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Abstra ct. We obtain a logarithmicaly sharp estimate for the space-analyticit y
radius of the solutions of the damped-driv en 2D Navier{Stok es equations with
periodic boundary conditions and relate this to the small scalesin this system.
This system is inspired by the Stommel{Charney barotropic ocean circulation
model.
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1. In tro duction

It was shown in [17] (seealso [3], [13]) that the solutions of the 2D Navier{
Stokesequations with periodic boundary conditions belong to the Gevrey classof
analytic functions (if the forcing term does). Using the Gevrey regularity approach
the following estimate for the spatial analyticit y radius for the solutions that lie on
the global attractor (or are near it) was obtained

(1.1) la �
cj
 j1=2

G2 logG
;
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where G = kf kL 2 j
 j=� 2 is the Grashof number and j
 j = L 2=
 is the area of the
periodic domain 
 = [0; L=
 ] � [0; L ], 
 � 1.

Therefore, the Fourier coe�cien ts ûk are exponentially small for jkj � L=l a,
and la naturally forms a lower bound for the small dissipative length scalefor the
system (see,for instance, [11]).

There are other ways of estimating the dissipative small length scale for the
Navier{Stok essystem,for instance,in terms of the dimensionof the global attractor
[1], [6], [7], [13], [41]. The Hausdor� and fractal dimensionsof the global attractor
satisfy the following estimate [8] (seealso [6], [41]):

dimF A � c1G2=3(log(1 + G))1=3; c1 = c1(
 )

which hasbeenshown in [35] (following ideasof [1]) to be logarithmically sharp. It
worth mentioning, however, that for 2D turbulent 
o wswhich satisfy the Kraichnan
theory of turbulence, that is, a forward enstrophy cascadewith power spectrum k � 3

for the energydensity, it hasbeenshown in [12] that the dimensionof the attractor
is bounded (up to a logarithmic term) by G1=2.

If we accept the point of view that the small length scale can be de�ned as
follows (see[7], [13], [38], [41])

(1.2) l f �
�

j
 j
dimF A

� 1=2

;

then up to logarithmic correction we have

(1.3) l f �
j
 j1=2

G1=3
:

This heuristic estimate for the small length scaleis probably the best onecan hope
for since it matches, up to logarithmic term, the physically assertedestimates for
the enstrophy dissipation length scale[32] . We alsoobserve that the estimate (1.3)
is extensive, that is, independent of the sizeof the spatial domain provided that its
shape is �xed. We again point out that rigorous estimates in [15] suggestthat the
enstrophy dissipation length scaleld satis�es the estimate

c0j
 j1=2G� 1=3 � ld � c00j
 j1=2G� 1=6

for 2D the turbulent 
o ws that satisfy the Kraichnan theory of turbulence.
Another rigorous de�nition of the small length scalecan be given in terms of

the number of determining modes,nodes,or volume elements (see[13], [16], [18],
[30] and the referencestherein). It was shown that if N is su�cien tly large and
N equal squaresof size ldn tile the periodic spatial domain, then any collection of
points (one in each square) are determining for the long time dynamics of the 2D
Navier{Stok essystem. The best to date estimate for N was obtained in [30]:

N � c2G;

where c2 = c2(
 ) dependsonly on the aspect ratio 
 � 1. (An explicit estimate for
c2 was obtained in [28]: c2(
 ) = (68=(
 � ))1=2.)

Therefore the small length scalede�ned in terms of the lattice of determining
nodessatis�es

(1.4) ldn � c2(
 ) � 1=2 j
 j1=2

G1=2
:
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We observe that this estimate is not extensive, that is, ldn scaleslike � � 1=2 if 
 is
replacedby � 
, � > 0.

We point out here that for the 2D Navier{Stok essystem with analytic forcing
the results of [19], [20] provide the existence of a �nite number N of instanta-
neouslydetermining nodescomparablewith the fractal dimension of the attractor.
These nodes, however, can be chosenarbitrarily (up to a subset of 
 N with 2N -
dimensionalLebesguemeasurezero) and thereforedo not naturally de�ne a regular
lattice of determining nodes.

The best to date estimate for the analyticit y radius of the solutions of the
Navier{Stok esequationswith analytic forcing term f was obtained in [33]:

(1.5) la � c3(
 )
j
 j1=2

G1=2(1 + logG)1=4
:

Relating the radius of analyticit y to the dissipative small length scale(seealso [25]
in this regard) we note that up to a logarithmic correction the estimate (1.5) co-
incides with (1.4), but both are worsethan (1.2), where the latter coincides,as we
have already pointed out, with the physically assertedestimate of [32].

In this paper we focus on the 2D spaceperiodic Navier{Stok es system with
damping

(1.6)
@t u +

2X

i =1

ui @i u = � �u + � � u � r p + f ;

div u = 0:

By adding the Coriolis forcing term to (1.6) one obtains the well-known Stommel{
Charney barotropic model of oceancirculation [4], [10], [37], [39]. Here the damp-
ing �u represents the Rayleigh friction term and f is the wind stress. For an
analytical study of this system see,for instance [5], [24], [26], [43], and the refer-
encestherein. In a follow up work we will be studying the e�ect of adding rotation
(Coriolis parameter) on the sizeof small scalesand the complexity of the dynamics
of (1.6). Therefore, we will focus in this work on the system (1.6). We also point
out that in this geophysical context the viscosity plays a much smaller role in the
mechanism of dissipating energy than the Rayleigh friction. That is why in this
work the friction coe�cien t � > 0 will be �xed and we consider the system at the
limit when � ! 0+ .

Sharp estimates(as � ! 0) for the Hausdor� and the fractal dimensionsof the
global attractor of the system (1.6) were �rst obtained in the caseof the square-
shaped domain in [27] (
 = 1). Then the caseof an elongateddomain was studied
in [29] (
 ! 0), where it was shown that

(1.7) dimF A � c4D; D =
k rot f k1 j
 j

��
;

where c4 is an absolute constant (c4 � 12). This estimate is sharp as both � ! 0
and 
 ! 0. Therefore the small length scalede�ned as in (1.2) is of the order of

(1.8) l f �
�

j
 j
dimF A

� 1=2

�
�

��
k rot f k1

� 1=2

�
j
 j1=2

D 1=2
:
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This heuristic estimate is, in fact, a rigorous bound for the small length scale
expressedin terms of the number of determining modesand nodes[28]:

(1.9) ldn = c5

�
j
 j
D

� 1=2

= c5

�
��

k rot f k1

� 1=2

; c5 = 681=4:

This meansthat any lattice of points in 
 at a typical distance l � ldn is determin-
ing.

The main result of this paper is in showing that the analyticit y radius la of
the solutions of the damped-driven Navier{Stok essystem (1.6) lying on the global
attractor is bounded from below and satis�es the estimate:

(1.10) la �
cj
 j1=2

D 1=2(1 + logD)1=2
;

which up to a logarithmic correction agreesboth with the smallest scale esti-
mate (1.8) and the rigorously de�ned typical distance between the determining
nodes(1.9).

It is worth mentioning that this point of view of relating the radius of analyticit y
of solutions on the Navier{Stok esequations to small scalesin turbulence was also
presented in [25].

This paper is organizedas follows. In section 2 we employ the Gevrey{Hilb ert
spacetechnique of [17] to derive a lower bound for the radius of analyticit y of the
order

(1.11)
cj
 j1=2

D 2 logD
:

This bound considerably improves,for a �xed � > 0, the lower bound (1.1) for the
classicalNavier{Stok es system as � ! 0+ (seealso Remark 2.1). Let us remark
that asan alternativ e to the Gevrey regularity technique for estimating small scales
one can apply the ladder estimates approach presented in [9] to obtain estimates
for the small scalesin (1.6) (seealso [21]).

In section 3 the estimate (1.10) is proved for the system (1.6) following [33].

2. Gevrey regularit y of the damp ed Na vier{Stok es system

As usual (see, for instance, [1],[6],[34],[40]), we write (1.6) as an evolution
equation in the Hilb ert spaceH which is the closedsubspaceof solenoidalvectors
in (L 2(
)) 2 with zero averageover the torus 
 = [0; L=
 ] � [0; L ]:

(2.1) @t u + B (u; u) + � Au + �u = f ; u(0) = u0:

Here A = � P� is the Stokes operator with eigenvalues 0 < � 1 � � 2 � : : : ,
B (u; v) = P

� P 2
i =1 ui @i v

�
is the nonlinear term, f = Pf 2 H , and P : (L 2(
)) 2 !

H .
We restrict ourselves to the case
 = 1 and, in addition, assumethat 
 =

[0; 2� ]2 (this simpli�es the Fourier seriesbelow). The caseof the square-shaped
domain 
 = [0; L ]2 reducesto this caseby scaling. Furthermore, any domain with
aspect ratio 
 < 1 can be treated in the similar way, the absolute dimensionless
constants c1; c2; : : : below will then depend on 
 , however.

A vector �eld u 2 H has the Fourier seriesexpansion

u =
X

j 2 Z2

uj eij �x ; uj 2 C2; u� j = �uj ; uj � j = 0; u0 = 0;
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and

kuk2 = kuk2
L 2

= (2� )2
X

j 2 Z2

juj j2:

The eigenvaluesof the Stokesoperator A are the numbers jj j2, and the domain of
its powers is the set of vector functions u such that

(2� )2
X

j 2 Z2

jj j4� juj j2 = kA � uk2 < 1 :

For � ; s > 0 we de�ne the Gevrey spaceD(e� A s
) of functions u satisfying

(2.2) (2� )2
X

j 2 Z2

e2� j j j 2s

juj j2 = ke� A s

uk2 < 1 :

We supposethat the forcing term f belongsto the Gevrey spaceof analytic func-
tions

f 2 D(e� 1 A 1= 2
A1=2);

so that

(2.3) (2� )2
X

j 2 Z2

jj j2e2� 1 j j j juj j2 = ke� 1 A 1= 2

A1=2f k < 1

for some� 1 > 0. We set

' (t) = min(� � 1=2
1 t; � 1):

The norm and the scalar product in D(e' ( t )A 1= 2
) are denoted by k � k' and (�; �) ' ,

respectively.
We assumethat u0 2 D(A1=2) and take the scalar product of (2.1) and Au in

D(e' ( t )A 1= 2
) for su�cien tly small t � � 1=(� � 1=2

1 ). Since

�
e' ( t )A 1= 2

@t u(t); e' ( t )A 1= 2
Au(t)

�
=

1
2

@t kA1=2u(t)k2
' � � � 1=2

1 (Au(t); A1=2u(t)) ' ;

we obtain
1
2

@t kA1=2uk2
' + � kAuk2

' + � kA1=2uk2
'

= � (B (u; u); Au) ' + � � 1=2
1 (Au; A1=2u) ' + (A1=2f ; A1=2u) ' :(2.4)

Next we usethe key estimate (see[17], [13], [42]) for the nonlinear term in Gevrey
spaces

j(B (u; u); Au)j ' � c1kA1=2uk2
' kAuk'

�
1 + log

kAuk2
'

� 1kA1=2uk2
'

� 1=2

and useYoung's inequality for this estimate and for the last two terms in (2.4):

@t kA1=2uk2
' + � kAuk2

'

�
2c2

1

�
kA1=2uk4

'

�
1 + log

kAuk2
'

� 1kA1=2uk2
'

�
+ 2� � 1kA1=2uk2

' +
kA1=2f k2

'

2�

�
c2

�
kA1=2uk4

'

�
1 + log

kAuk2
'

� 1kA1=2uk2
'

�
+ � 3� 2

1 +
kA1=2f k2

'

2�
;
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where c2 = 2c2
1 + 1. As in [13], [14] we use the inequality � �z + � (1 + logz) �

� log � =� to �nd that

� � kAuk2
' +

c2

�
kA1=2uk4

'

�
1 + log

kAuk2
'

� 1kA1=2uk2
'

�
�

c2

�
kA1=2uk4

' log
c2kA1=2uk2

'

� 1� 2 ;

and obtain the di�eren tial inequality

@t kA1=2uk2
' �

c2

�
kA1=2uk4

' log
c2kA1=2uk2

'

� 1� 2 + � 3� 2
1 +

kA1=2f k2
'

2�
:

Hencethe function

y(t) =
c2kA1=2uk2

'

� 1� 2 +
kA1=2f k� 1

� 1� 3=2� 1=2
+ e;

where ln e = 1, satis�es

@t y(t) � � � 1c3y2 logy; c3 = max(1; c2=2):

If y(t) � 2y(0), then @t y(t) � � � 1c3y2 log(2(y(0)). Hence we indeed have y(t) �
2y(0) for

t � (2� � 1c3y(0) log(2y(0))) � 1:
In other words,

kA1=2uk2
' � 2kA1=2u0k2 + c4(� =� )1=2kA1=2f k� 1 + c4� 1� 2; c4 = e=c2;

as long as 0 � t � T � (kA1=2u0k), where

T � (kA1=2u0k) =
1

2c3� � 1

�
c2 kA 1= 2 u0 k2

� 1 � 2 + kA 1= 2 f k � 1
� 1 � 3= 2 � 1= 2 + e

�
log

�
2

�
c2 kA 1= 2 u0 k2

� 1 � 2 + kA 1= 2 f k � 1
� 1 � 3= 2 � 1= 2 + e

�� :

Wenow observe(seeLemma3.1) that on the global attractor or in the absorbing
ball we have, respectively,

kA1=2u(t)k �
kA1=2f k

�
; t 2 R; kA1=2u(t)k � 2

kA1=2f k
�

; t � T0(kA1=2u0k):

Therefore we have the following lower bound for T � :

T � � c5

�
� � 1

�
kA1=2f k2

� 1� 2� 2 +
kA1=2f k� 1

� 1� 3=2� 1=2
+ 1

�
log

�
kA1=2f k2

� 1� 2� 2 +
kA1=2f k� 1

� 1� 3=2� 1=2
+ 1

� � � 1

In the limit � ! 0+ we have
kA1=2f k2

� 1� 2� 2 �
kA1=2f k� 1

� 1� 3=2� 1=2
;

and we can write the lower bound for T � as follows

T � � c6
�
� � 1D 2 logD

� � 1
;

where
kA1=2f k

� 1=2
1 � �

=
k rot f kj
 j1=2

2� � �
�

1
2�

D ; where D =
k rot f k1 j
 j

� �
:

In terms of the analyticit y radius la the lower bound for T � takesthe form

la �
c7j
 j1=2

D 2 logD
:
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Thus, we have proved the following theorem.

Theorem 2.1. Suppose that f 2 D(A1=2e� 1 A 1= 2
) for some � 1 > 0. Then a

solution u lying on the global attractor A is analytic with analyticity radius

la � min
�

c7j
 j1=2

(D 2 + D1 + 1) log(D 2 + D1 + 1)
; � 1

�
;

where

D =
k rot f k1 j
 j

� �
; D1 =

kA1=2f k� 1

� 1� 3=2� 1=2
:

Moreover,

(2.5) la �
c8 j
 j1=2

D 2 logD
as � ! 0+ :

The constants c7 and c8 depend only on the aspect ratio of the periodic domain 
 .

Remark 2.1. We observe that the estimate (2.5) for the system (1.6) is of
the order � 2=log(1=� ) as far as the dependenceon � ! 0+ is concerned,while
the estimate (1.1) for the classicalNavier{Stok es system is, in this respect much
smaller; namely, is of the order � 4=log(1=� ).

However, the estimate (2.5) is not sharp and will be improved in the next
section to the order of � 1=2=log1=2(1=� ). As has been demonstrated in [36] the
Gevrey{Hilb ert spacetechnique does not always provide sharp estimates for the
radius of analyticit y. The mechanism explaining this has been reported in [36] by
meansof an explicitly solvable model equation.

3. Sharp er bounds

In this sectionweobtain sharper lower boundsfor the analyticit y radius la. This
is achieved by combining the � -independent estimate for the vorticit y contained in
the following lemma and the L p-technique developed in [23], [33] for the uniform
analyticit y radius of the solutions of the Navier{Stok esequations. We observe that
a similar technique has been establishedearlier in [2] for studying the analyticit y
of the Euler equations.

Applying the operator rot to (1.6) we obtain the well-known scalar vorticit y
equation

(3.1) @t ! + u � r ! = � � ! � �! + F;

where ! = rot u, F = rot f , u = r ? � � 1! , so that u � r ! = r ? � � 1! � r ! =
J (� � 1! ; ! ), and r ? = (� @2 ; @1 ), J (a; b) = r ? a � r b.

Lemma 3.1. (See [28].) The solutions u(t) lying on the global attractor A
satisfy the following bound:

(3.2) k! (t)kL 2k �
k rot f kL 2k

�
; t 2 R;

where 1 � k � 1 .

Pr oof. We use the vorticit y equation (3.1) and take the scalar product with
! 2k � 1, where k � 1 is integer, and usethe identit y

(J ( ; ' ); ' 2k � 1) = (2k) � 1
Z

J ( ; ' 2k )dx = (2k) � 1
Z

div(' 2k r ?  )dx = 0:
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We obtain

k! k2k � 1
L 2k

@t k! kL 2k + (2k � 1)�
Z

jr ! j2! 2k � 2dx + � k! k2k
L 2k

=

= (rot f ; ! 2k � 1) � k rot f kL 2k k! k2k � 1
L 2k

:

Hence,by Gronwall's inequality

k! (t)kL 2k � k! (0)kL 2k e� �t + � � 1k rot f kL 2k (1 � e� �t );

and passingto the limit as k ! 1 we �nd

k! (t)k1 � k! (0)k1 e� �t + � � 1k rot f k1 (1 � e� �t ):

Now, we let t ! 1 in the above inequalities and obtain

lim sup
t !1

k! (t)kL 2k �
k rot f kL 2k

�
; 1 � k � 1 ;

which gives (3.2) since the solutions lying on the attractor are bounded for t 2
R. �

As beforewe considerthe square-shaped domain 
 = [0; L ]2 and it is now con-
venient to write (1.6) in dimensionlessform. We intro duce dimensionlessvariables
x0, t0, u0 and p0 by setting

x = Lx 0; t = (L 2=� )t0; u = (� =L)u0; p = (� 2=L2)p0; � = (� =L2)� 0:

We obtain

(3.3)
@t 0u0+

2X

i =1

u0i @0
i u

0 = � � 0u + � 0u0 � r 0p0+ f 0;

div0u0 = 0;

wherex0 2 
 0 = [0; 1]2, f 0 = (L 3=� 2)f . Accordingly, the dimensionlessform of (3.1)
is as follows (we omit the primes):

(3.4) @t ! + u � r ! = � ! � �! + F:

Remark 3.1. For dimensionlessvariables u0 and ! 0 the estimate (3.2) with
k = 1 takesthe form

(3.5) k! 0k1 = krot0u0k1 �
krot0f 0k1

� 0 =
krotf k1 L 2

� �
= D :

The next lemma is similar to the main estimate for the spaceanalyticit y radius
in [33].

Lemma 3.2. Supposethat F is a restriction to 
 (that is, y = 0) of a bounded
x-periodic analytic function F (x + iy ) + iG(x + iy ) in the region jyj � � F and

(3.6) M 2
F = sup

x 2 
 ; j y j� � F

(F (x + iy )2 + G(x + iy )2):

Let p � 3=2 and let

t0 =
M 2

2p

CM 2
F =�

:
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Here (and throughout) C is a su�ciently large universal constant and M 2p �
k! 0kL 2p . Then the solution ! (t) is analytic for t > 0 and for 0 < t � t0 the
space analyticity radius of ! (t) is greater than

� (t) = min

 
t1=2

C
;

1
Cpt(2p� 3)=4pM 2p

;
1

Cpt(2p� 3)=(4p+6) M 2p=(2p+3)
2p

;
1

pt1=2M 2p
; � F

!

:

Pr oof. We solve (3.4) by a sequenceof approximating solutions (see [31],
[33]). We set u(0) = 0 and ! (0) = 0. Then for ! (n ) , u(n ) we have the equation

(3.7)
@t ! (n ) � � ! (n ) + u(n � 1) � r ! (n ) + �! (n ) = F

! (n ) (0) = ! 0 = rot u0; u(n ) = r ? � � 1! (n ) :

The solutions ! (n ) and u(n ) for t > 0 have analytic extensions! (n ) + i� (n ) and
u(n ) + iv (n ) and since the system (3.7) is linear, their analyticit y radius is at least
� F . They satisfy the equation

@t (! (n ) + i� (n ) ) � �( ! (n ) + i� (n ) )

+( u(n � 1) + iv (n � 1) ) � r (! (n ) + i� (n ) ) + � (! (n ) + i� (n ) ) = F + iG;

or, equivalently , the system

(3.8)
@t ! (n ) � � ! (n ) + �! (n ) + u(n � 1) � r ! (n ) � v(n � 1) � r � (n ) = F;

@t � (n ) � � � (n ) + �� (n ) + u(n � 1) � r � (n ) + v(n � 1) � r ! (n ) = G;

where, as before, u(n ) = r ? � � 1! (n ) , v(n ) = r ? � � 1� (n ) , and the di�eren tial
operators are taken with respect to x. In view of the analyticit y of the solutions
we have the Cauchy{Riemann equations

(3.9)

@! (n )

@yj
= �

@� (n )

@x j
;

@! (n )

@x j
=

@� (n )

@yj
; j = 1; 2;

and the similar equations for u(n ) and v(n ) .
Let " > 0. We consider the functional

(3.10)  n (t) =
Z 1

0

Z




�
! (n ) (x; �ts; t)2 + � (n ) (x; �ts; t)2 + "

� p
dxds:

We also set

Qn (x; s; t) = ! (n ) (x; �ts; t)2 + � (n ) (x; �ts; t)2 + ":

Here t 2 R+ and � 2 R2. The combination �ts will play the role of the variable y;
p � 3=2, and " > 0 is arbitrary .

We di�eren tiate  n (t) taking into account (3.8) and usethe Cauchy{Riemann
equations (3.9) to handle the derivativeswith respect to y. We obtain

(3.11)
1
2p

@t  n (t) + I 0 = I 1 + I 2 + I 3 + I 4;
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where

I 0 =
Z 1

0

Z



Qp� 1

n

�
jr ! (n ) j2 + jr � (n ) j2 + � (! (n ) )2 + � (� (n ) )2�

dxds+

+2( p � 1)
Z 1

0

Z



Qp� 2

n

�
! (n ) r ! (n ) + � (n ) r � (n ) � �

�
! (n ) r ! (n ) + � (n ) r � (n ) � dxds;

and

I 1 =
Z 1

0

Z



Qp� 1

n

�
� ! (n ) r � (n ) + � (n ) r ! (n ) � � �s dxds;

I 2 =
Z 1

0

Z



Qp� 1

n

�
! (n ) r ! (n ) + � (n ) r � (n ) � � u(n � 1) dxds;

I 3 =
Z 1

0

Z



Qp� 1

n

�
! (n ) r � (n ) � � (n ) r ! (n ) � � v(n � 1) dxds;

I 4 =
Z 1

0

Z



Qp� 1

n

�
! (n )F + � (n ) G)dxds:

The arguments of Qn are x; s; t, and the arguments of ! (n ) , � (n ) , u(n ) , and v(n ) are
x, �ts , and t.

For an arbitrary � > 0 we have

(3.12)
I 1 � �

Z 1

0

Z



Qp� 1

n

�
jr ! (n ) j2 + jr � (n ) j2

�
dxds+

C�

Z 1

0

Z



Qp� 1

n

�
(! (n ) )2 + (� (n ) )2�

j� j2s2dxds � � I 0 + C� j� j2 n (t):

Next,

(3.13) I 2 =
1
2p

Z 1

0

Z



r Qp

n � u(n � 1) dxds = 0:

For I 3 we have

(3.14) I 3 � � I 0 + C�

Z 1

0

Z



Qp

n jv(n � 1) j2dxds � � I 0 + C� I 0
3I 00

3 ;

where

I 0
3 =

� Z 1

0

Z



Qn (x; s; t)p2 =(p� 1) dxds

� (p� 1)=p

;

I 00
3 =

2X

j =1

� Z 1

0

Z



jv(n � 1)

j (x; �ts; t)j2pdxds
� 1=p

:

We write I 0
3 as follows

I 0
3 = kQp=2

n k2
L � (
 0 ) ; 
 0 = 
 � [0; 1] � R3; � = 2p=(p � 1); 2 � � � 6;

and usein 
 0 the Gagliardo{Niren berg inequality

kAkL � (
 0 ) � CkAk3=� � 1=2
L 2 (
 0 ) kr x;s Ak3=2� 3=�

L 2 (
 0 ) + CkAkL 2 (
 0 )
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for A = A(x; s) = Qp=2
n (x; s; t). We have

kr x;s Ak2
L 2 (
 0 ) = kr x;s Qp=2

n k2
L 2 (
 0 ) =

p2
Z 1

0

Z



Qp� 2

n

�
(! (n ) r ! (n ) + � (n ) r � (n ) )2+

t2(� (n ) � � r ! (n ) � ! (n ) � � r � (n ) )2�
dxds �

� Cp2(1 + j� j2t2)I 0:

Hence,

kr x;s Ak3=2� 3=�
L 2 (
 0 ) = kr x;s Qp=2

n k3=2p
L 2 (
 0 ) � C(1 + j� j2t2)3=4pI 3=4p

0 :

Next, kQp=2
n k2

L 2 (
 0 ) =  n (t),

kAk3=� � 1=2
L 2 (
 0 ) = kQp=2

n k(2p� 3)=2p
L 2 (
 0 ) =  n (t)(2p� 3)=4p

and hence

(3.15) I 0
3 � C(1 + j� j2t2)3=2pI 3=2p

0  n (t)(2p� 3)=2p + C n (t):

We now consider I 00
3 . Since v(n � 1)

j (x; 0; t) = 0 (the solution restricted to y = 0 is
real-valued), we have (using the Cauchy{Riemann equations for vj )

jv(n � 1)
j (x; �ts; t)j =

�
�
�
�
�

2X

k=1

� k ts
Z 1

0
@yk v(n � 1)

j (x; �ts� ; t)d�

�
�
�
�
�

=

�
�
�
�
�

2X

k=1

� k ts
Z 1

0
@k u(n � 1)

j (x; �ts� ; t)d�

�
�
�
�
�
:

Then

I 00
3 =

2X

j =1

0

@
Z 1

0

Z




�
�
�
�
�

2X

k=1

� k ts
Z 1

0
@k u(n � 1)

j (x; �ts� ; t)d�

�
�
�
�
�

2p

dxds

1

A

1=p

�

Cj� j2t2
� Z 1

0

Z




Z 1

0

�
�
�r u(n � 1) (x; �ts� ; t)

�
�
�
2p

s2pd� dxds
� 1=p

=

Cj� j2t2
� Z 1

0
s2pds

Z 1

0
d�

Z




�
�
�r u(n � 1) (x; �ts� ; t)

�
�
�
2p

dx
� 1=p

:

Sinceu = r ? � � 1! , we have (see[22], [44])
� Z



jr u(x)j2pdx

� 1=2p

= krr ? � � 1! kL 2p � k� � 1! kW 2
2p

� Cpk! kL 2p :

Therefore

I 00
3 � Cp2j� j2t2

� Z 1

0

Z 1

0

Z




�
�
� ! (n � 1) (x; �ts� ; t)

�
�
�
2p

dx s2pdsd�
� 1=p

�

Cp2 j� j2t2
� Z 1

0

Z



Qp

n � 1dxds
� 1=p

� Cp2j� j2t2 n � 1(t)1=p;
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wherewehaveused
R1

0

R1
0 h(s� )s2pdsd� � (2p) � 1

R1
0 h(s)ds. Combining this with (3.14)

and (3.15) we obtain

(3.16)

I 3 � � 0I 0 + C� 0p2j� j2t2(1 + j� j2t2)3=2pI 3=2p
0  n (t)(2p� 3)=2p  n � 1(t)1=p+

Cp2j� j2t2 n � 1(t)1=p n (t) �

� I 0 + C� p2(j� jt)4p=(2p� 3) (1 + j� j2t2)3=(2p� 3)  n � 1(t)2=(2p� 3)  n (t)+

Cp2j� j2t2 n � 1(t)1=p n (t):

Finally, we estimate I 4:

(3.17)
I 4 �

Z 1

0

Z



Qp� 1

n

�
(! (n ) )2 + � (n ) )2)� � + (F 2 + G2)=(4� � )

�
dxds �

� I 0 + C� (M 2
F =� )

Z 1

0

Z



Qp� 1

n dxds � � I 0 + C� (M 2
F =� ) n (t)(p� 1)=p;

where M F is de�ned in (3.6), with the �nal estimate relying on 
 being [0; 1]2.
Taking � > 0 su�cien tly small we infer from (3.11), (3.12), (3.13), (3.16), (3.17)

@t  n (t) � Cpj� j2 n (t) + Cp3 j� j4p=(2p� 3) t4p=(2p� 3)  n � 1(t)2=(2p� 3)  n (t)+

Cp3j� j(4p+6) =(2p� 3) t (4p+6) =(2p� 3)  n � 1(t)2=(2p� 3)  n (t)+

Cp3j� j2t2 n � 1(t)1=p n (t) + Cp n (t)(p� 1)=pM 2
F =�;

where

 n (0) =
Z



(! 0(x)2 + ")pdx:

We set ' n (t) =  n (t)1=2p and obtain the di�eren tial inequality for ' n :

@t ' n (t) � Cj� j2 ' n (t) + Cp2 j� j4p=(2p� 3) t4p=(2p� 3) ' n � 1(t)4p=(2p� 3) ' n (t)+

Cp2j� j(4p+6) =(2p� 3) t (4p+6) =(2p� 3) ' n � 1(t)4p=(2p� 3) ' n (t)+

Cp2j� j2t2' n � 1(t)2 ' n (t) + C' n (t) � 1M 2
F =�:

We now usethe Gronwall-t ype Lemma 3.3 from [33] below and seethat ' (t) �
2' (0) on the time interval speci�ed in (3.18), (3.19), and letting " ! 0 we obtain

Z 1

0

Z




�
! (n ) (x; �ts; t)2 + � (n ) (x; �ts; t)2

� p
dxds � 22pM 2p

2p ;

for t � 0, j� jt � � F and

(3.18) t � min(A1; A2; A3; A4; A5);
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where

(3.19)

A1 =
1

Cj� j2
;

A2 =
1

Cp(4p� 6)=(6p� 3) j� j4p=(6p� 3) M 4p=(6p� 3)
2p

;

A3 =
1

Cp(4p� 6)=(6p+3) j� j(4p+6) =(6p+3) M 4p=(6p+3)
2p

;

A4 =
1

Cp2=3j� j2=3M 2=3
2p

;

A5 =
M 2

2p

CM 2
F � � 1 :

We now set

(3.20) t0 =
M 2

2p

CM 2
F =�

:

Then the condition

t � min(A1; A2; A3; A4)

can be written in terms of y = �t as follows
(3.21)

jyj � min

 
t1=2

C
;

1
Cpt(2p� 3)=4pM 2p

;
1

Cpt(2p� 3)=(4p+6) M 2p=(2p+3)
2p

;
1

pt1=2M 2p

!

:

Now for t0 de�ned in (3.20) and
(3.22)

� (t) = min

 
t1=2

C
;

1
Cpt(2p� 3)=4pM 2p

;
1

Cpt(2p� 3)=(4p+6) M 2p=(2p+3)
2p

;
1

pt1=2M 2p
; � F

!

we have for 0 < t � t0 and jyj � � (t)
Z 1

0

Z




�
! (n ) (x; sy; t)2 + � (n ) (x; sy; t)2�

dxds � 22pM 2p
2p

for all integer n � 1. Therefore for any y 2 R2 with jyj = 1 this givesthat

Z � ( t )

0

Z




�
! (n ) (x; sy; t)2 + � (n ) (x; sy; t)2�

dxds � 22p� (t)M 2p
2p

and since
R�

0 f (sy)ds � B , jyj = 1 implies
R

j y j� � f (y)dy � 2� � B , we obtain

Z

j y j� � ( t )

Z




�
! (n ) (x; y; t)2 + � (n ) (x; y; t)2�

dxds � 2� 22p� (t)2M 2p
2p :

This estimate is uniform in n and as in [23], [33] we obtain the existenceof an
analytic solution of (3.4) with analyticit y radius satisfying (3.22). The proof is
complete. �
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Lemma 3.3. (See [33].) Let yn (t) 2 C1[0; T ] be a sequence of non-negative
functions satisfying y0(t) � M for 0 � t � T , and yn (0) � M for n � 1. Suppose
that on the interval 0 � t � T

@t yn (t) �
NX

j =1

K j t � j yn (t) � j yn � 1(t) 
 j ;

where K j > 0, � j > � 1, � j 2 R, and 
 j � 0 are given constants. Then yn (t) � 2M
for all n = 0; 1; 2; : : : provided that

0 � t � min

0

@T; min
j =1 ;::: ;N

 
� j + 1

N K j 2� +
j + 
 j M � j + 
 j � 1

! 1=( � j +1)
1

A ;

where � + = max(� ; 0).

We can now state the main result of this section.

Theorem 3.1. The solutions on the 2D space-periodic damped-driven Navier{
Stokessystem(1:6) lying on the global attactor A are analytic with space analyticity
radius la satisfying the lower bound

(3.23) la �
j
 j1=2

CD 1=2(1 + logD)1=2
; where D =

k rot f k1 j
 j
��

:

Pr oof. We �rst observe that (3.23) is equivalent to the estimate

(3.24) la �
1

CD 1=2(1 + logD)1=2

for the equation written in dimensionlessform.
Next, by Young's inequality

pt(2p� 3)=4pM � CpM 4p=(4p� 3) t1=2 + t � 1=2;

pt(2p� 3)=(4p+6) M 2p=(2p+3) � CpM t1=2 + t � 1=2:

Hence,the estimate (3.22) can be written as follows

(3.25) � (t) � min

 
t1=2

C
;

1

Cpt1=2
�
M 4p=(4p� 3)

2p + M 2p
� ; � F

!

:

The solutions lying on the attractor are bounded in L 2p:

k! (t)kL 2p � M 2p; M2p � CM 1 :

Setting
p = C(1 + logM 1 )

we seethat

p
�
M 4p=(4p� 3)

2p + M 2p
� �
�
�
p= C (1+log M 1 )

� C(1 + logM 1 )M 1

and therefore

� (t) � min
�

t1=2

C
;

1
C(1 + logM 1 )M 1 t1=2

; � F

�
:

At the moment of time

t � =
1

C(1 + logM 1 )M 1
;
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which for su�cien tly large M 1 (the caseof our interest) is smaller than t0 de�ned
in (3.20) (the details are given below) we have

� (t � ) �
1

CM 1=2
1 (1 + logM 1 )1=2

:

SinceM 1 � D (see(3.5)), it follows that

� (t � ) �
1

CD 1=2(1 + logD)1=2
:

By the invariance property of the attractor we seethat on the attractor the above
estimate holds for all t � , which proves(3.24).

To complete the proof it remains to show that

(3.26)
1

C(1 + logD)D
= t � � t0 =

D 2

CM 2
F 0=� 0 ;

where in the expressionfor t0 we reverted to the prime notation for the dimension-
lessdamping coe�cien t � 0 and the forcing F 0. We relate the forcing term and its
analytic extensionby the equality

M F 0 = K krot0f 0k1 ; K = K (F; � F ):

Recalling that f 0 = (L 3=� 2)f , � 0 = (L 2=� )� , and x0 = (1=L)x we seethat

t0 =
�

CK 2�L 2 :

Hence,(3.26) goesover to the condition

C(1 + logD) �
K 2� 2

k rot f k1
;

which is obviously satis�ed for all su�cien tly small � > 0. The proof is complete.
�

4. Concluding remarks

We consider the 2D space-periodic damped-driven Navier{Stok essystem, that
is, the Stommel{Charney barotropic model of ocean circulation without rotation.
We haveshown that the solutions lying on the attractor of this systemwith analytic
forcing have spaceanalyticit y radius which up to a logarithmic term coincideswith
the small scaleestimatesboth in terms of the sharpboundsfor the fractal dimension
of the global attractor, and in terms of the spatial lattice of determining nodes.
The derivation of this lower bound for the analyticit y radius essentially usesthe
techniquesdeveloped in [33].
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