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Abstra ct. Diusion type xed interface conditions are formulated to describe the trans-
port of diusing materials acrossporous thin barriers embedded in media supporting the
diusion process. We consider a Neumann boundary value problem with xed interface
conditions for general di usion-reaction di eren tial equations that models the gene dis-
persal in a population under natural selection in a nite habitat with embedded narrow
barriers. We establish for the problem a new comparison principle, the global existence
of solutions, and su cien t conditions of stabilit y and instabilit y of equilibria. We show
that the stabilit y of equilibrium changes as the barrier permeabilit y changes through a
critical value. Also, the nonconstant stable equilibria for the problem can arise due to
the interaction of the selection force and the barrier. Results in this work are applicable
to general situations of materials or heat diusing through permeable barriers.
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1. Intro duction

Genetic materials (genes)dispersein spatially distributed populations subject to the
joint action of ewolutionary forcessud as migration and selection. Recert study has shown
that regionsin the population's habitat of geographicalobstacles,reduced population den-
sity, or spatial frequency patterns of linked genesmay perform as barriers to the gene
di usion, and causesharp changesof genefrequenciesacrossthe region (cf. e.g.,[8]). It is
suggestedthat barriers be a signi cant factor inducing the genetic diversity and specious
isolation in ecologicalsystems.
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In this paper, a model with two allelesA;, A, at a speci ¢ diallelic locusis considered.
Let G R" be composed of two adjacert bounded open connectedsets G, | = 1;2,
separatedby a surface = @51\ @5; R" 1. Here G and represen respectively
the isolated nite habitat and the imbedded narrow barrier (for represering a physical
habitat, n = 1;2;3. Howewer, we do not restrict ourselvesto low spatial dimensions.).
Let 0 u(x;t) 1 bethe allele frequency of A; at the spatial position x at time t. A
xed interface boundary value problem for general di usion-reaction di erential equations
governing changesin u is formulated as

u Lu=g(xu) in G (0;T);
Nu=0 on (@n) (0O;T];
Nuj = (X)ul= Nuj  on ©O;T];
(1.1) u(;0)=u Iin G:

In the above equation, the elliptic di erential operator L and the boundary operator N are
given by

X .
(1.2) Lu = Di(a’ (x)Dju); x 2 G;
i =1
X
(1.3) Nu= (@ (x)Dju) i; x 2 @
ij =1
with ( 1;:::; ) the outward unit normal vector at x 2 @5, and
X
(1.4) al'(x) i oj% 882G, 2R
i =1
for some ¢ > 0. In the interface condition (1.1)3, Oon, [ul=uj, u withuj

the limits of u at as is approached from the interior of G,, G; respectively, and N uj
are the boundary derivativesof u at  in the outward direction of G,, G; respectively.

Equation (1.1) is a generalization of di usion models with interface conditions treated
by Barton, Nagylaki and others (cf. e.g.,[2, 7, 8]) for the study of the dispersal of a gene
at a diallelis locus acrossnarrow barriers. Here by modeling the allele frequency di usion
ux with ., al (x)Dju, equations (1.1)1-(1.1),-(1.1)4, i.e., a homogeneousNeumann
boundary value problem for general di usion-reaction equations, govern the ewolution of
frequency of A1 in the population subject to natural selectionaway from the barrier in an
isolated habitat. When acrossthe barrier, since the sharp change of allele frequency [u]
is typically proportional to the allele frequency ux outside the barrier (cf. e.g.,[8]), the
di usion type xed interface condition (1.1)3 modelsthe transport of allele A; through the
barrier. In this condition, (x) givesthe permeability of the barrier at x 2 . When the
ewolution reachesan equilibrium, u satis es the elliptic problem:

Lu=g(x;u) in G;
Nu=0 on @bBn ;
(1.5) Nuj = (X)ul= Nuj  on :

Equation (1.1) in generalmodelsthe transport of di using materials or heat in an isolated
medium with an embeddedporousthin barrier. Someresults of the existenceand regularity
of solutions of the linear problem of (1.1) werereported in [4] (also seelemma 1 below).
The main purposeof this work is to establish physically sensiblebounded solutions of
(1.1) (for instance, if u is the allele frequencythen 0 u 1), and criteria of stability
and instabilit y of equilibria (solutions of (1.5)) in terms of the permeability parameter
In section 2, we establish a comparison principle for parabolic di erential equations with
interface conditions. Using this new comparison principle, we prove the global existenceof
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bounded solutions of (1.1) in the weak form in the framework of Hilb ert space. In section
3, we derive su cien t conditions of stability and instability of equilibria under dynamical
systemsgeneratedby bounded weak solutions. Special attention is paid to the e ect of in
the stability analysis. In section4, we specializethe reaction term gin (1.1); for discussion.
Here we show that constart equilibria may change stabilities when the permeability of
barrier changesthrough a critical value. We also presen the stable nonconstart equilibria
which arise as a consequenceof the interaction of the selection force and the barrier. In
section 5, we give an overview of this paper and remarks. Somegeneralcriteria of stability
and instabilit y of equilibria usedin section 3 are givenin the Appendix.

We now give notation and the weak formulation of (1.1). For k 2 Z,, let HK(G,)
L2(G;) bethe Soholev space,and CK(G;) the spaceof functions with uniformly cortinuous
partial derivatives of order  k in G;. Dene H* = H¥(G1) HX(Gy), and k k3, =
k @ kE'k(Gl) +k @ kE'k(Gz) for 2 HX. The spaceCX and the norm of CK are similarly
de ned. We identify a function in G with ( @ ; @) in which ) is the restriction of
to G, 1= 12. For 1; ,2H1I dene

v Z z
(1.6) B( 1 2)= a'Dj 1Di 2+ [l 2k

=1 ©
where[ 1= @] @j ,and Oj isthe restriction of () to , |= 1;2in the senseof
trace. Let u2 L?((0;T);H?) with distributional derivativeu®2 L?((0;T);H?! ), whereH*
is the dual spaceof H 1. We refer to u asa weak solution of (1.1) if for aimost all t 2 (0; T),

(1.7) hut); i+ B(u(t); )= (9C;u(t); )iz; 8 2HY

and u(0) = ug a:e:in G, whereh; i is the action of elemens in H* on elemeris in H?!, and
(; )Lz isthe L2-inner product. Also, u 2 H!isaweakequilibrium if B(u; ) = (g(;u); ).z,
8 2 H'. We note that from the integration by parts, a weak (equilibrium) solution u is a
regular (equilibrium) solution of (1.1) if u 2 C([0; T];C?) (u 2 C?).

For convenience,we assumethroughout the paper that boundariesof the spatial domain
G of (1.1) are smooth, al = &', and all coecients al, are smooth in G up to the
boundary. The non-linearity g( ; ) is smooth in G R. Weak (equilibrium) solutions are
generally referred to as (equilibrium) solutions. A result of the existenceand regularity of
solutions of the linear problem of (1.1) (cf. [4]) is givenin the next lemma.

Lemma 1. Let up 2 L?, f 2 L?((0;T);L?. Then 9! weak solution u of the linear
problemu; Lu=f(x;t)in G (0;T) with (1.1)2-(1.1)4 suc that

(1.8) kUkLZ((O TyHY T kuckLz«o TYHL ) C(kugky 2 + kf k|_2((0 TYiL 2))
for someC > 0. If ug2 C* ,f 2 C* ([0;T];C' ) thenu2 C? ([0;T];Ct).

P
Pro of: Let fwxg be a basis for H 1F,?1nd let ck 2 R be such that ., ccwy ! g in L2
Dene um : [0;T]! HYbyum(t)= [, dP"(t)wg sud that
(um () Wiz + Bum()iwi) = (F (1), wi)z;
(1.9) &’ (0) = o
for k = 1;::;;m, for m = 1;2;::.. Using (1.4), by corollary 23:26 of [11], we have u, ! u
in L2((0;T);HY) sud that u is a unique weak solution of the linear problem with (1.8)

(seedetails of the proof in theorem 1 of [4]). The regularity of weak solutions results from
corollary 1 of [4] under the condition that L is symmetric.

2. Bounded Global Solutions

We begin with establishing a comparison principle for parabolic di erential equations
with interface conditions.
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Lemma 2. If u2 C(0;T];C?) satisesu; Lu+ d(x;t)u 0in G (0;T), where
d(x; t) is bounded below, and (1.1),-(1.1)3 with ~= "replacedwith © “,andu(;0) O0in
Gthenu 0inG [0O;T].

Pro of: Becausee K'u satis es the condition satis ed by u with d(x;t) replaced by k +
d(x;t) O for suciently large k, it suces to prove the lemma with d(x;t) 0. We let
d 0in the following.

Assumethat u> Oat (x;t) 2 G (0;T]. It follows that

(2.10) u®; f) = maxtuP(x;t) : (x;t) 2 G, [0;T];1= L;2g> 0

fora(®;f) 2 Gy [0;T]or G, [0;T]. Assume(®;f) 2 G; [0;T]. Sinced 0 and
G, is connectedwith smooth boundary, from the strong maximum principle for parabolic
dierential operatorsand u(;0) 0in G, (% f) 2 @; (0;T]. In view of for example,
theorem 9:12 of [10], the directional derivative of u® at (%;f) in any outward direction

of G is positive, i.e., 2u® (& f) > 0. By (1.4), NuW(%;f) > 0. From Nu 0 on
(@n) (0;T] and N uj (X)[u] on (0; T, it follows that (%;f) 2 (0;T], and
0< Nu®;f)  R)u]®;f), namely [u](; f) > 0. The result contradicts against (%; f) being
amaximal point of u overG; [0;T]and G, [0;T]. Therefore (%;f) 2G; [0;T]. In the
samemanner, we show that (%;f) 2G, [0;T]. Henceu > O at a point (x;t) 2 G (0;T]
is false. The lemma is proved.

If u (resp. U) 2 C? satis es (1.5) with = " replacedwith ~ " (resp. ~ ) then u (resp.
0) is a lower (resp. upper) solution for (1.5). We denote lower and upper solutions by u, o
respectively here and after in the paper.

Theorem 1. If up2 My =fFf :u U a:e:in Gg then 9! solution u of (1.1)
sud that u(t) 2 Mg, 8t 2 [0;T], 8T > 0.

Pro of:

We rst assumethat g (x; ) = @g(x; ), wherein this paper g(x; ) is smooth respect
to x and , is bounded. We show that if ug 2 L2 andu  ug a:e:in G then 9! solution u of
(1.1), 8T > Osuch that u u(t) a.e.in G, 8t 2 [0;T].

For v 2 X = C([0;T];L?), dene ( v) by a unique solution of u; Lu = g(x;V) in
G (0;T) with (1.1)2-(1.1)4. From (1.8) and the boundednessofg , 8T > 0, :X 7! X
is such that for someC > 0,

(2.11) k(u) (v)kx CTku vkx; 8u;v2X:

By the corntraction map principle, if CT < 1then 9! u 2 X with u= ( u), namely, uis a
unique solution of (1.1). On the other hand, the boundednessof g allows the interval of
existence[0; T] of u to extendto any T > 0. Now let Y = fv2 X :u v(t) aie:in G; 8t 2
[0;T]g. Y is aclosedsubsetof X. Weclaimthat :Y 7! Y. Thereforethe unique solution
uliesin Y,ie.,u u(t)ae:in G; 8t 2 [0;T], if ﬂfle claim is true. We now verify the claim.

We rst assumeu ug 2 C'. Letv2 Y C! ([0;T];C!). By lemma 1, we have
u (v)2C!(0;T];C?. Sinceg isbounded,9 > Osud that 8x2 G, g(x; )+ isan
increasingfunction of 2 R. It follows that ( v) satis es the condition of lemma 2 with
d= ,andhence ( v)2 Y. Namely, :Y C! (0;T];C!)7'Y.AsY\ C! ([0;T];C?)
is densein Y and is continuousin Y, the claim is veri ed for this case. As C?! L?is
dense,and u(t) dependson ug continuously in L2, 8t 0 (we omit the proof), the result
extendsto u ug 2 L2

A parallel argumert yields that if g is bounded, ug 2 L2, andug T a:e:in G then
9! solution u of (1.1) such that u(t) UTa:e:in G,8t2 [0;T], 8T > 0. If g is unbounded,
we replace g with a smooth function g identical to g in G  [min u; maxu], and vanishing
outside a bounded open set cortaining G [min u; maxt]. Sinceg is bounded, 9! solution
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t for this new equation with u  w(t) UTae:in G, 8t 2 [0;T]. By g(x; &) = g(x; &), tris a
unique solution of (1.1), 8T > 0.

Denote by u(t; ) the unique solution of (1.1) with u(0) = . In view of theorem 1,
the mapping S(t) : L? 7! L? dened by S(t) = u(t; ) is invariant in M., 8¢ 0
(fS(t) : t  0Og is a dynamical systemon M,.;). From the remark above lemma 8 in the
Appendix, 9 equilibrium 2 M[,.qj. We investigate stability and instability of under the
establisheddynamical systemin the following section.

3. Stabilit y and Instabilit y of Equilibria

In this section, we establish su cien t conditions of stability and instabilit y of an equi-
librium 2 Mg.;;yon . LetN(r; )=1f 2 L?:k k.2 < rgwith r > 0. We de ne
to be stableif 8 > 0,9 > Osudthat for 2 M.\ N(; ), u(t; )2N(; ), 8 O,
and unstable otherwise. Also, s isolated if Mg\ N (r; ) cortains no other equilibria
for somer > 0. Letd(x) = g (x; (x)),and 2 =f 2¢Cc! : @ = @ oon g
Incorporating the dependenceof B in (1.6) on , we de ne

z

(3.12) Q(;)=8B(; ) Gd21
From (1.4) andd 2 L' , it followsthat Q( ; ) ok ki, 1k k?,,8 2 H? for some
1> 0, i.e., Qisa Garding form in H? L2. Therefore 9 minimizer ' ( ) 2 H?! with
k' ( )k_2 = 1 of the minimization problem:
(3.13) p()=QC () )=inffQ( ; ): 2H%k k=19
such that ,( ), ' () solve the eigernvalue problem
z z
(3.14) B(u; ) du = u;8 2H?
G G

for , u, and ,( ) is the least value of for (3.14) to be solved by nonzero function u
(cf. e.g.,theorem 22:G of [11]). Moreover, sincej' j2 HY and [|' ( )jI*> [ ( )]? on , we
havethat Q(' ( ); ) = Q(j ' ()j; ). Hence' ( ) can also be of onesignin G. We note
that by a regularity argumert, solutions of (3.14) are in H? (cf. theorem 7 of [4]). Hence
' ( ) 2 H2. We shawv the monotonicity and cortinuity of , on in the following.

Lemma 3. (i) p( 1) p( 2), 8 1 22 on; (i) piscortinuousin  w.r.t.
the sup-normk kc¢.

Pro of: (i) follows from the obsenation that Q( ; 1) Q( ; 2),8 2 HYif ; 2 0n
For part (i), let 1; 22 . By asimple calculation,
(3.15) Q(; 1) Q(; 2 Cki 2kek kyi; 8 2H!

for someC > 0. We now specialize to the constaﬂ function = jGj 2. For a minimizer
" () of (3.13), by Q(' ( h ) Q(;)=jGjt ¢ d and the Garding form of Q, we have
kK ()%, o'(j Gj * gd+ 1). From (3.15),

(3.16) QU (1) 1) QC(2) 1) Cki 2ke+Q(C(2) 2)
for someC > 0. As aresult, j p( 1) p( 2)] Ck 1 2Ke, i.e., (i) is proved. 4
Lemma 4. Assumethat 9 ; 2 such that (1) < 0 < ,( 2). Let =

(1 ) 1+ 2, whereO 1. Then 9! (2 (0;1) suchthat ,( ,)=0and p( )is
strictly increasingat .
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Pro of: Clearly, 7! is cortinuous and nondecreasing.Hencefrom lemma3, ,( )is
cortinuous and nondecreasingin . Assumethat ,( ,) = p( ,) for some0 1 <

2 1. By the monotonicity of ,( )w.rt. , o( )= p( g.8 2[ 1; 2]. Secondly
by Q( ()i ) QC( ) ) QC( ,) .ityeelds ( , )OI ( JPP=0,
and hence[' ( ,)] = Oonthe part of where ;< 5. Hence ,( )= Q(( ,); )
8 2[ 2;1]. In summary, p( )= ,( 2), 8 2[ 1;1]. Consequetly, ,( ) is strictly
increasingat if ,( ) < p( 2). The lemma follows from the continuity of ,( ) in

O

Lemma 5. () > Oin the following cases:(i) d 0
with  , givenin lemma 4.

, gd< 0 (i) ,< on

Proof: In (i), ifd Othen p()=Q(C () jp B(C ()" () 0. Assume ,( )= 0.
Then 0= B( ();'()) okD' ( )k7, and gz d' ?( ) = 0. However, from the former,
" () is a constart, and henceit follows that  d' 2( ) < 0. The cortradiction leads to
p( ) > 0. In (ii), because is compactand , < arecorntinuouson , 9 > ¢ sud
that on . From the strict monotonicity of ,( )at o, p() o( )>0.4

R R
Lenﬂ{na 6. R,( ) <R0 in the following cases:(i) ;d> 0,or ;d=0,d6 0ae:in
G; (i) gd<0O, d 2d<0,and131—d+131—d< BRL - (i) < on with
G G
givenin lemma4. ’

R R
Pr&of: In (i), if gd> Othen () Q(C; )= c? gd < Ofor C 2 R. Similarly,

if 5d= 0then () [Q Howewer, if () = 0, we have' () = jGj z. From the
consequencedelow (3.13), ;d =0,8 2H Y narﬁely, d= 0, age- in G. Hence R( )< 0.
In (i), we simplify the notation by letting D; = G, d D, = G, dand W = . Let

= ((@W; @)= (Cy;Cy), whereCy 6 C; 2 R. By a simple calculation, Qf ; ) =
( D1 DZ)CJZ_ 2]C2 C]_jDzC]_"‘ (C2 Cl)Z(W Dz) Under the condition that G d< 0,
we have Q( ; ) < 0, provided D;D, < W(D1+ D3). The last condition leadsto the result
of (ii ). (iii ) follows from a similar argumert to (i) of lemmas. ;

Gy G 0 0

Theorem 2. In eadt of the casesof lemma5, s stable. In eadt of the casesof
lemma6,9 2 H?sud that Q( ; )< 0. For the latter, is unstableif is isolated and
+ 2 Mg for some > 0.

Pro of: The rst part of the theorem follows from lemma 7 and the result that the expo-
nertial stability implies the stability of an equilibrium. The secondpart of the theorem is
from lemma 8 in the Appendix. 5

4. Application

In modeling the genedispersalin a population, the e ect of natural selectiong(x; u) =
s(x)h(u) is formulated. In this formulation, s(x) represens the selective advantage (s(x) >
0) or disadvantage (s(x) < 0) of A; over A, at the spatial location x, and the property
of h depends on the tness of genotypes. When the tness of the heterozygote A1A; is
intermediate to the homozygote A;A; and A,A; (e.g., the ratio of tness of genotypes
A1A1, AjA; and AAis1: 1 %s(x) ;1 s(x)), h resenbles qualitativ ely the logistic
function u(1 u) (cf. e.g.,[5]). Accordingly, we in the following assumeh(0) = h(1) = 0,
h%0) > 0, (1) < 0. Thus = 0, 1 are constart equilibria, and S() is a dynamical system
in M [0;1]-

Theorem 3. Assumethe precedingconditions on g.
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, R R R 0
(1) If either (i) s O, or (i) 4s<0, 5 s 4 s<0 and Rgll_5+ RGlz—S < RO
then O is unsgable, pyovided that O is isolated.
@ If 5s<0, 6,S 6,5<0 and h%0) is su cien tly small then 9 critical value

0 2 R+ such that Ois unstableif < ( on , provided that O is isolated, and
exponertially stableif o< on .

Proof: Let' () 0 bethe minimizer of k?.13) with dﬁ() = h%0)s(x). Thus ' 2 M 0.1
for > Osuciently small. By h%0) > 0,  d=h%0) 5 s, wherel = 1,2, part 1. of the
theorem follows from theorem 2.
To prove part 2: of the theorem, we show that 90 < ;< , sudthat ,( 1) < 0<
p( 2). If what we are to show is true, the existenceof the critical value ¢ is then assured
by lemma 4, and part 2 of the theorem follows from theorem 2. To begin with, we de ne
for 2 (0;1),

z
(4.17) m( )= inffE&'Si'z) s 2>0, 2H
G G
It is obsenedthat 0 m( 1) m( ;) for 3 2, and m is bounded above (we seethe
boundednessof m by substituting a functon 2 H! with 6 0in G;, = 0in G, and
R1=0on to the right hand side of (4.17)). We claim that 0< m( ), 8 2 (0;1) if
cS<O0. R
Assumem( ) = O for some 2 (0;1). It followsthat 9 x 2 H* with s 2> 0,
k kkp2 =1, k=1;2;3;::;, suth that B( ; «; )! Oask! 1 . Passingto asubsequence

& necessaryit follows that  y * “in H! L2, wherek™k. 2 = 1, kD “k_.2 = 0 and
["]2 = 0, namely, = jGj z. Therefore
Z Z 1 Z
(4.18) 0< s 2! s™= - s<0 ask! 1:
G G Gl ¢

The claim is veri ed by the cortradiction in (4.18).
In summary, under the circumstances,m( ) > 0 is a bounded nondecreasingfunction in
(0;1). Thush%0) < m( ) for some , 2 (0;1 ) if h%0) < supg,; y m. It follows that
z

(4.19) Q(; 2)=B(; ;2 h%) s?2>08 2HY
G

nd hence p(Rz) > 0. On the other hand, because 6, S 6,S< 0, we may assume
c,s>0 and 6, S<0. Sinceh%0) > 0, by letting = (jG1j %;O), we have
Z

(4.20) Q( 5 1)=iGi *( 1 i h%0) . s)<0

for 1> Osuciently small, and hence ,( 1) < 0.5

The stability and instability of = 1 can be obtained by a parallel argumert.

Secondly we consider a di erent situation that the heterozygote AjA; is less tted
than the homozygote A;A1, A2A; (e.g., s(x) > 0, but there is “underdominance' with
the tnesses, and the ratio of tness of genotypesA;A;1, A1A, and AA; is givenby 1 :
1 %(s(x) + S(x)) : 1 s(x) with S(x) > s(x)). In this case,g(x; u) = S(x)h(u), and h
typically resenblesa cubic polynomial such asu(u  )(1 u) with 0< < 1dependingon
s, S (cf. e.g.,[8]). We hencein the following assumeg(x; 0) = g(x; 1) = 0, and g (x; 0) < 0,
g(x;1)< 0,8x 2 G, | = 1;2. Asin the previouscase, = 0, 1 are constart equilibria, and
S(') is a dynamical systemin Mo.q;.

Theorem 4. Assumethe precedingconditions on g. Then 9 an exponertially stable
nonconstart equilibrium  of (1.1) if issuciently smallon .
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Pro of: We construct nontrivial lower and upper solutions of (1.5) as follows. By the
hypothesison g, 90< ;< , < 1suc that g(x; ) < 0, g(x; ) > 0in intervals (0; 1) and
( 2;1), respectively, 8x 2 G. Let ;2 C}(G;), 1=0on@5in, and ; Obut6 Oon .
We considera Robin type boundary value problem:

Lu = g(x;u) in Gg;
(4.21) Nu+ il 1(Xu= 1(x) on @5;i:

We de ne for a function v 2 C?(G;) to be a lower (resp. upper) solution of (4.21) if v

satis es (4.21) with ~ = “replacedby © " (resp. = ). Therefore 0 and ; are lower and
upper solutions of (4.21) respectively. By theorem 2:1 of [9], it follows that 9 a solution
1 2 C?(Gy) of (4.21), with 0 1 1. We obsene that 1 is not constart because ;

is not constart on @5;. Secondly in a parallel manner to the previous argumert, we let
22 CYG;y), 2=00n@szn, > Obut6 0on . Replacing 1, G;, 1 in (4.21) with
2, G2, 2, we have that 9 a nonconstart solution » 2 1 for the new problem. With
1, 2, weset

_ 0 in Gl Lo 1 in G1

(422) u= 2 in Gy, '’ u= 1 in G,
It followsthat u T verify (1.5)1-(1.5)2, [u]= > 2, [0l=1 ;1 1 j,andNuy =
0 X2 1)= Ny ,NU = ;42 L 1) 0= NU. .Consequetly,u T
are lower and upper solutions of (1.5) if

1 L L 1
(4.23) 0 min( i ! l); 25 2 )) on

1 2
For satisfying (4.23), 9 a equilibrium  with u gand| ] 2 gt >0on. Thus

is not a constart. Sinceit alsofollowsthat g (; )< 0in G, wehave ;g (; )< 0. By
lemmas, and lemma7 in the Appendix, is exponertially stable in M.1;.

5. Discussion

A xed interface boundary value problem for di erential equationsis formulated to model
the dispersal of genesacrossnarrow barriers under natural selection. In this work, we
establish for the problem the global existence of solutions, and criteria of stability and
instabilit y of equilibrium solutions. Global solutions bounded between lower and upper
solutions of (1.5) are established by using a xed point argumert together with a new
comparisonprinciple for parabolic di erential operator with interface condition. We derive
stability and instabilit y of equilibria as consequence®f barrier permeability and selection
force through spectra analysis on the linearized equation in section 3. As a result of our
stability analysis, when the tness of the heterozygoteis intermediate to the homozygote,
the instability of = 0O (theorem 3) indicates the allele A; can ipcreasefrom an inde nitely

low frequencyif either Aq is advantageousovehAz in totﬁlit y (Rs s> 0), or A; hasa local
advantage over A; in one side of the barrier ( ;s < 0, 6,S ,5< 0) with low barrier

permeability (Rl—S + Rl—s < 5&0(&), or < gon ). Conversely by the stability of =0
G G

in part 2: of theorem 3,20ne seesthat A; may not be able to increasefrom an inde nitely

low frequency at high barrier permeability even A; does own a local advantage in one of
the two regions separated by the barrier. When the selectionis against the heterozygote
(theorem 4), stable nonconstart equilibria can be reached under low barrier permeability.
Becausethe result of theorem 4 is true for g independert of x, it cortrasts the instabilit y
of nonconstart equilibria of homogeneoudNeumann boundary value problems for di usion-

reaction equations(cf. [3]). The inconsistenceprovidesan evidencethat the spatial patterns
of gene frequency may form as a result of the joint e ect of selection force and barrier.
Finally, to keepthe discussionsimple, we have assumedthat all parametersand boundaries
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of spatial domains are smooth and the dierential operator L is symmetric without the
convection (1%t -order derivativ e) terms, although theseconditions can be possibly weakened.
The regularity of global (weak) solutions, and bifurcation and spatial pattern formation
problems relating to the barrier permeability are issuesneededto be investigated in the
future.

6. App endix

In this section, we derive generalcriteria of stability and instabilit y of equilibria.

Lemma 7. If ,()> Othen9 ;C > Oand N( ;r) with r > 0 such that 8 2
Mo\ N (5 1), ku(t; ) k.. Ce 'k k.2, 8 0,i.e., isexponerially stable
in M-

Pro of: We rst mertion that by a straightforward calculation, it can be veried that
S(t) : L? 7! L2 is continuously Frechet di erentiable at in the spaceof L?, where the
Fredet derivative of S(t) at is givenby S (t)ugp = u (t;ug), 8up 2 L? with u (;up)
a unique solution of uy Lu = g(x; )in G (0;T) with (1.1),-(1.1)4. Since nonzero
solutions w of (3.14) supply an orthonormal basisfor L? (cf. e.g., theorem 1 of [4]) and
S (t)w = e 'w, it follows that kS (t)k = supfk S (t) k.2 1k k2= 1g e »() The
lemmais thereforetrue from the principle of linearized stability of equilibria with 0< <
(cf. e.g.,theorem 11:22 of [10]). 5

We presert a simple argumert that yields the existenceof equilibria in My.q in the
following. Let u be a solution of (1.1) with up 2 H2\ M. It can be veried that
u2 L%(0;T);H?), u®2 L?((0;T);HY) by using a regularity result of solutions for linear
problems of (1.1) in theorem 2 of [4]. Let J(t) = B(u(t);u(t)). Using the integration
by parts, Jt) = 2(u¥t); Lu(t)) k Lu(t)k?, + kg(;u(t))k?,. ThusJqt) + J(t) C
for almost all t 2 [0;T] for some C > 0 depending on u;U. By integrating, we have
okDu(t)kEZ Jt) JO)+C@ etl),8t2][0T], 8T > 0, and hencefu(t) :t 0Og
is bounded in H1! L2. As aresult, by e.g., lemma 4 of [6], the ! -limit set! (ug) =

. ofS(t)uo :t rgis nonempty, compact, and connectedin L2. Moreover,! (uo) is invari-
ant under fS(t);t  Oganddist_2(S(t)uo;! (Ug)) ! Oast! 1.LletG(x; )= , d(x;s)ds.

De ne
4

(6.24) E()=3B(:) &)

G
and e(t) = E(u(t)). Thuse¥t) = k uqt)k?’, 0 for almost all t > 0, and hencee is
nonincreasingin R.. Namely, E is a Liapunov function for S() on My,.q;, and hence
E( )= 2R,8 2! (up) by the LaSalle invariance principle (cf. p. 234 of [1], [6]). It
follows that €Xt) = 0,8t > 0,8 2! (up), i.e., ! (up) consistsof equilibria.

Lemma 8. Let 2 Mp,q beanisolated equilibrium. If 9 2 H? such that + 2
Mu.m and Q( ) < Othen ON (r; ) with r > Osudhthat 8 = + 2N(r; ),9% >0
such that S(t) 2 N(r; ), 8t>1t.

Note that because 2 My.q}, 80 1, the lemmaimplies that  is unstable.

Proof: Let r®> 0 be such that N (r% ) cortains no other equilibria in M,.q;. From

E( )=E()+ ;Q( )+ o( ?k kZ.) < E( ), 8 > Osuciently small,and! ( ) consist-
ing of equilibria, we have N(r% )\ ! ( ) = ;. Letr = r%2. The lemma follows from
dist,2(S(t) ;! ( )! Oast! 1.
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