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Abstra ct. In this paper, we investigate the e ects of perturbations on the
coexistence state of the general competition model for two species. Previous
work by Kang, Lee, and Oh (see[10]) established su cien t conditions for the
uniqueness of the positiv e solution to the following general elliptic system for
two competing speciessof animals:

< u+ ug(u;v) =0
v+ vh(u;v) =0
Uij@ = Vi@ =0

That is, they proved that under certain conditions, two species can coexist

and that the coexistence state is unique at xed rates. In this paper, we ex-

tend their uniqueness results by perturbing functions g and h of the above

model, and applying super-sub solutions, maximum principles and spectrum

estimates. Our arguments also rely on some detailed properties for the solu-

tion of logistic equations. By applying these techniques, we obtain sucien t

conditions for the existence and uniqueness of a time independent coexistence
state for the perturb ed general competition model.

in

1. Intro duction

One of the prominent subjects of study and analysisin mathematical biology
concernsthe competition of two or more speciesof animalsin the sameenvironment.
Especially pertinent areasof investigation include the conditions under which the
speciescan coexist, as well as the conditions under which any one of the species
becomesextinct, that is, one of the speciesis excludedby the others. In this paper,
we focus on the general competition model to better understand the competitiv e
interactions betweentwo species. Speci cally, we investigate the conditions needed
for the coexistenceof two specieswhen the factors a ecting them are perturb ed.
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2. Literature Review

Within the academiaof mathematical biology, extensive academicwork has
beendewoted to investigation of the simple competition model, commonly known
as the Lotka-Volterra competition model. This system describesthe competitiv e
interaction of two speciesresiding in the sameenvironment in the following manner:

g ur(x;t) = u(x;t) + u(x;t)(a bu(x;t) cv(x;t))
D) . vt = v )+ v t(d fu(xt) o eu(x;t))
uxthie = v(x;t)ie = 0;

where is a bounded domain in R". Here, u(x;t) and v(x;t) designatethe

population densities for the two competing species. The positive constart coe -

cients in this systemrepresen growth rates(a and d), self-limitation rates(band f)

and competition rates(c and €). Furthermore, we assumethat both speciesare not
residing on the boundary of .

in R*;

The mathematical community has already established seweral results for the ex-
istence, uniqguenessand stability of the positive steady state solution to (1), see
[11, [2], [3], [4], [6], [7]- The positive steady state solution is simply the positive
solution to the time-independert system

8
< u(x) + u(x)(a bux) cv(x)) =0
) : v(x) + v(x)(d  fv(x) eu(x) =0
u¥ie = v(Xie =0
One of the initial important results for the time-independert Lotka-Volterra model

was obtained by Cosnerand Lazer. In 1984,they published the following su cien t
conditions for the existenceand uniquenessof a positive steady state solution to

(2):

Theorem 2.1. (in [4])
Suppse
(A)a> 1+ cf—d;d > 1+ % where 1 is the smallest eigenvalue of with
homaen®us boundary conditions,

(B) 4bf > sup, [%1 + 2ce+ % sup, [—5], whee !y (x) for
a ¥

M > 0 is the unique positive solution to the logistic equation as mentioned in the
next section.
Then (2) hasa unique positive solution.

in

Cosner and Lazer's theorem implies that if the self-reproduction and self-
limitation rates are relatively large, and the competition rates are relatively small,
then there is a unique positive steady state solution to (2). In other words, the two
specieswill coexist inde nitely at unique population densities.

In 1989, Cantrell and Cosnerextendedtheseresults by proving that the reproduc-

tion and selflimitation rates may vary within boundswithout losingthe uniqueness
result, given certain conditions. Biologically, Cantrell and Cosner'stheorem sug-
geststhat two speciescan relax ecologicallyand maintain a coexistencestate. Their

primary result is given below:
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Theorem 2.2. (in [3])
Ifa=d> 1;b=f =1, and 0 < c;e < 1, then there is a neighlorhood V of
(a;a) suchthat if (ag;dg) 2 V, then (2) with (a;d) = (ap; dy) hasa unique positive
solution.

In Theorem 2.2, the condition 0 < c;e < 1 biologically implies that the com-
petition rates of both speciesmust be relatively small. This condition plays an
important role in the proof of Cantrell and Cosner'stheorem by implying the in-
vertibilit y of the Frechet derivative (linearization) of (2) at a xed reproduction
rate (a;a).

The work of Lazer, Cosner, and Cantrell provides insight into the competitive
interactions of two speciesoperating under the conditions described in the Lotka-
Volterra model. However, their results are somewhatlimited by a few key assump-
tions. In the Lotka-Volterra model that they studied, the rate of changeof densities
largely dependson constart rates of reproduction, self-limitation, and competition.

The model also assumesa linear relationship of the terms a ecting the rate of
changefor both population densities.

However, in reality, the rates of changeof population densitiesmay vary in a more
complicated and irregular manner than can be described by the simple competi-
tion model. Therefore, in the last decade,signi cant researt has beenfocusedon
the existenceand uniquenessof the positive steady state solution of the general
competition model for two species,

8
< u(xt) = u(x;t) + ulx; t)g(u(x; t); v(x; t)
V(X t) = v(x;t) + v(x; t)h(u(x; t); v(x; t)
ux;je = v(x;tie =0
or, equivalertly, the positive solution to
8
< u(x) + u(x)g(u(x); v(x))
®3) . V() v)h(u(x); v(x))
" U@ =Vie =0
where g;h 2 C! designatereproduction, self-limitation and competition rates that
satisfy the growth conditions (G1) and (G2) givenbelow (se€[8], [9], [10], [11], [12]).

in R*;

=0 in
=0 ’

Becauseof its broader applicability, the general competition model has becomea
more popular subject of researd within the mathematical community over the past
few years. In 2004, Kang, Oh, and Lee (see[10]) establishedthe following exis-
tence, nonexistenceand uniquenessresult, which generalizesTheorem 2.1 obtained
by Cosnerand Lazer.

Theorem 2.3, Supmse
(G1) gu(u;v) < 0;9v(u;v) < 0;hy(u;v) < 0;hy(u;v) < 0,
(G2) there exist constants ¢g > 0;c; > 0 suchthat g(u;0) Ofor u ¢y and
h(O;v) Oforv c.

(1) If g(0;c1) > 1 and h(cp;0) > 1, then (3) hasa coexistene state.
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(2) If g(0;0) 1 or h(0;0) 1, then (3) does not have any positive solution.
(3) If g(0;c1) > 1;h(c;0)> 1 and

4inf( gu(u;v)inf( hy(uiv))  2=2-(sup(gy (u; v)) 2 + - (sup(hu(u; v))) ?
+2 0s'up(g\,(u; v)) sup(hy (u; vj)l;
Then (3) has a unique coexistene state.

Biologically, we can interpret the conditions in Theorem 2.3 as follows. The
functions g; h; gu; gv; hy, and h, describe the manner in which members of eah
speciesu and v interact among themselvesand with members of the other species.
Hence,the conditions imply that members of eat speciesinteract strongly among
themselves and weakly with members of the other species. If these conditions are
fullled, then the two speciesresiding within the samedomain will coexist inde -
nitely at unique densities.

An especially signi cant aspect of the global uniquenessresult is the stability of
the positive steady state solution, which hasbecomean important subject of math-
ematical study. Indeed, researders have obtained se\eral stability results for the
Lotka-Volterra model with constart rates(se€3], [4], [7], [12]). However, the stabil-
ity of the steady state solution for the generalmodel remains open to investigation.

The researd preserted in this paper therefore begins the mathematical comnmu-
nity's discussionon the stability of the steady state solution for the general com-
petition model. In our analysis we focus on the conditions required for the main-
tenanceof the coexistencestate of (3)when bounded functions g and h are slightly
perturbed. Mathematically, our results will generalize Theorem 2.2 developed by
Cantrell and Cosner. Biologically, our conclusion implies that two species may
slightly relax ecologically and yet cortinue to coexist at unique densities.

3. Preliminaries

Before entering into our primary argumerts and results, we must rst presert
a few preliminary items that we later employ throughout the proofsdetailed in this
paper. The following de nition and lemmasare establishedand acceptedthrough-
out the literature on our topic.

Definition 3.1 (Super and subsolutions)

Consider
u+f(x;u)=0in ;
@) Ue =0
wheref 2 C ( R) and is a boundad domain in R".
(A) A function u2 C% () satisfying
u+f(x;u) 0O0in ;
Uj@ 0
is called a super solution to (4).
(B) A function u2 C? () satisfying
u+f(xu) O0in ;
Ue O
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is called a subsolution to (4).

Lemma 3.1 Letf(x; )2 C ( R) andlet u;u 2 C% () be, respctively,
super and sub solutions to (4) which satisfy u(x) u(x);x 2 . Then (4) hasa
solution u2 C% () with u(x) u(x) u(x);x2

In our proof, we also employ acceptedconclusionsconcerningthe solutions of
the following logistic equations.

Lemma 3.2. (Established in [11])
Consider
u+uf (uy=0in ;

U@ = O;u> 0;
where f is a decreasing C* function suchthat there existsco > 0 suchthat f (u) 0
foru coand is a boundad domainin R".
If f(0) > 1, then the alove eguation has a unigue positive solution, where ; is
the rst eigenvalueof with homagen@us boundary conditions. We denote this
unique positive solution as .

The most important property of this positive solution, for the purposesof our
researd, is that ¢ isincreasingasf is increasing.

We speci cally note that for a> 1, the unique positive solution of
u+ul@a u=0in ;
U@ = O;u> 0;
is denoted by ! 5 a x. Hence, , isincreasingasa > 0 is increasing.

Having establishedthese preliminaries, we now commenceour investigation of per-
turbations of the generalcompetition model.

4. Perturbation

We considerthe modgl
< u+ ug(u;v) =
(5) ) v+ vh(u;v) =
" U@ = Vjg = O

0 in
0 ’
Here is a smooth, boundeddomain in R". Also, two growth conditions hold:

(P1) g;h 2 C}, where C} is the set of all functions f sud that f is decreasing,
and all the rst-order partial derivativesof f are bounded and continuous.
(P2) there are ¢; ¢; > O such that g(u;0) < Oforu ¢oand h(O;v) < Oforv c;.

The following theorem s our main result on coexistencefor the generalcompetition
model.

Theorem 4.1. Supmse
(A) 1( 90; h;)) < 0, 1( h( g¢.0:0)) < 0, where in geneal, 1(g) is the
smallest eigenvalueof + q with homageneus boundary conditions, denoted sim-
ply by 1 whenq O,
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(B) (5) hasa unique coexistene state (u; v),

(C) the Frechet derivative of (5) at (u; V) is invertible.

Then there is a neightorhood V of (g; h) in [C} (R?)]? suchthat if (g;h) 2 V, then
(5) with (g; h) has a unique coexistene state.

Biologically, the rst condition in Theorem 4.1 indicates that the rates of re-
production are relatively large. Similarly, the third condition, which requires the
invertibilit y of the Frechet derivative, signi es that the rates of self-limitation are
relatively larger than the rates of competition, a relationship that will be estab-
lished in Lemma 4.2. When these conditions are ful lled, the conclusion of our
theorem assertsthat small perturbations of the rates do not a ect the existence
and uniquenessof the positive steady state. That is, the two speciesimplied can
cortinue to coexist even if the factors determining the population densities vary
slightly.

Now, at rst glance, Theorem 4.1 may appear to be a consequencef the Implicit
Function Theorem. Howewer, the Implicit Function Theorem only guaranteeslocal
uniqueness. In contrast, our results in Theorem 4.1 guarantee global uniqueness.
The techniqueswe will usein the proof of Theorem 4.1 include the Implicit Func-
tion Theorem and a priori estimateson solutions of (5).

Pr oof.  Sincethe Frechet derivative of (5) at (u;v) is invertible, then, by the
Implicit Function Theorem, there is a neighborhood V of (g; h) in C} and a neigh-
borhood W of (u;Vv) in [Cg? ()] 2 sud that for all (g;h) 2 V, there is a unique
positive solution (u;v) 2 W of (5). Thus, the local uniquenessof the solution is
guaranteed.

To prove global unigueness,supposethat the conclusion of Theorem 4.1 is false.
Then there are sequencesgn;hn;Un;Vn); (On;hnjun;vp) in V [Cg; ( )]? such
that (u,;vn) and (up;Vv,) are positive solutions of (5) with (gn;h,) and (un;v,) 6
(un;vn) and (gn;hn) ! (g;h). By the Schauder'sestimatein elliptic theory and the
solution estimate in the proof of Theorem 2.3, there are constarts k; > 0;k, > 0
such that

junj2; kisup,, (Un(x)) Kisup, (g, (:0(X);

Vnj2;  kasupy (Vn(X))  supz ( ny05)(X));
foralln=1;2;::.
But, by the convergenceof f g,; h,g and the monotonicity of ¢, we concludethat

junj2. and jvajo. are uniformly bounded. Therefore, there are uniformly cornver-
gen subsequencesf f u,g and f v, g, which againwill be denotedby fu,gandfv,g.

Thus, let

(Un;va) 1 (0;9);

(Univn) b (u;v)
Then (0;9); (u;v) 2 (C% )? are also solutions of (5) with (g;h). We claim that
0> 0;¢> 0;u> 0;v> 0: To prove this assertion, it is sucient to shov that 0
and ¢ are not identically zero becauseof the Maximum Principle.

Using proof by contradiction, we therefore supposethat either & or ¢ is identically
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zero. Then by the Maximum Principle, one of the following casesshould hold: (1)
0 is identically zeroand ¢ > 0; (2) 0 > 0 and ¢ is identically zero, or (3) 0 is
identically zeroand ¥ is identically zero.

Without loss of generality, assumethat 0 is identically zero.
Now, let u}, = ku‘:—"kl;\/?1 =v, foralln2 N. Then

Uy + UhOn(Un; V) =0
Wi + Whn(un; Vi) = 0
From the elliptic theory, W}, ! up and

Uo + upg(0;9) =0 in -
¢+ ¢h(0;0)=0 ’

by the continuity and uniform corvergence.

in

Then, either (1)¢ 0 or (2) ¢ > 0. We must considerboth cases:

(1) f¢ O0,then 1 9g(0;0) = 1( 9(0;0)) = 0, and so g(0;0) = 1, which
cortradicts our assumption.

(2) If > Othen® = ho.yandso 1( 9(O; nhe:y) = 1( 9(0;9) = 0, which is
also a cortradiction to our assumption.

Therefore, &t and ¢ are not identically zero. By the sameprocedure,u and v are also
not identically zero. Then, by the Maximum Principle, 0;¥¢; u; v > 0. Consequetly,
(0; %) and (u; v) are two coexistencestatesfor (5) with (g; h): But, sincethe second
condition of Theorem 4.1 states that the coexistence state with respect to (g; h)
is unique, then (0;¢) = (u;v) = (u;v). However, because(un;Vv,) 6 (uUn;Vvn), we
obtain a contradiction to the Implicit Function Theorem. Thus, Theorem 4.1 is
established.

In biological terms, the proof of our theorem indicates that if one of two species
living in the samedomain becomesextinct, that is, if one speciesis excluded by
the other, then the reproduction rates of both must be small. In other words, the
region condition of reproduction rates (A) is reasonable.

Now, the condition (C) in Theorem 4.1 requiring the invertibilit y of the Frechet
derivative is too arti cial to have any direct biological implications. We therefore
turn our attention to more applicable conditions that will guaranteethe invertibilit y
of the Frechet derivative. We then obtain the following relationship:

Lemma 4.2. Suppmse (u;V) is a positive solution to (5).
If 4inf( gu(u;Vv))inf( hy(u;v))uv > [usup(gv(u;Vv)) + vsup(h,(u;Vv))]?, then the
Frechet derivative of (5) at (u;v) is invertible.

Pr oof. The Frechet derivative of (5) at (u; V) is
A= g(u;v)  ugu(u;v)  ugv(u;v)
vhy (u;v) h(u;v) vhy(u; V)
We needto show that N(A) = fOg by the Fredholm Alternativ e, where N (A) is
the null spaceof A. If

S+ og(uv)  ugu(usv)l' o gu(usviu

= 0;
hu(u; V' + [ h(u;v)  vhy(u;v)] = 0;
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then R
RO 2+ f guv) ug(uivig 2 g(uv)u Jdx= 0
lir j2 ho(Uv)V' +f h(u;v)  vhy(u;v)g 2] = 0

Since 1( g(u;v)) = 1& h(u;v)) = 0, then
RIOM1Z () gv)? o
ir i# (ha(v) ha(u) 2] O
Hence,

( ugu(u;v)' 2 gu(uv)u ) 0;
( hu(u; V)V' hy(u;v)v 2) O

Thus,R[ ugy(U;v)' 2+ ( gv(u;v)u  hy(u;v)v)' hy(u;v)v 2] 0
We therefore nd that if
4inf (- gu(u; V) inf( hy(u;v))uv > [usup((u; v)) + vsup(hy(u; v))]?

, then the integrand on the left side of the above inequality has positive de nite
form in , which meansthat ' 0: Therefore, the Frechet derivative A is
invertible.

Combining Theorem 2.3, Theorem 4.1, and Lemma 4.2, we obtain the following
corollary, which is the main result in this section. The importance of Corollary
4.3 is that it improvesthe results found by Kang, Oh, and Lee, as described in
Theorem 2.3.

Cor ollar y 4.3, Supmse
(A) 9(0;c1) > 1;Nh(c;0)> 4, and
(B)
4inf( gu(uiv))inf( hy(uiv)) 22 (sup(gy (u; ) 2 + 2 (sup(hy (u; v))) ?
+2 sup(gv(u v)) sup(hy (u; v))

Then there is a neightorhood V of (g; h) in (C3)? suchthat if (g;h) 2 V, then (5)
with (g; h) hasa unigue coexistene state.

Proof.  Since g .g) < Co; n(:) < C1, then by the monotonicity of g;h; and 1,

we have
10 90; ne:)) 10 9(0;c)) = 1 9(0;¢) < O;
1( h( g(;0:0))  1( h(c;0))= 1 h(c;0) < O:
By Theorem 2.3, (5) has a unique coexistencestate (u;v). Furthermore, by the
estimate of the solution in the proof of Theorem 2.3,
4inf( gy)inf( hy)
> 2E0(sup(gy (u; V) ? + - (sup(hy (u; V) 2
+2 sup(gv(u v)) sup(hy (u; v))
vIsup(oy (u; V)% + lsup(hu(u; v)I% + 2sup(gy (u; v)) sup(hu (u; v)):

Thus, we nd that
4inf( gu(u;Vv))inf( hy(u;v))uv > [usup(gy(u;V)) + vsup(hy(u; v))]%:

By Lemma 4.2, this result implies that the Frechet derivative of (5) at (u;v) is
invertible. Therefore, Corollary 4.3 follows from Theorem 4.1.
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In biological terms, the results obtained in Corollary 4.3con rm that under certain
conditions, two specieswho relax ecologicallycan continue to coexist at xed rates.
The requiremerts givenin (A) and (B) simply state that ead speciesmust interact
strongly with itself and weakly with the other species.

5. perturbation of region

Consider the model 8

< u+ ug(u;v)=0
(6) ) v+ vh(u;v) =0
U@ = Vie = 0

in

Here is a bounded smooth domain in R" and g;h 2 C} = ff : R2!1 R 2
Cljf is strictly decreasingwith respectto u andv;
f andall of it's rst order partial derivativesare boundedy:

The following theorem is the main result.

Theorem 5.1. Suppse

(A) is a closal, bounded, convexregion in C} suchthat for all (g;h) 2
1( 90; n(o;))) < 0and 1( h( gc:0:0) <0,
(B) there exist cg > 0 and c; > 0 suchthat for all (g;h) 2 , g(u;0) Oforu co
and h(O;v) Oforv c,
(C) (6) hasa unique positive solution for every(g;h) 2 @ ,
whee @ = f( n;h)2 jfor any xed h; , = inffk gkj(g;h) 2 gg,

(D) for all (g;h) 2 , the Frechet derivative of (6) at every positive solution

to (6) is invertible.
Then for all (g;h) 2 , (6) hasa unique positive solution. Furthermore, there is an
open set W in [CL]? suchthat W and for every (g;h) 2 W, (6) has a unique
positive solution.

Theorem 5.1 goes even further than Theorem 4.1 which states uniquenessin
the whole region of (g; h) whenewer we have uniquenesson the left boundary and
invertibilit y of the linearized operator at any particular solution inside the domain.

Pr oof. For eah xed h, consider(g;h) 2 @ and (g;h) 2 . We needto
show that for all 0 t 1, (6) with (1 t)(g;h) + t(g; h) has a unique positive
solution. Since(6) with (g; h) hasa unigue positive solution (u; v) and the Frechet
derivative of (6) at (u;v) is invertible, Theorem 4.1 implies that there is an open
neighborhood V of (g; h) in (C3)? sud that if (go:ho) 2 V, then (6) with (go; ho)
has a unique positive solution. Let ¢ = supfO 1j (6) with (1 t)(g;h) +
t(g; h) hasa unique coexistencestate for 0 t: g. We needto show that = 1.
Suppose s < 1. From the de nition of g, there is a sequencef g such that

n ! ¢ and there is a sequence(un;vy) of the unique positive solution of (6)
with (1 n)(g;h) + n(g;h). Then by the elliptic theory, there is (uo; Vo) suc
that (un;vn) corvergesto (ug; Vo) uniformly and (up; Vo) is a solution of (6) with
a s)(g;h) + s(g;h). We claim that both ug and vy are not identically zero.
Supposethis is false. Then by the Maximum Principles, either one of the following
three casesholds.

(1) ug is identically zeroand vg > 0.
(2) up > 0 and vy is identically zero.
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(3) Both ug and v are identically zero.

(1) Supposeuy is identically zero.

Let uy = ku‘:—"klforaIInZN.Then

Un + tn((1  n)9(Un;Va) + nQ(Un;Vn)) = O
Vn + voh(un;vp) = 0;

and uy ! wuniformly in by elliptic theory, and

g+ (1 5)9(0;vo) + s9(0; Vo)) = O;
Vo + Voh(0;vp) = O;

It impliesthat 1( ((1  s)9(0;vo) + s9(0;vp))) = 0. If vo > 0, then 1( ((1
$)90; ho;)) ¥+ s9(O0; he;))) = O, which is a contradiction to our assumption
since ((1 s)g+ sg;h) 2 . |If v is identically zero, then by the monotonicity,
0= a( (@ g+ s9)(0:0)) < 1( (@  s)g+ s9)O; ne;))) which is
also a cortradiction to the sameassumption.

(2) Supposeup > 0 and vy is identically zero.
Let v = kv‘n’—"kl forall n2 N. Then

un + un((1 n)9(Un;Vn) + n0(Un;va)) = 0
Vi + Vah(un;va) = 0;

and vs | wuniformly in by elliptic theory, and

Uo+ Uo((1  s)9(Uo;0) + s9(uo;0)) = 0;
v+ vh(up;0) = 0;

It impliesthat uo = (@@ )¢+ g0 @d 1( h(uo;0)) = 0.
Hence, 1( h( (@ .)g+ <g) :0):0)) = 0, which is a cortradiction to our assump-
tion since((1  s)g+ sgh)2 .

Thusug; vp arenot identically zero. We claim that (6) hasa unique coexistencestate
with (1 $)(g;h) + s(g;h). In fact, if not, assumethat (ug;vo) 6 (up; Vo) is an-
other coexistencestate. By the Implicit Function Theorem, there exists0< a< ¢
and very closeto ¢, (6) with (1  &)(g;h) + a(g; h) has a coexistencestate very
closeto (up; vo) which meansthat (6) with (1 &)(g; h) + &(g; h) hasmore than one
coexistencestate. This is a cortradiction to the de nition of . But, since(6) with
1 s)(g;h) + <(g;h) has a unique coexistencestate and the Frechet derivative
is invertible, Theorem 4.1 concludedthat s cannot be asde ned. Therefore, for
ead (g;h) 2 , (6) with (g;h) hasa unique coexistencestate (u; v). Furthermore,
by the assumption, for eath (g;h) 2 , the Frechet derivative of (6) with (g;h) at
the unique solution (u; v) is invertible. Hence,Theorem 4.1 concludedthat there is
an open neighborhood Vg of (g; h) in (C3)? sudh that if (g;h) 2 Vign), then (6)
with (g; h) has a unique coexistencestate. Let W = @h2 Vigh)- Then W is an
opensetin (C})? sud that W and for ead (g;h) 2 W, (6) with (g;h) hasa
unique coexistencestate.

Apparently, Theorem 5.1 generalizesTheorem 4.1 and consequetly, we have the
following result which is actually the main conclusionin this section.
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Cor ollar y 5.2 Supmse
(A) is aclosel, bounded, convexregion in [C3 ]2,
(B) thereexistcy > Oandc; > Osuchthat for all (g;h) 2 , g(0;c1) > 1;h(co;0) >
1,9(u;0) Oforu cpandh(O;v) Oforv ¢,
(C) for all (g;h) 2 ,

4inf( ge)inf( hy)
%{;‘?)[SUID(Q;/)]2 + g'“(%;l’)[SUllo(hx)]2 + [sup(gy)][sup(hx)]:

Then there is an open setW in [C]? suchthat W and for every (g;h) 2 W,
(6) with (g; h) hasa unigue positive solution.

Proof. From g4.9) Co; nho;) €1 andthe monotonicity, we have

1( 9005 ho;)) < 1( 9(0;c1)) = 1 9(0;¢1) < G
1( h( g(.0:0)) < 1( h(c;0))= 1 h(co;0)<0

for all (g;h) 2 .

By the condition (C) and the Theorem 2.3, (6) has a unique positive solution for
al (gh)2 @ .

Furthermore, by the estimate of the solution in the proof of Theorem 2.3, if (u; V)
is a positive solution of (6) with (g;h) 2 , then

4inf( gy)inf( hy) > [usup(gy) + vsup(hx)]z:

Hence,by the Lemma 4.2, if (u; V) is a positive solution of (6) for (g;h) 2 , then
the Frechet derivative of (6) at (u;v) is invertible. Therefore, the Theorem follows
from the Theorem 5.1.

6. Conclusions

In this paper, our investigation of the e ects of perturbations on the general
competition model resulted in the developmert and proof of Theorem 4.1, Lemma
4.2, and Corollary 4.3, as detailed above. The three together assert that given
the existenceof a unique solution (u;v) to the system (5), perturbations of the
functions g(u; v) and h(u; v), within a speci ed neighborhood, will maintain the ex-
istenceand uniquenessof the positive steady state. Indeed, our results speci cally
outline conditions su cien t to maintain the positive, steady state solution when
the generalcompetition model is perturb ed within someregion.

Applying this mathematical result to real world situations, our results establishthat
two speciesresiding in the sameernvironment canvary their interactions, within cer-
tain bounds, and cortinue to survive together inde nitely at unique densities. The
conditions necessaryfor coexistence,as described in the theorem, simply require
that members of ead speciesinteract strongly with themseles and weakly with
members of the other species.

The researt preserted in this paper has a number of strengths, which conrm
both the validity and the applicability of the project. First, the mathematical con-
ditions required in Corollary 4.3 are identical to those required in Theorem 2.3
dewveloped by Kang, Oh, and Lee. Howewer, they usedtheseconditions to prove the
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existenceand uniquenessof the positive steady state solution for the generalcom-
petition model. In contrast, our theorem employs the sameconditions to establish
that the existenceand uniquenessof this solution is maintained when the model
is perturbed within some neighborhood. Thus, our ndings extend and improve
establishedmathematical theory.

Secondly perturbations of the generalmodel render its implications more applica-
ble both mathematically and biologically. Becauseour theorem extendsthe steady
state to any function (g; h) within someneighborhood of (g; h), results for the gen-
eral model pertain to a far wider variety of functions. Biologically, perturbations
extend the model's description to speciesa ected by factors that vary slightly yet
erratically. Thus, the description of competitiv e interactions given by the model
becomesa closerapproximation of real-world population dynamics.

While our researd therefore represens a progressionin the eld, the results ob-
tained have two important limitations. First, Theorem 4.1, Lemma 4.2, and Corol-
lary 4.3 establishthat a region of perturbation exists within which the coexistence
state is maintained for the generalcompetition model. However, the exact extent
of that region remains unknown. Second,our model describesthe interactions of
only two specieswho residein the sameernvironment. The conditions required for
the coexistenceof more than two specieshave not beeninvestigated.

Therefore, the results preseried in this paper may sere as a platform for researd
of the two questionsgiven above. Mathematicians should now attempt to establish
the exact extent of the perturbation region in which coexistenceis maintained for
the generalmodel. Such information would prove very useful not only mathemati-
cally but also biologically. Speci cally, knowledgeof the extent of the region would
imply exactly how far two speciescan relax and yet corntinue to coexist. Second,
future researd should also focus on systemsinvolving more than two populations.
Mathematically, analysis of competition models for n populations would expand
the community's understanding of the behavior of functions and extend established
theory in the eld. Biologically, the investigation of models for n specieswould
increaseknowledge on the nature of interactions between any number of species
within the sameenvironment. Thus, the results achieved through our researt will

enableboth elds to continue the developmert of theory on competitiv e interaction

of populations.
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