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Abstra ct. In this article, we prove the existence of Arnold di usion for an in-
teresting speci ¢ system { discrete nonlinear Schrodinger equation. The proof
is for the 5-dimensional casewith or without resonance. In higher dimensions,
the problem is open. Progressesare made by establishing a complete set of
Melnik ov-Arnold integrals in higher and innite dimensions. The openness
lies at the concrete computation of these Melnik ov-Arnold integrals. New ma-
chineries intro duced here into the topic of Arnold diusion are the Darb oux
transformation and isospectral theory of integrable systems.
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1. Intro duction

For a simple example posedby V. I. Arnold [3], the existenceof the so-called
Arnold di usion hasbeenproved (seee.g. [3] [4] [14]). The argumert involvestwo
parts: A calculation of the Melnikov-Arnold integrals [3] and a transversal inter-
sectionargumert [4] supported by a -lemma/[14]. Other argumernts of variational
type were also developed [29] [31] [5] [7].

Nevertheless,the theory of Arnold di usion is far from complete [13] [8] [28]
[10] [30] [6] [9] [12] [15] [16] [11]. The main challengeis dealing with high di-
mensionalspeci ¢ systemsof interest in applications. When the dimensionsof the
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KAM tori arelarge, more Melnikov-Arnold integrals are neededto establish Arnold
di usion. Calculating theseintegrals is a dauting task if not impossible,even with
computers. In anin nite dimensionalphasespace,eventhe dimensionsof the KAM
tori becomea challengingissue. Are there in nite dimensional KAM tori ? in what
form ? In the classicalsetting of a Banach spacewith angles-mometa coordinates,
the challengeis how to deal with the perturbation v.s. the deca of the sequence
of momenta. It is a very interesting problem.

The aim of the current article is to draw attention to two canonical systemsof
mathematical physics: The discrete nonlinear Schrodinger equation (DNLS) and its
cortinuousversion{ the nonlinear Schrodinger equation (NLS). DNLS and NLS are
integrable systemsthat describe many di erent phenomenain physics [2]. DNLS
is an integrable nite dierence discretization of NLS. An interesting fact about
DNLS is that one can choose and change the dimensions of the phase space by
selecting the number of particles in the discretization. For a two particle case,
under periodic Hamiltonian perturbations, the resulting systemis 5-dimensional,
for which the existenceof Arnold di usion will be proved here. For a three particle
case,the systemis 7-dimensional, and will be a good testing ground for a higher
dimensional theory.

The integrable theory o ers the missing link from low dimension to high di-
mensionvia two powerful and beautiful machineries: Darboux transformation and
isospectral theory. Darboux transformation generatesexplicit expressionsof sepa-
ratrices, while isospectral theory producesall the Melnikov vectors. Together they
provide a complete set of Melnikov-Arnold integrals with elegan universal formu-
lae. This is the casefor both DNLS and NLS [17] [18] [19] [20] [21]. On the
other hand, speci ¢ calculation of theseintegrals is the challenge. For the purpose
of proving the existenceof chaos, often one Melnikov integral is enough and eas-
ily computable [19] [21] [22] [25] [26]. The reasonis that one can utilize locally
invariant certer manifolds instead of KAM tori. For the purposeof Arnold di u-
sion, local invariance (i.e. orbits can only enter or leave the submanifold through
its boundaries) is not enough. This is due to the secondpart of the argumert
for Arnold di usion merntioned above. To establisha -lemma, one needsthe tori
to be invariant (not locally invariant). For a dierent application of -lemmain
(1). establishing shadaving lemma in in nite dimensional autonomous systems,
(2). proving the existenceof homoclinic tubesand heteroclinically tubular cycles,
(3). proving the existenceof tubular chaos, (4). proving the existenceof chaos
cascadewe refer the readersto [23] [24] [25] [26].

The article is organizedas follows: Section 2 dealswith isospectral theory and
Darboux transformation for both DNLS and NLS. Section 3 deals with Arnold
di usion for a 5-dimensionalperturb ed DNLS.

2. Isospectral Theory and Darb oux Transformation

In this section, we are going to presert the isospectral theory and Darboux
transformation for both the discrete nonlinear Schredinger equation (DNLS) and
the nonlinear Schredinger equation (NLS).

2.1. Discrete Nonlinear Schreodinger Equation. Consider the discrete
nonlinear Schredinger equation (DNLS),

. 1 -
(2.1) o = e 20+ o al* % (G + 1) 2 P00
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. A ¢ . . . . ”
where ¢,'s are complex-valued, i = 1 is the imaginary unit, ! is a positive
parameter, and g, satis es the periodic boundary condition and even constraint,
(2.2) Gh+N =Ch; dn=0h;

where N is a positiveintegerN 3 and h = 1=N. The DNLS (2.1) isa2(M + 1)-
dimensional system,whereM = N=2 (N ewven)and M = (N 1)=2 (N odd). The
DNLS can be rewritten in the Hamiltonian form

(2.3) ih = n@o=@ ;
where , = 1+ h?jg,j? and
1 X! 2 -
Ho= i3 Th(Ch+1 + Gh 1) p(l"‘! h)In
n=0

The phasespaceis de ned as
S= =(9:9) 4= (@t 50 1); v n= (I n N 1)

In S (viewed as a vector spaceover the real numbers), we de ne the inner product,
for any two points ¢ * and g , asfollows:

Xt

m*ig = (G +qia):

n=0
And the norm of g is de ned aske k? = hg; 6.
l:)Remark 2.1 In the expressionof Hg, both P Ezol[q;(qﬁl + 0, 1)]and!| =
& ?zolln n are constarts of motion too. | will be usedlater to establish Arnold
gjusion in the non-resonarn case. Also the constart of motion D givenby D? =

Ezol n will play an important role in the isospectral theory. In the continuum

limit (i.e. h! 0), the Hamiltonian Hgy has adimit in the manner: hHg ! Hg,
where H is the Hamiltonian for NLS, H¢ = Ol[jqxj2 + 21 %jgi?  jgj*]dx. Also as
ht o,D! 1.

2.2. Isospectral Theory of DNLS. For more details on the topic of this
subsection,see[18]. DNLS hasthe Lax pair [1]

(2.4) "net = Ln'n;
(2.5) 'n = Bn'n;
where
L = z ihgn .
"7 ihty 1=z
B. = i1 z%+2h hPqgy 1+ !2h?  izhg, + (1=2)ihg, 1 _
" h? izhth 1+ (1=2)ihty L 1+2h +h%g, 1 !2h2

and where z = exp(ih ). Compatibilit y of the over determined system (2.4,2.5)
givesthe \Lax represenation”

Ln = Bns1ln LnBy

of the DNLS (2.1). Focusing our attention upon the discrete spatial part (2.4) of
the Lax pair, let M, = M (z;¢) bethe 2 2 fundamertal matrix solution such
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that Mg is the 2 2 identity matrix. The Floquet discriminant :C S! Cis
de ned by
= % trace My (z;6) ;

where D? = Q§:01 n. The isospectral theory starts from the fact that for any
z2 C, ( z;9) is a constart of motion of DNLS. An easyway to understand this
is that as ¢, ewlvesin time accordingto DNLS, the parameter z in the Lax pair
doesnot change. ( z; ) is a meromorphic function in z of degree(+ N; N), and
provides (M + 1) functionally independent constarts of motion, where M = N=2
(N even), M = (N 1)=2 (N odd). There are many ways to generate(M + 1)
functionally independert constarts of motion from . The approac which proved
to be most conveniert is by employing all the critical points z¢ of ( z;g):

@@(zc:qﬁ 0:

Definition  2.2. We de ne a sequenceof (M + 1) constarts of motion F; as
follows

(2.6) Fi@= (z@:e; (=% M+1):

There is a good description on the locations of these critical points z in the
NLS setting [19]. These F;'s can be usedto build a complete set of Melnikov-
Arnold integrals for the Arnold di usion purpose. The Melnikov vectors are given
by the gradients of theseF; 's.

Theorem 2.3, Let z7(g) be a simple critical point, then

0 1 0 1
gj ih 1 G :12) r(1 2) 4 I(1+ i2) ( :12)
n | n+ n+
en B  K=T-—'B X
@; n+l ;D (5D (+:1) (31
@ n+l N n n+l
whee = ( § ™ §@)T, (T: transpse), are two Bloch solutions of the Lax

pair (2.4,2.5) at (z;¢) suchthat
N = Dn=N n=N ~n :

wher =, are periodic in n with period N, is a complex constant, and W, =
det( ~; ,) is the Wronskian.

For a perturbation Hpo+ H ; of the Hamiltonian Hgo, a complete set of Melnik ov-
Arnold integrals is then given by
I = om & Oh

L s @ "@n

which are evaluated on the unstable manifolds of tori that persistinto KAM tori,
where % is given by (2.7). Expression (2.7) is a universal expressionfor all the
Melnikov vectors. The challenge is of course how to compute these |;'s. The
dicult y lies at how to obtain expressionsof the orbit g, and the corresponding

n - By utilizing Darboux transformations, theseexpressionscan be obtained even

by hand in somecases.

da; (=1 M+1);



ARNOLD DIFFUSION 239

2.3. Darb oux Transformation of DNLS. For more details on the topic of
this subsection, see[18]. Expressionsof unstable manifolds of tori can be gener-
ated via Darboux transformations. For DNLS, such a Darboux transformation was
establishedin [17].

Let g, be any solution of DNLS. Pick z = z¢ (jz%j 6 1) at which the linear op-
erator L in the Lax pair (2.4)-(2.5) hastwo linearly independert periodic solutions
(or anti-p eriodic solutions) , in the sense:

n+N=D n ; (Or n+N: D n);
where D is de ned above. Let
n:(nl; n2)T:C+;+C n s

wherec* and ¢ are complex parameters. De ne the matrix , by

z+ (1=2)a, o .
n Cn 1=z+ zd,
where
Zd - .2 . d.2. .2
an = — I on2)” HJZ707) na)” s
zd
d —- 1 . .2 + - d.z. .2 .
n - Zd ] n2] 1Z7)°) n1)”
n
jizd4 1 —
by = J_J2 nl n2;
zd
o = 12t 1 .
jZdj2 N nl n2;

1. . T
" = na?+ 2% nad®
z
From theseformulae, we seethat
an = dn; by=ca:

Theorem 2.4 (Darboux Transformation [17]). Dene Q, and , by

i
anﬁbnﬂ an+1 Gh ; n= n n

where , solvesthe Lax pair (2.4)-(2.5) at (gn;z). Then Q, is also a solution of
DNLS, and , solvesthe Lax pair (2.4)-(2.5) at (Qn;2).

In principle, by choosingq, to be orbits on the tori, one can generateQ, to be
orbits on the unstable manifolds of the tori. In special cases,Q, can be calculated
by hands.

Next we presert an example. De ne the 2-dimensionalinvariant plane

(2.8) =fg2Sjg=q; 8ng:
On , the solutions of DNLS are given by the periodic orbits (1-tori)
(2.9) Gh=0;8n qg=aexp i[2@° !t ] ;



240 Y. CHARLES LI

wherea and arereal constarts. We choosethe amplitude a in the following range
sothat the unstable direction of g is 1-dimensional

2
— < < —_— > :
NtanN a< N tan N whenN > 3;
(2.10)
3tan§< a<1l ; whenN =3:
Increasingthe unstable dimensionsof g. amourts to iterations of the Darboux trans-
formation which are still doable by hands, and doesnot add di cult y substartially
in the Arnold di usion problem. To apply the Darboux transformation we choose
r—

a_P

“cos— + co® — 1;
z N N

where = 1+ h?a®. This z% is also a critical point of . We label it by z§ = z9.
Direct calculation leadsto the following formulae

(2.11) Qh = & =, 1 ;
0 &, 1
@ 1
(2.12) @ A = K[K,] !sehq[2t + 2p] %%
@, Qn n
@
where
= 1 cos2 isin2 tanh[2t + 2p];
n = 1 cos [cos ] !seh[2t + 2pjcog2n ];
K = 2N@ 2%[8a 3221 co2 1;
Kn = cos cos sedhf2t + 2pJcog2(n 1) ]
cos cos sed2t + 2pJcog2(n+ 1) ] ;
Xt = cos seh|[2t + 2p] (cos'
isin' tanh[2t + 2p])cog2n ] €2 O ;
X2 = cos seh|[2t + 2p] (cos'

+isin' tanh[2t + 2p])cog2n ] e 2 ;

p___
= =N; =2h 2P —gin cog 1;

p___

=1+ h%?; h=1=N; 2= P—cos + co 1;
o op

(t)=(a® !t =2: hae' = cog 1+ip_sin

and p is a real parameter. One can easily seethat Q, represerts homoclinic orbits
asymptotic to the periodic orbits q.: Ast! 1

Q! el 2
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The union [

Qn

2[0;2 ]

represerts the 2-dimensionalunstable (=stable) manifold of the 1-torus (2.9). When
N > 3, the 1-torus also has a certer manifold of codimension 2.

2.4. Nonlinear Schreodinger Equation. Considerthe nonlinear Schredinger
equation (NLS),
(2.13) ide = G + 2[ci® ! %]q;
where g = ((t; x) is a complex-valued function of the two real variablest and x,
t represerts time, and x represens space. ((t; X) is subject to periodic boundary
condition of period 2 , and even constraint, i.e.

alt:x+2)=qtx); ot x)=qtx):

I is a positive parameter. The DNLS (2.1) is an integrable nite dierence dis-
cretization of the NLS. The NLS can be rewritten in the Hamiltonian form
(2.14) ig= @GHo=@ ;
where z,

Ho = joi®+ 20 %jg®  joi* dx
0
The phasespaceis de ned as

S= a= (g9 q2H"; (k 1) ;
where HK is the Sobolev spaceof periodic and even functions.

2.5. Isospectral Theory of NLS. For more details on the topic of this sub-
section, see[19]. NLS hasthe Lax pair

(2.15) « = U ;
(2.16) ¢ = Vo
where
U= | a
q
voi 27 jg?+!? 2q gy
T 2g+in 22+ g 12

Focusingour attention on the spatial part (2.15) of the Lax pair (2.15,2.16),we can
de ne the fundamertal matrix solution M (x) such that M (0) isthe 2 2 identity
matrix. Then the Floquet discriminant  is de ned as

= traceM (2 ):

The isospectral theory starts from the fact that forany 2 C, ( ; §) is a constant
of motion of NLS. = ( ; @) is an entire function in both and g. provides
enough functionally independert constarts of motion to make the NLS (2.13) in-
tegrable in the classical Liouville sense. There are many ways to generatethese
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functionally independert constarts of motion from . The approac which proved
to be most conveniert is by employing all the critical points € of ( ; g):

@ .
—( ) =0:
@ ( %d
For each g, there is a sequenceof critical points f g whoselocations can be esti-
mated [19].
Definition ~ 2.5. We de ne a sequenceof constarts of motion F; as follows
Fi@= ( j(e);e):
These F;'s can be usedto build a complete set of Melnikov-Arnold integrals

for the Arnold diusion purpose. The Melnikov vectors are given by the gradients
of theseF;'s.

Theorem 2.6. I6et jc(q%-be a simple critic al point, then

N
4
2.17 X R 2,2 ;
&30 @ e "W ) 1h
@

where = (4; ,)", (T: transpse), are two Bloch solutions of the Lax pair
(2.15)-(2.16) at ( ;6 suchthat

(x)=e *7 (x);

where is a complex constant and ~ (x) are periodic in x with period 2 ,
W( " )= 1, 2 1
is the Wronskian, and  is evaluatel at = .
For a perturbation Hpo+ H ; of the Hamiltonian Hgo, a complete set of Melnik ov-
Arnold integrals is then given by
Z, Z
b= 2m F @
j = m —-—
1 0 @
which are evaluated on the unstable manifolds of tori that persistinto KAM tori,
where % is given by (2.17). Expression (2.17) is a universal expressionfor all
the Melnikov vectors. The challengeis of coursehow to compute thesel;'s. The
di cult y liesat how to obtain expressionsof the orbit g and the corresponding
By utilizing Darboux transformations, these expressionscan be obtained even by
hand in somecases. Also as mertioned in the introduction, there is the issue of
elusivenessof in nite  dimensional KAM tori. Asj ! 1, The magnitude of I v.s.
the size of the perturbation is another tricky problem.

dxdt ;

2.6. Darb oux Transformation of NLS. For more details on the topic of
this subsection,see[19]. Expressionsof unstable manifolds of tori can be generated
via Darboux transformations. For NLS, such a Darboux transformation was also
known.

Let g be any solution of NLS. Pick = (complex constart) at which (2.15)
has two linearly independen periodic solutions (or anti-p eriodic solutions) in
the sense:

(x+2)= (x); (or (x+2)= (x)) :
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Let
=c T+cC
wherec, and c are complex parameters. De ne the matrix G by
- 0 1.
G= 0 ;
where o
= 2
2 1

Theorem 2.7 (Darboux Transformation). Dene Q and by

= + 2 172 X =G )
Q=q+2A )J 1j2+ ] 2)?
where  solvesthe Lax pair (2.15)-(2.16) at (g; ). Then Q is also a solution of
NLS, and solvesthe Lax pair (2.15)-(2.16) at (Q; ).

In principle, by choosing g to be orbits on the tori, one can generateQ to be
orbits on the unstable manifolds of the tori. In special cases,Q can be calculated
by hands.

Next we presert an example. De ne the 2-dimensionalinvariant plane

=fe2Sj@q=0g:
On , the solutions of NLS are given by the sameperiodic orbits (1-tori) asin (2.9)
(2.18) G = aexp 2@ 'Ht ] ;

where a and are real constarts. We choosethe amplitude a in the range a 2
(1=2; 1) sothat the unstable direction of g is 1-dimensional. Increasingthe unstable
dimensionsof g, amounts to iterations of the Darboux transformation which are
still doable by hands[21], and doesnot add di cult y substartially in the Arnold
di usion problem. To apply the Darboux transformation we choose

p___
=i ; = az 1=4:
This is alsoa critical point of . We label it by zf = . Direct calculation leads
to
1
Q = o 1 sin#,sedh cosx
CoS2#g i sin2#gtanh sin#g sedq cosx ;
0 % 1 ) ,
1 .. _— 1
@ A = Zad( ) () Mgy B,
@& 9 4 (juaj® + juzj®) G U2
Q@
where
u; = coshE cosz isinhE sinz ;
u = sinhzcos(z #o) + icoshE sin(z  #o) ;
j 1
ad?o = =2t © 72z X=2+ #o=2 =4

4+
2
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and is areal parameter. Ast! 1

12#0 .

Q! qe

[
Q

2[0;2 ]

The union

represerts the 2-dimensionalunstable (=stable) manifold of the 1-torus (2.18). The
1-torus also has a certer manifold of codimension 2.

3. Arnold Di usion

To establish the existence of Arnold diusion, one needsthree ingredients:
(). Melnikov-Arnold integrals, (2). A -lemma, (3). A transversal intersection
argumert. Melnikov-Arnold integrals have been studied above. Next we discuss
the other two ingredients.

Lemma 3.1 (The -lemma of Fontich-Martin [14]). Let F be a C? di e omor-
phismin R", T be a C? invariant torus in R". The dynamicson T is quasi-geriodic.
T has C? unstable, stableand center manifolds (WY; WS; W¢). Let bea C! man-
ifold intersecting transversaly W* at a point. Then

i S
wt Fm() :

m 0

Remark 3.2. Like every other -lemma, the claim is very intuitiv e, but the
proof is always delicate. The proof in [14] takes about eight pages. For a quick
glance of the basicidea, seee.g. [23]. It turns out to be crucial to use Fenichel's
b er coordinates. With respect to base points, Fenichel b ers drop one degree
of smoothness. That is why C? smoothnessis required in the lemma to obtain
C! families of C? unstable and stable Fenichel b ers. Using the Fenichel's b er
coordinates, WY and W* arerecti ed, i.e. they coincidewith their tangent bundles.
This makesthe estimate a lot easier. Fenichel b ers also make it easierto track
orbits inside WY and W* via the b er basepoints in T. The main argumert is
to track the tangent spaceof a submanifold S of starting from the intersection
point of and WS. After enoughiterations of F, one can obtain someestimate of
closenesdo WY. The novelty of [14] is that they also track the tangent spaceat
every point in S and o WS. This is necessaryin order to obtain the claim of the
lemma. The claim is proved by showing that any neighborhood of any point on
WY hasa nonempty intersection with F™(S) for somem. The claim of the lemma
should also be true in proper in nite  dimensional settings.

Definition 3.3 (Transition Chain). A nite or innite sequenceof tori fT;g
forms a transition chain if WS(T;) intersectstransversally W" (T .1 ) at somepoint,
for all j, and dynamics on T; is quasi-periodic.

Lemma 3.4 (Arnold [4]). LetfT;g (1 ] N) be a nite transition chain.
Then an arbitrary neightorhood of an arbitrary point in WY(T,) is connected to an
arbitrary neighliorhood of an arbitrary point in WS(Ty ) by an orbit.



ARNOLD DIFFUSION 245

Proof. Let ; be an arbitrary neighborhood of an arbitrary point u; 2

WUY(T1). Let By,(r1) 1 be a closed ball of radius r; > 0 certered at uj.
Then usingthe -lemma3.1, onecan nd
(3.1) Buy(rn)  Buy 1('n 1) Bu,(r2) Bu,(r1)
such that
u 2WY(T); rp>0; (1 j N):

Indeed, by the -lemma 3.1,
Bu,(r1))\ WH(T2) 6 ;
where B, (r1) is the open ball. Then onecan nd
Uz 2 By, (r1))\ WY(T2) ; and By,(r2)  Buy,(ra) :
Again by the -lemma 3.1,
Bu,(r2)\ W"(T3) 6 ; ;
and one can nd
us 2 By,(rz)\ WY(T3) ; and By,(r3) By,(r2) ;

and soon. Let y bean arbitrary neighborhood of an arbitrary point in W3(Ty).
Inside n, onecan nd aC?! submanifold intersecting transversally WS(Ty ) at the
point. Again by the -lemma 3.1,

Buy (rn)\ F™( n) 6 ; for somem :

Thus ;1 and | areconnectedby an orbit.

Remark 3.5. It is easyto seethat around the connectingorbit, thereis in fact
a connecting ow tube [27] [24] [25] [26]

F™(D) for someM
0Om M

where D is a neighborhood. When N = 1 , relation (3.1) leadsto a point in the
intersection

\1
u?2 By, (rj) :

j=0
Starting from u, one obtains a connecting orbit. In a Banach spacesetting, if
N = 1, then one can chooserj; %r,- for any j in (3.1). Choosing an arbitrary
point v; in By, (rj), onegetsa Cauchy sequence vjg. Thus

\L
jIlllm Vi =v2 . By (rj) :

Starting from v, onestill obtains a connecting orbit.
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3.1. Arnold Diusion of DNLS (N = 3, Non-resonan t Case). In this
subsection,we prove the existenceof Arnold di usion for a perturbed DNLS when
N = 3, which is a 5-dimensionalsystem. For arbitrary N, onecan nd large enough
annular region inside the invariant plane  (2.8), which is normally hyperbolic,
for which the current proof can be easily applied. The point is that increasing
unstable and stable dimensionsdoesnot posesubstartial computational di cult y
to establishing Arnold di usion, while increasingthe dimensionsof tori does. We
will study here the casethat there is no resonance(! = 0) inside the invariant
plane (2.8). The resonart case(! 6 0) will be studied in next subsection.

Consider the following perturbation of the DNLS (2.1)
H=Ho+ Hy;
where . 4
W »a’ X e e., ®m Ha
=0 h 2o h h '
where is a real parameter. Under this perturbation, dynamics inside is un-
changed. consistsof periodic orbits forming concerric circles (2.9) [Figure 1].

We are interested in the following normally hyperbolic annular region inside
n o]

A= g2 | o, =0 8n; 3tan§<jqj<B

IX 1
Hy= sint

where B is an arbitrary large constart. Denote by fF “S(g) : & 2 Ag the C!
families of C? one dimensional unstable and stable Fenichel b erswith basepoints
in A [19] such that forany ¢ 2 FU(g) org 2 F5(g), (g2 A),

kF'(e) ek Ce'ke ek; 8t2(1 ;0];
or

kF'(e) ek Ce 'kg 6ek; 8t2[0;1);
where F! is the evolution operator of the perturbed DNLS, and C are some
positive constarts. The Fenichel b ersare C! in 2 [0; () for some ¢ > 0. It
turns out that the constart of motion of DNLS (2.1)
1 X*

I=hz

In 4
n=0

and F; [cf: (2.6) and (2.12)] are the best choicesto build the two Melnikov-Arnold
intergals. Restricted to
= =In ; =1+ h%q?:

The level setsof | lead to all the periodic orbits (1-tori) in . The unstable and
stable manifolds of an 1-torus givenby | = A (a constart) in A are

WU (A) = FU(q) ;
62A ; 1 (&)= A
which are three dimensional (taking into accourt the time dimension).

Theorem 3.6 (Arnold Diusion) . For any A; and A, suchthat

1
FIn 0< A1l <A< +1 ;
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whee o = 1+ h? 3tan 5 2, there existsa o > 0 suchthat whenj j > o,
WY (A1) and W3(A;) are connected by an orbit.

Pr oof. Onecanched directly that forany g2 A, Fi(e) = 2and @1 (6)=@ =
0 [cf: (2.6) and (2.12)]. Now considerWs(a;) and W' (ay). Along any orbit g S(t)
in W3(ap), we have

Jim Fa(e®(t)  Fa(e®(t) = 2 Fa(a (1)

Z +1 Z +1
_ dF, . . ) )
= : Tdt = i t fF1;Ho0dt ;
Sim (&) (@) = a 1(g3(1)
Z +1 dl Z +1
= t ad'[: | t f|,ngdt,

where

X' e @ 0 @

" @en eran

is the Poissonbracket. Notice that fF;;Hog = fl;Hog= Oat any §2 S. Since

@.,=@ ' 0 exponertially ast ! +1, the corresponding integrals corverge.
Similarly along any orbit ¢ "(t) in W(az), we have

Fu@ ) lim Fu(@“(D) = Fa(a () + 2

ff,gg=

Z, Z,
_ dFy . . ] )
= . Tdt_ 1 . fFi;H.gdt ;
@ ®) lim 1(@*m)=1(a"W) a
Zt dl Zt
—dt= i fl;Hyqgdt :
.t ) 19

Thus a neighborhood of W*(a;) in S can be parameterizedby ( ;to;t; F1;1) where
is de ned in (2.9), to is the initial time, and

Fi=Fu(e®(t) +vi; I =1(a%()+v3:
When vi = v5 = 0, we get W3(a;). Thus W=3(a;)\ WY(ap) 6 ; if and only if
Fu(g®(t) = Fu(a (1) 5 (&) = 1(a" (1) ;

for some andtp. In such a casethereisanorbit g(t; ) WS(a;)\ WY(az) along
which
+1 z +1
fFq; ngjq(t; )dt =0; a a= i fl ;ngjq(t; )dt :
1 1

Let g(t; 0) be an orbit of DNLS such that (0;0) and ¢(0; ) have the samestable
b er basepoint. Then
ke(0;0)  &(0; )k O():
For any small > 0, thereisa T > 0 suc that
Z 5 z ;

fF1 H1Gjge Hdt < fl;H1Gjg, ydt < 5 8 2[0; o] ;
1 1
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for some ¢ > 0. For this T, when is sucien tly small,

ke(t; 0) &t )k O(); 8t2[ T;T]:

Thus
z +T Z+T
fF1;H1Qjg )dt = fF1;H1Gjg o dt + O( ) ;
T T
z +T z +T

fI;H1Qjg Hdt = fI;H1gjgt odt+ O( ) :
T T

Finally we have

Z ., Z.,
(32) fFq; ngjq(t; )dt = fFq; ngjq(t; O)dt + O( ) =0;
1 1
z +1 Z +1
(33) a a= i fl ;ngjq(t; )dt = i fl ;ngjq(t; O)dt + O( ) :
1 1

Next we solve the above equations at the leading order in  and . Rewrite the
derivative givenin (2.12) as follows

@1=@, = Vhe " ;

where” = + 2(a® ! ?tg, to = p=, and V, represers the rest which does not
depend on *. We alsorewrite ¢ (2.9) and ¢, (2.11) as

k=0Ge"; =G

where §. and ¢, do not depend on *. Then substitute all these into the leading
order terms in (3.2)-(3.3), we obtain the following equations

q_— q_—

(3.4) M2+ MZsin(to+ 1)+ MZ+ M2Zsin2*+ ,)=0;
q___

(3.5) ar a=2 MZ+ MZsin(2 "+ 3);
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where
TP NMZEeMZ SRSV RS TP MzZemZ]
Sin 2= P4 . cosgz= poM5 . gip gz pMe
Zi1y 1
M, = cos nIm[Vh,Glld ;
1 n=0
Z+1 K 1
M, = sin  ,Im[V,Gi]d ;
1 n=0
Z+1 K 1 z +1 g 1
Mj = n Re[VhaG2]d ; My= nIm [VaG2]1d ;
1 n=0 1 n=o
Z .4 K 1 VA K 1
Ms = ReG3d ; Mg= ImG3d ;
1 n=o 1 n=o
1_ G 200+ 0 1 o o Ghea 200+ 6y a1
G, = h2 ; GL=2 h2 ;
s_ GG 260+ & 1)
Gp= 2 hZ ;
ﬁnd = t+ p=,. Equations (3.4)-(3.5) are easily solvable as long as neither

MZ+ MZ nor MZ+ M¢Z vanishes.In Figures 2-4, we plot the graphs of them
as functions of a. We solve equation (3.5) for », then solve equation (3.4) for to.
Thus whenj j is large enough, we have solutions. It is also clear from equations
(3.4)-(3.5) that W3(a;) and WY (ay) intersect transversally. Then we can choosea
sequence

Al a < a< <ay = Ay;

such that WS(ay) and W'(ay+1) (1 N 1) intersect transversally. The
period of the 1-tori (2.9) is =a?. Thuswe can always choosethe a; 's sud that the
frequencies%; of the corresponding 1-tori are irrational. Therefore we obtain a
transition chain. Apply Lemma 3.4 to the period-2 map of the DNLS, we obtain
the claim of the theorem.

Remark 3.7. The constart of motion | is equivalent to F, for z§ = 1 (2.6).
The continuum limit of H; hasthe form
z 1 z 1
Hi= sint  joj%dx+ (6@ + T 2)dx ;
0 0

which is suitable for the NLS setting. One can regularize the perturbation by
replacing the partial derivative @ in H1 by a Fourier multiplier @, e.g. a Galerkin
truncation. One can usethe constart of motion
z 1
I = jgdx
0

to build the secondMelnikov-Arnold integral.
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Figure 1. Dynamicsinside (non-resonart case).
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Figure 2. The graph of P MZ+ MZ2 as a function of a in the
non-resonar case! = 0.

3.2. Armold Diusion of DNLS (N = 3, Resonant Case). In this sub-
section, we prove the existence of Arnold diusion for a perturbed DNLS when
N = 3, which is a 5-dimensional system. We will study herethe casethat there is
aresonance(! > 3tan z) inside the invariant plane (2.8).
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Figure 3. The graph of P M2+ M7? as a function of a in the
non-resonarn case! = 0.
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15
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Figure 4. The graph of P MZ+ M2 as a function of a in the
non-resonar case! = 0.

Consider the following perturbation of the DNLS (2.1)

H=Ho+ (Hi+ H2);

251
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Figure 5. Dynamicsinside (resonart case).
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Figure 6. The graph of  MZ+ MZ as a function of a in the
resonart case! = 10.

where
K 1 K 1 2
Hy= (h + Th); Hz= sint b ;
_ _ h
n=0 n=0
where isareal parameter. Under this perturbation, dynamicsinside is changed.
Due to the resonancea = ! in (2.9), sometori do not persist into KAM tori. A
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Figure 7. The graph of P M2+ M7? as a function of a in the
resonart case! = 10.
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Figure 8. The graph of M2+ M¢ as a function of a in the
resonart case! = 10.

secondary separatrix is generated. Inside this separatrix are the secondary tori
[Figure 5]. As can be seenbelow, resonancedoesnot add di cult y to the Arnold
di usion problem. Instead of | in last subsection,we use

B=H=Ho+ Hy;
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to build one of the two Melnikov-Arnold integrals. Restricted to , the level sets
of ¥} producesFigure 5. The unstable and stable manifolds of an 1-torus given by
B = A (a constart) in A are

. [ .
WUS (A) = FU(q) :
62A ; H (g)= A
Let
— 1 2 2 212

where o= 1+ h? 3tan 5 2

Theorem 3.8 (Arnold Diusion) . For any A; and A, suchthat
A <A <A< +1 ;

there existsa ¢ > 0 suchthat whenj j> o, WY(A1) and W3(A) are connected
by an orbit.

Pr oof. Again one can ched directly that for any ¢ 2 A, F1(¢) = 2 and
@1(e)=@ = 0 [cf: (2.6) and (2.12)]. Similar to the proof of Theorem 3.6, consider
W3(a;) and WY (ay). Along any orbit ¢ S(t) in WS(a;), we have

Jim Fa(e®(t)  Fu(e®(t) = 2 Fa(a (1)

z +1 Z+l

= %dt: i fF;H + Hggdt;
t t

Jim @) A@m) =a AEeo)
z +1 Z+l

= %dt: i f; Hogdt ;

t t

where
=", 0@ 88
o " @ner @ran
is the Poissonbracket. Notice that fF;;Hog = fH;Hg= Oat any §2 S. Since
%; % I 0 exponertially ast ! +1 , the corresponding integrals corverge.
Similarly along any orbit ¢ "(t) in WY (ay), we have

Fu@ () lim Fi(a“(D) = Fa(a“() + 2

Zt Zt
@dt= i fFi;H1 + Hogdt ;
1 dt 1
R@'®) lim R@'m) =A@ 1) a
Zt Zt
= %dt= i f; Hogdt :

1 1

Thus a neighborhood of WS(a;) in S canbe parameterizedby (#; to; t; F1; 1) where
# is the angle of the 1-torus B = a;in , toisthe initial time, and

Fi=Fu@®(n) +vi; H=R(@0)+vs:
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When v; = v5 = 0, we get W3(a;). ThusW=(a;)\ WY (az) 6 ; if and only if

Fi(g°(t) = Fi(g'(®) ; H(as®) = A @) ;

for some# and to. In such a case,thereisanorbit g(t; ) WS(a1)\ WY(ay) along
which
Z +1 Z +1

fF;Hy+ HoQjg ydt=0; ay ay= i fH; Hagjg ydt :
1 1

Let g(t; 0) be an orbit of DNLS such that ¢(0;0) and ¢(0; ) have the samestable
b er basepoint. Then

ke(0;0)  &0; )k O():
For any small > 0, thereisa T > 0 sud that

fF1;H1 + Hojge, ydt < fA; Hogige ydt < 5 8 2[0; o] ;
1 1

for some ¢ > 0. For this T, when is sucien tly small,

ke(; 0) &t )k O(); 8t2[ T;T]:

Thus
fF1;H1 + HaQjg Hdt = fF1;H1+ Hagjg, 0dt + O( ) ;
T T

fH; Hagjgc Hdt = A Haogig o dt + O( ) :
T T

Finally we have

Z+1 z +1
(36) fF;H + Hggjq(t; )dt = fFi;H + Hzgjq(t;o)dt'i' O( ): 0;
1 1
Z+1 Z+l
(37) a ay= i fH; HaQjge ydt = i fHo; HaGjger oydt + O( ) :
1 1

To the leading order terms in (3.6)-(3.7), we obtain the following equations

q_— q_—

(3.8) MZ+ MZsin(to+ 1) + M2+ MZsin(*+ 2)=0;
q___

(3.9) ag a=2 MZ+ M¢Zsin(to+ 3);
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where
cos 1 = M1 ; sin 1 = M2 i COS 5= Ms ;
sin —piiMﬂ' ;. COos —977'\/'5 ;o sin —piiMG ;
2T Mz Mg TNz mg TNz mg
Z+1 K 1
M, = cos o, Im[V,Glld ;
1 n=o
Z+ K 1
M, = sin  ,Im[V,Gi]d ;
1 n=0
Z+1 l’( 1 Z+l ”( 1
M3 = n Re[WVh]d ; My= nlm[Vp]d ;
1 n=o 1 n=o
Z+1 K 1
Ms = cos Im [GIG2]1d ;
1 n=0
Zi1x1
Mg = sin Im [G1G2]d ;
1 n=0
Glo G 20+ G 1
n h2 '

1 — = 0 o -
Gi= iz G 200+ G 1+ G+ G 1 276G

ﬁnd = t+ p=,. Equations (3.8)-(3.9) are easily solvable as long as neither

MZ+ M2 nor MZ+ MZ vanishes.In Figures 6-8, we plot the graphs of them
as functions of a. We solve equation (3.9) for to, then solve equation (3.8) for *.
Thus whenj j is large enough, we have solutions. It is also clear from equations
(3.8)-(3.9) that W3(a;) and WY (ay) intersect transversally. Then we can choosea
sequence

A= ag<a< <an=Az;

such that We(ay) andW"'(a+1) (1 j N 1)intersecttransversally. The period
of the 1-tori (B = ;) dependson a no matter they are KAM tori or secondary
tori. We can always choosethe a; 's sudh that the frequenciesof the corresponding
1-tori are irrational. We can use one secondarytorus inside and close enough to
the separatrix (Figure 5) to bridge acrossthe resonart region of width O(" ).
Therefore we obtain a transition chain. Apply Lemma 3.4 to the period-2 map of
the DNLS, we obtain the claim of the theorem.

Remark 3.9. The continuum limit of H; and H, have the form
Z, Z,
Hy = (q+ g)dx ; Hz=sint  joxj2dx ;
0 0

which is suitable for the NLS setting. One can regularize the perturbation by
replacing the partial derivative @ in H, by a Fourier multiplier @, e.g. a Galerkin
truncation.
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