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Large Time Behavior of the Zero Disp ersion Limit of the
Fifth Order KdV Equation
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Abstra ct. We study the zero dispersion limit of the fth order KdV equations
when time is su cien tly large. In general, the weak limit may be described by
an arbitrary odd number of hyperbolic equations. Unlik e the KdV case,these
are non-strictly hyperbolic equations. However, we show that the weak limit
is governed by three hyperbolic equations in a domain in the space-time for all
times bigger than a large time. Outside this domain, the weak limit satis es
a single hyperbolic equation.
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1. Intro duction
It is well known that the solution of the KdV equation
(1.1) Up + BUUy + 2Ugy = O

hasa weaklimit as ! 0 while the initial values

(1.2) u(x; 0; ) = uo(x)
are xed [7, 15]. This weak limit satis es the Burgers equation
(1.3) ug + (Bu?)y, = 0
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until its solution developsshaocks. Immediately after, the weaklimit is governed by
the Whitham equations[2, 7, 15, 17]

(1.4) Ui + i(u;uzuz)ux = 0; i=1;23;

wherethe ;'s are given by formulae (2.30). After the breaking of the solution of
(1.4), the weak limit is described by systemsof at least v e hyperbolic equations
similar to (1.4).

The KdV equation (1.1) is just the rst member of an in nite sequenceof
equations, the secondof which is the so-called fth order KdV equation

(1.5) Ug + 30u2uy + 20 2UxUyx + 10 2Ulyey + YUxox = O

The solution of the fth order KdV equation (1.5) also has a weaklimit as ! 0
[8]. As in the KdV case,this weak limit satis es the Burgers type equation

(1.6) ug + (10u), = 0

until the solution of (1.6) forms a shock. Later, the limit is governed by equations
similar to (1.4), namely,

(1.7) uip + i(usuz;uz)u = 0; i=1;23;

where 's are givenin (2.29). They will be also be called the Whitham equations
[10].

In this paper, we are interestedin the large time behavior of the weak limit of
the fth order KdV equation (1.5).

For simplicity, we considerug(x) of (1.2) which is a decreasingfunction and is
boundedat x = 1

(1.8) X!Iilm up(x) = 1; X!Iirpl Uop(x) = 0:

The large time behavior of the weaklimit of the KdV equation (1.1) has been
studied [13]. For genericinitial data of (1.8), the weak limit is governed by the
Whitham equations(1.4) in a domain in the space-timewhent is su cien tly large.
Outside this domain, the weak limit satis es the Burgers equation (1.3). We note
that the weak limit may be described by an arbitrary odd number of hyperbolic
equationsin the intermedia times.

The strong hyperbolicity of the Whitham equations (1.4) for the KdV plays
an important role in the paper of [13]. It is well known that equations (1.4) are
strictly hyperbolic:

i(U1;Uz;u3) & j(ug;upuz); i) = 12,30 6 j;
and geruinely nonlinear:
@@ i(Ug;uz;u3) 6 0; i= 123
I

for u; > uz > us [9].

However, in the caseof fth order KdV equation (1.5), the Whitham equations
(1.7) are neither strictly hyperbolic nor geruinely nonlinear [10].

In this paper, we usethe method developed in [3] and [4] to study the weak
limit of the fth order KdV (1.5) for su cien tly large time t. Our approach does
not require the Whitham equationsto be strongly hyperbolic. Our result is quite

similar to the KdV result. Namely, For genericinitial data of (1.8), the weak limit
is governed by the Whitham equations(1.7) in adomain x (t) < x < x* (t) in the
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spacetime whent is su cien tly large (seeFigure 1.). Outside this domain, the
weak limit satis es the Burgers type equation (1.6).

We also nd somedi erence betweenthe KdV caseand the fth order Kdv
case.In the latter case,the trailing edgeis \lifted", i.e.,

1
ur 1; usx=us 2 for larget > 0

at the trailing edgex = x (t) (seeFigure 1.). In the KdV case,instead we have
up 1; uy=uz 0 forlarget> 20

at the trailing edge[5, 7].

This phenomenonof \lifted" trailing edgehas also beenobsened in the weak
limit of the fth order KdV equation whenthe initial valuesug(x) of (1.2) are given
by a step-like function

In this case,we have

NN

at the trailing edgex = 15t [10].

The organization of this paper is as follows. In Section 2, we will summarize
the method of [3]. In Section 3, we will describe our main theorem. In Section
4, we will study the trailing and leading edges,which separatethe Burgers type
solutions and the Whitham solutions, when't is large. In Section 5, we will study
the Whitham solutions that live betweenthe trailing and leading edges.

2. A Minimization Problem

As in the KdV case,the weak limit of the fth order KdV equation (1.5) is
determined by a minimization problem with constraints [8].
The minimization problem is

Z,Z, zZ,
(2.1) fM|Q;|m|22Lelgf > - log — () ()dd + . a( ;x;t) ()dg:
Function a( ;x;t) is given by
(2.2) a( ;xt) = x 16°%  ();
+1
O = 13+ [ 777w,

f(2)
where f (u) is the inversefunction of the initial data ug(x). We note that in the
KdV case,we havea( ;x;t)= x 43 () insteadof (2.2) [3, 7, 15].
We now give a brief summary of our approach to the minimization problem
(2.1).
We rst follow Lax & Levermore[7] and Venakides[15, 16] to make the ansatz
that the support of consistsof a nite union of disjoint intervals

(2.3) s= 0 uwgall PP w1 1Po P
where 0 < upg+1 < < Uz < uU; < 1. Hence, g is the number of gapsin the

support S.
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We then introduce

(2.4) P( ;&)= 2R?( ;1) o( ;) + Q( ;1) ;

where & denotes (U1; Uo; ;Ugg+1) and R( ;) = P ( u) U2g+1 ) With

the signgivenby =~ 1= 1 [3].
The function 4( ;) is the unique solution of the boundary value problem for
the Euler-Poisson-Darboux equations

@ - @y @g. i, . _
(2.5) 2(u; ul)@Ji@Jj @ @ i) =12 ;20+ 1,
@4 _ @y ,@q. _,, . _
(2.6) 2( u.)@@Ji = @ @ i=12 ;29+ 1
+1
(2.7) g(uiu;  ;u) = 2 & x 30w? f(u):

(2g+ L) dustt
The function Q( ;) is a polynomial of degree2g in
(1) forg=10,Q( ;uz) =x 30ust f(uy);

(2) for g> 0,
2X+1 2sr+l .
Qe = 20 [ ( uyPet
i=1 1=1;l6i !
X9 K k
+ [k 1) 1(&) gk + 1 (8)]Pgik 1( 5 #) ¢
k=1 1=0

Here (&) are the coe cien ts of the expansionat =1

R( ity = 9 H[ o)+ Py 20

and og () is the solution of the boundary value problem for another version of the
Euler-Poisson-Darboux equations

e g - G

1 K K 1
(2.9) ggk(u; ;u) 2 k+ 3 dd i d

ibj=1 ;29+1;

fud

_ 2t . , _
g " goo U Flgper x 30wt f(u) o

The polynomial
(2.10) Pgn(it) = 9"+ ag; 9" 1+ +agq.,
is de ned sud that

(2.11) Lg?(_;‘;) = " b4 0( ?)forlargej | ;
and

Z v Pgin ( ;1)
2.12 —='d =0; k=12 ;9;
( ) U2k +1 R( ;U) J

wheret = (Ug;Uz;  ;Uzgsr ).
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Solutions of the boundary value problem for the Euler-Poisson-Darboux equa-
tions can be constructed using those of the following simpler problem as building
blocks [11]

@v _ @ @ |
(213) 2(X1 Xz) @1@2 = @1 @2 y
(2.14) V(X1;X1) g(x1) :

> 0is a constant ;

The boundary value problem (2.13-2.14)has one and only one solution for smooth
boundary data g(x) [11]. A simple calculation shows that the solution is given by
the formula

Z, 1+ 1
X1+ X
= LAt 2,y
1 1 2
where
1
C=r =
1( 1) 22 d

A changeof integration variable givesanother expressionfor the solution

1 Z 2
-2 X1 —

(2.15) V(X1;X2) = C 2 g(x)wdx ;
X1 X2 X2 (X1 x)z

where the squareroot is setto be positive for x betweenx; and x,. In particular,
when g = 0, the solution of the boundary value problem (2.5-2.7) is

Z
1 TP HY + 5w
2.16 ‘up) = —p— % 2 d ;
( ) o( ;u1) 2|~'2 . PT

whereH (u) = x 30t? f(u). More generally, the solution of equations (2.5-2.7)
can be solved explicitly

gl ;) =M
1 Zl H(g+l)(l+ 229+1 (n 1+22 1+21 + 121ul)+ )+ l%ua‘:ﬁl)
L1 T 0@ ) @ 2em)

217)  (L+ 2@+ F 1+ 2gn)Fd1d o d oo

where the constart M is chosenso that the boundary condition (2.7) is satis ed
(3]

The solution gy (&) of another boundary value problem (2.8), (2.9) is alsogiven
by a multiple integral formula similar to (2.17).

We now list someidentities of ¢ and gg,x. They will be usefulin the subsequeh
calculations.
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Lemma 2.1. [3]

@18) 2 wg o(i8) = (i) o(uie);
2.19) P
(220) g(u ;U)ju|=u|+1=u = WJ =u
21 |
(221) g 1( ;E") = - @og;g(u) jU|=U|+1= ;
wher tt = (Ug;::i;;Uzg+1 ), 8= (Ug;iii;U ;U425 i Uger) and 1l | 2g.

Our method of solution to the minimization problem is summarized in the
following theorem.

Theorem 2.2. [3] If x, t and ¢ are connected by the equations
(2.22) P(u;#)=0fori=12, ;2g+ 1,

where P is de ned by (2.4), and if the inequalities for k = 0;1; ;g, up = 1 and
Upg+2 = 0

(2.23) I;efp_lR( )0 g st) < 0 for Upksz < < Upksr ;

(2.24) R(; &) o(; )d > 0 for uxs« < < ux;
U2k +1

are satis ed, the function

(2.25) ()= 2 Refp_lR( Zw)g g( 4t)

is the minimizer of (2.1). Its support is given by (2.3).

We now analyze equations(2.22). The boundary conditions (2.7) and (2.9) are
linear in x and t, asis the function P( ;). We then useformulae (2.4-2.9) to write

(2.26) P(t) = XPgo( ;1)  80Pgo( ;t) Pr( ;t);

where Pg.q and Pg;» are de ned by (2.10-2.12),and Ps is also determined by equa-
tions (2.4-2.9) with boundary data (2.7) and (2.9) depending only on f and its
derivatives.

Equations (2.22) can then be written as

(2.27) X= gi(tht+wgi(e); i=12 ;29+1;
where Pl ) Pr ( )
;= g0 g2y ey = )
o Pg:o(ui; &) oi (4) Pg:o(ui; )
It is well known that the solutions uq, u,, , Ugge1 OF (2.27) or equivalertly

(2.22), as functions of x and t, satisfy an odd number of hyperbolic partial di er-
ertial equations[1, 3, 6, 12, 14]

(2.28) Ui + gi(U1Uz;  jUpgea)uix = 0; i=12 29+ 1:

In other words, the square roots of the end points of the support (2.3) of the
minimizer of the variational problem (2.1) satisfy the PDE (2.28).
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The coe cients ; of (2.28) involve complete hyperelliptic integrals of gerus
g becausePy:,'s do soin view of (2.10-2.12). Equations (2.28) are then called the
g-phaseWhitham equationsand its solution a g-phasesolution.

In particular, wheng = 0, wehave o.1(u;) = 30u? and equation (2.28) becomes
the Burgers type equation (1.6).

When g = 1, equations (2.28) turn out to be the Whitham equations (1.7),
where

P1;2(ui; us;uz;ug)
P1.o(ui;us; uzsug)
We note that, for the KdV equation, ;'s of (1.4) are given by
P11(ui;us;uz;us) |
P1o(uisus; uzsug)
To solve the system of algebraic equations (2.22), we rely on the Implicit Func-

tion Theorem. Although the systemis complicated, its Jacobian matrix is diagonal
and its determinant is easily calculated.

(2.29) i(ug;uz;us) = 15 (uz;uUz;uz) = 80 i=12,3:

i=123:

(2.30) i(ug;uz;ug) = 12

Theorem 2.3. [3] On the solution & of (2.22),
(1) the Jacobian matrix of the hadograph transform (2.22) is diagonal, i.e.,

%@W: bp=La i2gr 136
(2) the Jacobian is
o Y '
dget TU et w2 i
@ i =

Violation of inequalities (2.23-2.24) givesrise to phasechan%es. Indeed, when

(2.23) rst fails, function 4( ;) myst have a double -zero for in the interior
of S of (2.3), say, the zerou where u 2 S. The resulting equations are

(2.32) g(u;e) = 0;
(2.32) @ ( ;&) = = 0;
@ gl » =u )
(2.33) P(u;g) = 0; i=12 ;2g+1:

They govern the so-calledtrailing edgeseparating g and g + 1 phases. Similarly,
when (2.24) is rst violated, the inde nite integral must also have a double -zero

for © ~ in the complemen of S, say, the zerou 2 (Ux+1;U2). The resulting
equationsare
(2.34) glu;& = 0;
Z u
(2.35) o HR(;t)d = 0;
U2k +1
(2.36) P(u;#) = 0; i=12 ;2g+1;

which govern the so-calledleading edgeseparatingg and g+ 1 phases.
We closethis sectionwith a remark on the other higher order KdV equations.
All the zerodispersionlimits of the equationsin the KdV hierarchy are determined
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by the minimization problem (2.1) with a( ;x;t) of (2.2) replacedby [8]
(2.37) a( ;x;t)= x 4m Mt ()

form=1;2; : The function x  30tu? f (u) in the boundary conditions (2.7)
and (2.9) must then bereplacedby x Cpntu™ f(u), where[3]
_(2m + 1)22m+1 Z1 e

0 v 1 t2
In particular, m = 1 corresponds to the KdV caseand m = 2 to the fth order
KdV case. All the analysis of Section 3 can be carried over from the fth order
KdV (m = 2) caseto all the other equations(m 6 2) in the KdV hierarchy.

In the subsequeh sections,wewill only study the fth order KdV (m = 2) case.
The KdV (m = 1) casehas beenwell understood [13]. We will indicate why the
m > 2 caseis technically more di cult than the m = 2 casewhen the opportunit'y
preserts itself.

dt :

Cm

3. Main Theorem

We rst make assumption on the initial data ug(x) or its inversef (u). Since
uo(x) hasthe limits (1.8) asx goesto the in nit vy, its inversef (u) behavesas

(3.1) limf(u)=+1; limf(u)= 1
ul 0 ul 1
We further assumethat
(3.2) f %%u) < 0in the neighborhood of u= Oandu = 1:
Conditions (3.1-3.2) immediately imply [13]
33) ImfYuw=1IlmfYu=1 ;IimfRu=+1; limfRu)=1
u! 0 ul 1 u! 0 ul 1

Theorem 3.1 (see Figure 1.) Under the conditions (3.1) and (3.2), there
existsa T > 0 sothat whent > T, the weak limit of the fth order KdV equation is
governal by the Whitham equations (1.7) for x (t) < x < x*(t), where x (t) and

x* (t) are some functions of t. The weak limit satis es the Burgers type equation
(1.6) for x < x (t) and x > x* (t).

This theorem is a consequencef Theorems5.1 and 5.5, which will be proved
in the subsequeh sections.

4. Trailing and Leading Edges

In this section, we will study the trailing and leading edgesof a single phase
solution when't is su cien tly large.

x 4.1 The trailing edge

We rst analyzethe tail of a single phasesolution at which u, = uz (seeFigure
1.). It is a phasetransition boundary betweenzeroand single phases;it corresponds
to g = 0in equations(2.31-2.33):

(4.1) Wi(ug;uz;t) = o(us;u) = O;
(4.2) Wa(ug;us;t) = g o jU1)j =u; = 0}
(4.3) x 30?2 f(u)) = O:
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u

Figure 1. Large time behavior of the weak limit of the fth or-
der KdV for genericinitial data. The limit is governed by the
Whitham equations (1.7) for x (t) < x < x* (t) and by the Burg-
erstype equation (1.6) otherwise. The trailing edgex = x (t) is
characterizedby u; 1;u;=uz 1=4,

We split  o( ;ui) into
(4.4) o( ;u1) = 30Uo( ;u1) Fo( ;u1);

where Uy and Fq are the solutions of the Euler-Poisson-Dartboux equations(2.5-2.7)
with boundary data 2u and f (u), respectively. In view of formula (2.16), we have

Zq o1+ 1
1 fo(— + =—Uj)
4.5 Fo( ; = = 2p_—2 —'d
( ) 0( -ul) 2rl ZZ L i T )
1Tt v hw) 42
. . = n_ N = — 4+ —
(4.6) Uo( ;u1) F3 . Py d =2 +3u

Equations (4.1) and (4.2) are then equivalent to

4.7) @+30t = 0;
Uo
@ F
(4.8) @U—Z+30t]=u3 = 0:

Equation (4.8) suggeststhat the point = ugs is a critical point of the function
[Fo=Uy + 30t]. We therefore consideran auxiliary minimum problem

Fo( ;u1)

4.9 Mino< < AT,
(4.9) o< <1 ol up)

for eath u; closeto 1.
To study the minimization problem (4.9), we needthe following lemma.
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Lemma 4.1. (1)
(4.10) |i|m0 Fo( ;Ul) = |i|m1 Fo( ;Ul) =1

for eachu; 2 (0;1).
(2) There existsa > 0 suchthat

(4.11) %Fo( ;up)< 0for0< < landl <up<1:
®3)
@Fo( ;u1) 1
(4.12) im —¢ =

uit 1Fo( jup) 1
uniformly for on every compact subsetof the interval (0;1).

Proof: To prove the rst limit of (4.10), we use (4.5) to rewrite Fo( ;u;) as
Z

1 fYu
Fo( ;u1) = Zp T p it )udu when > ujp:
Sincef qu) < 0, we estimate the integral when is closeto 1:
z
Fo(iu) s fudu= o[ () f(u)]:
T2 W), 2( u) v

This together with (3.1) provesthe secondlimit of (4.10). The rst limit can be
shown in the sameway.

To prove inequality (4.11), in view of condition (3.2) we assumef %fu) < 0
for u outside the interval ( 1;1 1) where ; is a small positive number. Since
fO%u) < 0Oforu> 1 4, it follows from formula (4.5) that it suces to prove
(4.11) for 1 .

We useformula (4.5) to write foru; > 1 3 ,
z
@ 1 " oop o (U1 U)?
—Fo( ;u = — fu du
gzrotim) = o= bu) P —
1 Z uy Z 1 T1

(4.13) ]1:

20 f +

Sincef %u) < 0 for u < ;=2, the secondintegral in the parerthesis of (4.13) is

smaller than 7
1 L. 00 .
“f fWi 44 ;
) u
which, since f °%Qu) is bounded on the closedinterval [ 1;1  1=2], is uniformly
bounded for 1 .=2.
Sincef %u) < 0foru> 1 1, the rst integral of (4.13) is lessthan
uz
f%%u)(u;  u)?du
1
v

S A0 1 TR D ) a6

1

which, in view of (3.1), goesto 1 asu;! 1. This provesinequality (4.11).
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To prove (4.12), we useformula (4.5) tozwrite foru; >
1 ui f 0
W 4y

(4.14) Fo( ;u1) = Por— p—=du;
Ui 7 u

@ 1 Y e U1 U
4.15 —Fo( ;u = — f{u du:
(4.15) ghtim = so——7  Mus—

We rst obsene that
Zu fou)
(4.16) Iiml pu—du= 1
U1!

uniformly for on every compact subsetof the interval (0;1). Sincef qu) < 0, we
estimate for u; >

usz u

1l‘o(u)du=f(u1) f():

pfl:’(_u)du

Asu;! 1,theright handsidegoesto 1 uniformly for onevery compactsubset
of the interval (0;1) becausef (u;) ! 1 in view of (3.1) and f (u) is bounded on
every compact subset. This provesthe limit (4.16).

To calculate the limit (4.12), we turn to the following lemma on the uniform
convergenceversion of L'Hospital's rule. The proof of Lemma 4.2 is simply a
modi cation of the standard proof of the classicalL'Hospital's rule.

Lemma 4.2. Let gi(x;y) and gx(x;y) be dened on (0;1) Y, wher Y is a
subsetof <. If gi(x;y) and gx(x; y) satisfy the conditions
(1) for each x 2 (0;1), 01(x;y) and gx(x; y) are uniformly bounded for y on
Y!
(2) the partial derivatives gix (X; y) and gax (X; y) existfor each(x;y) 2 (0; 1)
Yl
3) limy, 102(x;y) = 1 uniformly for y onY,
(4) limyy 1[01x (X, yY)=@x (X; y)] = L(y) uniformly for y on'Y,
(5) L(y) is uniformly bounded on Y.
then limy, 1[g1(X; Y)=(X; y)] = L(y) uniformly for y on Y.

Using formulae (4.14) and (4.15), we apply Lemma 4.2 twice to calculate the
limit

- @:0(@;U1) . 1 Ru1 @(Ul u)du
ullll!T]l Fo( ;u1)) Ullliml uz Tun L) g
u
o Teptag,
] il 1 go(ul)
Uy
00(U1)
= pt jim o
1 ug! 1f0({ul)
_ 1
T

uniformly for on every compact subset of (0;1). Here, the limit (4.16) and the
secondimit of (3.3) guaranteethat Lemma4.2 applies. This provesthe limit (4.12).
The proof of Lemma 4.1 is now complete.
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We now use Lemma 4.1 to study the minimum problem (4.9). Becauseof
(4.10), [ Fo( ;u1)=Uo( ;uy1)] goesto +1 as ! 0;1. Hence,the minimum is
reached somewherein the interval (0; 1).

We next show that the minimum problem (4.9) hasonly onecritical point when
u; is closeto 1. To seethis, we calculate the secondderivativesof [ Fo=Up] at any
of its critical points

@ . Fo( ;u1) Fo Uo FoUo

@1 o ('S T %

Since Uy 0in view of (4.6), it follows from inequality (4.11) that the right hand
sideis positive if u; is closeto 1. Hence,all the critical points of [ Fo=Uy] must be
local minimizing points. For any two minimizing points, somepoint betweenthem
must be a local maximizing point; an impossibility. This provesthe uniquenessof
the critical point and henceof the minimizing point in the minimum problem (4.9)
when u, is closeto 1.
Remark: This is the rst place where m = 2 in (2.37) is important. It is because
of m = 2 that we have U 0 which makesit possibleto conclude from formula
(4.17) the uniquenessof the critical point in the the minimum problem (4.9).

We alsowant to determine the asymptotics of the critical point whent is large.
To do this, we write

@ Fo(iu),_ Fo B B
(4.18) @ Uo(;Ul)]_ o[Fo Uo]'

Since Fp and Ug are non-zerowhen 0 < < land0< u; < 1, [ Fo=W] has
a unique critical point within the interval (0;1) if and only if the quartity in the
parenthesison the right hand sidedoesso. We now considera compactset[ o;1 o],
where ¢ is a small positive number. According to (4.12), the quantity in the
parenthesis of (4.18) has the uniform limit

@Jo( ;1)

1 @
(4.19) I Us( 1)

on this compact setasu; ! 1. In view of formula (4.6) for Uy, we deducethat
the function (4.19) hasonly onezero = 1=4 in the interval 0 < < 1, courting
multiplicities. Hence,the quartity in the parenthesisof (4.18) will have a zeronear
= 1=4 when u; is closeto 1. This zerois exactly the unique critical point of the
minimum problem (4.9).
We summarizethe above result asa lemma.

Lemma 4.3. The minimum problem (4.9) has one and only one critical point
whenujs is closeto 1. Furthermore, the critic al point approaches1=4 asu; geesto
1.

We are now ready to solve equations (4.1-4.3). By Lemma 4.3, equation (4.8)
hasa unique solution = uj for ead u; closeto 1. We then use(4.7) to determine
t. Hence,equations (4.7-4.8) can be solved to give uz and t as functions of uj.
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We then calculate the Jacobian of equations (4.1-4.2) with respect to u; and
uz on the solution of (4.7-4.8):

@V, _  o(uiug) .
(4.20) @;  2u; ug) > 0
@v; _ _
(4.21) G = 0
av, _ o(uz;ug) .
(4.22) @; 20U ug)? >0
(4.23) vz _ @Fo( ‘U)j =y, > 0

@i @2
To prove the equality of (4.20), we usethe special caseof identity (2.18)

20 )2 o(iu)= ol U olusu)
@i

This together with equation (4.1) provesthe equality of (4.20).

Equation (4.21) is the result of (4.2).

The equality of (4.22) follows from (2.6), (4.2) and (4.20).

The equality of (4.23) is the result of the split (4.4) and Ug 0.

The sign in (4.23) comesfrom (4.11).

To determine the signsin (4.20) and (4.22), we split  ¢(u1;u;) according to
(4.4),

SOtUo(U]_;U]_) Fo(Ul;Ul)

. Fo(us;u1)  Fo(us;uz)
UO(Ul'Ul)[Uo(Us;Ul) Uo(u1; u1)

o(u; uy)

Here, we have used (4.7) in the secondequality. The inequality follows from the
fact that us is the only minimizing point of the minimum problem (4.9).

It now follows from the Implicit Function Theoremthat equations(4.1-4.2) can
be solved to give u; and us as functions of t, respectively, for t larger than a nite
time. We have therefore establishedthe following theorem.

Theorem 4.4. Under the conditions (3.1) and (3.2), there exists a constant
T > Osuchthat for t > T , eguations (4.1-4.3) have a unique solution u; (t),
u; (t) and x (t). Function u, (t) is an increasing function of t. Furthermore,

t!Ii[rnl u (t)=1; t!Iir+nl us (t) = 2 :
x 4.2 The leading edge

We now turn to the leading edgeat which u; = u,. It is the head of a single
phasesolution (seeFigure 1.). It is governedby equations (2.34-2.36)for g = O:

(4.24) Wi(ul;us;t) = o(up;uz) = 0;
(4.25) W, (ug; us;t) =: of ;us)p usd = 0;
(4.26) x 303 f(us) = O:
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We again usethe split o( ;uz) = 30tUg( ;usz) Fo( ;usz), which is similar
to (4.4), to rewrite (4.24-4.25)as
“1 ¥ Fo(u; Ug) U ugdu

4.27 +30t = 0;
( ) 1Uo(u u3) u  uzdu

@ Dj“ Fo(u; u3) U ugdu

4.28 +30t = O:
(4.28) @1 ) Uo(y; U3) u  usdu
We rst simplify equatlons (4.27-4.28).
Lemma %.5 7
1 Ut 1 7t 1 + P —
S Fo(u;us) u uzdu= —p= 9 us+ u)) 1 d
200, Us)% . of 3) 3 Zp_Z ) ( 5 Us > 1)
Proof:
@’"
— Fo(u;us) u usdu
@1 ., o( 3) 3
= F0£U1,U3) up us
i )
= = pidu
2 u
Z.
- @ O(u)p u; udu
@l us Z
@ (U1 _ug)? ol 1+ [ J—
= —[—p— f{——uz+ u 1 d];
@ 23 . ( 5 Us > 1) ]
which provesthe lemma.
Let 7
_ 1 1., 1 P
(4.29)Go( ;us) = Zp—éz ( > 1 d ;
| p 4
(4.30)Vo( ;us) = 3 l2( 5 Us ) 1 d =2+ zus

We useLemma 4.5 to rewrite equations (4.27-4.28)as
Go( ;us)

(4.31) Vit = 0
@ Go( ;U3) _ .
(4.32) By = = 0

As before, equation (4.32) motivates us to consider another auxiliary minimum
problem

. Go( ;us)
4.33 M — =
(4.33) Mo< <1 Vo( ;us)
for eath uz closeto 0.
Lemma 4.6. (1) For eachus 2 (0;1),
(4.34) lim 2 Sl

@  Vo( ;u3)
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(2) For any small ; > O, there existsa > 0 suchthat

@ Go( ;u3)
4.35 - /12 <0
(4-35) @  Vo( ;us)
for0< <1 andO< uz<
3
(4.36) @Go( ;uz) < 0 unif ormlyfor0< <1

@2
whenus is closeto 0.

Proof: We omit the proof of (4.36) sinceit is similar to the proof of (4.11).
To prove (4.34), we write

@ Goiug)_ GV GoG
@ Vol ;us) V¢
We useformula (4.29) to calculate @G and integrate by parts to obtain

@5o _ Fo( ;us) 3Go( ;Us)
4.38 = ;
(4.38) @ 2( ug)
where Fq is previously de ned by (4.5).

Using (4.29) again, we write

(4.37)

z
1 p——
Go( ;us)= ——— fqu udu:
o( ;us) 20 u)E (u)

Sincethe integral is a decreasingfunction of becausef Yu) < 0, Go( ;us) goesto
either a nite negative numberor 1 as ! 1.

For those initial functions f (u) such that Go( ;us) corvergesas ! 1, the
right hand side of (4.38) goesto 1 becauseFg( ;usz) doessoby Lemma 4.1; so
Go (;uz)! 1 . This together with (4.37) givesthe limit (4.34).

For those initial functions f (u) such that Go( ;uz) ! 1 as ! 1, we
estimate R R
,;O(U) ,;O(U)
Fo( ;u3) _ y P du us P1gdu

Go(:Us)  ( ug) , fqw"  udu  fqu) T udu
Using L'Hospital's rule, it is easyto seethat the right hand side goesto +1 as
I 1. This limit, when combined with (4.38), gives
@5o( ;us3)

lim —2 = +1 ;
1'1 Go( ;us)

which, in view of (4.37), proves(4.34).

The proof of the rst part of Lemma 4.6 is completed.

To prove (4.35), we use (4.37) again. SinceVy and @V, are positive functions
and Gy is negative, it su ces to show that

@5o( ;Us)

(4.39) @ 0
for0< <1 ;and0O< uz<

In view of the third limit of (3.3), there existsa , > 0 sud that

(4.40) f%u)>0 for0O<u< ,:
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It then followsfrom formula (4.29) for Gg that inequality (4.39)istrue for0< <
and0< uz < ».
For » <1 ;and0< uz< =2, weuseformula (4.29) again to write

z
@5o( ;Us) 1 0, P —=
= f*{(u u(u usz)du
@ 2( US)% Us (( ) ( 3)
Z
= % ’ fO((u)IO u(u us)du
2( UC’»)E Ui
+ % fo‘(u)p u(u us)du:
2( uz)z 2
The secondterm is bounded from below by
z
2: 71 1 .
= jf Rujdu ;
2 2

which is a constart. Sincef %> 0for 0< u< »,, the rst term is bigger than
P27 > p—

2 2 L0 _ 21 2 o 2 2 .
= f(u)(u  uz)du= =[(= ul)fH=) f(=5)+f(us)l;
3, [ wd= 3G wWitG) () ()
which goesto +1 asuz! 0 becauseof (3.1). We have therefore proved (4.39) and
hence(4.35).

The proof of Lemma 4.6 is complete.

We now use Lemma 4.6 to study the minimization problem (4.33). For eadh
small us, the function [ Go( ;u3)=W( ;u3)] is decreasingwhen < 1 ; in view
of (4.35) and tendingto +1 as ! 1 in view of (4.34). Hence,the minimum is
reached somewherein the interval (0; 1).

We next shaw that the minimum problem (4.33) has only one critical point
when us is closeto 0. To seethis, we calculate the secondderivativesof [ Go=Vp]
at any of its critical points

@ G Go Vo GopV,
o G w e

Since Vp 0 from (4.30), the right hand side of (4.41) is positive if us is close
to 0, in view of (4.36). Hence, all the critical points of [ Go=V] must be local
minimizing points. For any two minimizing points, somepoint betweenthem must
be a local maximizing point; an impossibility. This provesthe uniquenessof the
critical point and hence of the minimizing point in the minimum problem (4.33)
when us is closeto 0.
Remark: This is the second place where m = 2 in (2.37) plays an important role.
Since m = 2, V of (4.30) is a linear function. It then becomespossibleto conclude
from formula (4.41) that the minimum problem (4.33) has a unique critic al point.
The critical point approachesl asug goesto 0. This follows from (4.35).
We summarize the above result as a lemma.

Lemma 4.7. The minimum problem (4.33) has one and only one critic al point
and hene minimizing point when us is closeto 0. Furthermore, the critic al point
tendsto 1 asus geesto O.
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We are now ready to solve equations (4.24-4.26). By Lemma 4.7, equation
(4.32) has a unique solution = u; for eat uz closeto 0. We then use (4.31) to
determine t. Hence,equations(4.31-4.32)or equivalertly equations(4.24-4.26)can
be solved to give uz and t asfunctions of u;.

We then calculate the Jacobian of equations (4.24-4.25)with respectto u; and
uz on the solution of (4.31-4.32):

@vV; _  @of ;us)

(4.42) @ @ j=u, >0;
@vs _ o(us; us) :

(4.43) @ IO <0:
@v, _ .

(4.44) @ = O

(4.45) s _ o(Us;us) Ur T3<0:

@s
The equalities in (4.43) and (4.45) follow from the related identity (2.18) for
o( ;us).
Equation (4.44) is the result of (4.2).
The signsin (4.43) and (4.45) are determined as follows. Sincethe minimum
problem (4.33) has only one minimizing point at = u;, we must have

Go(us; us) Go(uz;us) .
Vo(us; us) Vo(ug;uz)

The right hand side is equal to 30t in view of (4.31). Hence, 30tVo(us;us)
Go(usz; uz) > 0; which by formulae (4.29-4.30), reducesto

60tus f%usz)> 0:

In view of the boundary condition (2.7) for o, this is exactly ((us;us) > 0, which
provesthe inequalities in (4.43) and (4.45).

To determine the sign in (4.42), since = uj is the minimizing point in the
minimum problem (4.33), we have
@ . Go( ;us)..
— M]J _— > 0,
@2" Vo( ;us)

which, in view of Lemma 4.5, is equivalert to

R p #
@ s Fo(u;uz) u ugdu
@2 r‘u3 Uo(u; ug)p U uzdu

This together with (4.27-4.28)) gives

j=u,>0:

@’ pP—
— [ 30tUo(u;us)  Fo(u; us)] uzdu> 0
@z |,
at = u;. Since o= 30Uy Fo, the last inequality together with (4.24) implies
that @
;uz).
705@ D, > 0;

which provesthe inequality in (4.42).
We have therefore establishedthe following theorem.
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Theorem 4.8. Under the conditions (3.1) and (3.2), there exists a constant
T* > 0 suchthat equations (4.24-4.26) have a unique solution u7j (t), uz (t) and
x* (t) for t > T*. Functions uj (t) and uj (t) are increasing and decreasing func-
tions of t, respectively. They havethe limits:

. Fon 4 o
u“':n1 up (t)=1; t!I|r+nl uz (t)=0:
Furthermore,
1 <uj(t)<1l; O<uzj(t)< o fort>T+;
where and , are de ned in (4.11) and (4.40), respectively.

The secondpart of Theorem 4.8 is only for technical purpose. It will be needed
in the next section.

5. Analysis of Zero and Single Phase Solutions

In this section, we shall showv that the hodograph transform (2.22) g = 0;1,
canbeinverted to give solutionsuy(x;t), , Uxg+1 (X;t) for 1 < x<1 andt>
maxfT ;T*g, whereT andT* aregivenin Theorems4.4 and 4.8, respectively.
We will alsoverify inequalities (2.23-2.24). By theorem 2.2, the function  of (2.25)
will be the minimizer of (2.1).

For eaht > maxfT ;T*g, we split the spaceinto three pieces(1 ;x (t)],
[x (t);x*(t)] and [x* (t);+1 ). Here,x (t) and x* (t) are givenin Theorems 4.4
and 4.8, respectively.
x5.1 Zero phases: x x (t) and x x*(t)

We shalll focus on the zero phaseover the interval x ~ x* (t). The other zero
phaseover x x (t) canbe handledin the sameway.

For x  x*(t), we shall usethe auxiliary minimum problem (4.33) to showv
th% the minimizer of the minimization problem (2.1) has a compact support
[0;" us(x;t)]. The function us(x;t) is governed by equation (2.22), which, when
g = 0, becomes

(5.1) x 303 f(uz)=0:

For each 0 < u3 < uj(t) where uj (t) is givenin Theorem 4.8, since uj (t) is
a continuous function of t and uz (t) ! Oast! +1 ,thereisat > t sud that
usz = u3(t ). In view of the minimum problem (4.33), we havefor 0< < 1,

. + .
Vo( ;Us) Vo(u7 (t );us)

where the equality follows from equation (4.31). Hence,
(5.2) 30tVo( ;uz) Go( ;uz)>0

forall 0< < 1. In particular, when = ug, inequality (5.2) reducesto 60tus
f Quz) > 0 in view of formulae (4.29) and (4.30). This shaws that equation (5.1)
can be inverted to give uz as a decreasingfunction of x for x > x* (t).

We next verify inequalities (2.23-2.24),which now take the form

_p_
(5.3) Ref;3 1 usg o( ;uz) < 0 forO0O< < uz;

(5.4) pu us o(u;uzg)du > 0 for > uz:
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Inequality (5.4) follows easily from (5.2) and Lemma 4.5.

To prove (5.3), we use uz < ujg(t) again. Since uz(t) < , according to
Theorem 4.8, we have uz < ;. Wethen use(4.40) in formula (4.5) for Fo to obtain
that

@o( ;u3) >0
@
for usz < 5. Hence,
@ o( ;us3) @Jo( ;uz)  @Fo( ;us)
—— 1= 30 <0
@ @ @
for all us. This together with o(us;us) = 60tusz fYuz) > O proves

o( ;ug) > O for uz and henceinequality (5.3).

Theorem 5.1. Under the conditions (3.1) and (3.2), for eacht > maxfT ;T*g,
the minimizer of the minimization problem (2.1) is supprted on a single interval
whenx x (t) andx x*(t).

x 5.2 Single phase: x (t) < x < x*(t)

Fort> maxfT ;Ttgandx (t) < x < x* (1), weshallshozathat the @inimizer
of (2.1) is supported ontwo disjoint intervals[0;  us(x;t)]and[ ux(x;t); ui(x;t)],
where uy(x; t), uz(x;t) and uz(x;t) are governed by equations (2.22) wheng= 1

(5.5) P(u1;ug;uz;ug) = 0; P(uz;us;up;ug) = 0; P(us;ug;uz;ug) = 0

We will rst solve equations (5.5) near the leading edgex = x* (t). We will
then extend the solution over the whole interval x (t) < x < x* (1).

The rst two equationsof (5.5) are degeneratenear the leading edgeat which
u; = up. We replacethem by

(5.6) , W (Us; Up; Ug; t) = %1;1+ %?ZH %131 -
EHovszun) = @ Nez N ) a(unuzu)d = 0

us

where 1 and o.; are given by (2.5-2.7) and (2.8-2.9), respectively. It can be
shown that equations (5.6) and (5.7) together with P (uz;4) = 0 are equivalert to
equations(5.5) whenu; > u, > uz [3].

It is alsoknown that equations(5.6) and (5.7) transform into equations (4.24-
4.25)when u; = u, and that equation P (usz; &) = 0 into (4.26) [3].

For each xed t, we now solve equations (5.6) and (5.7) for u; and us in terms
of u, near the leading edge. We usethe identities of Lemma 2.1 to calculate the
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derivativesof Ws and Ws at the point (u7 (t); uy (t);u3 (t)):
@vs @Vs _ 1@ o ;Us)

8 @ = @ 2 e =%
@Vs o(u1; us) o(us; us) o(us; ug)
5.9 = = 0;
(5-:9) @3 Z(Ui us) 2(u1  us) =0
Uzp— .
(5.10) = (U1 Ug)? 3u3)5 1(ug; b) = (U 3”3)5 @ OE@; ug)] -, >0;
Z
@Ve _ 42U @ 1( ;&) _
@ Jus 2 s )T, T
- u:?glius (Us: 8)d
(1 Us)%[ o(Us; U3) 0(U1;U3)]
o 3 us U
(5.11) = ZCIE o(uz;ug) > 0;

wheret = (u1; Uz; Us).

The secondequality of (5.8) follows from identity (2.21).

The rst equality of (5.9) is a consequenceof (2.18) and (2.21). The second
equality follows from equation (4.24).

The third and last equalities of (5.10) follows from identities (2.18) and (2.20),
respectively.

The second,third and last equalities of (5.11) follows from (2.18), (2.19) and
(4.24), respectively.

All the signsare easily determined accordingto (4.42-4.45).

Therefore, equations (5.6) and (5.7) can be inverted to give u; and us asfunc-
tions of u, when u; is closeto and lessthan uj (t). Moreover, u; decreasesas u;
increases.We then usethe last equation of (5.5) to give x asa function of u,. We
summarizetheseresult in the lemma.

Lemma 5.2. For eacht > T, equations (5.5) can be inverted to give x, u; and
usz as functions of u, whenus, is closeto and lessthan uj (t).

Having solved equations(5.5) for x, u; and ugz asfunctions of u, nearthe leading
edgeu, = uj (t), we now extend the solution by decreasingu,. To calculate the
Jacobian of (5.5), we turn to Lemma 2.3, which says that the zerosof the Jacobian
are determined by the -zerosof 1( ;uz;us;us). We again split

(5.12) 1( ;ugsug;uz) = 30tUq( ;ug;ug;ug)  Fo( ;ug;ug;usg) ;

where U; and F; satisfy the Euler-Poisson-Darlboux equations (2.5-2.7) with the
boundary values 4=3 and 2f °{u)=3, respectively. Hence, U; is a constart; indeed,
U; = 4=3.

Lemma 5.3. For eacht, u; > u, > us,

lim o 1( ;ug;uz;uz) =1 5 lim 1 1( ;up;upug) = +1
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Proof: SinceU; is a constart, we seefrom (5.12) that it su ces to prove that
(5.13) lim y oF1( ;ug;uz;uz) = +21 5 Iim y 1F( ;ug;uz;uz) = 1

We rst write F1( ;uz;up;us) in terms of Fo( ;u;). We seefrom (2.5) that F;
satis es
@r _ @ @
@@z @, @3

and that it hasthe boundary values F1( ;uy;u;u) = Feli8) Py on aecourt
of (2.19). It then follows from formula (2.15) at = 1 that

"2 Fo( ;u1) Fo(u;uy)
(U (Uz WU Ug)

which together with (4.10) gives(5.13). This provesLemma 5.3.

2(uz u3)

Fi( ;uz;uz;ug) = —

Lemma 5.4. Under the conditions (3.1) and (3.2), 1( ;us1;uz;ugz) hasat most
one -zero for all t, uy, up, and uz wheneverl < u; < 1, where is given by
Theorem 4.8.

Proof: We rst obsene that

(5.14) _@Fl( ;Ur;uz;u3) < 0
@
for all , uq, up and uz whenewer 1 < u; < 1. To seethis, we will derive a

new formula for F; in terms of Fg. For eadh xed ui, we view F1( ;uz;uz;uz) asa
function of , u, and usz only. Hence,equations (2.5) and (2.6) for F; reduceto

@F, @1 O . @F; _@ @

G192 Wee @ @' ! Yea @ ‘a T
The new boundary condition is
(5.16) Fi(u;ug;u;u) = %j =u

on accourt of (2.20). One can then usethe method of Section 2 to derive a double
integral formula, similar to (2.17), for the solution of equations(5.15-5.16). Indeed,
we have

F1( ;ug;uz;ug)

I 1Fo(%l*zp“%%Uz“TuS:uﬂp—“ dd
7 .. @ Ha ) ’

which, when combined with (4.11), gives(5.14).
Since U, is a constart, we deducefrom the split (5.12) that

(5.17) @@ 1( ;ug;uz;u3) = @@Fl( Jupuz;uz) >0 forl  <up<1;

where the inequality follows from (5.14). This provesthe uniquenessof the -zero
of 1( ;uz;uz;us) and henceLemmab5.4.
Remark: This is the third and also the last place where m = 2 is important. If
m > 2, (5.17) is not true.

We now cortinue to extend the solution of equations (5.5) by decreasingus,.
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By Lemma 5.3, the function 1( ;uj;uz;us) must have at leasta -zero. In-
deed, it has a zero, denoted by u , betweenus and u, in view of equation (5.7).
According to Lemma 5.4, u is the only zeroof ;. Hence,

(5.18) 1( ;ug;u;ug) >0 for >u and 3( ;up;up;uz) <0 for <u

Sinceus < U < u; anduz < U < Uy, we have

(5.19) 1(u1;u1;uz;u3) > 0 1(uz;ug;uz;uz) > 05 1(us;ug;up;uz) < O
For P1.¢ of (2.10-2.12),we also have

(5.20) Pyo(us;ug;uz;uz) > 05 Pro(uz;ug;uz;ug) > 0 Pro(us;ug;uz;ug) < 0

To seethis, we obsene from (2.10) that P1.¢ is a linear function of and that it
thus has only one -zero. This zerois betweenusz and u, on accourt of equation
(2.12). Inequalities (5.20) are then justi ed.

By Lemma 2.3, we deducefrom inequalities (5.19) that the Jacobian of (5.5) is
always non-zero. It then follows from the decomposition (2.26) for P and inequali-
ties (5.20) that equations(5.5) can be inverted to give x, u;, and uz asincreasing,
decreasing,and decreasingfunctions of u,, respectively, provided that uz < u, < u;
and 1 < uz < 1. We now extend the solution asfar as possibleby decreasing
Uy; sou; always stays in the interval (1 ;1) becauseu; increasesasu, decreases.
Since both u; and us increaseas u, decreasesthe solution will stop at u, = us.
At this point, x, ui, uz = uz satisfy the trailing edgeequations (4.1-4.3). Accord-
ing to Lemma 4.1, the equations have a unique solution for t > T. We thus have
X=X (t), ur = uy (t), uz = uz = ug (t).

We have therefore proved that equations (5.5) can be inverted to give uj, u;
and uz asfunctions of x for x (t) < x < x* (t).

Inequalities (2.23-2.24) are immediate consequence®f (5.7) and (5.18). We
have therefore establishedthe following theorem.

Theorem 5.5. Under the conditions (3.1) and (3.2), for eacht > maxfT ;T*g,
the minimizer of the minimization problem(2.1) is supported on two disjoint inter-
valswhenx (t) < x < x* (t).

The main theorem of this paper, Theorem 3.1, follows from Theorems5.1 and
5.5.
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