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Abstract. A semilinear system of reaction and di�usion equations with non-
linear boundary conditions and discontin uous real valued data for which a
mild solution is only known to exist is studied from the point of view of the
H•older contin uit y of the solutions. This regularit y of the solutions furnishes
the stabilit y of attractors in an adequate notion via Arzela-Ascoli's Theorem
uniformly on the domain in arbitrary space dimensions. The limit in question
is of large di�usivit y. In this case, the dynamics of the limit processare gov-
erned by a nonlinear coupled system of ordinary di�eren tial equations. This
allows to assert that in chemical engineering or biochemical reactions models,
the long time dynamics of systems of reaction and di�usion equations yielding
the formation of spatially heterogeneous stable states of patterns of concen-
trations by certain chemical substances can only occur in the caseof relativ ely
small di�usions.
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1. In tro duction

Let 
 � IRN be an open bounded regular domain with boundary @
 = �,
" > 0 be a given parameter and � > 0 be a real number. In this paper, we consider
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174 ROBER T WILLIE

the following weakly coupled system of reaction and di�usion equations

(1)
ut � Div( d" (x)r u) + V " (x)u + �u = f (u) in 


d" (x) @u
@~n + b" (x)u = g(u) on �, t 2 (0; T)

u(0) = u"
0 in 
,

with nonlinear boundary conditions, where u = (u1; : : : ; um )> is a vector function,
~n = (n1; : : : ; nN )> denotesthe unit external vector at the boundary �,

d" = diag[d"
i ] 2 L 1 (
; IM m � m );

V " = diag[V "
i ] 2 L p0 (
; IM m � m ); and(2)

b" = diag[b"
i ] 2 L q0 (
; IM m � m ) for i = 1; : : : ; m

are diagonal matrices with the �rst being positive de�nite and

p0

8
<

:

� 1 if N = 1
> 1 if N = 2
� N

2 if N � 3,
and q0

8
<

:

� 1 if N = 1
> 1 if N = 2
� N � 1 if N � 3

respectively. We assumein the last two matrices of (2) that the functions have at
most their integrated valuesconvergingas" ! 0. Also we supposethat u"

0 2 H 1(
)
and the nonlinearities of the system N = f ; or g : IRm ! IRm are such that

jN (u) � N (v)j � � (u; v)ju � vj componentwise, where

� (u; v) = C(juj � � 1 + jvj � � 1 + 1) and(3)

� f � 1 +
4

N � 2
; � g � 1 +

2
N � 2

if N � 3.

If N = 2 we assume8� > 0; 9C� � 0 such that

� (u; v) = C� (e� j u j 2

+ e� j v j 2

+ 1):

If N = 1 no growth conditions are imposed.

Our interest in the abovesemilinearinitial and boundary valueparabolic problem, is
to study the asymptotic global in time limit dynamicsof the the systemof equations
in the presenceof large di�usivit y. This theme has beenstudied by many authors
[7, 8, 13, 16, 20, 22, 33, 36]. However, to the best of our knowledge, none of
these referenceshas proved the stabilit y of attractors in the C(
) � topology at
in�nite di�usivit y in the systemof equationswhen the domain of the equation is an
open regular bounded subset in arbitrary spacedimensions. Somepossiblereason
for this is either a study of the problem via Sobolev spaceembedding theorems
[13, 20, 22] or via elliptic regularity results [33]. These methods naturally yield
restrictions on the spacedimension of the domain in the equations. To bypassthis
type of rectrictions, a lot more work needbe done. Our approach is a direct method
based on Moser-Nash-DeGiorgi type of iterations [2, 31, 25, 26]. The success
of this technique has insofar been demonstrated mostly for quasilinear parabolic
equations. We reobtain its non trivial applicabilit y in our present situation of
equations (1). The novel aspects of this application are exact general iterations
schemesfor both global boundednessin time uniform in the domain and H•older
continuit y of solutions on the cylinder 
 � (0; T ).

The main hypothesisyielding large di�usivit y in the systemof equations(1) is
the following

(4) � 1(" )
def
= inf



f d"

i (x) 2 d" g ! 1 as " ! 0.
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Asserting precisely the sensein Banach spacesof the limit processof reaction and
di�usion equationsunder assumption(4) is not alwaysa trivial task, evenin the case
of a simple non homogeneouslinear parabolic initial and boundary value problem.
It is much more di�cult whennonlinear boundary conditions are taken into account
in the problems. For more details on thesefacts seefor examplein [8, 13, 33, 36].

The interest in the topic on asymptotic global dynamics in time of semilinear
reaction and di�usion equations with large di�usivit y, comes from the need to
understand situations in pattern formation. Thesenormally arise in models either
of chemical engineeringor biochemical processes,see[13, 20, 40]. A more recent
study on pattern formation has been provided in [24]. It yields together with
analytical results, a detailed numerical simulation of a 2D simple chemical system
of reaction and di�usion equationswith a generalorder of autocatalysis and decay.
Another study has been furnished by [42], without numerical simulations. This
referenceanalysesa situation that incorporatesboth mechanismsof small and large
di�usivit y in a one dimensional system of Gierer-Meinhardt equations. It also
provides a large bibliography on the topic. There has been important results [9,
21, 35] on large di�usivit y e�ects in semilinear wave equations.

In the sequel, we assumethat the oscillation of the di�usion coe�cien ts is
bounded, that is

(5) osc
 f d"
i (x) 2 d" g < 1 ; 8" > 0:

This last assumption is not immediately necessary. However it is important when
proving the H•older regularity of solutions to equations (1).

The paper is organized as follows. In section 2 we give some preliminaries.
Thesewill review properties in standard Sobolev spacesof Hilb ert type of the given
elliptic system spatial di�eren tial operator of secondorder in (1). A study of the
behaviour of the eigenvalue problem in large di�usivit y is also given. The system
elliptic di�eren tial operator, therefore turns out to be an in�nitesimal generator
of a linear semigroup in scalesof Hilb ert spacesand we can solve the homoge-
neous problem associated to our system (1). This semigroup admits a spectral
representation in the mentioned scalesof spaces. Consequently , the asymptotic
behaviour of the principal eigenvalues and their corresponding eigenfunctions in
large di�usivit y furnishes the existenceof a limit semigroupand the convergenceis
obtained in operator norm. In Section 3, we study the well posednessof the com-
plete problem (1).We prove the existenceof at most onemild solution in the space
C((0; T); H 1(
)). The remaining part of the section, studies the H•older regularity
of solutions. A necessarycondition for the cited regularity of solutions is to prove
uniform boundednesson 
 � [0; 1 ) of the nonlinear semigroup generatedby the
system of equations. Consequently , in Section 4 we are able to prove the existence
of a global compact attractor for the nonlinear evolution problem (1). This attrac-
tor is obtained in the spaceH 1(
) \ C(
 ), without imposingdissipative conditions
on the nonlinearities of the problem. Since this attractor dependson the di�usion
of the systemof equations,we prove in the hypothesis(4) the stabilit y in the C(
)-
topology of attractors. A review of the de�nition of an attractor and criteria for
determining its existencefor nonlinear semigroupsde�ned by evolution problems,
is provided at the beginning of the cited section. Concluding remarks, con�rm that
the dynamical properties of the systemof equations(1) are completely determined
by those of its natural limit processesin large di�usivit y. This includes upto the
caseof �nite escape times of the nonlinear semigroups.
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2. Preliminaries.

Throughout this paper, we assumethat the reader is familiar with standard
notations of normed function spaces.For simplicit y we do not make distinctions in
thesefunction spacenotations when vector or matrix functions are involved. Thus
we use the samefunction spacesnotation for single real valued functions de�ned
on the domain. The inner product of the spaceL 2(
) will be denoted by h�; �i and
generic constants will be denoted as C � 0. Let X be a Banach space,then the
norm notation k � kX will be used.

2.1. The elliptic system problem. In this subsection, shall prove results
on the behaviour of the principal elements of the associated eigenvalue problem of
the elliptic systemdi�eren tial equations in (1). Thanks to the assumption that the
system of equations (1) is weakly coupled. This implies that the coupling in the
equationsonly occurs in the nonlinear terms of the system. Thus considerationsfor
the elliptic part of the system of equations can be obtained by analyzing only the
scalar m = 1 case,then adequategeneralization concludesresults for the systemof
elliptic secondorder di�eren tial operators.

To begin, we note that system of elliptic secondorder di�eren tial operators of
the system of reaction and di�usion equations (1) can be de�ned (taking into ac-
count the regularity of the data) in a distributional senseasthe operator (A " ; D (A " ))
where

(6) D(A " ) =
�

u 2 H 1(
 ; IRm ) : � Div( d" r u) + (V " + � )u 2 L 2(
)
d" @u

@~n + b" u = 0 on �.

�

Moreover, this operator A " : D (A " ) � L 2(
) ! L 2(
) is maximal monotone and
self adjoint. Actually it is the restriction to the spaceL 2(
) of the isomorphism
L " (u) 2 H � 1(
) de�ned for every u 2 H 1(
) by

(7) hL " (u); ' i =
Z



d" r ur ' +

Z



(V " + � )u' +

Z

�
b" u'; 8' 2 H 1(
) :

Note that (7) is a bilinear form and by hypothesesLax-Migram's Theorem [6, 29] is
satis�ed. This implies in particular wecansolvefor at most onesolution u" 2 H 1(
)
the corresponding elliptic linear non homogeneousproblem

(8)
� Div( d" r u) + V " u + �u = f " in 


d" @u
@~n + b" u = g" on �,

where in particular, if the Sobolev imbeddings

(9) H 1(
) ,! L � 0
(
) are satis�ed

we may consider

f " = (f "
1 ; : : : ; f "

m )> 2 L p(
) with 1
p + 1

� 0 = 1 and

g" = (g"
1; : : : ; g"

m )> 2 H � 1
2 (�) :(10)

Also, asconsequenceof Lax-Milgram's Theorem we have that the associated eigen-
value problem

(11)
� Div( d" r u) + V " u + �u = �u in 


d" @u
@~n + b" u = 0 on �,
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has solutions. More precisely, there exists a sequenceof eigenvalues

(12) 0 < � "
1 � : : : � � "

n � � "
n +1 � : : : % 1 as n ! 1

with corresponding orthonormal in L 2(
) eigenfunctionsf ' "
n : n 2 IN � g � H 1(
)

that form a Hilb ert basisof the spaceL 2(
). Thus from [23, 30] the power spaces
X �

"
�= D((A " )� ), 0 � � < 1 de�ned by the operator (6) are well de�ned and

endowed with the graph norm

kuk2
�;" = k(A " )� uk2

L 2 (
) =
1X

n =1

j� "
n j2� jhu; ' "

n ij 2 if u 2 X �
" :

As usual the dual spacesare denoted by X � �
" = [X �

" ]� .
We now say a few words on the limit process(4) of large di�usivit y in the

systemof equations(8). Following, from our results in [36] if weconsiderthe elliptic
systemproblem (8) and we assumegiven in (10) is that the integrated valuesof the
functions convergeas " ! 0. Then the sequenceof solutions f u" : " > 0g � H 1(
)
associated with this problem (8) has a strong limit as " ! 0 in the spaceH 1(
)
which we denote as u
 = (u1


 ; : : : um

 )> 2 IRm and satisfy that

u
 = L � 1
0 h
 where L 0 = diag[� i ] for i = 1; : : : ; m and(13)

� i = �
Z



Vi +

j� j
j
 j

�
Z

�
bi + � 6= 0;(14)

h
 =
�

�
Z



f 1 +

j� j
j
 j

�
Z

�
g1; : : : ; �

Z



f m +

j� j
j
 j

�
Z

�
gm

� >

:

Furthermore, we have lim
" ! 0

Z



d" jr u" j2 = 0:(15)

Note that the integral type de�ne spatial average functions and also that in the
subspaceW =

�
' 2 H 1(
) :

R

 ' = 0

	
of H 1(
) the limit function u
 = 0. If the

spatial averagelimits of the reaction terms given in (10) are not bounded in " > 0
then u
 = 1 .

In what follows we study the behaviour of the fundamental elements of the
eigenvalue problem (11) in limit of large di�usivit y in the equations.

2.2. Aysmptotic behaviour of eigenvalues. In subsection, we prove the
asymptotic behaviour of the principal elements of the eigenvalue problem (11) in
limit (4) of large di�usivit y. First we recall the min-max characterization of the
eigenvaluesin (12) and for this we de�ne

J" (w) =
hL " (w); wiR


 jwj2
:

This functional is known as the Rayleigh quotient and following [14] we have for
n � 2 that

� "
n = inf

w 6=0
w? span [' "

1 ;::: ;' "
n � 1 ]

J" (w)

= sup
w 6=0

w2 span [' "
1 ;::: ;' "

n ]

J" (w)

= inf
W " � H 1 (
)
dimW " = n

sup
w2 W "

J" (w);(16)
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and the �rst eigenvalue is given by

(17) � "
1

def
= inf

w2 H 1 (
) nf 0g
J" (w) = J" (' "

1):

It is easyseeto that the eigenvalue (17) is simple. In fact, if ';  2 H 1(
) n f 0g
are any two eigenfuctionsassociated with it, then

0 = J" (' ) � J" ( ) � �
Z



(' �  )2 )

Z



' =

1
2

� Z



' 2 +

Z



 2

�
> 0

for some� > 0. Thus the eigenfunctionscan not be orthogonal in L 2(
) and the
simplicit y of the �rst eigenvalue (17) is proved.

Concerning the behaviour of eigenvaluesof the problem (11) when large di�u-
sivity (4) is assumed,we have the following theorem.

Theorem 2.1. Consider the eigenvalueproblem(11) and assume(4) is satis-
�e d. Then the �rst m-eigenvaluesand associated eigenfunctionsverify

(18) (� "
n ; ' "

n ) ! (� n ; j
 j �
1
2 ~en ) and lim

" ! 0

Z



d"

n jr ' "
n j2 = 0

for n = 1; : : : ; m as " ! 0 where the convergence of eigenfunctions is strong in
H 1(
) , f ~en : 1 � n � mg denotesthe canonic basis of IRm and � n > 0 is as in
(14). Also there holds

(19) lim inf
" ! 0

� "
m +1

� 1(" )
� � N

2 ;

where � N
2 6= 0 is the �rst non zero eigenvalueof � � subject to Neumann zero

boundary conditions.

Pr oof. We prove the results of the theorem from the casem = 1 of (11). First
let us observe that from (16) we get that

(20) � "
2 = inf

w 2 H 1 (
)

w? ' "
1 ;

R

 w=0

J" (w) � � "
1 inf

w 2 H 1 (
)

w? ' "
1 ;

R

 w=0

� R

 jr wj2
R


 jwj2

�
+ � 0 ! 1

where � 0 > 0 and � "
1 ! 1 as " ! 0. Thus the sequencef ' "

1 : " > 0g � H 1(
)
of �rst eigenfuctionsis uniformly bounded with respect to " > 0. By compactness
there exists a weak limit function ' 2 H 1(
) and

(21)
Z



jr ' j2 � lim inf

" ! 0

Z



jr ' "

1j2 = 0:

This implies that ' 62W = f w 2 H 1(
) :
R


 w = 0g. On the other hand, the
Sobolev embeddings H 1(
) � L 2(
) are compact. Thus the convergenceof the
�rst eigenfuctionsis strongly in L 2(
) and their normalization in this spaceyields
that ' = j
 j �

1
2 . Now in view of (21) we get that the convergenceis stongly in

H 1(
) as " ! 0.
The secondassertion in (18) is obvious. Otherwise we obtain a contradiction

with the boundednessof (17). On the other hand, the continuit y of the bilinear
form in the left hand sideof (7) yields passingto the limit as" ! 0 the convergence
of the �rst eigenvalue of (11) to the value � 1 = (14) > 0.

Assumethat a similar estimate (20) also holds for the secondeigenvalue using
the third eigenvalue. However this is impossibleaswe �nd a contradiction with the
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ortogonality of the associated secondeigenfunction in limit (4). Thus in (20) if we
set

� N
2;"

def
= inf

w 2 H 1 (
)

w? ' "
1 ;

R

 w=0

� R

 jr wj2
R


 jwj2

�

then, since w ? span[v" ; j
 j �
1
2 ] with v" 2 W , we get � N

2;" � � N
2 . Hence dividing

throughout by � 1(" ) and noting that lim " ! 0
� "

1
� ( " ) = 1, leadsto

(22) lim inf
" ! 0

� "
2

� 1(" )
� � N

2 :

Consequently , generalizingthis proof to the non coupledsystemeigenvalue problem
(11) we obtain the conclusionof the theorem. �

2.3. The linear semigroup. We now conclude these preliminaries, by re-
viewing the well posednessof the homogeneousproblem associated with the system
of equations (1). We also will prove the asymptotic behaviour in large di�usivit y
(4) of the linear semigroupgeneratedby the homogeneousequationsof the system
(1).

We note the homogeneousequations of (1) can written using the isomorphism
operator in (7) as

(23) ut + L " (u) = 0; u"
0 2 X �

" ; � 2 IR

in H � 1(
) for almost t 2 (0; T). Relating to the well posednessof the system
evolution equations (23) we have from [23, 30] the following theorem.

Theorem 2.2. The operator (L " ; X
� + 1

2
" ) is an in�nitesimal generator of an

analytic semigroup

(24) f S" (t); t � 0g = f exp(� L " t); t � 0g � X �
" ; � 2 IR

such that the mapping

t 7�! u" (t) = exp(� L " t)u"
0 2 X �

" ; � 2 IR

and the problem (23) has at most one solution of class in � = 0,

u" 2 C([0; 1 ); X
� 1

2
" ))) \ C ! ((0; 1 ); X �

" ); 8� 2 IR:

In addition, for any � 0; � 1 2 IR the mapping S" (t) : X � 0
" ! X � 1

" is bounded and
there exists M > 0 such that for any 0 < ! � inf f � : � 2 � (L " )g we have

(25) kS" (t)k� 0 ;� 1 �
M

t � 1 � � 0
e� ! t ; for all t > 0.

In other words, the linear semigroup has a smoothening e�ect and is aymptotically
stable.

Observe that in view of the fact that the operator (6) is maximal monotone
and self adjoint, we the semigroup f S" (t) : t � 0g compact. This conclusion we
obtain from [27] Proposition 5.2. Also the given semigroupdoesadmit a spectral
representation in the scalesof Hilb ert spacesX �

" ,� 2 IR. This enablesus to write

(26) S" (t)w =
1X

n =1

e� � "
n t j� "

n j � w"
n ' "

n 2 X �
" ; t � 0
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for any w 2 X �
" , where the pair (� "

n ; ' "
n ),n � 1 solves the system eigenvalues

problem (11) and w"
n = hw; ' "

n i . Concerning the asymptotic behaviour of this
semigroupin view of hypothesis (4) we have the following lemma.

Lemma 2.3. Consider the semigroup T(t) = e� L 0 t ; t > 0 where L 0 = diag[� n ]
for n = 1; : : : ;m ] is de�nite positive and is de�ned as in (13). Then

(27) lim
" ! 0

sup
t> 0

e� t kS" (t) � T (t)k� 1 ;� 0 = 0; 8� 0; � 1 2 IR

where S" (t),t � 0, is the semigroup generated by (23) and inf f � n ; 1 � n � mg > �
with � n satisfying (18).

Pr oof. Let w 2 X � 0
" ,� 0 2 IR then write realization of the �nite dimensional

semigroupas

(28) T(t)w =
mX

n =1

e� � n t (� "
n )� 1 wn ' n 2 X � 1

" ; t � 0

where ' n = j
 j � 1=2~en , f ~en ; 1 � n � mg is the canonic basisof IRm , wn = hw; ' n i ;
n = 1; : : : ; m. Using (26) we �nd that

e2� t k(S" (t) � T (t))wk2
� 1 ;" �

1X

n = m +1

e� 2� "
n t j� "

n j2( � 1 � � 0 ) j� "
n j2� 0 jw"

n j2 +

+
mX

n =1

�
je� � "

n t � e� � n t j2j� "
n j2( � 1 � � 0 j� "

n j2� 0 jw"
n j2 +

+ 2 e� 2� n t j� "
n j2( � 1 � � 0 ) j� "

n j2� 0 jw"
n j2k' "

n � ' n k2
0

�
:

This enablesus to deducethe following

e2� t k(S" (t) � T (t))wk2
� 1 ;" �

 

sup
n � m +1

�
j� "

n j � 1 � � 0

e� "
n t 0

� 2

+

+ sup
1� n � m

�
sup
t � t 0

je� � "
n t � e� � n t jj � "

n j � 1 � � 0

� 2

+

+ 2e2� n t 0 sup
1� n � m

�
j� "

n j � 1 � � 0 k' "
n � ' n k2

0

	 2
�

kwk2
� 0 ;

for any 0 < t0 � t . Thus implying the result (27) on taking into account (18)-(19)
since� 1(" ) ! 1 as " ! 0. Our proof of the lemma is complete. �

3. Regularit y of solutions.

In this section, we prove the well posednessof the system of equations (1) for
at most one mild solution in the spaceC((0; T); H 1(
)). The remaining part of
the section, proves under additional hypotheseson the initial data, mild solution
and nonlinearities of the systemof equations,well posednessin the senseof H•older
continuit y of the solutions. This regularity of the solutions to the system of equa-
tions (1) has a necessarycondition the proof for uniform boundednessof solutions
on 
 � (0; 1 ).

Our �rst result on the regularity of solutionsof the semilinearsystemof reaction
and di�usion equations (1) states the following.
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Theorem 3.1. Consider the semilinear initial and boundary value problem
de�ned by the system of reaction and di�usion equations (1) in given hypotheses
upto to conditions (3). Then, there exists at most one mild solution of class u" 2
C([0; T); H 1(
)) . Furthermore, u"

t 2 L 2(0; T; L 2(
)) and for almost all t 2 (0; T)
we have that

(29)
Z



u"

t ' + hL " (u); ' i H � 1 (
) ;H 1 (
) =
Z



f (u" )' +

Z

�
g(u" )'

for any ' 2 H 1(
) :
Moreover, this solution is given by the variation of constants formula

(30) u" (t) = e� L " t u"
0 +

Z t

0
e� L " ( t � s) h(u" (s))ds

where the generator of the linear semigroup is the system isomorphic di�er ential

operator de�ned in (7) and h(u)
def
= f 
 (u) � g� (u) 2 H � 1(
) is a nonlinear form.

Pr oof. First we note that the system of equations (1) can be read using the
isomorphic operator de�ned in (7) as

(31)
�

ut + L " u = h(u)
u(t0) = u"

0 2 H 1(
) ;

for almost all t 2 (0; T), where the nonlinearity h(u) 2 H � 1(
) is de�ned by

hh(u); ' i � 1;1
def
=

Z



f (u)' +

Z

�
g(u)'; 8' 2 H 1(
) :

In abbreviation, we write this as

h(u)
def
= f 
 (u) + g� (u) 2 L � 1 (
) � X �

" � H � 1(
)

where 1
� 1

+ 1
� = 1 and � 1=4 � � � � 1=2. In this case,the Nemytskii operators

(32) f 
 : H 1(
) 7�! L � 1 (
) and g� : H 1(
) 7�! X �
"

are well de�ned and the Sobolev embeddings of the spaceH 1(
) � L � are con-
tinuous and compact. Technically, we seeksolutions to the evolution problem (31)
that are continuous functions on (0; T) with values u" (t) 2 H 1(
) and are �xed
points of the nonlinear mapping F (u)( t) de�ned by the right-hand side of(30) on
somesubspaceV � C([t0; t0 + h]; H 1(
)) such that ku(t) � u0k � � with h; � > 0
su�cien tly small. Then use the extension theorems to get a solution on the max-
imum interval of existence(0; T). This yields existenceand uniquenessresults in
[23, 30]. Thus it is su�cien t to prove local Lipschitz continuit y of the nonlinear
terms in (1) to obtain our theorem.

Consider the nonlinear operators (32), denote by X either 
 or � and without
lossof generality assumejX j � 1. Also recall the following inequality

(33) (a + b)p � 2p(ap + bp); a; b � 0; p > 0:
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Now from (3) a repeated application of (33) and H•older's inequality yields
Z

X
jN (u) � N (v)j � i � 22� i L � i

j jX j
� Z

X
juj( � � 1) � i ju � vj � i +

+
Z

X
jvj( � � 1) � i ju � vj � i +

Z

X
ju � vj � i

�

� 22� i L � i
j (jX j

1
� i )� i

" � Z

X
juj � +1

� � � 1
� +1 � i

+
� Z

X
jvj � +1

� � � 1
� +1 � i

+ 1

#

�

�
� Z

X
ju � vj � +1

� � i
� +1

;

where 1
� i

+ 1
� = 1 for i = 1; 2 with � > 1 as in (3). Therefore

kN (u) � N (v)kL � i (X ) � (22� i +2 )
1

� i L j jX j � i �

�
�

kuk� � 1
L � +1 (X ) + kvk� � 1

L � +1 (X ) + 1
�

ku � vkL � +1 (X ) ;

which is also valid in the caseof jX j < 1. Moreover, the embeddingsof the space
H 1(
) � L � +1 are continuous and compact (see [23, 30]). Thus the Nemytskii
operators in (32) are locally Lipschitz continuous. Now results in [23, 29], more
preciselyProposition 7.4and Theorem7.8of [29], givethe conclusionof the theorem
for caseN � 3.

The sameis true for the caseN = 2. In fact, if we set ' = j u j
kukH 1 (
)

for any

u 2 H 1(
) then k' kH 1 (
) = 1 and there exists � 0 such that

(34)
Z



e( � 0 ' )2

� M

where the constant M < 1 . Indeed supposenot, that is for all � 0 > 0 there is a
sequencef ' n ; n � 1g � H 1(
) verifying k' n kH 1 (
) = 1 and D > 0 such that

(35)
Z



e( � 0 ' n )2

dx > D; 8n:

Sincethe sequencef ' n ; n � 1g is bounded in H 1(
), a passageto subsequencesif
necessaryimplies that ' n k ! ' weakly in H 1(
) and strongly in L 2(
) ask ! 1 .
On the other hand, if we let � (' n k ) = 1

2� 2
0 ' n k ' 0

n k

e( � 0 ' n k )2
then h� (' n k );  i !

h� (' );  i , for any  2 L 2(
) as k ! 1 : In particular, we �nd that � (' n k ) is
bounded in L 2(
) norm, which contradicts (35).

Next we notice that

L (' kukH 1 (
) )� �
�
2

j' j2 +
(2 � � )L

2�
2 � �

�
kuk

2�
2 � �

H 1 (
)

where L > 0 and we have used the standard Young's inequality with s = 2
� .

Therefore, if we let � 0 = �= 2 and C = (2 � � )L
2�

2 � � =� then from (34) we get that

(36)
Z



eL ju j �

� M j
 je
C kuk

2�
2 � �
H 1 (
) :

Consequently , upon taking C = 2� we have H 1(
) 3 u 7�! f (u) 2 L � (
) is well
de�ned for any � � 1. Finally, if � = 2 then the conditions (3), Schwartz's inequality
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and repeated useof (33) conclude

kf (u) � f (v)k2
L 2 (
) � 16j
 j1=2C2

� ku � vk2
L 4 (
)

� Z



e4� ju j �

+
Z



e4� j v j �

+ 1
� 1=2

;

again provided j
 j � 1 and with obvious changesin the otherwisecase.This yields
the desiredresults including the caseof � < 1, sincethe inclusions H 1(
) � L 4(
)
are satis�ed.

Now we prove that g : H 1(
) 7�! X �
" for � 1=4 � � � � 1=2 is locally Lipschitz.

But this is even much simpler, sincethe trace spaceH
1
2 (�) � L 1 (�) continuously.

Thus the conditions (3) implies

kg(u) � g(v)k� ;" � (� "
1)� � 1=4C� (2M j� j + 1)ku � vkH 1 (
) :

The caseN = 1 is trivial, thanks to the Sobolev embeddingstheorem H 1(
) �
C � (
 ); 0 < � < 1 continuously. It now follows from results in [29] pp.50 and pp.
52 that the theorem is proved. �

The delicate regularity result of this paper is related to the H•older continuit y
of the mild solution in Theorem 3.1. This is stated in the following main theorem
of the section.

Theorem 3.2. Consider the system of equations (1) and suppose that u"
0 2

L 1 (
) for all " > 0. Let r > 1 be such that conditions (3) for the nonlinearities
are veri�e d with

(37) � f < 1 +
2r
N

; � g < 1 +
r

N � 1

respectively. Assumethat an a priori bound of the mild solution u" 2 L r (
) for all
t 2 (0; T) and for all " > 0 is given. Suppose the condition (5) on the oscillation
of the di�usion coe�cients of the system of equations is satis�ed. Then, the mild
solution of the system of equations (1) is H•older continuous and bounded for any
" > 0. In other words,

u" 2 C �; �
2 (
 � (0; T )) ; 0 < � < 1

for any " > 0:

To render a proof of this Theorem 3.2 we need�rst prove the following theorem
on uniform boundednessof solutions to (1) on 
 � [0; 1 ).

Theorem 3.3. Assumethat all other hypothesesof the Theorem 3.2 except for
the hypothesis (5) are satis�ed. Then, the mild solution to the systemof equations
(1) is bounded uniformly on 
 � [0; 1 ). More precisely,

(38) sup



ju" (t; u"
0)j � C; 8t � 0; 8" > 0:

Thus the nonlinear semigroup generated by the systemof evolution equations asso-
ciated with the problem(1) is globally de�ned and bounded in L 1 (
) independently
of " > 0.
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3.1. Pro of of Theorem 3.3. We carry out this proof in several stages. Our
�rst lemma is the following.

Lemma 3.4. Under the hypothesesof Theorem 3.3 the systemof evolution equa-
tions (1) admits a di�er ential inequality of the form

(39)
d
dt

Z



jujr +1 + � k(u)

r +1
2 k2

H 1 (
) � (rC) � 1

Z



jujr +1 + rC

where r � 1, � = � (� ) > 0 and � 1 = � (N ; � f ; � g; #; � ) > 0 for some#; � > 0.

Pr oof. Consider equations (1). Then there holds

(40)
d
dt

Z



jujr +1 + � k(u)

r +1
2 k2

H 1 (
) � rC
Z

X
(juj � + r + jujr +1 + jujr )

for some� > 0, whereX = 
 [ �, by taking ' = juj r � 1u 2 H 1(
) asa test function
in (29). We estimate from above term by term the right hand sideof the inequality
(40). The �rst term yields that

rC
Z



juj � f + r � rC

� Z



juj

N ( r +1)
N � 2

� � 1
� Z



jujr

� � 2
� Z



jujr +1

� � 3

� rC
�

k(u)
r +1

2 k2
H 1 (
)

� N � 1
N � 2

� Z



jujr

� 2� 1
N � 2

� Z



jujr +1

� � 3

� � k(u)
r +1

2 k2
H 1 (
) + r

1
� 3 C2( � � 1)=2

Z



jujr +1(41)

where we have useda combination of H•older's inequality and Sobolev embeddings
[1, 6] in the �rst estimate. Also

� 1 =
(N � 2)(� f � 1)
N (� f � 1) + #

; � 2 =
2(� f � 1)

N (� f � 1) + #
; and � 3 =

#
N (� f � 1) + #

;

for some# > 0. On the other hand
N � 1

N � 2
=

� f � 1
N (� f � 1) + #

;
N � 1

N � 2
+ � 3 = 1

where we have applied the following Young's inequality

(42) ab� � as + C� bs0

with 0 < � < 1; C� = � � 1
s � 1

to get the last estimate.
Similarly we estimate the sameterm on � to obtain

rC
Z

�
juj � g + r � � k(u)

r +1
2 k2

H 1 (
) + r
1

� 6 C
2( � g � 1)

�

Z

�
jujr +1 ;

� 2� k(u)
r +1

2 k2
H 1 (
) + r

2
� 6 C

2( � g � 1)
�

Z



jujr +1(43)

where � > 0, � 6 = �
(N � 1)( � g � 1)+ � , and where we have usedthe Sobolev inequality

Z

�
jwj2 � �

Z



jr wj2 + C�

Z



jwj2

to �nd the last estimate with C� = C
� > 0 and � =

�
r

1
� 6 C

2( � g � 1)
�

� � 1
� .
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Analogously this inequality, with � = �
r C , implies that

(44) rC
Z

�
jujr +1 � � k(u)

r +1
2 k2

H 1 (
) + rC
Z



jujr +1 :

Note that the other terms need not be estimated. Thus (41),(43) (44) and the
hypothesesyield the desiredestimate (39) from (40). �

Lemma 3.5. Let yi (t) =
R


 jujr i +1 with r i = 2i ,i 2 IN � . Then (39) can be
written in the form

(45)
dyi

dt
+ � yi � (r i C) � (yi � 1 + 1)si

for some � = � (� ) > 0, where si = r i +1
r i � 1 +1 , � = � 1(N + 2)=2 and C � 1(without

loss of generality).

Pr oof. Let r i = 2i for i � 1 and de�ne

� i =
2(r i + 1)

N (r i + 1) � (N � 2)(r i � 1 + 1)
; � 0

i = 1 � � i :

It follows from H•older's inequality and Sobolev's embeddingsthat

(r i C) � 1

Z



jujr i +1 �

� Z



juj

N ( r i +1)
N � 2

� � 0
i
� Z



jujr i +1

� � i

� (r i C) � 1

�
k(u)

r i +1
2 k2

H 1 (
)

� N � 0
i

N � 2

� Z



jujr i +1

� � i

� � k(u)
r i +1

2 k2
H 1 (
) + (r i C) �

� Z



jujr i � 1 +1

� si

;

where N � 0
i

N � 2 < 1 ( we have usedYoung's inequality (42) to obtain the last estimate
) and si = r i +1

r i � 1 +1 and � = � 1(N + 2)=2 � � 1(N r i � 1 + r i + 2)=(r i + 2).
Consequently we obtain (45) from (39) and the proof of the lemma is complete.

�

To complete our proof of the Theorem 3.3 we have the following additional
lines.

Pr oof. Solving (45) using the above hypotheses,we �nd that there exists
K = K (ku"

0k1 ) > 0 such that

(46) yi (t) � C(r i C) �

 

K ( r i � 1 +1) si + ( sup
t 2 (0 ;T )

yi � 1(t)) si

!

:
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Iterating (46) for arbitrary i = k � 1 furnishes

yk (t) � (2C)1+2 sk +2 sk � 1 sk + ::: +2 s2 s3 ::: sk �

� (2C)k � +( k � 1) � sk + ::: + � s2 s3 :::s k K 2s1 s2 :::s k +

+ (2C)1+2 sk +2 sk � 1 sk + ::: +2 s2 s3 ::: sk �

� (2C)k � +( k � 1) � sk + ::: + � s2 s3 :::s k

 

sup
t 2 (0 ;T )

Z



juj2

! s1 s2 s3 ::: sk

� (2C)2A k (2C) � B k K 2� k + (2C)2A k (2C) � B k

 

sup
t 2 (0 ;T )

Z



juj2

! � k

where � k = sk : : : s1 � r k +1
2 and

Ak = 1 + sk + sk sk � 1 + : : : + sk sk � 1 : : : s1 � (r k + 1)
1X

i =0

1
r i + 1

;

Bk = k + (k � 1)sk + (k � 2)sk sk � 1 + : : : + sk sk � 1 : : : s1 � (r k + 1)
1X

i =1

i
r i + 1

:

Sincer i = 2i the above seriesdo converge. Therefore

yk (t) �

 

(2C)2! 1 (2C) � ! 2 K + (2C)2! 1 (2C) � ! 2 sup
t 2 (0 ;T )

� Z



juj2

� 1=2
! r k +1

�

 

(2C)2! 1 (2C) � ! 2 K

 

sup
t 2 (0 ;T )

� Z



juj2

� 1=2

+ 1

! ! r k +1

where ! 1 =
P 1

i =1
1

r i +1 and ! 2 =
P 1

i =1
i

r i +1 .
Passingthe power index r k + 1 to the left-hand side of the inequality, taking

up limits as k ! 1 , gives(38). �

Theorem 3.3 has interesting consequenceson the global dynamics generatedby
the nonlinear solutions semigroupof the evolution equations (1), seeSection 4.

3.2. Pro of of Theorem 3.2. We shall carry out this proof in several lemmas.

Pr oof. Let w = In(( ! 4 + R)=l(u)) where ! 4 denote the oscillation of juj on

Q4R = B4R � [t0; t0 + 4R2] for some1=2 � R � 1;

l (u) = 2(M 4 � juj) + R and M 4 = supQ4R
juj. Then the following lemma holds.

Lemma 3.6. w is a super (sub) solution to someparabolic equation.

Pr oof. Let '=l (u) with ' 2 H 1(
) non negative be a test function in (29).
Since

(47) r w =

(
2r u
l (u) if u � 0

� 2r u
l (u) if u < 0;

wt =

(
2u t
l (u ) if u � 0

� 2u t
l (u ) if u < 0;
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we obtain in the positive casethat

1
2

Z



wt ' +

1
2

Z



d" (x)r wr ' +

+
1
2

�
2M 4 + R
! 4 + R

� � Z



(V " + � )ew ' +

Z

�
b" ew '

�

�
Z



f (w)' +

Z

�
g(w)' +

1
2

Z



(V " + � )' +

1
2

Z

�
b" ';(48)

where the nonlinear terms are in the form

(49) h(w) =
h(u)ew

! 4 + R
; jh(w)j �

C
R2

for C > 0 independent of R and ! 4.
Thus w is a super-solution to some parabolic problem. In the caseu < 0,

w satisfy an inverse di�eren tial inequality to (48) and is a sub-solution to some
parabolic equation. �

In what follows, we search for a local integral inequality in view of a Moser
type iteration process.Let

Q+
4R = B +

4R � [t0; t0 + 4R2] where B +
4R = f x 2 B4R : u � M 4 + m4g

with m4 = inf Q4R u, denote a cylinder and its base respectively. Also let x " =
� 1(" ) � 1=2x � x0 where � 1(" ) is de�ned as in (4).

Next, considera smooth function ' : Q+
4R 7�! IR such that

(50)

8
>><

>>:

0 � ' � 1; 8(x" ; t) 2 Q+
4R ;

' �
�

0 if t � t0 or x" 2 
 n B +
4R ;

1 if t0 � t0 + 4R2 and x" 2 B +
2R

jr (' )j � (� R) � 1; j@t ' j � (� R2)� 1 for some0 < � < 1;

independent of " > 0.

Lemma 3.7. There exists a di�er ential inequality in terms of w of the form

d
dt

Z

B +
4R

(w
r +2

2 ' )2 + � kw
r +2

2 ' k2
H 1 (B +

4R )

� Cr (" )

 
1

(� R)2

Z

B +
4R

wr +2

!

+ Cr (" )(51)

where � > 0, Cr (" ) � 0 depends on r > 0 and is uniformly bounded in " > 0.

Pr oof. Let jwjr w' 2 = wr +1 ' 2 for r > 0 be a test function in (48) to obtain

1
2(r + 2)

d
dt

Z

B +
4R

(w
r +2

2 ' )2 +
� 1(" )
r + 2

Z

B +
4R

jr (w
r +2

2 ' )j2 +
�
2

Z

B +
4R

(w
r +2

2 ' )2

�
Z

B +
4R

f (w)wr +1 ' 2 +
Z

B +
4R \ �

g(w)wr +1 ' 2 +

+
1
2

�
M + R

R

�  Z

B +
4R

(V "
+ + � )wr +1 ' 2 +

Z

B +
4R \ �

b"
+ wr +1 ' 2

!

+
� 2(" )

2

Z

B +
4R

(w
r +2

2 jr (' )j)2 +
1
2

Z

B +
4R

wr +2 '@t ';(52)
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where q+ (x) denotespositive part and � 2(" ) is the supremum of the di�usion coef-
�cien ts.

Now we observe that (50), (49) and the following Young's inequality

(53) ab �
1
s

� sas +
1
s0� � s0

bs0
for a; b � 0; � > 0;

upon taking s = 2(r + 1)=(r + 2) > 1 and � < R2, imply that

(54) j
Z

B +
4R

f (w)wr +1 ' 2 j �
Z

B +
4R

(w
r +2

2 ' )2 + (r + 2)� 1Cr +2
� ;

since � � ( r +2) > R� 2( r +2) . Similarly (49), (50) (using Sobolev's embeddings [1, 6]
and (53)) give an estimate of

j
Z

B +
4R \ �

g(w)wr +1 ' 2 j �

 Z

B +
4R

(w
r +2

2 ' )2 +
Z

B +
4R

jr (w
r +2

2 ' )j2
!

+ (r + 2)� 1Cr +2
� :

It is easy to seefor the next sum of terms in (52) that in virtue of (50), using
H•older's inequality and the Sobolev's embeddingsH 1(
) � L # where

#(p0) = 2p0
0(r + 1)=(r + 2) or #(q0) = 2q0

0(r + 1)=(r + 2);

respectively and (53) yield a bound from above of the form

�

 Z

B +
4R

(w
r +2

2 ' )2 +
Z

B +
4R

jr (w
r +2

2 ' )j2
!

+

+ (r + 2)� 1 �
C� kq"

+ (x)kr 0

� r +2
;

for each term in the summed expression. It only remains to consider the last two
integrated terms in the right-hand side of (52). Thesecan be estimated as

(55) �
C

(� R)2

Z

B +
4R

wr +2 :

Thus there exist � > 0 and a strictly positive linear expression
 (" ) > 0 consisting
of the sum of the constant C� > 0 and the valuesof the coe�cien ts V "

+ ; b"
+ in norms

of the respective L r 0 spaces,for which there holds

d
dt

Z

B +
4R

(w
r +2

2 ' )2 + � kw
r +2

2 ' k2
H 1 (B +

4R )

� (r + 2)
 (" )r +2 C

 
1

(� R)2

Z

B +
4R

wr +2

!

+ 
 (" )r +2 C;(56)

after multiplying by 2(r + 2). This proves(51). �

Lemma 3.8. Assume that Lemma 3.7 holds. Then, there exists an integral
inequality of the form

(57)
Z

Q+
i +1

w2si +1

� Cs
i (" )

 
1

(� R)2

Z

Q+
i

w2si

! s

+ Cs
i (" )

where Cs
i (" ) > 0 is bounded for all " > 0, s = 1+ N=2 > 0, i 2 IN , and Q+

i = B +
4R i

�
[� i ; t0 + 4R2] for Ri = Ri � 1 � 3(2� i )R; R0 = 4R; � i = � i � 1 + 22� i R2; � 0 = t0:
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Pr oof. Consider (51) given an in (56). Then integrate in time to �nd

sup
t 0 � t � t 0 +4 R 2

Z

B +
4R

(w
r +2

2 ' )2 + �
Z t 0 +4 R 2

t 0

kw
r +2

2 ' k2
H 1 (B +

4R )

� (r + 2)
 (" )r +2 C(2R)2

 
1

(� R)2

Z

Q+
4R

wr +2

!

+ 
 (" )r +2 C(2R)2;(58)

becauseof the secondproperty in (50) and sinceR � 1=2.
Let q = 2(1+ 2=N ). Then, from [25], the embeddingsof the spacesof functions

with values in Banach spaces

L 1 (0; T; L 2(
)) \ L 2(0; T; H 1(
)) � L q(
 � (0; T ))

are veri�ed. Theseembeddingsrestricted to the set Q+
4R in (58) with s = 1 + 2=N

give
Z

Q+
4R

w( r +2) s �
�
(r + 2)
 (" )r +2 (2C)(2R)2� s

�

�

 
1

(� R)2

Z

Q+
4R

wr +2

! s

+
�

 (" )r +2 (2C)(2R)2� s

(59)

where we have used

(60) (a + b)p � 2p(ap + bp) for a; b � 0; p > 0:

It follows, upon de�ning nested cylinders of the form as in the lemma and taking
r i = 2(si � 1) which imply r i + 2 = 2si , that the integral estimate (59) has the form

Z

Q+
i +1

w2si +1
�

�
2si 
 (" )2si

(2C)(2R)2
� s

�

�

 
1

(� R)2

Z

Q+
i

w2si

! s

+
�


 (" )2si

(2C)(2R)2
� s

:(61)

The desired integral inequality is obtained and (57) is proved. �

Lemma 3.9. Assumethat Lemma 3.8 holds. Then, there exists a positive con-
stant C > 0 independent of R such that

sup
QR

jwj � C

 �
1

RN +2

Z

Q4R

jwj2
� 1

2

+ 1

!

:

Pr oof. The proof of this lemma follows from general inductiv e processof
inequality (61). Since the processis recursive using repeatedly (60), we obtain for
arbitrary k � 1 that

Z

Q+
k

w2sk

� 22(k � 1)s+2( k � 2)s2 + ::: +2 sk


 (" )2ksk

�

�
�

2C
(� R)

� 2s+2 s2 + ::: +2 sk  
1

(� R)2

Z

Q+
0

w2

! sk

+

 

22(k � 1)s+2( k � 2)s2 + ::: +2 sk
(2
 (" ))2ksk

�
2
�

� 2s+2 s2 + ::: +2 sk !

;(62)
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sinceR � 1; C � 1, (� R) � 1 is monotonic increasingwith increasingexponents and
since1 < s � 2 imply k2sk � 22ksk

.
Next we note that

2(k � 1)s + 2(k � 2)s2 + : : : + 2sk � 2sk
1X

i =0

i
si = 2sk A:

Since s = 1 + 2=N > 1, the quotient rule yields convergenceof the series. In
addition, the sum to in�nite of geometric seriesgives

2s + 2s2 + : : : + 2sk � 1 � 2sk
1X

i =1

1
si = 2sk

�
N
2

�
:

Therefore, in (62), we arrive at

Z

Q+
k

w2sk

�

0

@(2
 (" ))A (2C)N =2 1

(� R)
N
2

0

@ 1
� R

 Z

Q+
0

w2

! 1
2

1

A

1

A

2sk

+

 

(4
 (" ))A
�

2
�

� N
2

! 2sk

�

0

@(2
 (" ))A (2C)
N
2

 
1

RN +2

Z

Q+
0

w2

! 1
2

+ (4
 (" ))A
�

2
�

� N
2

1

A

2sk

:

Now passingthe power 2sk in the left-hand side of the inequality we get
 Z

Q+
k

w2sk

! 1
2s k

� (4
 (" ))A (2C)
N
2

�
2
�

� N
2

0

@

 
1

RN +2

Z

Q+
0

w2

! 1
2

+ 1

1

A

= cte

0

@

 
1

RN +2

Z

Q+
0

w2

! 1
2

+ 1

1

A ;

wherethe cte is independent of R. As a result, taking limits ask ! 1 , we conclude
that

sup
QR

jwj � lim
k !1

 Z

Q+
k

w2sk

! 1
2s k

� cte

0

@

 
1

RN +2

Z

Q+
0

w2

! 1
2

+ 1

1

A :

The rest is obvious (sincethe above two last estimatesare true for the positive part
w+ of w on the cylinders Qk = B4R k � [� k ; t0 + 4R2], k � 0) and our lemma is
proved. �

Now, we assert the following lemma.

Lemma 3.10. Assumethat Lemma 3.9 holds. Then, the integral expression

(63)
1

RN +2

Z

Q4R

jwj2dxdt is bounded above from independently of R.
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Let us �rst observe that if ' 2=l(u) is taken as a test function in (29), then

d
2dt

Z



w' 2 +

1
2

Z



d" (x)jr wj2 ' 2 +

�
2

Z



w' 2

� j
Z



d" (x)' r wr ' j +

Z



f (w)' 2 +

Z

�
g(w)' 2

+
1
2

�
1 +

M
R

� Z



(V "

+ + � )' 2 +
1
2

�
1 +

M
R

� Z

�
b"

+ ' 2:(64)

We now estimate (64) from above. For the �rst term, we usethe following Young's
inequality

(65) ab �
1
2

� 2a2 +
1

2� 2 b2; a; b � 0; 0 < � < 1;

with � = (� � 1(" ))
1
2 =� 2(" ) for some� > 0 su�cien tly small. Consequently

j
Z



d" (x)' r wr ' j �

� � 1(" )
2

Z



jr w' j2 +

C
R2 :

The integrals involving the nonlinearities can be quite easily estimated as

(66) � CR � 2
Z



' 2 + CRN � 2:

A bound from above similiar to (66) is veri�ed by the last sum of integrals. As
a result, one has

(67)
1
2

d
dt

Z



w' 2 + �

Z



jr wj2 ' 2 +

�
2

Z



w' 2 �

C
R2

Z



' 2 + CRN � 2

for some� = � (� ) > 0 and C > 0 independent of R.
Now we can carry out the proof of Lemma 3.10.

Pr oof. Consider the closed time interval I 2 = [t0; t0 + 4R2] and de�ne the
cylinder Q = B2R � I 2. Let Qu = f (x; t) 2 Q : u � m4 + ! 4

2 g.
Then w � 0 on Qu if u � 0 and on Q n Qu if u < 0. Furthermore, w+ must

vanish on someQ0 � Q with jQ0j � 1
2 jQj depending on the case. Denote such a

function by v and de�ne


 0
t = f x 2 B4R : v+ (x; t) = 0g; m(t) = j
 0

t j for t 2 I 2:

Also de�ne the function

W (t) =
� Z



v' 2

� � Z



' 2

� � 1

:

SinceW (t) � � In2 for all t 2 I 2, the Poincar�e inequality (due to Moser)

(68)
Z



' 2(v � W )2 � 16R2

Z



j' r vj2

is satis�ed. Hencewe have an estimate from below in (67), for v in place of w in
the complete inequality. This processyields, if we take the secondand third terms
in the lower estimate on a smaller set 
 0

t and if we let � R = � j
 0
t j(8R2)� 1,

(69)
d
dt

W �
Z



' 2 + � R W � CRN � 2:

Since
R

I 2
m(t)dt = jQ0j � CRN +2 , we have (69) and [26] Lemma 2.5 implies

W (t1) � C, with t1 2 I 2 independent of R. This fact, together with (67) in v and
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the third integrated term in the left-hand expressiontaken on 
 0
t , then integrating

the resultant inequality on subinterval [t1; t2] � I 2 yield

� In2 � W (t) � C; 8t 2 I 2 and
Z t 0 +4 R 2

t 0

Z



' 2(v � W )2 � CRN +2 ;

upon using (68). This concludes(63) and the proof of the lemma is complete. �

To complete the proof of Theorem 3.2, we have that there exists a C > 0
independent of R such that w = In(( ! 4 + R)=l(u)) veri�es w(x; t) � C for all
(x; t) 2 Q4R . This implies ! 1 � � ! 4 + CR for 0 < � = (C � 1)=C and, using [19]
Lemma 8.23 yields the proof of Theorem 3.2 complete. �

4. Stabilit y of attractors

We are in a position to study the stabilit y in large di�usivit y of attractors for
the nonlinear dynamical systemgeneratedby the evolution equations(1). The ba-
sic theorem from which we obtain the existenceof the attractor for the nonlinear
semigroup to our equations is Theorem 3.3. Several notions of attractors and cri-
teria for proving their existencefor in�nite dimensional dynamical systemsarising
in evolution equations have been extensively studied [21, 38, 37, 39]. The basic
notion of a global compact attractor can be de�ned as follows.

Definition 4.1. Let (X ; d) be a metric space, and S(t) : X 7�! X de�ned for
t � 0 be a semigroup generated by the solutions to a certain nonlinear evolution
systemof equations. The set A � X is called a global attractor for the trajectories
de�ned by this semigroup if

(i ): A is nonempty and compact

(ii ): A is invariant i.e S(t)A = A 8t � 0

(iii ): For any bounded set B � X , we have lim t !1 dist(S(t)B ; A) = 0,

where, for any pair of setsA; B � X ,

dist(A; B ) = sup
x 2 A

inf
y2 B

dist(x; y)

denotesthe Hausdor� semidistance.

We shall say that B � X is an absorbing for the nonlinear semigroupif

8B0 � X ; B0 bounded, 9t0(B0) : S(t)B0 � B 8t � t0(B0:)

The semigroup is said to be uniformly compact if, for any bounded set B � X ,
there exists t0(B ) > 0 such that the positive tra jectory 
 + (B ) = [ t � t 0 S(t)B is
relatively compact. If the nonlinear semigroupgeneratedby a system of nonlinear
evolution equations admits an absorbing set B and this semigroup is uniformly
compact, then

! (B ) = \ � > 0[ t � � S(t)B

is a global compact attractor and is unique for the semigroup. There are other
criteria for assertingthe existenceof an attractor, for example in [10, 11, 12, 21],
if S(t); t � 0, is a compact C0� semigroup, that is in addition point dissipative,
then, there exists a global compact attractor for semigroupf S(t) : t � 0g in X .
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We obtain from Theorem 3.3 the following corollary on the existenceof a global
compact attractor for the evolution equations generatedby the semilinear system
of reaction and di�usion equations (1).

Cor ollar y 4.2. Suppose that the hypothesesof Theorem 3.3 are satis�ed.
Then the nonlinear semigroup generated by the evolution equations (1) has a global
compact attractor A " � H 1(
) \ L 1 (
) .

Pr oof. Consider the variation of constants formula (30). Sincethe nonlinear
term h(u) 2 H � 1(
) satis�es kh(u)kH � 1 (
) � C for all t > 0, we have

ku" (t; u"
0)kH 1 (
) � M t � 1

2 e� ! t ku"
0kL 2 (
) + C

Z t

0
e� ! ( t � s) (t � s) � 1

2 ds

� Ct � 1
2 e� ! t ku"

0kL 1 (
) + C
Z 1

0
e� ! t t � 1

2 dt:

This together with Theorem 3.3 imply that the nonlinear solution semigroup has
an absorbing property in X = H 1(
) \ L 1 (
). More precisely

lim sup
t !1

ku" (t; u"
0)kX � C:

Thus, from [27] Proposition 5.4, the set f u" (t; u"
0) : t � 0g is relatively compact.

Let D = f w 2 X : kwkX � 2Cg, then the ! � limit set

! (u"
0) = \ � > 0[ t � � u" (t; u"

0) � D

is the smallest nonempty subsetthat is compact, connected,invariant and satis�es

lim
t !1

inf
w2 ! (u "

0 )
ku" (t; u0) � wkX = 0:

Thus the semilinear evolution equations de�ned by (1) admits a global compact
attractor A " �= ! (D ). Alternativ ely, it is easyto seethat the nonlinear semigroup
generatedS" (t); t � 0 using the variation of constants formula (30) is point dissipa-
tiv e and the conclusionfollows from [21] Sec. 4.2. and our proof is complete. �

It is now relatively easier to deducethe limit processof the equations (1) in
large di�usivit y (5).

Theorem 4.3. Assume that Theorem 3.3 holds and consider the system of
ordinary di�er ential equations

(70) _u
 + L 0(u
 ) = h
 (u); u
 (0) = u0

 2 IRm

where

h
 (u) = f (u
 ) +
j� j
j
 j

g(u
 ) 2 IRm and L 0 = diag[� n ]

for n = 1; : : : ; m as in Lemma2.3 is de�nite positive. Then (70) is the limit process
in (4) of the systemof equations (1). This limit is given by convergence of solutions
strongly in H 1(
) uniformly on compacts of IR+ .

Pr oof. The proof follows from the variations of constants formula (30), using
Theorem 2.1 and Lemma 2.3. Since(38) is valid, we have by Lebesguedominated
convergencetheorem,

Z t

0
e� L " ( t � s) h(u" (s))ds !

Z t

0
e� L 0 ( t � s) h
 (u(s))ds
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as " ! 0, and h
 (u) 2 IRm as in the theorem. Thus (70) holds in the limit since
the solutions convergestrongly in H 1(
) uniformly on compact setsof (0; 1 ). �

It follows from Theorem 4.3 that the system of ordinary di�eren tial equations
(70) has a global compact attractor A � IRm and the family of attractors fA " [
Ag "> 0 veri�es

(71) lim
" ! 0

� H 1 (
) (A " ; A ) = lim
" ! 0

sup
u " 2A "

inf
u 
 2A

ku" � u
 kH 1 (
) = 0;

so we have stabilit y in large di�usivit y of the attractors in the topology of H 1(
).
This naturally leads,on the basisof Theorem 3.2 to a much stronger convergence
of attractors in the following corollary.

Cor ollar y 4.4. Assume that the hypothesesin Theorem 3.2 are satis�ed.
Then

lim
" ! 0

� C (
) (A " ; A ) = 0;

for any open bounded regular domain 
 � IRN of arbitrary space dimensions.

Pr oof. The proof is straightforward. Actually one usesthe compact embed-
dings of the spaces

C �; �
2 (
 � (0; T )) ,! C(
 � (0; T ))

for � > 0. This yields, via Arzel�a - Ascoli's Theorem, the conclusion, since the
limit of equations (1) in large di�usivit y is unique. �

4.1. Finite escape time. In this subsection, we make some conclusion re-
marks about the dynamics of the system of equations (1) in view of those of its
limit process(70) in large di�usivit y. The remaining casefrom the discussionabove
of this section can be understood from the following simpli�ed problem.

Consider the following modi�ed system of equations

(PDE)

8
<

:

ut � D � u = jujp� 1u in 

D @u

@~n = 0 on �, t 2 (0; T)
u(0) = u0

D in 
,

of the semilinear problem (1). This systemof equations (PDE) is well posedfor a
mild solution in the senseof Theorem 3.1. Also we expect that its limit processas
D ! 1 be given by the �nite dimensional equations

(ODE)
�

_u
 = ju
 jp� 1u


u
 = u0 2 IRm for t 2 (0; T):

Now, without loss of generality, let us assumethat u0 6= 0. Then the solution of
the equations (ODE) have a �nite escape time, namely t � = 1

(p� 1) ju0 j p � 1 . Thus,
it is not di�cult to seethat, the local nonlinear semigroup generatedby (PDE)
blows up in norm of the spaceH 1(
) at the time T = t � . SinceT = T(N ; u0) it is
possiblefor small initial data of the systemof equationsand large but �xed N that
solutions of (PDE) are almost globally de�ned and unbounded at time T. Thus
from Theorem 3.1 we can further concludethat

either the nonlinear semigroupis globally de�ned,

OR

it blows up in a �nite interval of time.
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Furthermore, in view of the results of this section, we concludethat the dynamical
systemsof the in�nite dimensional equations are completely determined by those
of their limit processesin large di�usivit y. More to it, the complicated spatial
dynamics de�ning heterogeneousstable patterns of concentrations of reaction and
di�usion problems modelling processesin chemical engineeringor biochemical sci-
ences[13, 20, 24, 40, 42], if large di�usion is intro duced in the models, then the
production of these patterns is made lesse�ectiv e to eventually being eliminated
with time advancesin the relevant experiments.
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