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Abstra ct. We consider the time-dep endent non linear Schrodinger equations
with a double well potential. We prove, in the semiclassical limit, that the
nite dimensional eigenspace asscciated to the lowest two eigervalues of the
linear operator is almost invariant for any time.
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1. Intro duction

Here we considerthe time-dependert nonlinear Schredinger equation (hereafter
NLS)

i~t=Hy t+ W 2R _t= @"'.
1 ! 0 ; : 2
() ‘(Nitzo = °(¥) 2 LARY; k k2 = 1
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where

2 X @
(2) Ho= z— +V = —;d=1;2:::; 2m=
is the linear Hamiltonian operator with symmetric double-well potential V (x), and
where
(3) W=wW( j?)=j j?

is a nonlinear perturbation, here is a positive real number suc that

if d> 2:

(4) 0< <1 if d=1;2 and 0< <d2

Werecall that a double well potential is a positive potential symmetric with re-
spectto the re ection through a hyperplane,and having two nondegeneratedistinct
absolute minima. When the nonlinear term is absen, the linear Hamiltonian Hg
hasthe two eigenfunctionscorresponding to the two lowest eigenvalueswhich have
either even or odd-parity. Given an initial datum which is a linear combination
of such lowest eigenfunctions, then the corresponding solution performs a beating
motion, namely the probability density oscillates periodically from a state almost
concertrated on one minimum to a state almost concerrated on the other one.
The beating period usually plays the role of unit of time. When the nonlinear term
is restored, a symmetry breaking phenomenonoccurs: that is, if the strength  of
the nonlinear term is larger than a threshold value then new asymmetric stationary
states appears[1], [4], [12]. Furthermore, for higher strength of the nonlinear
term, the beating motion is generically forbidden [5], [7], [9]. Theseresults can be
heuristically obtained by reducing the NLS equation to a 2{dimensional dynami-
cal system, namely the restriction of (1) to the spacegeneratedby the lowest two
eigervectors. Mathematically the dicult y consistsin proving that the dynamics
of the complete NLS is closeto the dynamics of the 2{dimensional reducedsystem.
In [8], making use of semiclassicalestimatesand re ned existenceresults for NLS
this stability result has been obtained for times of the order of the beating period
in dimensionsd = 1;2andany 2 R*.

In the present paper we concerirate on the caseof local nonlinearity (3) in
any dimensiond and for  satisfying (4), in this framework we extend the previous
result by [8] proving that, in the semiclassicalimit, the 2-dimensionaleigenspaces
almost invariant for any time (Theorem 1). However, due to the possiblepresence
of positive Lyapunof exponerts, our result does not allow to show that the 2-
dimensional system describesthe dynamics over time scaleslarger than 1.

Our result is obtained here making useof variational methods and by intro duc-
ing the scaleof Hilb ert spacesXs = D(HS:Z), s 0, constituted by the domains of
the powers of Hp, endowed by the graph norm; in fact, we make use of the energy
spaceX;.

We closethis section by intro ducing somenotations:

- The notation y = O(e =) meansthat there exist ~> > 0 and a positive
constart C > 0, independert of ~, suc that

jyi Ce T 8-2(0;~")
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- The notation y = O(e ~) meansthat for any © 0< 9< | then

y = O(e 0=~); that is, there exist ~* > 0 and a positive constart C =

C o> 0, independert of ~, such that
jyi Ce = 8-2(0;-):

- Asusual, k k_» usually denotesthe norm of the spacel P(RY); k ks denotes
the norm of the Hilbert spacesXs, in such a notation Xo = L2(RY) and
k ko= k k2.

- As usual, R denotesthe setof real numbers, R* denotesthe set of positive
real numbers, N denotesthe set of positive integer nurpbers, C denotes
Bny positive constart independert of ~andt, and hxi = = 1+ jxj2, jxj® =

J-dzl x?, wherex = (X1;:::;Xq) 2 RY.

2. The model: preliminary assumptions and main result

2.1. Double well potentials.

Hypothesis 1. The double-wel potential V (x) 2 C* (RY) is a symmetric real
value function suchthat:

i. V(x) admits two minima at x = X , X 6 X4, suchthat
V(X) > Vimin = V(X ); 8x2R% x6 x ;
for the sakeof de nitess let us assume
Viin = 1.
ii. There existsO< m 2 suchthat, for largejxj one has
Ci™ V() C mxim

for someconstant 0< C < 1,
ji. For any multi-index 2 N there exists a positive constant C  such that

@!@> @‘'V(x) Cmmi I

Remark 1. For the sakeof de niteness, we assumethat the symmetric poten-
tial is suchthat

Furthermore, for the sakeof simplicity we assumealso that
rv(x )=0 and HessV(x )> 0;

the case of degeneate minima, that is deffHess/(x )] = 0, could be treated in a
similar way; however,we dorit develophere the details.

Remark 2. As an exampleone can consider the following double-wel potential
xd
V(x)= 1+ 122+ Vi(x)
j=1

wher V; 2 LT (RY) is a symmetric function
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2.2. Well-p osedness of the Cauchy problem. Under Hyp. 1 the Cauchy
problem (1){(3) is locally well posed.
In fact, in the quadratic (i.e. m = 2) and sub-quadratic (i.e. m < 2) casesif
02 H?is sud that

V(X)j °(x)j?d%% < 1
Rd

then (see[11] and x9.2in [3]) the Cauchy problem admits a unique bounded local
solution '2 H?! such thatZ

V(X)j '(x)j?d%% < 1
Rd
forany t 2 [0; ), for some > 0.
Moreover, ! satis es the following consenation norm
5) N(D=N(C;

where
Z

N( )=k k= i °()j2d%
Rd

N

and

E(D=E(?
where the enemgy functional is de ned as
(6) E()=B()+ P();
where

. 1 .
Bo( ) =h iHo i2 and P( )= 7k Lk2,:

Furthermore, the solution ' continuously depends on t and on the initial
condition ©°.

Remark 3. Notice that when > 0 then the conservation of the enemgy implies
that kr k C for any time, hene the solution is glotal, i.e. = +1. For
< 0, in the sub-critical cased < 2 then the conservation of the enemy still give
the sameestimate on kr  k and the glokal existen@ of the solution. In fact, for
< 0 small enough, by enemgy conservation and bootstrap arguments (see [8]) any
solution is glokal in the critical d = 2 and super-critical d > 2 casestoo.

Remark 4. In fact, it could be also possibleto consider the case of super-
guadmatic potentials whee m > 2. Indeed, in such a case the Cauchy problem
admits an unique solution ! for any t 2 [0; ) when © 2 Xs (see Theorem 1.5 in
[10]), where continously degendson k %ks. However, it is not clear whetherthe
conservation and the continuity of the energy hold; thus, we dorit dwel here of the
case of super-quadratic potentials.

Remark 5. The choice m > 0 wasdoneonly in order to simplify the notations.
Indeed our result holds also in the case m = 0, but, due to the appearence of
continuous spectrum, in order to deal explicitely with such a caseall the notations
should be maodifyed.
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2.3. Linear beats. The operator Hy formally de ned by (2) admits a self-
adjoint realization (still denoted by Hgo) on L%(RY) (Theorem 111.1.1 in [2]) with
purely discrete spectrum (Ho) = ¢(Ho), where 4(Ho) denotesthe discrete spec-
trum. Let , k2 N, bethe eigernvaluesof Hg

1< 2< 3 4 Il k
with assaiated normalized (in L?) eigernvectors' (x). In particular, the lowest

two eigervaluesof Hg are non-degenerateand there exists 0< C < 1, independert
of ~, suc that

1+ C~< 31,<1+C !~ and inf [ 12] C~
2 (Ho)f 1, 29

and

(7) 2 C ~ 8 2 (Ho) f 1, 20:

It is well known that the splitting betweenthe two lowest eigervalues
1

8 I ==

(8) 2( 2 1)

vanishesas ~ goesto zero. In %rderto give a preciseestimate of the splitting ! let
. P
= inf V(X) Vmndx>0

be the Agmon distance betweenthe two wells; where is any path connectingthe
two wells, that is 2 AC([0;1];RY) such that (0) = x and (1) = x+. From
standard WKB argumerts (see [6]) it follows that the splitting is exmnentially
small, precisely that

9 I =0(e 7):

The normalized eigervectors' 1., assa@iated to 1., can be chosento be real-
valued functions such that ' ; and ' , are respectively of even and odd-parity:

such that

They are localized on one well in the sensethat for any r > 0 there existsC; > 0
such that 7

' R(0j?dx =1+ 0O(e ™)
Dr(x+)

and 7

' L()jPdx=1+0(e “7)
Dr(x )

where D, (x ) is the ball with certer x and radius r. For such a reasonwe call
them single-wel (normalized) states. In particular

k' R' |_|(|_1 = O(e :~)
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Let
=H1;i|_z'1+|’12;i|_2'2 and c=1

be the projection operator onto the eigenspaceorthogonal to the bi-dimensional
spaceassaiated to the doublet f 1.,9. We will study the dynamics of equation (1)
with initial data almost exactly concerirated on ¢ :=Span(’ 1;" 2).

Remark 6. If onetakesinitial data %in o, i.e. of the form

0 — —

. v .o 1.+t 2, 1. 2
= 11t 22= rRRtT L L:i R=—P

I“E ’ - l“'z

then the linear Schredinger equation

i~t=Ho
t(X)jt:o = O(X) 2 LZ(Rd); c 0= 0;

has an explicit solution given by
‘y=e' TT[(r'r+ L' L)coI =)+ i (L R+ R L)SINC =)

where

_ 1t 2., _ 2 1
(10) = > = 5
That is '(x) performs a beating motion with beating period
T = 2

!
Sucha period usually plays the role of unit of time.

2.4. The nonlinear system. To introducethe analytic framework in which
we will work we rst give the following

Definition 1. For any integer numbker s 0 wede ne the Hilbert space X5 :=
D(H$™) equipped with the norm

k K2:= kHg™ K2, HHS ; i,

Remark 7. Herewewill usethe energy space X1. In particular, the Gagliardo-
Niremkerg inequality yields the following

C -
k kpz e —k( ~*) ™ Kk, k ki.°®
where k k 2=1lande = d=2 + 2). Hence, we can conclude that
K kpz « %k kS

since

N
N
|

=0
l
N

i h;Ho i=k ki
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3. Main Results

Let ! bethe splitting (8) (which satis es the asymptotic estimate (9)), and let
be the strength of the non-linear term. The norm k' 1;‘;1 kfz of the unperturb ed

eigervectors’ 1., is of order ~ 9 =2 [8].

Hypothesis 2. We assumethat the non linear pertutbation is of the order of
the splitting; that is we assumethat the real-valued parameter dependson ~ in
sucha way
jj- a2

(11) C; 8~2(0;~9)

!
for some positive constant C, independent of ~, and for some~?.

Remark 8. The ratio
d =2

plays the role of e ective nonlinearity parameter. The above assumption implies
thatj j C.

The main result of this sectionis the following

Theorem 1. Assume Hypothesesl1,2, and consider the Cauchy problem (1){
(3). Then there exist positive constants0< C < 1 and suchthat, if ~is small
enoughand the initial datum © full Is

(12) k ¢ %k Cjj*¥;
then one has

j i
(13) k o 'k e 8t2 R:
Hencethe 2-dimensional space ¢ := L2(RY) is almost invariant. Thus

one expects that corresponding to initial data satisfying (12) the dynamics is well
described by the restriction of the equations of motion to . Actually such a re-
stricted dynamical systemcoincides,up to (formal) order 2, with the 2-dimensional
dynamical systems

= la+ o+ Cjerj? cr
= a !,+ Cijaj?a

(14) o
where

C =k gk, =k L K2,'% = O(~ ¢ 7%;
which hasthe integral of motion
I (cric) = (jcri®+joLj’) ! (oL +ccr)+C 1 jerj2 Y+ o jA
Moreover, such an Hamiltonian systemhasan independert integral of motion (the

guadratic part of the Hamiltonian), and thus it is integrable. The 2{dimensional
system was studied in detail in [5] obtaining that when the nonlinearity parame-

ter = d, is large enough almost all its solution do not possesthe beating
property, i.e. the probability density remains concerirated in one well.

Concerning the relation betweenthe solution of the two dimensional system
and the solution of the complete system we have the following
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Corollar y 1. Let'2(t)= Cr' r+ CL' L, wher Cg and C_ are the solution

of the 2{dimensional system (14) with initial datum ' 2(0) with of norm 1, i.e.

jcrj?+jcLj? = 1. Denote' (t):=  (t), where (t) is the solution of the complete

system (1) with the sameinitial datum. Then there exist a positive C and a positive
suchthat the following estimate holds:

3=2
k2t ' (Dkee C—ijtj:

4. Pro of of the main results

Let

X
Y(x) = k(1) k(x);

k=1

and de ne the Hilbert spaces'Z of the complex sequences = f ,g,,, sud that

X
k k2 := Sijl< 1
k1

and remark that in such a way we have de ned the correspondence
2Xs$ =U( )22

which is a unitary isomorphism.
In terms of thesevariablesthe norm and quadratic part Ey of the Hamiltonian

are given by
X .. X .2
N = jki?=k ki and E = ki ki© =k ki
K 1 K 1

Remark 9. In order to simplify the notations, we rescale time by the
transformation t 7! t=~.  With such a notation the beating period is now given

by

T=2
!

4.1. Variational results. We recall that we work here in the energy space
X1. Thus,in this section, norms and distanceswill always be in this space.

To exploit the fact that both E and N are consened along the ow we have
to introduce a few geometrical lemmas.

Denote
Ho( )= (jaj“+j29)+ ki ki©= Kl ki
k 3 k 1
and
P()=1G2" 1)+ P();
where 1= .=, = fork 3and and! aredened in (10), sothat
E=Hg+P.

In this sectionwe will almost always usereal coordinates p;; ¢ de ned by
+ ipj
| = g p§ L.
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so all the functions will be consideredas functions of , (p;q), or j according to
cornvenience.
De ne the (smooth) surface

S=f 2X; :N()=1g;
and considerthe function hg := Hyg s
Lemma 1. The manifold
N:=S\ L?%RY =

2_ P+ R+ P+ G
2

is an absoluteminimum of hy. Furthermore, for any point 2 N decompose the
tangentsppee T S as

= 2X1 1 = 11+ 22 Jat+ia =1

TS=TN (T N)?:
Then, the second di er ential d? hg of hy at a point 2 N is suchthat
(15) d?ho(X;X) C~kXk?; 8X 2 (T N)?
Remark 10. Since the function hg is smaoth one also has
(16) d?ho(X;X) CkXk?; 8X 2 (T N)?
with a suitable C.

Pr oof. It is a trivial application of the method of the Lagrange multipliers.
ConsiderHgo + N; the critical points of hg are obtained by nding the zeros(on
S) of the equations

@Ho+ N) _ 1

17 = _ L4 " ,

(17) @ Gt m

where ; = forj=12and j = ; forj 3, and of the analogousequation for
g . Thusa solution of (17) is givenby = and 2 N. It followsthat N is

constituted by critical points of hg. It follows that the seconddi erential of hg at
such points is well de ned. Moreover, we recall that, given a vector

X

Y = (Q +iP)) ;2T S;

i1

one has
d?ho(Y;Y)
X @(Ho+ N) @(Ho+ N)
@; @,

@(Ho+ N)

tARQ @, @

+QQ

where = is the Lagrange multiplier determined from the criticalit y condition.
By the condition Y 2 (T N)? onehasP; = Q; = Oforj = 1;2 and thus one has

X
d?ho(Y;Y) C~ P>+ Qf = C~kYki; 8Y 2 (T N)?
i 3
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since(7), and therefore the claim on the seconddi erential follows. In particular
N is a minimum of hg. In a similar way one can show that all the other critical
points of hy are saddle points.

Remark 11. By de nition it follows that
hOjN
Lemma 2. There exists a positive C suchthat, provided

(18) ho( ) < é~ . for some > 3;

then one has
(19) gl INT? ho()  CId( N)

Pr oof. This is a standard result in dierential geometry; we give here its
simple proof for the sake of completeness. Actually it is basedon the use of
the exponertial coordinates (see appendix A for their construction), which are
coordinates

L (mw) 2N (TrgN)?

in which the intersection of N with the domain of de nition of the coordinates
coincideswith w = 0; moreover for any = (n; w) one has

d( ;N):=d((n;w);N) = kwky :

wherethe distanceis asusual de ned asthe length of the shortest geadesicfrom
to N. Using thesecoordinates, considerthe Taylor expansionin w, at a point of
N, of the function

(20) ho(n;w)  ho(n; 0) = df, o ho(w; w) + O (kwks) ;

where ho(n;w) = hg( ) and hg(n; 0) hojy . From this fact and from
(15) and (18) then the left hand side inequality (19) follows. The right hand side
inequality of (19) follow from (16) and (20).

Corollar y 2. Let 2 Ssuchthatk . k= = O(~ 72) for some > 3,
then

(21) c~z d( ;N) C~ 2
for someC > 0.

Pr oof. Indeed, since
ho( )

o K Lo

Jam+ )2 + k] k]
K 3

ja?+i2d® k¢ K

= k ¢ K+k o K

then
ho( ) =kck§ kckgkckizzz

From this fact and from Lemma 2 the right hand side inequality (21) follows.

Similarly
_X _ . ~X 2 - 2
ho( ) = Ci )il C ilil C~k ¢ ki
i 3 i 3
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from which the left hand side inequality (21) follows.

Pro of of theorem 1. First remarkthat °2 Sandk . °k; = = O( 12
implies (seeCorollary 2) d( %;N) < C~ %2 = O( ¥*?). Then, remark that from
(11) then

E( °)

k ok + X o HKE;
= k oki+O(¥)= +0(')

and that, by consenation of energy and Remark 7 onehask (t)ky 2 for all
times. From this fact and from Remark 7 one also has the following a priori
estimate

PO C—

for some ; thus, using (19) one hasthe chain of inequalities
C
[dC @:N)1* Zlho( (1)) 1]

ho( °) + ECM®) E(CH+ P(D P(®)
C
ho( °) + P(% P 1
From this fact and from (21) then the claim follows.
Finally, Corollary 1 immediately follows by comparingthe two-level approxima-
tion (14) with (1) and by meansof estimate (13) and standard Gronwall's Lemma
argumerts (seee.g. [8]).

@]

C

App endix A. Construction of exponential coordinates

Let M and N be Riemannian manifolds modeled on Hilb ert spacesH and K,
with norms k ky and k kg ; denote by g the metric of M; leti : N ! M bea
smooth isometric embedding. In the following, for the sake of simplicity, we will
identify N and with i(N), and similarly for related objects and spaces(as TN).

Lemma 3. Let xo be a point of N and let W = (T(XO)N)? , then there exists a
coordinate systemof M de ned in a neightorhood U M of xo with the following
properties:

. U3x7(n;w)2 N  W;
ii. let d(x; N) be the distance usualy de ned as the length of the shortest
geodesicfrom x 2 N to N; then d((n; w); N) = kwkg .

Pr oof. We proceedin somesteps. To start with we choose a coordinate
system (n; wy) with origin Xo 2 N sud that, if (n;wi) 2V, N W, whereV; is
a neighborhood of xgp; then the intersection of N with the domain of de nition of
the coordinate system coincideswith the set(n; 0). Let

Vi N W TN 7
be the orthogonal projector with respect to the scalar product g(,.q). De ne the
map

Vi3 (nywy) 7V (N, awyp) 2 Vi
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If V; is small enough, then such a map is an isomorphism on its image, since its
di erential at the origin is invertible. Thus it de nes a new coordinate system.
Let (n; 0) 2 Vi, then in these coordinates one has

TN = f(X1;X2) 2N W : X, = 0g
(TgN)? = f(X1;X2)2N W @ X1=0g

We usesuch a coordinate systemin order to de ne the neededcoordinate system.
Take (n;w) 2 N W small enough, and consider the geadesic (,.w)(S) starting
from (n; 0) with initial velocity w. Considerthe (exponertial) map

(myw) 7! (n;w)(l) ;

by implicit function theoremit is locally invertible (its di erential at the origin is
the identit y), and thus any point x of a neighborhood U of xo can be represerted
uniquely by the points (n; w) sud that (,.,v)(1) = Xo. Remark that moreover one
has

Zig
(22) ()= . g(_(s); _(s))ds = kwkk

since _(0) = kwkyx and g(_(s); _(s)) is independert of s along geadesiclines.

In the coordinate systemjust introduced, let x = (n; w) then its distance from
N is the length of the shortest geadesicjoining x to N. In turn such a geadesicis
perpendicular to N. Thus (n; 0) is the point where it starts and w is the tangent
vector at such a point. Then property ii. follows from (22).
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