z 1

0
e� au (1 � u)bdu

Z 1

0
e� au � budu

�
Z 1

0
e� (a+ b)u du = (a + b) � 1

�
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