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Abstract. A semilinear system of reaction and di usion equations with non-
linear boundary conditions and discontin uous real valued data for which a
mild solution is only known to exist is studied from the point of view of the
Heolder continuity of the solutions. This regularity of the solutions furnishes
the stabilit y of attractors in an adequate notion via Arzela-Ascoli's Theorem
uniformly on the domain in arbitrary spacedimensions. The limit in question
is of large diusivit y. In this case,the dynamics of the limit processare gov-
erned by a nonlinear coupled system of ordinary dieren tial equations. This
allows to assert that in chemical engineering or biochemical reactions models,
the long time dynamics of systems of reaction and di usion equations yielding
the formation of spatially heterogeneous stable states of patterns of concen-
trations by certain chemical substances can only occur in the caseof relativ ely
small di usions.
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the following weakly coupled system of reaction and di usion equations

ug Div(d'(X)ru)+ V' (x)u+ u = f(u) in
1) d(x)&+b(xu = gu) on, t2(0;T)
u@) = u, in,
with nonlinear boundary conditions, whereu = (uy;:::;um)” is a vector function,
a = (ny;:::;nNy)” denotesthe unit external vector at the boundary |,
d = diagd]2L!(; My m);
2) V' = diagVi'12 LP(; Mp m); and

b = diaglh]2L%(; My m) fori=1;:::;m
are diagon%l matrices with the rst being posigve de nite and
< 1 fN=1 < 1 if N=1
Po . > 1 ifN=2 and . > 1 if N =2
' NN 3, ' N 1 ifN 3

2
respectively. We assumein the last two matrices of (2) that the functions have at
most their integrated valuescorvergingas" ! 0. Also we supposethat uy 2 H ()
and the nonlinearities of the systemN = f;or g:IR™ ! IR™ are such that
JN(u)  N(v)j (u;v)ju vj componertwise, where
3 (uiv) = C(uj *+jvj *+1) and
4
; if N 3.
N 2 ¢ 2
If N = 2weassume8 > 0;9C 0 suc that
(U;v) = C (e " + e 1V° 4 1):

If N = 1 no growth conditions are imposed.

P 1+

2
1+
N

Our interestin the above semilinearinitial and boundary value parabolic problem, is
to study the asymptotic global in time limit dynamics of the the systemof equations
in the presenceof large di usivit y. This theme has beenstudied by many authors
[7, 8, 13, 16, 20, 22, 33, 36]. Howewer, to the best of our knowledge, none of
these referenceshas proved the stability of attractors in the C()  topology at
in nite di usivit y in the systemof equationswhenthe domain of the equation is an
open regular bounded subsetin arbitrary spacedimensions. Somepossiblereason
for this is either a study of the problem via Soholev spaceembedding theorems
[13, 20, 22] or via elliptic regularity results [33]. These methods naturally yield
restrictions on the spacedimension of the domain in the equations. To bypassthis
type of rectrictions, alot more work needbe done. Our approac is a direct method
based on Moser-Nash-De Giorgi type of iterations [2, 31, 25, 26]. The success
of this technique has insofar been demonstrated mostly for quasilinear parabolic
equations. We reobtain its non trivial applicability in our presen situation of
equations (1). The novel aspects of this application are exact general iterations
schemesfor both global boundednessin time uniform in the domain and Helder
cortinuity of solutions on the cylinder 0;T).

The main hypothesisyielding large di usivit y in the system of equations (1) is
the following

def

(4) () € inffd (x)2d'g! 1 as"! 0.
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Asserting precisely the sensein Banach spacesof the limit processof reaction and
di usion equationsunder assumption(4) is not alwaysatrivial task, evenin the case
of a simple non homogeneoudinear parabolic initial and boundary value problem.
It is much moredi cult whennonlinear boundary conditions are takeninto accourt
in the problems. For more details on thesefacts seefor examplein [8, 13, 33, 36].

The interest in the topic on asymptotic global dynamics in time of semilinear
reaction and diusion equations with large di usivit y, comesfrom the need to
understand situations in pattern formation. Thesenormally arise in models either
of chemical engineeringor biochemical processessee[13, 20, 40]. A more recert
study on pattern formation has been provided in [24]. It yields together with
analytical results, a detailed numerical simulation of a 2D simple chemical system
of reaction and di usion equationswith a generalorder of autocatalysis and decay.
Another study has been furnished by [42], without numerical simulations. This
referenceanalysesa situation that incorporatesboth mecanismsof small and large
diusivit y in a one dimensional system of Gierer-Meinhardt equations. It also
provides a large bibliography on the topic. There has beenimportant results [9,
21, 35] on large di usivit y e ects in semilinear wave equations.

In the sequel, we assumethat the oscillation of the diusion coe cien ts is
bounded, that is

(5) oscfd(x)2dg<1; 8 >0

This last assumption is not immediately necessary Howewer it is important when
proving the Helder regularity of solutions to equations (1).

The paper is organized as follows. In section 2 we give some preliminaries.
Thesewill review propertiesin standard Sobolev spacesof Hilb ert type of the given
elliptic system spatial di erential operator of secondorder in (1). A study of the
behaviour of the eigenvalue problem in large di usivit y is also given. The system
elliptic di erential operator, therefore turns out to be an in nitesimal generator
of a linear semigroup in scalesof Hilbert spacesand we can solve the homoge-
neous problem assaiated to our system (1). This semigroup admits a spectral
represenation in the mertioned scalesof spaces. Consequetly, the asymptotic
behaviour of the principal eigervalues and their corresponding eigenfunctions in
large di usivit y furnishesthe existenceof a limit semigroupand the convergenceis
obtained in operator norm. In Section 3, we study the well posednesf the com-
plete problem (1).We prove the existenceof at most one mild solution in the space
C((0;T); HY()). The remaining part of the section, studies the Helder regularity
of solutions. A necessarycondition for the cited regularity of solutions is to prove
uniform boundednesson ~ [0;1 ) of the nonlinear semigroup generated by the
system of equations. Consequetly, in Section4 we are able to prove the existence
of a global compact attractor for the nonlinear evolution problem (1). This attrac-
tor is obtained in the spaceH () \ C( ), without imposing dissipative conditions
on the nonlinearities of the problem. Sincethis attractor dependson the di usion
of the systemof equations, we prove in the hypothesis(4) the stability in the C()-
topology of attractors. A review of the de nition of an attractor and criteria for
determining its existencefor nonlinear semigroupsde ned by ewolution problems,
is provided at the beginning of the cited section. Concluding remarks, con rm that
the dynamical properties of the system of equations (1) are completely determined
by those of its natural limit processesn large di usivit y. This includes upto the
caseof nite escape times of the nonlinear semigroups.
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2. Preliminaries.

Throughout this paper, we assumethat the reader is familiar with standard
notations of normed function spaces.For simplicity we do not make distinctions in
thesefunction spacenotations when vector or matrix functions are involved. Thus
we use the same function spacesnotation for single real valued functions de ned
on the domain. The inner product of the spaceL?() will be denotedby h; i and
generic constarts will be denotedasC 0. Let X be a Banach space,then the
norm notation k kx will be used.

2.1. The elliptic system problem. In this subsection, shall prove results
on the behaviour of the principal elemeris of the assaiated eigervalue problem of
the elliptic systemdi erential equationsin (1). Thanks to the assumptionthat the
system of equations (1) is weakly coupled. This implies that the coupling in the
equationsonly occursin the nonlinear terms of the system. Thus considerationsfor
the elliptic part of the system of equations can be obtained by analyzing only the
scalarm = 1 case,then adequategeneralization concludesresults for the system of
elliptic secondorder di erential operators.

To begin, we note that system of elliptic secondorder di erential operators of
the system of reaction and di usion equations (1) can be de ned (taking into ac-
court the regularity of the data) in adistributional senseasthe operator (A";D(A"))
where

; u2 HY( ;IR™) : Div(dru)+ (V' + Ju2L?()
(6) D(A)= d'@+bu=0 on.
Moreover, this operator A" : D(A") L?() ! L?() is maximal monotone and

self adjoint. Actually it is the restriction to the spacelL?() of the isomorphism
L' (u)2H () dened foreveryu2 H() by
z z

(70 H');'i= drur'+ (VM + )u+ bu; 8 2HIY):
Note that (7) is a bilinear form and by hypothesesLax-Migram's Theorem[6, 29] is

satis ed. This impliesin particular we cansolvefor at most onesolutionu” 2 H1()
the corresponding elliptic linear non homogeneougproblem

®) Div(dru)+ V'u+ u = f" in
d2+bu = g on,

wherein particular, if the Sobolev imbeddings

(9) H() | L °() aresatised

we may consider
f = (f;f,)” 2LP()  with T+ 4= 1and

(10) g = (giiign)” 2H ()

Also, as consequencef Lax-Milgram's Theorem we have that the assaiated eigen-

value problem

Div(d'r u)+ V'u+ u

- b
d@+bu

|
c
5

(11)

|
o
o
>
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has solutions. More precisely there exists a sequenceof eigervalues

(12) 0< ;7 it .o oy %1 asn! 1

with corresponding orthonormal in L2() eigenfunctionsf' , :n2IN g HZ()
that form a Hilb ert basisof the spaceL?(). Thusfrom [23, 30] the power spaces

X. = D((A") ), 0 < 1 dened by the operator (6) are well de ned and
endowved with the graph norm

R
kuk? = k(A") ukfz(y = j o ot ij? ifu2 X
n=1
As usual the dual spacesare denotedby X. =1[X.].

We now say a few words on the limit process(4) of large di usivit y in the
systemof equations(8). Following, from our resultsin [36] if we considerthe elliptic
systemproblem (8) and we assumegivenin (10) is that the integrated valuesof the
functions corvergeas" ! 0. Then the sequenceof solutionsfu” :" > 0g H?()
assaiated with this problem (8) has a strong limit as" ! 0 in the spaceH ()
which we denoteasu = (u?;:::u™)> 2 IR™ and satisfy that

(13) u = LolhZ where ZLO = diag[ ;] fori= 1;:::;m and
(14) = Vitio b+ 60
z .. Z z .. Z
h = f1+u O, ::s, fm+!—J Om
1) 7 1)
(15) Furthermore, we have  fim dijr u'j?=0:

Note that the integral type ¢e ne spatial averagefunctions and also that in the
subspaceW = ' 2 HY() : ' =0 of HY() the limit function u = 0. If the
spatial averagelimits of the reaction terms givenin (10) are not boundedin " > 0
thenu =1.

In what follows we study the behaviour of the fundamental elemerns of the
eigervalue problem (11) in limit of large di usivit y in the equations.

2.2. Aysmptotic behaviour of eigenvalues. In subsection, we prove the
asymptotic behaviour of the principal elemens of the eigervalue problem (11) in
limit (4) of large di usivit y. First we recall the min-max characterization of the
eigervaluesin (12) and for this we de ne

Je(w) = ERM

This functional is known as the Rayleigh quotient and following [14] we have for
n 2that

"= inf J-(w)
w? span[v‘vs'f;:::;",'] .1
— sup J-(w)
w 60
w2span[ ;i on]
(16) = inf sup NE (W)'

we HLIO) w2W.
dimW -« =n
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and the rst eigernvalue is given by

" dgf . —_ vy
(7) 1= w2H1I?)f nngJ (W) = J-(" 1):
It is easyseeto that the eigervalue (17) is simple. In fact, if ; 2 H() nfOg
are any two eigenfuctionsassicciated with it,Zthen 5
0=3:() 2() ¢ )P) o=z Pr 70

for some > 0. Thus the eigenfunctionscan not be orthogonal in L?() and the
simplicity of the rst eigenvalue (17) is proved.

Concerning the behaviour of eigenvaluesof the problem (11) when large di u-
sivity (4) is assumed,we have the following theorem.

Theorem 2.1. Consider the eigenvalueproblem (11) and assume(4) is satis-
ed. Then the rst m-eigenvaluesand assiated ei%enfunctionsverify
(18) (ni'w)! (ot fe) and Jim o dijr 2= 0

forn = 1;:::;m as" ! 0 wher the convergene of eigenfunctions is strong in
H() ,fe, :1 n mg denotesthe canonic basis of IR™ and , > Ois asin
(14). Also there holds

19 lim inf -2 N
49 o () 2
whee Y 6 0 is the rst non zemn eigenvalue of subject to Neumann zero

boundary conditions.

Pr oof. We prove the results of the theorem from the casem = 1 of (11). First
let us obsene that from (16) we get that

(20) C=  inf Jew) . inf RITWE L
2 w2 HR ) bowamgo jwj?2 0
w?' ., w=0 w?' ., w=0
where o> Oand ;! 1 as"! 0. Thusthe sequencef';:" > 0g HZ()

of rst eigenfuctionsis uniformly boundedwith respectto " > 0. By compactness
there exists a weak limit qunction '"'2H l()Z and

(21) jrei? o lim inf  jr 2=

This implies that ' 62W = fw 2 H1() : R w = 0g. On the other hand, the
Soholev embeddings H () L2() are compact. Thus the convergenceof the
rst eigenfuctionsis strongly in L?() and their normalization in this spaceyields
that ' =j j z. Now in view of (21) we get that the cornvergenceis stongly in
H() as"! 0.

The secondassertionin (18) is obvious. Otherwise we obtain a contradiction
with the boundednessof (17). On the other hand, the cortinuity of the bilinear
form in the left hand side of (7) yields passingto the limit as" ! 0 the corvergence
of the rst eigervalue of (11) to the value ; = (14) > 0.

Assumethat a similar estimate (20) also holds for the secondeigervalue using
the third eigervalue. However this is impossibleaswe nd a cortradiction with the
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ortogonality of the assaiated secondeigenfunctionin limit (4). Thusin (20) if we
set
W = inf —
Z w2 HR () jwj2
w?' ., w=0
then, sincew ? sparv';j j #] with v’ 2 W, we get . Y. Hencedividing
throughout by (") and noting that lim-, ¢ -7 = 1, leadsto

22 liminf —2-

22 o () 2

Consequettly, generalizingthis proof to the non coupledsystemeigenvalue problem
(11) we obtain the conclusion of the theorem.

2.3. The linear semigroup. We now conclude these preliminaries, by re-
viewing the well posednes®f the homogeneougroblem assaiated with the system
of equations (1). We also will prove the asymptotic behaviour in large di usivit y
(4) of the linear semigroupgeneratedby the homogeneousquations of the system
(1).

We note the homogeneousequations of (1) can written using the isomorphism
operator in (7) as

(23) u+L'(U=0 u2X.; 2R

in H () for almostt 2 (0;T). Relating to the well posednessof the system
ewolution equations (23) we have from [23, 30] the following theorem.

Theorem 2.2. The operator (L"; X~ i
analytic semigoup
(24) fS'(t);t Og=fexp L't);t 0Oy X.; 2IR
suchthat the mapping

t7! u()=expg L'tug2X.; 2R

) is an in nitesimal geneator of an

and the problem (23) has at most one solution of classin = 0,

u 2 C([0;1); X~ %)))\ C'((0;1);X.); 8 2IR:
In addition, for any o; 1 2 IR the mapping S-(t) : X.° ! X.1! is boundaed and
there exists M > 0 suchthat for any 0< ! inff : 2 (L")gwe have

M e't forallt> 0.

(25) kS"(Dk o; |

t1 o

In other words, the linear semigoup has a smmthening e ect and is aymptotically
stable.

Obsene that in view of the fact that the operator (6) is maximal monotone
and self adjoint, we the semigroupfS"(t) : t  Og compact. This conclusion we
obtain from [27] Proposition 5.2. Also the given semigroup does admit a spectral
represenation in the scalesof Hilbert spacesX., 2 IR. This enablesusto write

(26) S (tw = e "Yjojw,<a2X.; t 0

n=1
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for any w 2 X., where the pair ( ;' ,),n 1 solves the system eigervalues
problem (11) and w, = hw;' ,i. Concerning the asymptotic behaviour of this
semigroupin view of hypothesis(4) we have the following lemma.

Lemma 2.3. Consider the semigoup T(t) = e “°':t > 0 where Lo = diag[ ]

(27) "IimosupetkS"(t) Tk .. ,=0 8o 12IR
'0t>0

where S’ (t),t 0, is the semigoup geneated by (23) and inff ,;1 n mg>
with  satisfying (18).

Pr oof. Let w2 X.°, o2 IR then write realization of the nite dimensional
semigroupas

X
(28) Tw= e "'( ;)W n2X.2 t 0

n=1

where' , =j j e, fe,; 1 n mgis the canonicbasisof IR™, wy, = hw;' ,i;
n=1;:::;m. Using (26) we nd that

\ R
e k(S (t)  T(t)wk*, .. I O I T S
n=m+1
S e S I R I U
n=1

+ o2 20t L ) (R ojwik kS

This enablesus to deducethe following

o 2
" 1 0
@ K(S (1) TM)wK?,. sup Lol
' n m+l €no
) 2
+ sup supje ' e "Yjjtro° 4+

1 nm t to

200 sup joajt ok Takd ? kwik?,

1 n m "
forany 0< tg t. Thusimplying the result (27) on taking into accourt (18)-(19)
since 1(")! 1 as"! 0. Our proof of the lemma is complete.

3. Regularit y of solutions.

In this section, we prove the well posednesf the system of equations (1) for
at most one mild solution in the spaceC((0;T);H%()). The remaining part of
the section, provesunder additional hypotheseson the initial data, mild solution
and nonlinearities of the system of equations, well posednessn the senseof Helder
cortinuity of the solutions. This regularity of the solutions to the system of equa-
tions (1) hasa necessarycondition the proof for uniform boundednessof solutions
on  (0;1).

Our rst result onthe regularity of solutions of the semilinearsystemof reaction
and di usion equations (1) states the following.
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Theorem 3.1 Consider the semilinear initial and boundary value problem
de ned by the system of reaction and di usion equations (1) in given hypotheses
upto to conditions (3). Then, there exists at most one mild solution of classu” 2
C([0;T);HY()) . Furthermore, u; 2 L2(0;T;L2()) and for almostall t 2 (0;T)
we have that

z z z

(29) u' F LU i i M = fQU) + gy

forany' 2 H() :
Moreover, this solution is given by the variation of constants formula
" Z t "
(30) ut)=etug+ et ¢ Inw'(s)ds
0

where the geneator of the linear semigioup is the systemisomorphic di er ential
operator de ned in (7) and h(u) w© (U g (UW2H () isanonlinear form.

Pr oof. First we note that the system of equations (1) can be read using the
isomorphic operator de ned in (7) as

u + L"u
u(to)

h(u)

(31) UI(')Z Hl() :

for almost all t 2 (0; T), wherethe nonlinearity h(u) 2 H () is de ned by

Z Z

thu);'i 11 % f) + gu); 8 2HY):

In abbreviation, we write this as

huy € f (W+g 2L () X. H )

where - + 1= 1and 1-4 1=2. In this case,the Nemytskii operators
(32) f :HY) 70 L) and g :HY}) 7' X.
are well de ned and the Sobolev embeddings of the spaceH () L are con-

tinuous and compact. Technically, we seeksolutions to the ewolution problem (31)
that are continuous functions on (0; T) with valuesu’(t) 2 H() and are xed
points of the nonlinear mapping F (u)(t) de ned by the right-hand side of(30) on
somesubspaceV  C([to;tg + h];H()) sud that ku(t) ugk with h; > 0
su cien tly small. Then usethe extensiontheoremsto get a solution on the max-
imum interval of existence(0; T). This yields existenceand uniquenessresults in
[23, 30]. Thusit is sucient to prove local Lipschitz cortinuity of the nonlinear
terms in (1) to obtain our theorem.

Consider the nonlinear operators (32), denoteby X either or and without
lossof generality assumejXj 1. Also recall the following inequality

(33) (a+ P 2@+ P); ab Op>0:
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Now from (3) a repeated application of (33) and Helder's inequality yields
z z

N NM 20X e Y e v
X X

Z Z
MO Y u i ju v
" X X
z -+ YA - #
22 L (X ) juj ** N +1
X X
z =3
ju vt ;
X

where - + L = 1fori= 1;2with > lasin (3). Therefore

KN (u) N (V)KL i x) (2% )L X
Kuk_ 5 )+ KVKL 5 gy + 1 KU VKL (x);

which is also valid in the caseof jXj < 1. Moreover, the embeddings of the space
H() L *1 are continuous and compact (see[23, 30]). Thus the Nemytskii

operators in (32) are locally Lipschitz continuous. Now results in [23, 29], more
preciselyProposition 7.4and Theorem 7.8 of [29], give the conclusionof the theorem
for caseN 3.

The sameis true for the caseN = 2. In fact, if we set' = kuij“jl() for any
u2 H() thenk' ky 1y = landthere exists ( sud that
z
(34) o) M

where the constart M < 1 . Indeed supposenot, that is for all ¢ > O there is a
sequencd' ,;n 1g H?() verifying k' nkni()y = land D > O sud that
z

(35) el o' n)’dx > D; 8n:

Sincethe sequence' ,;n 1gis boundedin H1(), a passageo subsequencesf
necessaryimplies that ' ,, ! ' weaklyin H1() andstrongly in L2() ask! 1.

On the other hand, if we let (' ) = z—gﬁi.oe( o )® then h (" n,); i !
nkoong

h(), i, forany 2 L?() ask! 1:In particular, we nd that (', ) is
boundedin L?() norm, which cortradicts (35).
Next we notice that

2
. L 2 Lz — 2
L(' Kukyz(y ) 5l 2+ ¥kuk;1()
where L > 0 and we have used the standard Young's inequality with s = 2.

Therefore, if welet o= =2andC= (2 )L == then from (34) we get that

z o~
(36) ehui M e uo -

Consequetly, upon taking C = 2 wehaveHY() 3u7! f(u)2L () iswell
de ned for any 1. Finally, if = 2then the conditions (3), Schwartz's inequality
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and repeated use of (33) conclude
z z 1=2
kf(u) f(Vkizy, 16 j7°C%ku  vkfa, givi 4+ ety

againprovidedj j 1andwith obvious changesin the otherwise case. This yields
the desiredresults including the caseof < 1, sincethe inclusionsH () L4()
are satis ed.

Now we provethat g: H1() 7! X. for 1=4 1=2islocally Lipschitz.
But this is even much simpler, sincethe trace spaceH %() L1 () cortinuously.
Thus the conditions (3) implies

kg(u) gk » () C@M] j+ Dku vk

The caseN = 1istrivial, thanks to the Sobolev embeddingstheoremH ()
C ();0< < 1continuously. It now follows from results in [29] pp.50 and pp.
52 that the theorem is proved.

The delicate regularity result of this paper is related to the Helder cortin uity
of the mild solution in Theorem 3.1. This is stated in the following main theorem
of the section.

Theorem 3.2, Consider the system of equations (1) and suppse that u, 2
L' () for all "> 0. Letr > 1 be suchthat conditions (3) for the nonlinearities
are veri e d with

2r r
(37) f<1+ﬁ; g<1+N 1
resgectively. Assumethat an a priori bound of the mild solution u” 2 L"() for all
t2 (0;T) and for all " > 0 is given. Supmse the condition (5) on the oscillation
of the di usion coe cients of the systemof equations is satis ed. Then, the mild
solution of the system of eguations (1) is Helder continuous and bounded for any
"> 0. In other words,

u2cCiz( (0;T);0< <1
for any " > O:

To render a proof of this Theorem 3.2 we need rst prove the following theorem
on uniform boundednessof solutionsto (1) on  [0;1 ).

Theorem 3.3. Assumethat all other hypothesesof the Theorem 3.2 exapt for
the hypothesis (5) are satis ed. Then, the mild solution to the systemof equations
(1) is bounded uniformly on [0;1 ). More precisely,

(38) supju’(tug)j C; 8t 0;8" >0
Thus the nonlinear semigioup geneiated by the systemof evolution equations asso-

ciated with the problem(1) is glokally de ned and bounded in L* () independently
of "> 0.
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3.1. Pro of of Theorem 3.3. We carry out this proof in seweral stages. Our
rst lemma s the following.

Lemma 3.4. Under the hypothesesof Theorem 3.3 the systemof evolution equa-

tions (1) admits a di er ential inequality of the form
zZ
d A 1 .
o ju ™+ k(u) 2 kG, (rC)t Uit +rC

wheer 1, = ()>0and 1= (N; ¢; g% )> 0for some# > 0.

(39)

Pr oof. Considerequations(1). Then there holds
z z

(40) & U+ kW) Tk, rC (Qu U Uittt + juj”)
forsome > 0,whereX = [ , bytaking' = juj" 'u2 HY() asatest function
in (29). We estimate from above term by term the right hand side of the inequality
(40). The rst term yields that

z z Lz , Z .
rCojuitttrco juive juj" juj*?
N 1 z ,312 z 3
rC kW' Ky U jujr
z
(41) k(u)# Kja, +r sC D2y

where we have useda combination of Helder's inequality and Soholev embeddings
[1, 6] in the rst estimate. Also

Ny 2y R
Y"N(r DF# 2T N(: D+# TN(f D+ #
for some# > 0. On the other hand
N 1 _ (1 N,
N 2 N(; 1)+# N 2
where we have applied the following Young's inequality
(42) ab a+Cb’ with 0< <1, C = =1

to get the last estimate.
Similarly v%e estimate the sameterm on to obtain

(C o jujett k() TG, +r s Ui
43) 2 k(u) Ty, +rCT
where >0, ¢= WO D and where we have usedthe Sobolev inequality
jwj? jr wjz+ C ’ jwj?

. . 1 y 1
to nd the last estimatewith C = £ > 0and = r 16079 :



LAR GE DIFFUSIVITY STABILITY OF ATTRA CTORS 185

Analogously this inequality, with = =, implies that
z z

(44) rCju'™  k(u)F ki, +rC Uittt

Note that the other terms need not be estimated. Thus (41),(43) (44) and the
hypothesesyield the desired estimate (39) from (40).

R .
Lemma 3.5 Letyi(t) = juj"** with r; = 2',i 2 IN . Then (39) can be
written in the form

dy;

(45) gt Y e it 1)
for some = ()> 0, whees = 15, = (N+2)=2andC I(without

loss of geneality).
Proof. Letr; =2 fori 1anddene

_ 2(ri + 1) _
UN(i+ 1) (N2)(r 1+ 1)

o
1
[

It follows from Helder's inequality and Sobolev's embeddingsthat

z z 0o Z i
(riC) *  jujiitt jujN(Nr”zl) | jujri+t
N D Z i
(NC) ' k(W)™ ks, " juit
z N
kW™ Ky +(RC)  jui *7

where s—g < 1 ( we have used Young's inequality (42) to obtain the last estimate
)ands = 18- and = (N +2)=2  o(Nri 1+ 1+ 2)(r; + 2).

1+1
Consequetly we obtain (45) from (39) and the proof of the lemma s complete.

To complete our proof of the Theorem 3.3 we have the following additional
lines.

Pr oof. Solving (45) using the above hypotheses,we nd that there exists
K = K (kugks ) > O sud that

(46) yi(t) C(riC) KU DS+ (sup y; 4(1)"
t2(0;T)
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Iterating (46) for arbitrary i = k 1 furnishes
Yk(t) (ZC)1+Zsk+Zsk 1Sk + 1 +2 8283118k
(ZC)k +(k 1) sg+:ii+ SpS3iiSk K 251S2:5Sk +

+ (2C)1+25k +2 Sk 1Sk+ i+2 82838k |

7 * S182S3:1Sk
(2C)k +(k 1) sg+:ii+ SpS3iiSk sup jujz
t2(0;T)
z '
(2C)*A«(2C) BxK 2 x + (2C)%Ax(2C) B« sup  juj?
t2(0;T)
where = sc:irs; %L oand
X
A = 1+ s+ S¢Sk 1+ :ii+ Sk 1:::81 (re+ 1) ;
o M+l
X
By = k+(k Dsc+(k 2)sksk 1+ i+ S¢Sk 1:::81 (rg+ 1) ——
=1 !
Sincer; = 2' the above seriesdo corverge. Therefore
Z 1=2" "+l
Yi(t) (2C)**(2C) 'K + (2C)* *(2C) '* sup juj?
t2(0;T)
Z 1=2 ! ! rg+l
(2C)?:(2C) ':K  sup juj? +1
t2(0;T)
P P, '
where! ; = i, ri+land!2= o1 T

=1
Passingthe power index ry + 1 to the left-hand side of the inequality, taking
up limits ask! 1, gives(38).

Theorem 3.3 hasinteresting consequencesn the global dynamics generatedby
the nonlinear solutions semigroup of the evolution equations (1), seeSection 4.

3.2. Pro of of Theorem 3.2, We shall carry out this proofin sewral lemmas.

Proof. Letw = In((! 4+ R)=I(u)) where! 4, denote the oscillation of juj on
Qur = Buar  [to;to+ 4R?] for somel=2 R 1;
I(u) = 2(M4 juj) + R and M4 = supg,, juj. Then the following lemma holds.
Lemma 3.6. w is a super (sub) solution to some paralolic equation.

Proof. Let '=l (u) with ' 2 H() non negative be a test function in (29).
Since
( (

if u 0
@7 rws= 'Sy W =

if u<O 0;

2u;
[
G,
T(u)
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we obtain inzthe positiv% casethat
1 1

5 W+ S d (x)r wr Z + ]
+ %‘ 2|M 4++RR (V" + )ev + b ev'
z z L2 L2
(48) fw)' + gw)' +5 (V'+ ) +35 b
where the nonlinear terms are in the form
_ h(u)ev . . C
(49) hw) = ¢ ri Wi g

for C > 0 independert of R and ! 4.

Thus w is a super-solution to some parabolic problem. In the caseu < 0,
w satisfy an inversedi erential inequality to (48) and is a sub-solution to some
parabolic equation.

In what follows, we seard for a local integral inequality in view of a Moser
type iteration process.Let

Qir = Bir [to;to+ 4R?] where Bj; = fx2Bsr:u Mg+ mug
with m4 = infg,, u, denote a cylinder and its base respectively. Also let x- =

1(") ¥2x  xo where 1(") is de ned asin (4).
Ne>ét, considera smooth function ' : Q5 7! IR sud that

3 0 ' 1 8(x+;t)2 Qur;
(50) . 0 ift toorx-2 nByg;
3 1 iftg to+4R?andx- 2 By
rC)i (R YL j@j (R» 1! forsomed< < 1;
independert of " > 0.
Lemma 3.7. TZhere exists a di er ential inequality in terms of w of the form

r+2

V72 [
g . (wz ')+ kw= kHl(BZR)
4R 7 |
" 1 + "
(51) Cr (") W . w2+ Cr(™)

4R

whee > 0, C;(") O0dependsonr > 0 and is uniformly bounded in " > 0.

Pr oof. Let jvxg’rw' 2=w'*"1" 2 for r > 0 be a test function ? (48) to obtain

VA

1 d r+2 1(") . r+2 .2 r+2 2
sy e 2O e wpe o

2(r + 2) dt BZRZ r+2 BZ+R 2 Bn

) f (W)Wr +1 2 + ) g(W)Wr +1 2 +
B4R Z B4R\ Z '
. 1 M+R (V) + w24 B, w2
2 R e , Bl
" r+. . . 1
2) e 2D W e W

4R 4R
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where g, (X) denotespositive part and »(") is the supremum of the di usion coef-
cients.
Now we obsene that (50), (49) and the following Young's inequality

(53) ab 1 sa® + EO B’ for ab O >0
s s
upon taking s=22(r + 1=(r + 2) > 1Zand < R?, imply that
(54) i f et (WF )2+ (r+2) 1C;
BZR BZR

since (2 > R 22 Similarly (49), (50) (using Sobolev's embeddings[1, 6]
and (53)) give an estimate of
Z VA VA

. 1. 2 r+2 . r+2 L.
i gwwt (W2 )2+ (w7 )j?

B,r\ BZR B.r

+ (r+2) ¢

It is easyto seefor the next sum of terms in (52) that in virtue of (50), using
Helder's inequality and the Sobolev's embeddingsH () L# where

#(po) = 2p3(r + 1)=(r + 2) or #(qp) = 209(r + 1)=(r + 2);

respectively and (53) yield a bound from above of the form

z z !

W )2+ wEP
iR Bir

+ (r+2) * Ckd (ke
for eath term in the summed expression. It only remainsto considerthe last two
integrated terms in the right-hand side o£ (52). Thesecan be estimated as
c wr +2 .
( R)? g

4R

B

(55)

Thusthere exist > 0 and a strictly positive linear expression (") > 0 consisting
of the sum of the constart C > 0 and the valuesof the coe cien ts V, ; b, in norms
of the respectivze L' spaces for which there holds

d r+2

' \2 r+2 | 2
ot . Wz ')+ kw?z kHl(BZR)
4R Z |
(56) (r+2) (")*?cC TR ;)2 . w2+ (MG
4R

after multiplying by 2(r + 2). This proves(51).

Lemma 3.8. Assume that Lemma 3.7 holds. Then, there exists an integral
inequality of the form
z L Z s
(57) wET L C() = W+ C(Y)
Q. ( R)* o
wher C(") > Ois boundad for all " > 0, s= 1+N=2> 0,i 2 IN, and Q] = B .
[iito+4R?[forRi=Ri 1 32 )R; Re=4R; = ; 1+22'R% ,=tg
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Pr oof. Consider(51) givenan in (56). Then integrate in time to nd

z 2o z to+4 R? 2o
su wz )+ kw=" k&, L.
to t toE)r4R2 BZR( ) to H(Bir)
7 !
(58) (r+2) (M)"*?C(2R)? ( ;)2 o W2+ (M2C(2R)%

becauseof the secondproperty in (50) and sinceR  1=2.
Let g= 2(1+ 2=N). Then, from [25], the embeddingsof the spacesf functions
with valuesin Banach spaces
LY (0;T;L2()) \ L2O;T;HY()) L9  (©O;T))

are veri ed. Theseemnbeddingsrestricted to the set Q5 in (58) with s= 1+ 2=N
give

SwWEPs (r42) ()2 (20)2R)?
Q4R Z | S
1 I+ n\r+ S
(59) (RY o " T O EoRRy

where we have used
(60) (a+ P 2@ +K) for a;b 0, p> 0O

It follows, upon de ning nested cylinders of the form asin the lemma and taking
ri = 2(s Z1) which imply r; + 2= 25', that the integral estimate (59) hasthe form

i+1 ] i S
w2s 2s' (")% (2C)(2R)?
Qls ,
Z f s
1 W
( R)? o

(61) + (% eo)EeR)?

The desiredintegral inequality is obtained and (57) is proved.

Lemma 3.9. Assumethat Lemma 3.8 holds. Then, there exists a positive con-
stant C > 0 independent of R such that |
supjwj C 1 ‘ jwj? o1
Or RN +2 Qun

Pr oof. The proof of this lemma follows from general inductive processof
inequality (61). Sincethe processis recursive using repeatedly (60), we obtain for
arbit&ary k 1that

25K 2(k 1)s+2( k 2)s?+::+2sK  ruy2ksk
2 @)

k

2C 2s+2 8%+ 142 s 1 Z
(R) ( R)? q

0

w

(62) + 22(k 1)s+2(k 2)s2+ m+2 88 2 (--))stk



190 ROBER T WILLIE

sinceR 1;C 1,( R) ! ismonotonic increasingwith increasingexponerts and
sincel<s 2imply k2sk  22ks",
Next we note that

ok 1)s+2(k 2)s2+ 11+ 25K 25K S'—iz 25K A:
i=0

Sinces = 1+ 2N > 1, the quotient rule yields corvergenceof the series. In
addition, the sumto in nite of geometric seriesgives

25+ 282+ i+ 28 1 28K %:25" NE
i=1
Therefore, in (62), we arrive at
w?" @2 (") @)V @ w2 AA
Qr (R)2 R g
I sk
. 2
GO R
0 i ) 7 | % X N71 25K
G2 (NeOF jym W@ = A
0
Now passingthe power 2s¥ in the left-hand side of the inequality we get
Z ! L , NTO . z I : 1
k " N
+w23 4 (")Aec): = @ e +w2 + 1A
Qk QO
0 . 7 I : 1
= cte@ RV . w2 o+ 1A
0

wherethe cte is independert of R. As aresult, taking limits ask ! 1 , weconclude
that

supjwj  lim ws" cte@ —— w2+ 1A
|

The rest is obvious (since the above two last estimatesare true for the positive part
w, of w on the cylinders Qx = Bsr, [«:to+ 4R?], k 0) and our lemma is
proved.

Now, we assertthe following lemma.

Lemma 3.10. Assumethat Lemma 3.9 holds. Then, the integral expression
z

(63)

RNZ jwj?dxdt is bounde atove from independently of R.

4
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Let us rst gbser\e thatzif ' 2=|(u) is taken asza test function in (29), then
d 2

w2+ d (x)jr wj*' 2+ =

m

w' 2

4 z

i rwe e fwy 2e gy 2
Z Z
(64) N VS R O R T

We now estimate (64) from above. For the rst term, we usethe following Young's
inequality

(65) ab % 2a% + 2—12b2; ab 0 0< <1

with = ( 1("))%=Z 2(") for some > Osu cieg tly small. Consequetly
. " ' ' l(") H v 2 C .
joode) rwr 5 jl’Wj+¥.

The integrals involving the nonlineari%ies can be quite easily estimated as
(66) CR 2 '2+CRN 2
A bound from above similiar to (66) is veri ed by the last sum of integrals. As

a result, one has
Z Z Z

1d V2 T ., C

(67) >0 w jr wj + > w R?

forsome = ( )> O0andC > 0independert of R.
Now we can carry out the proof of Lemma 3.10.

-2+CRN 2

Pr oof. Consider the closedtime interval |, = [to;to + 4R?] and de ne the
cylinder Q= Bor 2. Let Qu=f(x;)2Q:u  my+ g
Thenw 0onQuifu OandonQnQy if u< 0. Furthermore, w; must
vanish on someQp Q with jQoj %ij depending on the case. Denote suc a
function by v and de ne
9= fx2Bsr:Vv+(x;t)=0g; m(t)=j 9 for t21,:
Also de ne the function
Z Z 1
W(t) = v 2 ' 2 :

SinceW (t) In2 for a%t 2 15, the Poincareinzequality (due to Moser)
(68) "2(v W)2  16R%Z ' r vj?

is satis ed. Hencewe have an estimate from below in (67), for v in place of w in
the complete inequality. This processyields, if we take the secondand third terms
in the lower estimate on asmallezr set 2andif welet r = j ?j(8R?) 1,

d
—W
R dt
Since | m(t)dt = jQoj  CRN*?, we have (69) and [26] Lemma 2.5 implies
W (t;) C, with t; 2 I, independert of R. This fact, together with (67) in v and

(69) "2+ gW CRN 2
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the third integrated term in the left-hand expressiontakenon 2, then integrating
the resultant inequality on subinterval [t1;t2] 1, yield

Z g1ar2 L
In2 W(t) C; 8t2l, and "2(v W)%2 CRN*Z;

to

upon using (68). This concludes(63) and the proof of the lemma is complete.

To complete the proof of Theorem 3.2, we have that there existsa C > 0
independert of R such that w = In((! 4 + R)=I(u)) veries w(x;t) C for all
(X;t) 2 Qgr. This implies! 1 4+ CRfor0O< = (C 1)=C and, using [19]
Lemma 8.23yields the proof of Theorem 3.2 complete.

4. Stabilit y of attractors

We are in a position to study the stability in large di usivit y of attractors for
the nonlinear dynamical system generatedby the ewolution equations(1). The ba-
sic theorem from which we obtain the existenceof the attractor for the nonlinear
semigroupto our equationsis Theorem 3.3. Se\eral notions of attractors and cri-
teria for proving their existencefor in nite dimensional dynamical systemsarising
in ewvolution equations have been extensively studied [21, 38, 37, 39]. The basic
notion of a global compact attractor can be de ned as follows.

Definition 4.1 Let (X;d) be a metric space, and S(t) : X 7! X de ned for
t 0 be a semigoup generted by the solutions to a certain nonlinear evolution
systemof equations. The setA X is called a glokal attractor for the trajectories
de ned by this semigioup if

(i): A is nonempty and compact

(it): A isinvariant i.,e S(I)A=A 8t O

(iii);  For any bounded setB X, we havelimy;  dist(S(t)B;A) = 0,
whe, for any pair of setsA; B X,

dist(A; B) = ES/EVIQTB dist(x; y)
denotesthe Hausdor semidistanc.
We shall say that B X is an absorbing for the nonlinear semigroupif
8By X; Bp bounded, 9tp(Bg):S(t)Bp B 8t to(Bo)

The semigroupis said to be uniformly compact if, for any boundedsetB X,
there exists to(B) > 0 such that the positive trajectory *(B) = [ ,S(t)B is
relatively compact. If the nonlinear semigroup generatedby a system of nonlinear
ewolution equations admits an absorbing set B and this semigroup is uniformly
compact, then

I'(B)=\ o[t S(t)B
is a global compact attractor and is unique for the semigroup. There are other
criteria for assertingthe existenceof an attractor, for examplein [10, 11, 12, 21],
if S(t);t 0, is a compact C° semigroup, that is in addition point dissipative,
then, there exists a global compact attractor for semigroupf S(t) :t 0Ogin X.
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We obtain from Theorem 3.3 the following corollary on the existenceof a global
compact attractor for the ewolution equations generatedby the semilinear system
of reaction and di usion equations (1).

Cor ollar y 4.2. Suppse that the hypothesesof Theorem 3.3 are satis ed.
Then the nonlinear semigioup geneated by the evolution equations (1) hasa glotal
compact attractor A°  HY() \ LY () .

Pr oof. Considerthe variation of constarts formula (30). Sincethe nonlinear
term h(u) 2 H 1() satis es kh(u)ky 10 C for all t > 0, we have
z t
ku' (t; Ug)K1() Mt Ze ''kugkiep +C e ' 9t ) ids
1
Ct ze '‘kugk,i () +C e 't zdt:
0
This together with Theorem 3.3 imply that the nonlinear solution semigroup has
an absorbing property in X = HY() \ L (). More precisely

lim supku’ (t; ug)kx ~ C:
thl

Thus, from [27] Proposition 5.4, the setfu'(t;up) : t  0g is relatively compact.
Let D =fw2 X :kwkx 2Cg, thenthe! Iimit set

I (Ug) =\ so[t U(tu) D
is the smallestnonempty subsetthat is compact, connected,invariant and satis es

lim inf ku'(t;ug) wkx = O:
Jmnf kU (6 o) wh
Thus the semilinear ewvolution equations de ned by (1) admits a global compact
attractor A" = | (D). Alternativ ely, it is easyto seethat the nonlinear semigroup
generatedS-(t);t 0 usingthe variation of constarts formula (30) is point dissipa-
tive and the conclusionfollows from [21] Sec. 4.2. and our proof is complete.

It is now relatively easierto deducethe limit processof the equations (1) in
large di usivit y (5).

Theorem 4.3, Assume that Theorem 3.3 holds and consider the system of
ordinary di er ential equations

(70) U +Lo(u)=h (u; u (0)=u’2IIR™
where o
h (uy="f( )+ Hg(u )2 IR™ and Lo = diag] n]

in (4) of the systemof equations (1). This limit is given by convergene of solutions
strongly in H() uniformly on compacts of IR* .

Pr oof. The proof follows from the variations of constarts formula (30), using
Theorem 2.1 and Lemma 2.3. Since (38) is valid, we have by Lebesguedominated
cornvergencetheorem,

z

t ) t
e - (© Oh(u'(s))ds! e Lot Sh (u(s))ds
0 0



194 ROBER T WILLIE

as"! 0,andh (u) 2 IR™ asin the theorem. Thus (70) holds in the limit since
the solutions convergestrongly in H() uniformly on compact setsof (0;1 ).

It follows from Theorem 4.3 that the system of ordinary di erential equations
(70) has a global compact attractor A IR™ and the family of attractors fA " [
Ag-s o veries
(71) "Ii!mo Hi) (AGA)= "Ii!mou”sztj\p” uinzfA ku u kyiy =0
sowe have stability in large di usivit y of the attractors in the topology of H ().
This naturally leads, on the basisof Theorem 3.2 to a much stronger corvergence
of attractors in the following corollary.

Cor ollar y 4.4. Assume that the hypothesesin Theorem 3.2 are satis ed.
Then

'!I!mo co (AA)=0;
for any open bounded regular domain IRN of arbitrary space dimensions.

Pr oof. The proof is straightforward. Actually one usesthe compact embed-
dings of the spaces
cz( OT)! cC ()
for > 0. This yields, via Arzela - Ascoli's Theorem, the conclusion, since the
limit of equations (1) in large di usivit y is unique.

4.1. Finite escape time. In this subsection, we make some conclusion re-
marks about the dynamics of the system of equations (1) in view of those of its
limit process(70) in large di usivit y. The remaining casefrom the discussionabove
of this section can be understood from the following simpli ed problem.

Consider the follogving modi ed system of equations

< u D u = juf u in
(PDE) D& = 0 on, t2(0;T)
' u© = up in -,

of the semilinear problem (1). This system of equations(PDE) is well posedfor a
mild solution in the senseof Theorem 3.1. Also we expect that its limit processas
D! 1 begivenhby the nite dimensional equations

u =jujf tu

u = ug2IR™ fort2 (0;T):

Now, without loss of generality, let us assumethat up 6 0. Then the solution of
the equations (ODE) have a nite escape time, namelyt = W Thus,
it is not dicult to seethat, the local nonlinear semigroup generatedby (PDE)
blows up in norm of the spaceH () at the time T =t . SinceT = T(N;up) it is
possiblefor small initial data of the system of equationsand large but xed N that

solutions of (PDE) are almost globally de ned and unbounded at time T. Thus
from Theorem 3.1 we can further concludethat

(ODE)

either the nonlinear semigroupis globally de ned,
OR
it blows up in a nite interval of time.
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Furthermore, in view of the results of this section, we concludethat the dynamical
systemsof the in nite dimensional equations are completely determined by those
of their limit processesin large diusivit y. More to it, the complicated spatial
dynamics de ning heterogeneousstable patterns of concerrations of reaction and
di usion problems modelling processesn chemical engineeringor biochemical sci-
ences[13, 20, 24, 40, 42], if large di usion is introducedin the models, then the
production of these patterns is made lesse ectiv e to evertually being eliminated
with time advancesin the relevant experimerts.
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