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On the Domain of Analyticit y and Small Scales for the
Solutions of the Damp ed-Driv en 2D Navier{Stok es
Equations
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Abstra ct. Weobtain alogarithmicaly sharp estimate for the space-analyticit y
radius of the solutions of the damped-driven 2D Navier{Stok es equations with
periodic boundary conditions and relate this to the small scalesin this system.
This system is inspired by the Stommel{Charney barotropic ocean circulation

model.
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1. Intro duction

It was shown in [17] (seealso [3], [13]) that the solutions of the 2D Navier{
Stokes equations with periodic boundary conditions belongto the Gevrey classof
analytic functions (if the forcing term does). Using the Gevrey regularity approach
the following estimate for the spatial analyticit y radius for the solutions that lie on
the global attractor (or are nearit) was obtained

g .
(2.1) la G?logG’
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112 ALEXElI A. ILYIN AND EDRISS S. TITI

where G = kf ki ,j j= 2 is the Grashof number and j j = L?= is the area of the
periodic domain = [0;L= ] [O;L], 1.

Therefore, the Fourier coe cien ts @k are exponertially small for jkj L=l,,
and |, naturally forms a lower bound for the small dissipative length scalefor the
system (see,for instance, [11]).

There are other ways of estimating the dissipative small length scalefor the
Navier{Stok essystem, for instance,in terms of the dimensionof the global attractor
[1], [6], [7], [13], [41]. The Hausdor and fractal dimensionsof the global attractor
satisfy the following estimate [8] (seealso [6], [41]):

dme A G (log(1+ G)™% = c()

which hasbeenshown in [35] (following ideasof [1]) to be logarithmically sharp. It
worth mertioning, however, that for 2D turbulent o wswhich satisfy the Kraichnan
theory of turbulence, that is, a forward enstrophy cascadewith power spectrum k 3
for the energydensity, it hasbeenshown in [12] that the dimension of the attractor
is bounded (up to a logarithmic term) by G2,

If we acceptthe point of view that the small length scale can be de ned as
follows (see[7], [13], [38], [41])

i
(1.2) I dimg A
then up to logarithmic correction we have

ijl1=2
(1.3) I 16%:

This heuristic estimate for the small length scaleis probably the best one can hope
for sinceit matches, up to logarithmic term, the physically assertedestimates for
the enstrophy dissipation length scale[32] . We alsoobsenethat the estimate (1.3)
is extensiwe, that is, independert of the sizeof the spatial domain provided that its
shapeis xed. We again point out that rigorous estimatesin [15] suggestthat the
enstrophy dissipation length scalely satis es the estimate

CC} leZG 1=3 Id CO? leZG 1=6

for 2D the turbulent o wsthat satisfy the Kraichnan theory of turbulence.
Another rigorous de nition of the small length scalecan be given in terms of
the number of determining modes, nodes, or volume elemerts (see[13], [16], [18],
[30] and the referencestherein). It was shown that if N is su cien tly large and
N equal squaresof sizely, tile the periodic spatial domain, then any collection of
points (one in ead square) are determining for the long time dynamics of the 2D
Navier{Stok essystem. The best to date estimate for N was obtained in [30]:

N CcG;
wherec, = ¢;( ) dependsonly on the aspect ratio 1. (An explicit estimate for
c; was obtained in [28]: c( ) = (68=( ))'™)
Therefore the small length scalede ned in terms of the lattice of determining

nodes satis es
j j?

Gil=2 -

(1.4) lan G2 ) 2
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We obsene that this estimate is not extensiwe, that is, l4, scaleslike 172 if s
replacedby , > 0.

We point out herethat for the 2D Navier{Stok essystemwith analytic forcing
the results of [19], [20] provide the existenceof a nite number N of instanta-
neously determining nodescomparablewith the fractal dimension of the attractor.
These nodes, however, can be chosenarbitrarily (up to a subsetof N with 2N -
dimensional Lebesguemeasurezero) and therefore do not naturally de ne aregular
lattice of determining nodes.

The best to date estimate for the analyticity radius of the solutions of the
Navier{Stok esequationswith analytic forcing term f was obtained in [33]:

j i

(15) |a C3( )G1:2(1+ IogG)1:4 :

Relating the radius of analyticit y to the dissipative small length scale(seealso[25]
in this regard) we note that up to a logarithmic correction the estimate (1.5) co-
incideswith (1.4), but both are worsethan (1.2), where the latter coincides,aswe
have already pointed out, with the physically assertedestimate of [32].

In this paper we focus on the 2D spaceperiodic Navier{Stok es system with
damping

(L.6) @u+‘ u@= u+ u rp+f;

divu = 0:

By adding the Coriolis forcing term to (1.6) one obtains the well-known Stommel{
Charney barotropic model of oceancirculation [4], [10], [37], [39]. Here the damp-
ing u represens the Rayleigh friction term and f is the wind stress. For an
analytical study of this system see,for instance [5], [24], [26], [43], and the refer-
encestherein. In a follow up work we will be studying the e ect of adding rotation
(Coriolis parameter) on the size of small scalesand the complexity of the dynamics
of (1.6). Therefore, we will focusin this work on the system (1.6). We also point
out that in this geoptysical cortext the viscosity plays a much smaller role in the
mechanism of dissipating energy than the Rayleigh friction. That is why in this
work the friction coecient > O will be xed and we considerthe systemat the
limit when ! 0.

Sharp estimates(as ! 0) for the Hausdor and the fractal dimensionsof the
global attractor of the system (1.6) were rst obtained in the caseof the square-
shaped domain in [27] ( = 1). Then the caseof an elongateddomain was studied
in [29] ( ! 0), whereit was shown that

(1.7) dime A oD: D= KOk

where ¢4 is an absolute constart (¢4  12). This estimate is sharpasboth ! 0

and ! 0. Thereforethe small length scalede ned asin (1.2) is of the order of
P 1=2 1=2 L 1=2

(1.8) I, I} I

dime A Krotf Kk D=2 -
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This heuristic estimate is, in fact, a rigorous bound for the small length scale
expressedn terms of the number of determining modesand nodes[28]:
i =

1.9 lgn = — = — ; = 684
(19 =% P % krotfk, 0O
This meansthat any lattice of pointsin  at a typical distancel 4, is determin-
ing.

The main result of this paper is in showing that the analyticity radius |, of
the solutions of the damped-driven Navier{Stok essystem (1.6) lying on the global

attractor is bounded from below and satis es the estimate:
G j*? :

D1=2(1 + logD)=2"

which up to a logarithmic correction agreesboth with the smallest scale esti-
mate (1.8) and the rigorously de ned typical distance between the determining
nodes(1.9).

It isworth mentioning that this point of view of relating the radius of analyticit y
of solutions on the Navier{Stok esequationsto small scalesin turbulence was also
preseried in [25].

This paper is organizedas follows. In section 2 we employ the Gevrey{Hilb ert
spacetechnique of [17] to derive a lower bound for the radius of analyticity of the
order

(1.10) la

g ji=2
1.11 ——
(1.11) DZ2logD
This bound considerablyimproves,for a xed > 0, the lower bound (1.1) for the
classical Navier{Stokessystemas ! 0" (seealso Remark 2.1). Let us remark

that asan alternativ e to the Gevrey regularity technique for estimating small scales
one can apply the ladder estimates approach preseried in [9] to obtain estimates
for the small scalesin (1.6) (seealso[21]).

In section 3 the estimate (1.10) is proved for the system (1.6) following [33].

2. Gevrey regularit y of the damp ed Navier{Stok es system

As usual (see, for instance, [1],[6],[34],[40]), we write (1.6) as an ewolution
equation in the Hilbert spaceH which is the closedsubspaceof solenoidal vectors

in (L2()) 2 with zeroaverageover the torus = [0;L= ] [O;L]:
(2.1) @u+ B(u;u)+ Au+ u =f; u(0) = ug:
Here A = ,g is the Stokes operator with eigervalues0 < 3 2 A

B(u;v) =P i2=1 u'@v is the nonlinearterm, f = Pf 2 H, and P : (L»()) 2!
H.

We restrict ourselvesto the case = 1 and, in addition, assumethat =
[0;2 ]? (this simplies the Fourier seriesbelow). The caseof the square-shagd
domain = [0;L]? reducesto this caseby scaling. Furthermore, any domain with
aspect ratio < 1 can be treated in the similar way, the absolute dimensionless
constarts c;; Cp;::: below will then depend on , however.

A vector e;? u 2 H hasthe Fourier seriesexpansion

u= uye X, u2C% uj=u; U j=0 u=0;
j222



ANAL YTICITY OF THE SOLUTIONS OF THE 2D DAMPED-DRIVEN NS SYSTEM 115

and X
kuk®= kuk?, = (2 )*  jujj*
j2z2
The eigernvaluesof the Stokesoperator A are the numbersjj j?, and the domain of
its powersis the set of vector functions u such that
X
(2 )? Jii* jujj®= KA uk®<1:
j2z2
For ;s> 0we de ne the Gevrey spaceD (e »°) of functions u satisfying
X iii2s s
2.2) @) %y =ke?uk<1:
j2z?
We supposethat the forcing term f belongsto the Gevrey spaceof analytic func-
tions

f 2D(e AT A,
sothat x
(2.3) ()% jjj2e? Uiljyj? = ke AT A2 k< 1
j2z2
for some ;> 0. We set
Tty = min( T2t q):
The norm and the scalar product in D (e (t)Am) aredenotedby k k and (; ),
respectively.
We assumethat up 2 D (A7) and take the scalar product of (2.1) and Au in
D(e WA™*) for suciently smallt 1= 17). Since
e WA @u(t);e WA Au(t) = %@kAlzzu(t)k? 22 Au(t); AT2u(t)):
we obtain
1 - -
E@kAl‘zuk2 + kAuk? + kA?uk?
(2.4) = (B(uju);Au) + 1 2(Au; A2u). + (A2 AT2Y)

Next we usethe key estimate (see[17], [13], [42]) for the nonlinear term in Gevrey
spaces

kAu k? 1=2

; . . ; 1=2 1.2
j(B(u;u);Au)j ckA*“uks kAuk: 1+Iogm

and use Young's inequality for this estimate and for the last two terms in (2.4):

@KAT?uk? + KAUK?

22 1o 4 kAuk? 122 12 kA1=2f k2
_—= ““uk: + _—  + “cukf + ——
kA*=“uk’ 1+ log AT 2 1kA*"cuk >
kAu k2 kA1=2f K? _

3 2

C2 a1=2,,4
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where c; = 2¢2 + 1. As in [13], [14] we usethe inequality z + (1 + logz)
log = to nd that

- kAuk? - CokA=2yk?
KAUK? + ZKATZUKE 1+ log— S ZKATZUKE log Sy
1 y 1
and obtain the di erential inequality
- - CokA=2yk? KA1=2f k?
@AT2uKE  ZkAl2uKd log T+ ¥ fr

Hencethe function

cokA™2uk? kA2 k |

y(t) = + — — + €,
1 2 1 3=2 1=2

wherelne= 1, satis es
@y(t)  acy’logy;  cs = max(L;c=2):
If y(t) 2y(0), then @y(t) 163y? log(2(y(0)). Hencewe indeed have y(t)
2y(0) for
t (2 1c3y(0)log(2y(0)) *:

In other words,

KA™2uk?  2kKA2ugk® + cq( = )TTPKATE K L+ 0 1 3 o= e=g;
aslongasO0 t T (kA¥™2ugk), where

T (kA¥™2ugk) =

1
1=2y4k2 kA1=2f k 1=2y,k2 KA1=2f Kk
203 1 CZKAl 7+ ==z T € log 2 CZkAl 7o —= =t €

Wenow obsene (seeLemma3.1) that onthe global attractor or in the absorbing
ball we have, respectively,

KAL=2f k_ KAL=2f k.

KAZ2u(t)k © t2R; kAP?u(k 2 ot To(kA¥?ugk):
Therefore we have the following lower bound for T :
KA=2f k2 kAT k KA=2f k2 KA=2f k
T Cs 1 122+13:21:12 1 log 122+13:21:12+1
In the limit ! 0" we have
KAL=2f k? KA f k |
1 2 2 1 3=2 1=2"

and we can write the lower bound for T asfollows

T o iD2logD *':

where

1=2 ioil=2 ..
kA;:ka: krot2fkj ] ZiD; where D = krotfky j j:

1
In terms of the analyticity radius I, the lower bound for T takesthe form

| cj j*? .
a A = -
DZ2logD
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Thus, we have proved the following theorem.

Theorem 2.1 Supmsethat f 2 D(A2e :A"™) for some ; > 0. Then a
solution u lying on the glokal attractor A is analytic with analyticity radius

I min crj I ; ;
a (DZ+ D, + 1)log(D2+ D, + 1) ' '
wher -
_ krotfkyj _ KAR2fK
D= ' Dy = , 372 1=2°
Moreover,
C8j jl:2 +
2.5 | T — 1 0 :
(2:5) % DZ2logD

The constants ¢; and cg depend only on the aspect ratio of the periodic domain

Remark 2.1. We obsene that the estimate (2.5) for the system (1.6) is of
the order 2=log(1=) as far as the dependenceon ! 0" is concerned,while
the estimate (1.1) for the classical Navier{Stok es systemiis, in this respect much
smaller; namely, is of the order “=log(1=).

However, the estimate (2.5) is not sharp and will be improved in the next
section to the order of *2=log'*?(1= ). As has been demonstrated in [36] the
Gevrey{Hilb ert spacetechnique does not always provide sharp estimates for the
radius of analyticity. The medanism explaining this has beenreported in [36] by
meansof an explicitly solvable model equation.

3. Sharp er bounds

In this sectionwe obtain sharper lower boundsfor the analyticit y radiusl,. This
is achieved by combining the -independert estimate for the vorticit y contained in
the following lemma and the L p-technique developed in [23], [33] for the uniform
analyticit y radius of the solutions of the Navier{Stok esequations. We obsene that
a similar technique has been establishedearlier in [2] for studying the analyticity
of the Euler equations.

Applying the operator rot to (1.6) we obtain the well-known scalar vorticit y
equation

(3.1) @ +ur!= 1 | +F
where! = rotu, F = rotf,u=r? 1 sothatu r! =r? 1 r1! =
J( Y;),andr? =( @;@),J(ab=r"arh

Lemma 3.1 (See[28].) The solutions u(t) lying on the glokal attractor A
satisfy the following bound:

(3.2) k! (t)ke,, krotfie o ; t2 R;

wheel k 1.

Pr oof. We usethe vorticity equation (3.1) and take the scalar product with
12« 1 wherek 1is integer,fnd usethe identit y

QC 2 h=@ * 3 )dx=(2k) P div( *r? )dx=0:
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We obtain
Z

ki k2 T@K! ke, + (k1) jr 1212 Zdx+ Kk =
= (rotf;1 % 1) krotfke, ki k¥
Hence,by Gronwall's inequality
K' (ke,, k! Ok, e ' + ‘lkrotfk, (1 e ');
and passingto the limit ask! 1 we nd
kI ()k; k! (O)kpe ' + ‘krotfk; (1 e '):
Now, welett! 1 in the above inequalities and obtain
. krot f k
lim supk! (ke,, o Stae g p
ti1

which gives (3.2) since the solutions lying on the attractor are bounded for t 2
R.

As before we considerthe square-shagd domain = [0;L]? and it is now con-
veniert to write (1.6) in dimensionlessform. We intro duce dimensionlessvariables
x% t% u®and pP by setting

x=Lx% t=(L%= )% u=(=Lu% p=(?%=L)p% = (=) °
We obtain

x
@)UO+ uO @JO: 0u + OUO r Op0+ fO;

(3.3) -
diviu®= o;

wherex®2 9= [0;1%, f %= (L3= 2)f . Accordingly, the dimensionlessorm of (3.1)

is as follows (we omit the primes):

(3.4) @ +url! =1 I+ F:

Remark 3.1. For dimensionlessvariables u® and ! © the estimate (3.2) with
k=1 takesthe form
_ krotf kg L? - D

(3.5) k! q(l = krot°u°K1

krot% %,
0

The next lemmaiis similar to the main estimate for the spaceanalyticit y radius
in [33].

Lemma 3.2. Supmsethat F is a restriction to  (that is, y = 0) of a boundead
x-periodic analytic function F(x + iy) + iG(x + iy) in the region jyj g and

(3.6) MZ2=  sup (F(x+iy)?+ G(x+ iy)?):
X2 5y

Letp 3=2andlet
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Here (and throughou) C is a suciently large universal constant and M 2
kKl okL,,. Then the solution ! (t) is analytic for t > 0 and for 0 < t to the
space analyticity radius of ! (t) is greater than

|
=2 1 ] 1 ] 1 )
T~ — l — 1 — y F
C Cpt(2p 3)—4p|\/|2p Cpt(zp 3)=(4p+6) MZZFI)J—(Zp+3) ptl—Zsz

(t) = min

Pr oof. We solve (3.4) by a sequenceof approximating solutions (see [31],
[33]). Wesetu©@ = 0and! @ = 0. Then for ! (M u(™ we have the equation

@ (n) 1My ) gy M= E
(3.7) , 1
1 (M) =14 = rot ug; um =7 1.

The solutions ! (™ and u(™ for t > 0 have analytic extensions! (M + i (") and
u™ + iv(" and sincethe system (3.7) is linear, their analyticity radius is at least
£ . They satisfy the equation

@ M+ My (1 Mmyj ()
+( u™ D4 gy (n 1)) r(! M 4 (n)) + (! M 4 (n)) = F +iG;

or, equivalertly, the system

@M 1My My Do) ) () =
(3.8) @ M My Mgy D My ) ) =G
where, as before, u™ = r? 1M vy = ¢? 1.0 gnd the dierential
operators are taken with respect to x. In view of the analyticity of the solutions
we have the Cauchy{Riemann equations

@M @™
(3.9) @, @
@M @™ 210
= D= 12
@; @;
and the similar equationsfor u(™ and v(".
Let " > 0. We considerthe functional
z,2
3.10 n(t) = M (x: ts; )2+ M(x; ts; )2+ " Pdxds:
(
0

We also set
Qn(x;s;t) = 1 M(x; ts; 1)2+ MW(x; ts; t)2+ "

Heret 2 R* and 2 R2?. The combination ts will play the role of the variable y;
p 3=2,and" > 0Ois arbitrary.

We di erentiate ,(t) taking into accourt (3.8) and usethe Cauchy{Riemann
equations (3.9) to handle the derivativeswith respect to y. We obtain

1

(3.11) P

@ n(t)+log=1l1+ 12+ 13+ lg;
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where
Z,Z
lo= Q) Lir 1M+ jr MZe (1 M)24 (M2 dxds+
z,z °
+2(p 1) QP 21 (Mp My My () My My (M () gyds;
0

and

z.,z

Iy = QP 1My My MM g dxds;
2,z

I = QP LiMp My My My Hgygs;
2,z

l3= Qp tiMp (M Mp My Daxds;
2,z

Iy = QP L1 ME + (MG)dxds:
0

The argumerts of Q,, arex; s;t, and the argumerts of I (M (M y(M and v(" are
X, ts , andt.
For an arbitrary > 0 we have

z.,Z
1 QY Lijr 1 M2+ jr (Mj2 dxds+
(3.12) z .z
C . QRTEMPH(M)] fPSdds  Ho* CJF n():
Next,
L 212
(3.13) l, = — r QF u™ Ydxds= 0
2p
For |3 we have
z,Z
(3.14) l3 g+ C QP jv(™ Dj2dxds 1o+ C 1920
0
where
Z.Z , (P D=p
19= Qn(x; s;t)P P Ddxds :
0
)(2 Z 1Z l:p
| 0= jvj(n Y(x; ts; t)j2Pdxds
= 0
We write | as follows
3= kQRPKE (o 0= 01 R =2pp 1; 2 6;

and usein ¢ the Gagliardo{Niren berg inequality

3= 1=2 3=2 3=
kAkL ( o) CkAkLg( 0) kr x:s AkLz( 0) + CkAkLZ( 0)
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for A = A(x;s) = ﬁzz(x; s;t). We have

I ZX:'5 ékﬁz( 0) = kr XS Qﬁzzkfz( 0) T
1

p2 Qﬁ 2 (! Myp M4 M)y (n))2+
0

2 M prmop o ()2 gyds
Cp*(+] j*t)lo:

Hence,
K AT = s QRPKEE ) C(L | )01 07
Next, kQRKZ, = nl(),
kAkfzz( 01):2= kQﬁ:Zk(Lzzp( i))=2p = L (D)@P 3=
and hence
(3.15) 19 CL+] PRFPIFP (1)@P I 4 C L (1):

We now consider 9 Since vj(n Y(x; 0;t) = 0 (the solution restricted to y = 0 is
real-valued), we have (using the Cauchy{Riemann equationsfor v;)

X 21
jvj(n V(x; ts; t)j = kts @kvj(n Yix ts ;tyd =
k=1 0
Z,
Kts @uj(” Yix: ts ;t)d
k=1 0
Then
)@0212 @ Z, 2 L1
1 90= @ Kts @uj(n Yix:ts :t)d  dxdsA
j=1 0 k=1 0
2,227, 2 1=p
Cj j°t? ru™ Yx; ts ;t)  s?Pd dxds =
0 0
Cj j?t? s?®’ds d ru™ Vx; ts ;t)  dx :
0 0
Sinceu=r ? 1, we have (see[22], [44])
Z 1:2p
jr u(x)j®Pdx =kr 7 Mk, k M kwz,  CPK! kiy, :
Therefore
1% cp?j jt? 1 D(x; ts ;t)  dxs?Pdsd
0 0
Z 1Z l:p

cp’j j*t . Qh ydxds Cp’j it n 1Y



122 ALEXElI A. ILYIN AND EDRISS S. TITI

wherewehaveused , , h(s )s?*dsd  (2p) ! , h(s)ds. Combining this with (3.14)
and (3.15) we obtain

ls %o+ Cop? P21+ 22321572 (()@P 3720 (1)1 P+
CP?j ’t? n ()P (1)

lo+ C p2(j jt)*=@P 31+ j j22)%C@e 3 (1)2CP 3 (t)+
Cpij it n 1) L (b):

(3.16)

Finally, we estimate 1 4:
Z,Z
Iy QL (tM?2+ M)+ (F2+ GA=(4 ) dxds
(3.17) 0 Z.,2

lo+ C (ME= QP ldxds lo+ C (MZ=) ()P D=P;
0

where M is de ned in (3.6), with the nal estimate relying on  being [0; 1].
Taking > Osu cien tly small weinfer from (3.11), (3.12), (3.13), (3.16), (3.17)

@ () Cpj 2 o(t)+ Cp¥ jP=@p Ip4p=@p 3 (1)2=@p 3) (1)
Cpdj j@P*® =@p 3¢(Ap+e)=@p 3)  (1)25@P 3) | (t)+
CP¥ 2% 0 ()P o(1) + Cp ()P VPME=;

where
Z

n(0) = (Mo(x)*+ ")Pdx:

Weset' ,(t) = ,(t)72P and obtain the di erential inequality for ' :
@ n(t) Cj j* n(t)+ Cp%j j#7EP WP 9y ())®7CP 9 (t)+
Cp?j j“P*0) =@p 3)1(Ap*6) =2p 3+ = ()4P=CP 3 (t)+
CP % 0 i) n(®) + C' n(t) *ME=:
We now usethe Gronwall-type Lemma 3.3 from [33] below and seethat ' (t)
2' (0) on the time interval speci ed in (3.18), (3.19), and letting " ! 0 we obtain
Z.,Z

p
F(x; ts; )2+ (V(x; ts; 1)2  dxds  22°MZP;
0

fort 0,j jt r and

(3.18) t min(Ayg; Az;Asz; Ag As);
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where
1
A= -5,
TG
Ao = ! ;
2 = — )
Cpiép 6)=(6p 3)j j4p=(6p 3)M;§—(6p 3)
Az = ! ;
(3.19) 3 Cpp 6)=(6p+3) j j(4p+6) =(6p+3) M;§=(6p+3) '
1
Aa= 2=3i i2=3 23"
Cp==3j j*=My,
_ M
As = T
F
We now set
M3
3.20 to = P
( ) 0 CME:

Then the condition
t  min(A1;Az; Az Ag)
can be written in terms of y = t asfollows
(3.22) !
t1=2 1 1 1

jyj min  —; — ; — s s
o C " Cptr 3=My," Cpt2p 3)=(4p+6) Mzzg-<2p+3) pti=2M 5,

Now for to de ned in (3.20) and
(3.22) |
t1=2 1 1 1

t) = min —; - ; — v ;
(1) C Cpt(Zp 3)—4D|\/|2p Cpt(zp 3):(4p+5)M22£)-(2p+3) ptl‘Zsz F

we havefor 0< t tg and jyj ®
Z,Z
LM (x;sy; )2+ (MW(x sy;t)? dxds  22°MZP
0
for all integern 1. Therefore for any y 2 R? with jyj = 1 this givesthat
zZ yZ
LW (x;syit)2+ (MW(x sy;1)? dxds 2% ()M P
0
. R o ... R _
and since , f(sy)ds B, jyj= 1limplies ivi f(y)dy 2 B, we obtain
z z
LGy )2+ M (xy;t)? dxds 2 2% (1)2M 2P
iyi (M)
This estimate is uniform in n and as in [23], [33] we obtain the existenceof an
analytic solution of (3.4) with analyticity radius satisfying (3.22). The proof is
complete.
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Lemma 3.3. (See[33].) Let y,(t) 2 C[0;T] be a seguen@ of non-negative
functions satisfyingyo(t) ™M for0 t T,andy,(0) M forn 1. Supmse
that on theinterval 0 t T

X
@yn (1) Kijt Tyn(t) Tyn 2(t) 7
j=1
wheeK; >0, ;> 1, ;2R,and ; Oaregivenconstants. Theny,(t) 2M
for all n= 0;1;2;::: providad that
0 1 L b
0 t min@T; min ! A

where * = max( ;0).
We can now state the main result of this section.

Theorem 3.1 The solutions on the 2D space-periodic damped-driven Navier{
Stokessystem(1:6) lying on the glotal attactor A are analytic with space analyticity
radius |, satisfying the lower bound

j j?
CD=2(1 + logD)1=2"
Pr oof. We rst obsene that (3.23) is equivalent to the estimate

1
CD¥=2(1 + logD)1=2
for the equation written in dimensionlessform.
Next, by Young's inequality
pt(2p 3):4pM CpM 4p=(4p 3)t1:2+t 1:2;

_ krotfkyj j.

(3.23) la where D

(3.24) la

pt@p 3=(4p+6) 1 20=2P+3) M 12 4 ¢ 172
Hence,the estimate (3.22) can be written as follows

(3.25) () min v 1

—_— - » F

C Cptl=2 M;S (p 3) Mop
The solutions lying on the attractor are boundedin L op:

k! (t)ksz Mgp; Mgp CM;q :
Setting
p=C(1+logM; )
we seethat
p MR 9 My, C(1+ logM1 )M,

p=C(1l+log M1 )
and therefore
172 1

t H - .
©  min = ST+ ogM1 M, T2

F
At the momert of time 1

b= CatlogM: M,
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which for su cien tly large M1 (the caseof our interest) is smaller than to de ned
in (3.20) (the details are given below) we have

1
(t) = =
CMi™“(1+ logM, )12
SinceM; D (see(3.5)), it follows that
1

t :
©) CD™2(1 + logD)1=2
By the invariance property of the attractor we seethat on the attractor the above
estimate holds for all t , which proves(3.24).
To complete the proof it remainsto show that
1 D?
Ca+loaDD ¢ YT emz=v
C(1+ logD)D CMEg=0
wherein the expressionfor ty we reverted to the prime notation for the dimension-
lessdamping coe cient © and the forcing F% We relate the forcing term and its
analytic extensionby the equality
Meo= Kkrotf %; ; K = K(F; ¢):

Recalling that f°= (L3= 2)f, 9= (L2=) , and x°= (1=L)x we seethat

(3.26)

b= ererz’

Hence, (3.26) goesover to the condition
2 2

krotfkg ’
which is obviously satis ed for all sucien tly small > 0. The proof is complete.

C(1+ logD)

4. Concluding remarks

We considerthe 2D space-geriodic damped-driven Navier{Stok essystem, that
is, the Stommel{Charney barotropic model of ocean circulation without rotation.
We have shawn that the solutions lying on the attractor of this systemwith analytic
forcing have spaceanalyticit y radius which up to a logarithmic term coincideswith
the small scaleestimatesboth in terms of the sharp boundsfor the fractal dimension
of the global attractor, and in terms of the spatial lattice of determining nodes.
The derivation of this lower bound for the analyticity radius essetially usesthe
techniques developed in [33].
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