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Invariant Tori of Nonlinear Schrodinger Equations with A
Giv en Potential

Lijun Du and Xiaoping Yuan

Abstra ct. It is proved that for a given and analytic potential V the nonlinear
Schrodinger equation subject to Diric hlet boundary conditions possessesnany
elliptic invariant tori which carry quasi-periodic motions of high mode.

1. Intro duction and main results

In this paper we deal with the existenceof the invariant tori of the nonlinear
Sdredinger equation

® P Thu=ue VOO 1 Guidu
on the nite x-internal [0, ] with Dirichlet boundary conditions
(2) ut;0)=0=u(t; );1 <t<+1;

where the potential V is analytic in the strip domain j=xj < r with somer > 0,
and f is required to be real analytic in someneighborhood of the origin in C. If
u = u(t; x) is a solution of equation (1), then, for any ¢ 2 R, function u(t; x)e'°t
solves D
CIu = ue (VOO +ou o f(uif)uy;
with the boundary condition (2). Therefore we can assumethat , V(x)dx = 0,
and f (0) = 0, by absorbing a constart into the constarnt c. Furthermore we require
f to be nondegeneratein the sensethat f (0) 6 0. As we will seelater, the sign of
the derivative of f is immaterial for our results and may be assumedto be positive
for convenience. Then we have

(3) p_1ut = Uy V(XU juj?u+ O(u®):

after rescalingu appropriately.

Historically, the investigations into the existence of time-quasi-periodic solu-
tions for nonlinear partial dierential equations were started independertly by
Kuksin [2] and Wayne [8]. The reader is referred to Kuksin's monograph [3] for
more details about the history. In the monograph, assumingV = V(x; ) depends
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on n-parameters 2 R", Kuksin showed that the equation (1) with b.c.(2) pos-
sessesnany invariant tori for \most" (in the senseof Lebesguemeasure)parameters

. However, one does not know if there is any invariant torus of (1) for a given
potential V, say, V = sinx or V  constart. There was a breakthrough in 1995:
Kuksin and Pesdel [4] shaved that for the equation (1) with V(x) m there were
many elliptic invariant tori which were the closure of somequasi-periodic solutions
of the equation, wherem 2 R is a given constart. In the presen paper, using some
ideasand lemmasfrom [9], we shall show that there are many elliptic invariant tori
of (1)+(2) for a givenanalytic potential V (x) which is not necessaryto be constart.
The technical heart of the presen paper is the \separation” Lemma 2.4, while the
rest is routine.

Following [4], we study this equation asa hamiltonian systemon somesuitable
phase spaceP, such as P = H(l)([O; 1), the Soholev spaceof all complex valued
L2-functions on [0, ] with an L 2-derivative and vanishing boundary values. With
the inner product 7

hu;vi = Re uvdx;
0
and the Hamiltonian

z
(4) H = }Mu; ui + X g(juj?)dx;
2 2 5
where A = d?=dx?> + V(x) and g = o f dz, equation (1) can be written in the
hamiltonian form
ug = ir H(u);

where the gradient of H is de ned with respectto h; i.
Our aim is to construct plenty of small amplitude solution that are quasi-
periodic in time. Sud quasi-periodic solutions can be written in the form

u(t; x) = U(tat;  ;1atx);
where! ;; ;! arerationally independert real numbers, the basic frequenciesof

u, and U is a continuous function of period 2 in the rst n argumens. Thus, u
admits a Fourier seriesexpansion

[
u(t; x) Uk(x)e Ihkwit.
k2zn
i ki!j. We achieve our aim by constructing the U as embeddings

i
Uu:T! P; 707U(;)

of the n-torus T" into the phasespaceP together with frequency vectors! suc
that the straight windingst 7! ! t+ o on the torus map into solutions of equation
(1).

Sincethe quasi-periodic solutions to be constructeq)are of small amplitude, the
equation (1) may be consideredas the linear equation Tup = Uy V(X)u with
a small nonlinear perturbation f (juj?)u. Let j(x) and j(j = 1;2; ) be the
basic modesand their frequenciesfor the linear equation with Diric hlet boundary
conditions. Then every solution of the linear system will be the superposition of
oscillation of the basic modeé&with the coe cien ts moving on circles:

uEx =" 4 0 am=ge T

j 1

wherelk;!i =
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Togetherthey move on a rotational torus of nite or in nite dimension, depending
on how many modesare excited.
In particular, for every choice

J=fj1<j2< <jng N

of n 1 basic modesthere is an invariant linear spaceE; of complex dimensionn
which is completely foliated into rotational tori:

[
E;=fu=aq j,+ +a j,:q2C"g= T(1);
|12PM

whereP" = fl :1; > 0for1 | ngisthe positive quadrant in R" and
Ty()=fu=aq j,+ +a j, igj®=2;forl j ng

In addition, ead such torus is linearly stable, and all solutions have vanishing
Lyapunov exponerts.

Upon restoration of the nonlinearity f , the invariant manifolds E; will not per-
sistin their ertirety due to resonancesamongthe modesand the strong perturbing
eect of f for large amplitudes. We show, however, that in a sucien tly small
neighborhood of the origin, a large Cantor subfamily of rotational n-tori persists
and is only slightly deformed. That is, there exists a Cantor setC P"; a family
of n-tori

TJ[C]=[ () Ey
1 2C

over C, and a Lipschitz cortin uous embedding
‘T[A) P;

such that the restriction of to ead T;(l) in the family is an embedding of a
rotational n-torus for the nonlinear equation. The image E; of T;[C] we call a
Cantor manifold of rotational n-tori given by the embedding :T;[C]! E;.

THEOREM 1. Arbitrarily x n 2 N. Assumethat V(x) is analytic in the
strip domain j=xj < r with r > 0 and that
1 z
Vo= 4—(v°(0) Vo )+ ) V2(x)dx) 6 O:

Assume further that the nonlinearity f is real analytic and nondegeneate. Then
we can nd many index setsJ = fj; < < jng with j; large! enoughto con rm
that there exists a Cantor manifold E; of real analytic, linearly stable, Diophantine
n-tori for equation (1) given by a Lipschitz continuous emikedding : T;[C]! E;,
which is a higher order perturbation of the inclusion map o : Ej; ! P restricted
to T;[C]. The Cantor set C has full density at the origin, whene E; is tangentto
E,; at the origin. In addition, the Diophantine tori carry quasi-geriodic motions of
high mode.

1The condition that j1 is large enough is not necessaryin [4].
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2. The spectra of Sturm-Liouville  problems

Consider the Sturm-LiouvéIIe problems

2
oy =y()=0

In addition to assumingthat V (x) is analytic in a strip domainj=xj < r with r > 0,
it is well known that the S-L problems possessdn nitely many strictly increasing
simple eigervalues

1< o< < < I +1;

and normalized eigenfunction  corresponding to

Lemma 2.1 Assumethat , V(x)dx = 0. For the eigenvaluest g and eigen-
function f g we have the following asymptotic formulas,

©) = 24 v(5)+ o),

™) )= * sin(x) C°§’°Z:\Mxms+~(x);
wher > 0'is a constant dependingon  suchthat k kg2, ; = 1; and
®) = (0= 0(5) () = 0(2); <) = O();
uniformly for x 2 [0; ]; and .

(9) V= 4i(v°(0) Vo )+ . V2(x)dx):

Proof. The proofs are elemenary, see[6] and [7] for detalils.
In the following argumert, we assumeV 6 0.

Lemma 2.2 ([9]). For  we havethe following estimate:

1
(10) Z= 5 + O(=):
Lemma 2.3 ([9]). With respect to and © we havethat
z Zo 1 1 . 0.
2z, 2 Bpgdc= 3 OUD Ol 8
0 -+ 5+ 0(%); = 0

Proof. The proofs of the above lemmascan be found in [9].

Lemma 2.4. Let M be a positive integer large enoughand let N be an integer
with N M + n where n is the integer mentioned in Theorem 1. For any i; j; k;1 2
N; if one of themisin fM;M + 1; ;Ng, then we have
(11) it ok >
unlessfi; jg= fk;lg, where is a constant dependingon V, M and N.

Pr oof. We should note that there two plus signsand two minus signsin the

left of (11). This enablesusto assumei j and k | without loss of generality.
Set

Ji=di+ ko
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Case 1. If fi;jg\ fk;lg6 ;,then canbereducedtoj j=j ; kj with some
i 6 k, by noting that the casefi;jg= fk;lgis excludedin the assumption of this
lemma. In this case,we can assumei > k without loss of generality. Using the
asymptotic formula (6), we get that there is a constart C depending only on V
such that

| I B

. 1 1 . 1..
i? k*+ V(i_2 p) JO(F)J
iZ k? C

>i+k C:

Therefore,if i C,thenj j k 1.1f i < C, then

I k<Iim‘cf i kgi= o>0
Case 2. We assumefi; jg\ fk;lg= ;. This casecan be reducedto the following
two subcases:Case 2.1. i j>k l(ork [I>i ) Case22 i>k |>]

(ork>i j>1.
Let us considerCase?2.1. In this case,we have

Ji=di+ k 0 T ke

By the sameargument asin Casel, wegetj j minfl;, og> 0. Finally, let us
considerCase2.2:i > k | > j. Using (6), we have

Ji=ii+ kKool

o 1 1 1 1 1.

=jiz+j? K |2+V(i_2+ 7 ke |—2)+0(j_3)1
o o101 11 1.

>jiz+ 2 K1 V(G 7 i )t O(j—g)J:

It is clear that there is a constart C; large enoughsud that, for j > Cy,

o1 1 1 1 1.
Jv(i_2+j_2 pel |—2)+O(j—3)1 1=2:

Thus, we have Case 2.2.1: If j > C; andi?+ j2 6 k?+ 12, then

S . !

P>tk 5 12
Case 2.2.2. Assumej > C; and i?+ j? = k?+ 12, (Remark. In [4], this case
does not appear.) In this case,we seti? k? =12 j2:= p> 1and and let
q:=k? 12 0. Wesubstitute in with the asymptotic formula
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then
vlel 101, % 111 11
i2 j2 k2 |2 s \Vj im jm km |m j7
1 1 1 1
=V 12 e Grwprq Prprprdt
X Vm 1 1 ( 1 1 )
LV (DT (Z+pT (2+pr QT (’+prptal
+0(G ")
Let
NG
o) = 1 1 Vin 1 1

vt jZeprt. VvV (Z+0F (2+p+DF

It is easyto verify that fort O
p2j?+ p+ 2t)

£91) = 1+0(— y<o

2+ 0%(2+ t+ p)? G2+ 0
where we have chosenC; large enoughsud that
— 1 T 1=2; for j > Cy:
(i2+1):

This implies that
f@©O) f(p+a fO) f(p
1 1 2 Xy, 1 1 2

= 7+ ) ) + N/ p m + N m N m
j2 jrt2p jrrp oV (197 (2+2pF (iP+p*?
= 9(p):
Replacingpin g(p) by t 2 [0;+1 ), we get a function g(t). Then

_ 4t 2 + 6t2 1
9 = Gz7 azgze e+ O

It follows from p > 1 that g(p) > g(1).

m)) > 0; fort> 0O

Thus,

f() f(p+a fO f(p) =9p)>92)

_ 2 +><6 m 1 1 2
22+ 1)(G2+2 .V ()7 (2+27 (j2+D7

Then we have

oL 1..
ji=iv({E©) f(p+a)+ O(j—7)l
2jVj 1 1
> — - 1+ O(——)) + O(=):
Therefore,whenj > C; 1, we have

g Vi |
322+ {2+ 2)

I
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Sinceoneof i; j; k;1 isiin the setfM;M + 1;::;;Ng, wehavej N. Thus,
i Vi

2(N2+ 2)3°
Case 2.23. j < Ciandl k< P M. Note the constart C;  1isindependert of
M. Let M C$. In this case,sinceoneof i; j; k;| isin the setfM; M + 1;::;Ng,
we havei M. We have

. \Y 1 . . .
=%+ 5+ 0(3) > M 2 Sttt
Hencej j> 1. p__
Case 2.24. j < Ciandl < M k. In this case,sinceoneofi; j; k;1 isin the set
fM;M + 1;::;;Ng, westill havei M. Recalli > k. Thus,i k 1. Moreover,

) vV Vv 1 . 1 pP— 1 . .
2 K2 +i—2+O(F)>I+k > M+ M §>JIJ+JI'J+1

i k=1 K2
where we have used M C, Ej C: 1.Soj j>1.
Case 2.2.5. j < C;and | M. In this case,l N.If ;+i2 k? 12=0,we
have

Vil @ ¢ 37 27 N
If ;[ +i2 k2 1260, let
1= (Cy)= nf i +i2 K 1% 42 KB 176 09> 0;
1<C1

we have
L. . . vV V V 1
jiodgrit K1 72 |—2+O(|—3)
\
> 1 237+ OM 82
1 1
> — = =
1 2 2,
provided that M > 10V=; and M C;. Finally, let
. Vi1l

we complete the proof.

3. The Hamiltonian

The Hamiltonian of the nonlinear Schredinger equation is
1 o1 L
- ThAL Ui 4+ .
H ZMu, ui 2, g(juj9)dx;

where A = d?=dx® + V(x) and g = ,fdz: We rewrite H as a Hamiltonian in
in nitely many coordinates by making the transformation
X

(12) u=8Sq=" q j:
i1
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where ; are the eigenfunctionsof the Sturm-Liouville problems mertioned above.
The coordinates are takenfrom the Hilb ert space 2P of all complex-valued sequence
q= (th;Q;::t) with X '
kakgp = jGi%j %< 1;

i1
wherea> 0 and p > % will be xed later. We then obtain the Hamiltonian

11X 1 S
(13) H= +G=3 jigi"+ 35 0(Sqg“)dx
2j N 2 5
P
on the space #P with symplectic structure P 1 ;dg ~ dg: The Hamiltonian
equation is
P—@H . .
(14) =2 1—:;j L
: @
Lemma 3.1. Leta> Oandp 1=2:If acursel ! “&P; t 7l q(t) is an analytic

solution of (14), then X
utx) = g(t) j(x)

i1
is a solution of (1) that is analytic on1 [0; ]:

The proof can be found in [4].

Let "2 and L2, respectively, be the Hilbert spacesof all bi-in nite, square
summable sequencesvith complex coe cien ts and all square-irtegrable complex-
valued functionson|[ ; ]. Let

2 2 1 X P —;

F:5! LS q7'Fg= p= ge I~
j2z

be the inversediscrete Fourier transform, which de nes an isometry between the
two spaces.Leta Oandp 1=2. The subspace f)“p *2 consists, by de nition,
of all bi-in nite sequencesith nite form

kakgp = icoi® +  jqicjjj*redie

ji2z
Let H&P := F("®P). Then H&P L2, Set
kF aka;p = KOKap:

For a > 0, the spacesH®P may be identied with the spacesof all 2 -periodic

functions which are analytic and boundedin the complex strip j=zj < a with trace
functions on j=zj = a belonging to the usual Soholev spaceH P:

Lemma 3.2 For a 0 and p > %; the space "3P is a Hilbert algeba with
respect to convolution of seguen@s, and
ka q%ap  hkokapkaXKap
with a constant h depending only on p. Consequently, H 2P is a Hilbert algebra with
respect to multiplication of functions.

Lemma 3.3. Fora Oandp > % the hamiltonian vector eld X g is a real

analytic as a map from someneightorhood of the origin in “#P into “&P, with
kX gkap = O Kak3, :
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The proofs of Lemmas 3.2 and 3.3 can be found in [4]. Thus X is a geruine
vector eld on “P, On the other hand the linear vector eld X is unboundedon
‘P - sinceit takesvaluesin “¥P 2,

For the nonlinearity ju'gu we nd

17 1 X
(15) G=4 . jJuGifdx = 2 Gij k1G G 0k
bkl
with b
Gjjw = i ok odx

0
In particular, we have .
(16) PGy = 27 . 700 F()dx

4. Partial Birkhor normal form

Firstly let us introduce somenotations. Set := fM;M + 1;::;;Ng. For a
vectorg2 "*P, wewrite q= (¢ :j 2Z). Leta=(q :j2 ) andg= (g :j 2
Zn). Theng=¢& & Dene jjdjap := jiet Gjap by replacing e by 0.

Lemma 4.1. There exits a real analytic, symplestic changeof coordinates in
a neighlorhood of the origin in “#P such that the Hamiltonian H = + G with
nonlinearity (15) is changel into a partial Birkho normal form up to order four,
which reads

H = +G+8+K;
where X g, X g, Xk are real analytic vector elds in a neightwrhood of the origin in
ap
_1 X 22,
G= > Gij jgi%iqi%
one of fij g2

with Gij = Gjjj and
i  Ckakd,: jKj  Ckakg,
whete the constant C degndson M ;N and n.

Proof. The proofis basedonLemma2.4. Let = Xtji=1 bethe time-1-map
of the ow of the hamiltonian vector eld X g given by the Hamiltonian
1 X

F=7 Fij kGG &ka
ikl
with coe cien ts
_ < i Kl for (i;j; ki) 2 M nN;
lFij kIl = . it j k |
' 0 otherwise.
where
M = f(i;j; k;1) 2 N*: oneof fi; j; k;lg2 g;
and

N =f(;j; k;I)2M : fi;jg= fk;lgg:
With the Lemma 2.4, we can seethat ead entry of X ¢ is a polynomial of degree3.
And asin [1], wecanshow that X ¢ is areal analytic vector eld in the neighborhood
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of the origin in "®P, Hence is a real analytic, symplectic change of coordinates
de ned at leastin a neighborhood of the origin in “P. Expanding H XEji=1 at
t = 0 by Taylor's formula we have

H =H Xlj
Zl
H+fH;Fg+ (1 Utff H;FgFg XEdt
0

+G+f ;Fg
z 1
+fG;Fg+ (1 tff H;Fg,Fg XLdt
0
where f ; g denotesthe Poissonbracket with respect to the symplectic structure.

By direct computation of fH;Fg, ff H;Fg;Fg and fG; F g, the proof is nished.
The details can be found in [4].

5. The Cantor manifold theorem

In this section, we recite the Cantor Manifold Theoremin Kuksin and Pesdel's
paper [4]. In a neighborhood of the origin in &P we consider more generally
Hamiltonian of the form H = + Q + R, where + Q is integrable term and
R is perturbation term. More precisely let q = (& ) with = (q1; ;0,) and
= (Ch+1:0h+2; ); andlet

1. . . 1. . .
I= G  ioi®): Z = (it %t % ):
Letting be a n-dimensional vector, an in nite dimensional vector, and letting
A bean nmatrix, Banl n matrix, we assumethat
. . 1 . .
=h; li+h;Zi; Q= EhAI i+ Bl Zi;
whereh; i is usualreal scalarproduct. The equationsof motion of the Hamiltonian
+ Q are
¢=p_:L( + Al +BT2)ig; 1 i n
P— .
4 = 1( + BI)g; [~
where T meansthe transpose of the matrix. Thus, the complex n-dimensional

manifold E = f§ = 0g is invariant, and it is completely lled up to the origin by
the invariant tori

T()=fe:jgj>=2l; for 1 i ng; | 2Pn:

On T (1) the ow is given by the equations

& = p_1! i(Ne; here;!;(1)=( +Al);;
and in its normal spaceby

p__

G=""1;(g; here; j(I)=( +BI):
Since ( |) isreal, ¢= Ois an elliptic xed point, all the tori are linear stable, and
all their orbits have zero Lyapunov exponerts. We therefor call T(I) an elliptic
rotational torus with frequencies! (I):

Including the nonintegrable perturbation term R this manifold E doesin gen-
eral not persistin its ertirety due to resonancesamongthe oscillation. Instead, our
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aim is to prove the persistenceof a large portion of E forming an invariant Cantor

manifold E for the Hamiltonian H = + Q + R. That is, there exists a family of
n-tori [
T[C= T({) E
12C
over a Cantor setC P" and a Lipschitz cortinuous embedding
ZT[C],! tap-

such that the restriction of to ead torus T (1) in the family is an embedding of
an elliptic rotational n-torus for the Hamiltonian H. We call the imageE of T(C) a
Cantor manifold of elliptic rotational n-tori given by the embedding :T(Q)! E:
In addition, the Cantor set C has full density at the origin, the embedding
is closeto the inclusionmap o :E ] “#P, and the Cantor manifold E is tangert
to E at the origin.
For the existenceof E the following assumptionsare made.
A. Nondegeneracy The normal form + Q is nondegeneratein the sensethat

detA 6 O;
H; i60;
;! ()i+H; (1)i60
forall (k;1)2z" Zz' with 1 jlj 2,where! = + Al and = + BI.
B. Spectral Asymptotics. Thereexistd land < d 1 sud that
j=i+ +06 )
where the dots stands for terms of order lessthan d in j.
C. Regularity.
p p ford>1;

. ~ap.-~a;py-
XqiXr 2 AT T, p>p ford=1;

where A("&P; &P) denotesthe class of all maps from some neighborhood of the
origin in “&P into “#P, which are real analytic in the real and imaginary parts of
the complex coordinate q.

THEOREM 2 (The Cantor Manifold Theorem). Suppmse the Hamiltonian
H = + Q+ R satis es assumptionsA,B and C, and

jRj = O kakg, + O(kaKs,)
with
g> 4+ 4 ;= min(p p;1):

Then there exists a Cantor manifold E of real analytic, elliptic Diophantine n-tori
given by a Lipschitz continuous emtedding : T[C]! E, where C has full density
at the origin, and is closeto the inclusion map g:
+1 =4
k oKaps T (= O(r ), = g —> 1

Conseajuently, E is tangentto E at the origin.

The proof of the Cantor Manifold Theorem can be found in [4].
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6. Pro of of the main theorem

Now we want to apply Theorem 2 to the Hamiltonian H de ned in Lemma
4.1. Let N = M + n. Rewrite
=fM;M + L5 Ng = fjg;5jng = g,
where M 1lis dened in Lemma 2.4. In Lemma 4.1, we have shawvn that there
is a real analytic symplectic map sud that the Hamiltonian H de ned in (13) is
changedinto a a partial Birkhor normal form up to order four:
H = +G+G6+K;
where
1 X oy
G=§ Gij jaiig )
one of fi;j g2J
Let q= (6@ on ®P, whereg= (q,; :q,)andq=q & Then G= O(koki,),
jKj = O(kgkS,):
With the notation of section5 we can write
=h; li+h;Zi; G= %hAI i+ Bl Zi;
where = (j)j29, = (j)jzz and A = (Gj )ij 29, B = (Gji)izsjzs. Thus
the transformed Hamiltonian is of the form H = +Q+ R with Q=G and

R = G+ K, asrequired by the Cantor Manifold Theorem. Then we only needto
verify the hypothesesof Theorem 2.

Lemma 6.1. When M 1, condition A is ful |l led.
Pr oof. By (16) and Lemma 2.3 we have

2 ZG,, - 2 ZG — 12+O 1 +0 1 i 6 i
PG = TG T (i—z) (ijji jj) i 6];
2 2 ' z 1 o
i i Gi :7|Giiii =Z'+ 5+ O(z) i=j
And with 2= 5+ O(;}), we get
oA 1 1 1 Lo,
G'J - 4 +O(|2)+O(Jz)+o(|] J| JJ) IaJ 2\]1
Gj :}+O(i12)+0( L ) i2J;j2J

g
Let &5 = Gj 44—”, there exist a constart b independert of M, such that
(17) ja W; ihj23;
(18) ja j L i2J3;j2J:

Recall A = (Gj )ij 25. We have 4 A = 4X | + A, where | is the identity
matrix and all elemens of X are 1, and A = (a; )ij 5. For det(4X 1) 6 0, we
know that there exists an elemenary transformation T, such that T4X 1) =
diag( 1; 2; ; n)anddet(4X [|)=detT(4X 1), where

4
=157 A0 2)
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Putting the sametransformation on4X | + A and letting TA = A; we know that
detdX |+ A)=det(diag( 1; 2; ;o) A

Let a; are the elemerts of A; by (17) we can chooseM large enoughto make the

matrix 0 1
1+ a1 a2 Qin
% an 2+t ax @on E
an1 an?2 n + amn

P
satisfyingj jj > i":l j&j j, therefor the determinant of this matrix doesn't be zero.
Sodet(4X | + A) 6 0, that isdetA 6 0.

Clearly, H; i 6 0for1 jlj 2:In orderto verify the nondegeneratecondition
A, we have to che that

h; ki+h;li6 0orAk+BTI60
for all (k;I) with 1 jlj 2. Write | as
I=(C Sl Sl e )
wherel; = 0forj 2 fjo;jJg, and lig:ljg 2 £0; 1;1g with jljoj + jljgj € 0. Recall
BT = (Gjj)izgj2s. Let k= (ki; ;ks; ;kn). Suppose
Ak+BTl=0:

Multiplying both sidesof the equation by 4 we have,

X
(19) 4+ aiidke ks + (4+ aij)lj, + (4+ ajg)lio= 0, s= 1,2, ;n

t=1

Taking s = s; and s = s, in (19), we get two equations (19-s;) and (19-sy).
Considering (19-s;) minus (19-s;), we get

X
(20) (aislit aiszit)kt + kSZ ksl + (aisljo aiSZjO)le + (aisljg aiszjg)ljg =0

t=1
Moreover, by (19), (20) and noting is;i; 2 J, we have
. . .X-] . . . . .
ks,  Kksij ] (@igic @ik Faig e @igjed i g @i,
t=1
X1 . . . . . . .
< A @igidikd T jaig e @il tiaig e aig,jgl
t=1
. X )
M 2 it JKt] M

Assumejks, ks,j < 1. Then ks, = Ks,, sincek is an integer vector. Thus there is
an integer h suc that all elemerts of k are equal to h. Therefore we can rewrite
the equations (19) as

X
(21) (4n Dh+h o ag + 4+ aij)l, + (4+ ag)lig = O
t=1
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By (19), (20) and is;it 2 J, we can chooseM large enough, such that
A 3nb 20
3J i a'isitj + Ja‘istJ + Jalslgj < W + m < 1
Then
ho BF 8olio + {4+ a,g)lig

(4n 1)+ ' le aii,
ljo, then

hasto be 0. Let us prove this. Firstly, if Ij, =
o Jaigjo) + jaigjel .1

in 2 "L

L Qisjo Qisjo
hj = plelo
W=an o+ an,

Secondly assumelj, = ljo = 1. then
jhj = j o+ (rjl'-SJ-‘).E;Lnaisjg j< B+ Jaisjol * A8l 3; n 3
4n 1+ . ai, 4an 2 10
It followsthat h= 0,whenn 3. If n= 1, with (21) we have
h o aii Jagj.l +jaggit 3
t=1 t=1

3h 8= &ij, t+ a,-sjg aisitj < 1

It followsthat h6& 3. If h= 3+ hg, with (21) we have
X X

3ho+ 1= aij, + a9 3 & ho aii;

t=1

and P,
jaisjo taeo, 3 4 A 1j JIv1_

jhoj = f
hol 3+ F:l aisit

Sothere is no non-zeroh satisfying (21). If n = 2,
X1 h:l - . . . -
8 7h= &, a,g+th @&  jaglt gt
t=1 t=1
Similarly, we can show that there is no non-zero h satisfying (21) whenn = 1.
Thirdly , assumelj, = 1 and ljo = 0. With (21) we have

4+ 3o j< dtauil o5,
= :

aisitj < 1

hiz i

Walan T+ T an) S a2
If n= 1, with (21) we have

4 3h= aj,+th ai jaglt] &<l

t=1 t=1
It followsthat h6& 1. If h= 1+ hg, with (21) we have
P
1+ aisj(P ?:1 aisi1j< 1';1: 1:

hoi =

INoJ =] 3+ 1 ani,

Sowe have no non-zeroh satisfying (21). Consequetly, h hasto be 0.
It follows from h = 0 that k = 0. Therefore

h;, ki+h;li=0+ jl,+ igljg 6 0
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Then we complete the proof. Fingly let us verify the assumption jks, ks,j < 1.
To this end, we needto estimate ?:1 jki¢j. With (19), we have

jksj= ] @+ agidke+ @+ aig)l, + 4+ ai o))
s=1 s=1 t=1
X1 X1 . X] . . . . . .
(4 kit jai kgt A+ aig)t 4+ ag))
s=1 t=1 t=1
X X
<an kit kit @+ D)
_ M2 M
t=1 t=1
Sum up the equations (19) from s = 1 to n, we have
X XX X
(4n 1) ket aigicke + (4 + ajo)lj, + (4+ aij)ljg) =0
t=1 s=1 t=1 s=1
and
(4n 1) kij ] A kit (@A+ag)it] 4+ a )
t=1 s=1 t=1 s=1 s=1
XX . 2b
jaii kej + (8+ m)n
s=1 t=1
nb . 2b,
MZ jkej + (8 + V)n'
t=1
Thus 5 .
8h 1nb 8n 1 2b
jksj < — jkij + ——(8+ —
L e v AR L0 R (CR VLl
s=1 t=1
and
X @4+ Byn @24+ B)n
jkij < 1 3® - MZ 3nb :
t=1 MZ

If M satisfy M2 3nb > 100nb and M > 8b, then P g ki < “ﬂ—;. So
jks, ks, j< 3+ 3 < 1. This completesthe proof of Lemma 6.1.

Since j = j?+ 112 + O(j%), the spectral sequence satis es condition B
with d = 2. It is clear that Xg;Xr 2 A(?P;"®%P) where Q = G and jRj =
O(kOks,) + O(kak3,,). Therefore the condition C is satised with g = 6 > 4:
Finally Theorem 2 applies. Using Theorem 2, we nish the proof of Theorem 1.
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