
Dynamics of PDE, Vol.4, No.3, 227-245, 2007

Homothetic Varian t of Fractional Sobolev Space with
Application to Navier-Stok es System

Jie Xiao

Communic ated by Y. Charles Li, received October 28, 2006.

Abstra ct. It is proved that for � 2 (0; 1), Q � (Rn ), not only as an interme-
diate space of W 1;n (Rn ) and B M O(Rn ) but also as a homothetic variant of

Sobolev space _L 2
� (Rn ) which is sharply imbedded in L

2n
n � 2 � (Rn ), is isomor-

phic to a quadratic Morrey spaceunder fractional di�eren tiation. At the same
time, the dot product r� (Q � (Rn )) n is applied to derive the well-p osednessof
the scaling invariant mild solutions of the incompressible Navier-Stok essystem
in R1+ n

+ = (0; 1 ) � Rn .
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1. In tro duction and Summary

We begin by the squareform of John-Nirenberg's BMO space(cf. [13]) which
plays an important role in harmonic analysis and applications to partial di�eren-
tial equations. For a locally integrable complex-valued function f de�ned on the
Euclidean spaceRn , n � 2, with respect to the Lebesguemeasuredx, we say that
f is of BMO class,denoted f 2 B M O = B M O(Rn ), provided

kf kB M O =
�

sup
I

�
`(I )

� � n
Z

I

�
� f (x) � f I

�
�2

dx
� 1

2

< 1 :
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Here and elsewheresupI meansthat the supremum rangesover all cubes I � Rn

with edgesparallel to the coordinate axes; `(I ) is the sidelength of I ; and f I =
�
`(I )

� � n R
I f (x)dx stands for the mean value of f over I .

On the basis of the semi-norm k � kB M O , a large scaleof function spaceshas
beenintro duced in [11], as de�ned below.

Definition 1.1. For � 2 (�1 ; 1 ), let Q� be the spaceof all measurable
complex-valued functions f on Rn obeying

kf kQ � = sup
I

�
�
`(I )

� 2� � n
Z

I

Z

I

jf (x) � f (y)j2

jx � yjn +2 � dxdy
� 1

2

< 1 :

This Q� is a natural extension of B M O according to the following result
(proved in [11] and [30]):

Q� =

8
><

>:

B M O; � 2 (�1 ; 0);
New spacebetweenW 1;n and B M O; � 2 [0; 1);

C; � 2 [1; 1 ):

Here W 1;n = W 1;n (Rn ) is the homothetic energy spaceof all C1 complex-valued
functions f on Rn with

kf kW 1;n =
� Z

Rn
jr f (x)jn dx

� 1
n

< 1 :

More importantly , Q� , � 2 (0; 1), can be regardedas the homothetically invariant
counterpart of the homogeneousSobolev space _L 2

� = _L 2
� (Rn ) which consistsof all

complex-valued functions f on Rn with the � -energy

kf k _L 2
�

=
� Z

Rn

Z

Rn

jf (x) � f (y)j2

jx � yjn +2 � dxdy
� 1

2

< 1 :

The reasonfor saying this is at least that k � kQ � and k � k _L 2
�

enjoy the following
property:

kf � � kQ � = kf kQ � and kf � � k _L 2
�

= � � � n
2 kf k _L 2

�

for any homothetic map x 7! � (x) = �x + x0; � > 0; x0 2 Rn .
In the six year period since the paper [11] appeared, it has been found that

Q� is a useful and interesting concept; seealso [1], [2], [24], [8], [9], [16], [23],
[7] and [10]. This means that the study of this new space has not yet ended
up { in fact, there are many unexplored problems related to Q� . In this paper,
although not attacking one of those open problems in Section 8 in [11], we go well
beyond the previous results by studying the relation between this spaceand the
quadratic Morrey space,but also giving an application of the induced facts to the
incompressibleNavier-Stokessystem.

To deal with the former, it is necessaryto consider the following variant of [8,
Theorem 3.3] that expandsFe�erman-Stein's basic result for B M O in [12]: Given
a C1 real-valued function  on Rn with

 2 L 1; j (x)j . (1 + jxj) � (n +1) ;
Z

Rn
 (x)dx = 0 and  t (x) = t � n  (

x
t

):
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Then for a measurablecomplex-valued function f on Rn ,

(1.1) f 2 Q� ( ) sup
x 2 Rn ;r 2 (0 ;1 )

r 2� � n
Z r

0

Z

j y � x j<r
jf �  t (y)j2t � (1+2 � ) dydt < 1 :

Hereand henceforth,L p = L p(Rn ) represents the complexLebesguespaceequipped
with p-norm k � kL p ; � stands for the convolution operating on the spacevariable;
and U . V meansthat there exists a constant c > 0 such that U � cV.

Two particular choicesof  in (1.1) yield two characterizations of Q� involving
the Poissonand heat semi-groups. As for this aspect, denote by e� t

p
� � (�; �) and

et � (�; �) are the Poissonand heat kernels respectively; that is,

e� t
p

� � (x; y) = �
� n + 1

2

�
� � n +1

2 t(jx � yj2 + t2)� n +1
2

and

et � (x; y) = (4� t) � n
2 exp

�
�

jx � yj2

4t

�
:

Of course, for � 2 R, the notation (� �)
�
2 is the � =2-th power of the Laplacian

operator

� � = �
nX

j =1

@2
j = �

nX

j =1

@2

@x2
j

determined by the partial derivatives f @j = @=@x j gn
j =1 and the Fourier transform

c(�)
\(� �)

�
2 f (x) = (2� jxj) � f̂ (x):

On the one hand, if

 0(x) =
1 + jxj2 � (n + 1)�

�
n +1

2

�
� � n +1

2

(1 + jxj2)
n +3

2

;

then
( 0)t (x) = t@t e� t

p
� � (x; 0)

and hencefor � 2 (0; 1) and a measurablecomplex-valued function f on Rn ,
(1.2)

f 2 Q� ( ) sup
x 2 Rn ;r 2 (0 ;1 )

r 2� � n
Z r

0

Z

j y � x j<r

�
�
�@t e� t

p
� � f (y)

�
�
�
2
t1� 2� dydt < 1 :

On the other hand, if

 j (x) = � (4� ) � n
2

� x j

2

�
exp

�
�

jxj2

4

�
for j = 1; :::; n;

then
( j )t (x) = t@j et 2 � (x; 0)

and so, for � 2 (0; 1) and a measurablecomplex-valued function f on Rn ,

(1.3) f 2 Q� ( ) sup
x 2 Rn ;r 2 (0 ;1 )

r 2� � n
Z r

0

Z

j y � x j<r
jr et 2 � f (y)j2t1� 2� dydt < 1 :

With the help of the above-mentioned facts, we can establish the following
result.

Theorem 1.2. Let � 2 (0; 1). Then
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(i) Q� = (� �) � �
2 L 2;n � 2� ,! B M O is proper with

sup
kf kQ � > 0

kf kB M O

kf kQ �

�

s
n

n +2 �
2

2
;

where a measurablecomplex-valued function f on Rn belongsto L 2;n � 2� if and only
if

kf kL 2;n � 2 � = sup
I

�
�
`(I )

� 2� � n
Z

I
jf (x) � f I j2dx

� 1
2

< 1 :

(ii) _L 2
� = (� �) � �

2 L 2 ,! L
2n

n � 2 � is sharp with

sup
kf k _L 2

�
> 0

kf k
L

2n
n � 2 �

kf k _L 2
�

=

 
�

�
n � 2�

2

�

�
�

n +2 �
2

�

! 1
2

 
�( n)
�

�
n
2

�

! �
n � Z

Rn

je� 2� y �(1 ;0;:::; 0) � 1j2

jyjn +2 � dy
� � 1

2

:

(iii) Q� 1
� ;1 = r � (Q� )n , where a tempered distribution f on Rn belongsto Q� 1

� ;1 if
and only if

kf kQ � 1
� ; 1

= sup
x 2 Rn ;r 2 (0 ;1 )

 

r 2� � n
Z r 2

0

Z

j y � x j<r
jet � f (y)j2t � � dydt

! 1
2

< 1 :

Note that L 2;n � 2� is the so-calledMorrey spaceof square form (cf. [3] and
[22]) and L 2;n = B M O. So Theorem 1.2 (i) keepstrue for � = 0 in the sense
of (� �) 0B M O = B M O. Quite surprisingly, this part corresponds nicely to
Strichartz's (� �) � �

2 B M O-equivalence[26, Theorem 3.3]:

f 2 (� �) � �
2 B M O ( ) sup

I

�
�
`(I )

� � n
Z

I

Z

I

jf (x) � f (y)j2

jx � yjn +2 � dxdy
� 1

2

< 1 :

The imbedding without best constant in Theorem 1.2 (ii) is well-known (see for
example[21, Theorem 1] and the related referencestherein) and very useful in the
study of the semi-linear wave equations (cf. [20]). A closelook at both (i) and (ii)
revealsthat Q� behaveslike a homothetic Sobolev space.In addition, Theorem 1.2
(iii) extends[15, Theorem 1]: B M O� 1 = r � (B M O)n that just says: f 2 B M O� 1

if and only if there are f j 2 B M O such that f =
P n

j =1 @j f j .
As with the latter, we recall that the Cauchy problem for the incompressible

Navier-Stokessystem on the half-spaceR1+ n
+ = (0; 1 ) � Rn :

(1.4)

8
><

>:

@t u � � u + (u � r )u � r p = 0; in R1+ n
+ ;

r � u = 0; in R1+ n
+ ;

ujt =0 = a; in Rn

is to establish the existenceof a solution (velocity)

u = u(t; x) =
�
u1(t; x); :::; un (t; x)

�

with a pressurep = p(t; x) of the 
uid at time t 2 [0; 1 ) and position x 2 Rn

that assumesthe given data (initial velocity) a = a(x) = (a1(x); :::; an (x)). If the
solution exists, is unique, and dependscontinuously on the initial data (with respect
to a given topology), then we say that the Cauchy problem is well-posed in that
topology.
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Of particularly signi�can t is the invariance of (1.4) under the scaling changes:
8
><

>:

u(t; x) 7! u� (t; x) = �u (� 2t; �x );
p(t; x) 7! p� (t; x) = � 2p(� 2t; �x );

a(x) 7! a� (x) = �a (�x ):

So if (u(t; x); p(t; x); a(x)) satis�es (1.4) then (u� (t; x); p� (t; x); a� (x)) is a solution
of (1.4) for any � > 0. This leadsto a consideration of the well-posednessfor (1.4)
with a Cauchy data being of the scaling invariance. Through the scaleinvariance

ka� k(L n )n =
nX

j =1

k(a� ) j kL n =
nX

j =1

k(aj )� kL n =
nX

j =1

kaj kL n = kak(L n )n ;

Kato proved in [14] that (1.4) has mild solutions locally in time if a 2 (L n )n and
globally if kak(L n )n is small enough(for somegeneralizationsof Kato's result, see
e.g. [28] and [31]). Furthermore, in [15], Koch-Tataru found, amongother results,
that (1.4) still has mild solutions locally in time if a 2 (V M O� 1)n and globally
once

nX

j =1

kaj kB M O � 1 =
nX

j =1

sup
x 2 Rn ;r 2 (0 ;1 )

 

r � n
Z r 2

0

Z

j y � x j<r
jet � aj (y)j2dydt

! 1
2

is su�cien tly small. Here and henceforward, by a mild solution u(t; x) of (1.4) we
mean that u(t; x) solvesthe integral equation

u(t; x) = et � a(x) �
Z t

0
e( t � s)� Pr � (u 
 u)ds;

where et � a(x) = (et � a1(x); :::; et � an (x)) and P is the Helmboltz-Weyl projection:

P = f Pj k gj;k =1 ;:::;n = f � j k + Rj Rk gj;k =1 ;:::;n

with � j k being the Kronecker symbol and R j = @j (� �) � 1
2 being the Riesz trans-

form.
Observethat k�kB M O � 1 and k�kQ � 1

� ; 1
arealsoinvariant under the scaletransform

a(x) 7! �a (�x ). So it is a natural thing to extend the results of Kato and Koch-
Tataru to the Q� -setting. To do this, we intro duce the following concept.

Definition 1.3. Let � 2 (0; 1) and T 2 (0; 1 ]. Then we say:
(i) A tempered distribution f on Rn belongsto the spaceQ� 1

� ;T provided

kf kQ � 1
� ;T

= sup
x 2 Rn ;r 2 (0 ;T )

 

r 2� � n
Z r 2

0

Z

j y � x j<r
jet � f (y)j2t � � dydt

! 1
2

< 1 ;

(ii) A tempered distribution f on Rn belongsto VQ� 1
� provided lim T ! 0 kf kQ � 1

� ;T
=

0;
(iii) A function g on R1+ n

+ belongsto the spaceX � ;T provided

kgkX � ;T = sup
t 2 (0 ;T )

p
tkg(t; �)kL 1

+ sup
x 2 Rn ;r 2 2 (0 ;T )

 

r 2� � n
Z r 2

0

Z

j y � x j<r
jg(t; y)j2t � � dydt

! 1
2

< 1 :
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In particular, we write

Q� 1
0;T = B M O� 1

T ; V Q� 1
0 = V M O� 1 and X 0;T = X T :

Two immediate comments are given below: If

f � (x) = �f (�x ) and g� (t; x) = �g (� 2t; �x ) for �; t > 0 and x 2 Rn ;

then
kf � kQ � 1

� ; 1
= kf kQ � 1

� ; 1
and kg� kX � ; 1 = kgkX � ; 1 ;

that is, k � kQ � 1
� ; 1

and k � kX � ; 1 are scaling invariant. Second,we have

L n � Q� 1
� ;1 � B M O� 1

1 and X � ;1 � X 1:

To seethis, note that kf kB M O � 1 = kf kQ � 1
0; 1

� kf kQ � 1
� ; 1

: Additionally , recall that

f 2 _B
� 1+ n

p
p;1 ; p > n if and only if ket � f kL p . t

n � p
2p for t 2 (0; 1]; seealso [4]. Using

H•older's inequality, we obtain that if f 2 _B
� 1+ n

p
p;1 ; p > n and r 2 (0; 1), then

Z r 2

0

Z

j y � x j<r
jet � f (y)j2t � � dydt . r n (p� 2)

Z r 2

0
ket � f k2

L p t � � dt . r n � 2�

and hencef 2 Q� 1
� ;1 . This, together with the well-known inclusion (seee.g. [15]):

L n � _B
� 1+ n

p
p;1 ; p > n, yields the desired inclusion.

Below is our result on the well-posednessfor the incompressibleNavier-Stokes
system.

Theorem 1.4. Let � 2 (0; 1). Then
(i) The Navier-Stokes system (1.4) has a unique small global mild solution in
(X � ;1 )n for all initial data a with r � a = 0 and kak(Q � 1

� ; 1 )n being small.
(ii) For any T 2 (0; 1 ) there is an � > 0 such that the Navier-Stokessystem(1.4)
has a unique small mild solution in (X � ;T )n on (0; T) � Rn when the initial data

a satis�es r � a = 0 and kak(Q � 1
� ;T )n � � . In particular for all a 2

�
V Q� 1

�
� n

with

r � a = 0 there exists a unique small local mild solution in (X � ;T )n on (0; T) � Rn .

In the caseof � = 0, Theorem 1.4 goesback to Theorems2-3 of Koch-Tataru
in [15]. However, it is perhaps worth pointing out that their Theorems 2-3 do
not deduceour Theorem 1.4 even though (Q� 1

� ;T )n and
�
V Q� 1

�
� n

are subspacesof

(B M O� 1
T )n and

�
V M O� 1

� n
respectively, since the (X � ;T )n is contained properly

in (X T )n when 0 < � < 1.
In the forthcoming two sections, we provide the proofs of the above-stated

theorems. The argument of Theorem 1.2 (i) follows from a chain of integral es-
timates for singular integral operators (see e.g. [5] and [6]) with being partially
inspired by Wu-Xie's work [29], while in the demonstration of Theorem 1.2 (ii)
we formulate the integral involved in the Sobolev spaceas weighted integral of
the Fourier transform of the given function and take Lieb's sharp estimate for the
Hardy-Littlew ood-Sobolev inequality into account. The justi�cation of Theorem
1.2 (iii) is an extension of Koch-Tataru's argument for the B M O-setting in [15].
In showing Theorem 1.4 (i)-(ii), we improve Lemari�e-Rieusset'streatment (cf. [17,
Chapter 16]) of Koch-Tataru's proof of settling the case� = 0 (seeagain [15, The-
orems2 and 3]) in order to handle any value � 2 (0; 1). More precisely, our proof
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rests on two technical lemmasof which Lemma 3.1 brings Schur's lemma into play
and so makesa di�erence.

2. Pro of of Theorem 1.2

To verify Theorem 1.2 (i), we must understand the quadratic Morrey spacein
spirit of (1.2).

Lemma 2.1. Given � 2 (0; 1). Let f be a measurable complex-valued function
on Rn . Then
(2.1)

f 2 L 2;n � 2� ( ) sup
x 2 Rn ;r 2 (0 ;1 )

r 2� � n
Z r

0

Z

j y � x j<r

�
�
�@t e� t

p
� � f (y)

�
�
�
2
tdydt < 1 :

Pr oof. Assumef 2 L 2;n � 2� . Recall

 0(x) =
1 + jxj2 � (n + 1)�( n +1

2 )� � n +1
2

(1 + jxj2)
n +3

2

and ( 0)t (x) = t@t e� t
p

� � (x; 0):

For any ball B = f y 2 Rn : jy � xj < rg in Rn , let 2B be the double ball of B and
f 2B = j2B j � 1

R
2B f be the mean value of f on 2B . Note that jE j stands for the

Lebesguemeasureof a set E . Let also

f 1 = (f � f 2B )12B ; f 2 = (f � f 2B )1Rn n2B and f 3 = f 2B ;

where 1E stands for the characteristic function of a set E . Since
R

Rn  0(x)dx = 0,
we conclude

t@t e� t
p

� � f (y) = ( 0)t � f (y) = ( 0)t � f 1(y) + ( 0)t � f 2(y):

Concerning the �rst term ( 0)t � f 1(y), we have the following estimates

Z r

0

Z

B
j( 0)t � f 1(y)j2t � 1dydt �

Z

B

Z 1

0
j( 0)t � f 1(y)j2t � 1dtdy

�
Z

Rn

� Z 1

0
j( 0)t � f 1(y)j2t � 1dt

�
dy

.
Z

2B
jf (y) � f 2B j2dy

. r n � 2� kf k2
L 2;n � 2 �

;

where we have used the L 2-boundedness:kG(f 1)kL 2 . kf 1kL 2 for the Littlew ood-
Paley G-function of f 1

G(f 1)(y) =
� Z 1

0

�
�
� t@t e� t

p
� � f 1(y)

�
�
�
2

t � 1dt
� 1

2

:

At the sametime, if (t; y) 2 (0; r ) � B and B k is the ball with center x and
radius 2k r , then we take the Cauchy-Schwarz inequality into account, and obtain
the following inequalities for ( 0)t � f 2(y):
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j( 0)t � f 2(y)j .
Z

Rn n2B

t jf (z) � f 2B j
(t + jx � zj)n +1 dz

.
Z

Rn n2B

t jf (z) � f 2B j
(r + jx � zj)n +1 dy

. t
1X

k=1

Z

B k

t jf (z) � f 2B j
(r + jx � zj)n +1 dz

. t
1X

k=1

(2k r ) � (n +1)
Z

B k

jf (z) � f 2B jdz

. tr � � n � 1kf kL 2;n � 2 � :

Consequently ,

Z r

0

Z

B
j( 0)t � f 2(y)j2t � 1dydt . r n � 2� kf k2

L 2;n � 2 �
:

The above-establishedestimatesyield that the supremum in (2.1) is �nite.
To handle the conversepart, denote by

S(I ) =
n

(t; x) 2 R1+ n
+ : t 2 (0; `(I )] and x 2 I

o
:

the Carlesonbox basedon a given cube I � Rn .
Supposethe supremum condition in (2.1) is satis�ed. Then

(2.2) sup
I

�
`(I )

� 2� � n
Z

S(I )

�
�@t e� t

p
� � f (y)

�
�2

tdydt < 1 :

In order to verify f 2 L 2;n � 2� , we consider the projection operator

�  0 F (x) =
Z

R1+ n
+

F (t; y)(  0)t (x � y)t � 1dydt;

and prove that if

kF kC� = sup
I

 
�
`(I )

� 2� � n
Z

S(I )
jF (t; y)j2t � 1dydt

! 1
2

< 1

then for any cube J � Rn ,

(2.3)
Z

J
j�  0 F (x) �

�
�  0 F

�
J j2dx .

�
`(J )

� n � 2�
kF k2

C�
:

Given a cube J � Rn and � > 0, de�ne �J as the cube concentric with J and with
sidelength `(�J ) = �` (J ). Let F1 = F jS(2J ) and F2 = F � F1: Then by a result of
Coifman-Mayer-Stein [6, p. 328-329],
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Z

J
j�  0 F1(x)j2dx �

Z

Rn
j�  0 F1(x)j2dx

.
Z

R1+ n
+

jF1(t; y)j2t � 1dydt

.
Z

S(2J )
jF (t; y)j2t � 1dydt

. kF k2
C�

�
`(J )

� n � 2�
:

On the other hand, from the de�nition of �  0 , the boundednessof  0 and the
Cauchy-Schwarz inequality it follows that

Z

J
j�  0 F2(x)j2dx

=
Z

J

�
�
�
�
�

Z

R1+ n
+

( 0)t (x � y)F2(t; y)t � 1dydt

�
�
�
�
�

2

dx

�
Z

J

 Z

R1+ n
+ nS(2J )

j( 0)t (x � y)jjF2(t; y)jt � 1dydt

! 2

dx

�
Z

J

 
1X

k=1

Z

S(2 k +1 J )nS(2 k J )
j( 0)t (x � y)jjF2(t; y)jt � 1dydt

! 2

dx

.
Z

J

 
1X

k=1

�
2k `(J )

� � 1
Z

S(2 k +1 J )nS(2 k J )
j( 0)t (x � y)jjF2(t; y)jdydt

! 2

dx

.
Z

J

 
1X

k=1

�
2k `(J )

� � (n +1)
Z

S(2 k +1 J )nS(2 k J )
jF2(t; y)jdydt

! 2

dx

.
Z

J

0

@
1X

k=1

�
2k `(J )

� � n
2

 Z

S(2 k +1 J )nS(2 k J )
jF2(t; y)j2t � 1dydt

! 1
2

1

A

2

dx

. kF k2
C�

�
`(J )

� n � 2�
:

Thus
Z

J

�
� �  0 F (x) �

�
�  0 F

�
J

�
�2

dx .
Z

J

�
� �  0 F (x)

�
�2

dx

.
Z

J

�
� �  0 F1(x)

�
�2

dx +
Z

J

�
� �  0 F2(x)

�
�2

dx

. kF k2
C�

�
`(J )

� n � 2�
;

namely, (2.3) holds. Applying (2.3) to �  0

�
( 0)t � f

�
which equalsf under (2.2),

we achieve f 2 L 2;n � 2� . �

PROOF OF THEOREM 1.2 (i). Since the imbedding with that constant can be
derived from a routine computation, it su�ces to show Q� = (� �) � �

2 L 2;n � 2� .
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For f 2 L 2;n � 2� , let F (t; y) = t1+ � @t e� t
p

� � f (y): Then by Lemma 2.1 we get

sup
x 2 Rn ;r 2 (0 ;1 )

r 2� � n
Z r

0

Z

j y � x j<r
jF (t; y)j2t � 1� 2� dydt . kf k2

L 2;n � 2 �
;

and consequently , �  0 F 2 Q� thanks to [8, Theorem 7.0 (i)]. Note however that

\F (t; �)(x) = � t � +2 jxjf̂ (x) exp(� t jxj):

So a calculation infers

\�  0 F (x) = 2� (2+ � ) �(2 + � )jxj � � f̂ (x) = 2� 2� � �(2 + � ) \(� �) � �
2 f (x):

Therefore, (� �) � �
2 f belongsto Q� .

Conversely, supposeg 2 Q� . Setting G(t; y) = t1� � @t e� t
p

� � g(y), we deduce
kGkC� . kgkQ � by using (1.2). Thus (2.3) is valid for this G(�; �). From the
argument of Lemma 2.1 it is easily derived that �  0 G 2 L 2;n � 2� . Since

\�  0 G(x) = 2� 2� � � �(2 � � ) \(� �)
�
2 g(x);

we conclude that f = (� �)
�
2 g 2 L 2;n � 2� and g = (� �) � �

2 f : This completesthe
proof.

PROOF OF THEOREM 1.2 (ii). According to [27, p. 175],we useFubini's theo-
rem, Plancherel's formula, the changeof variables y = jxj � 1z and an orthonormal
transform to obtain

kf k2
_L 2

�
=

Z

Rn

� Z

Rn
jf (x + y) � f (x)j2dx

�
jyj � (n +2 � ) dy

=
Z

Rn

� Z

Rn
je� 2� y �x � 1j2jyj � (n +2 � ) dy

�
jf̂ (x)j2dx

=
� Z

Rn
je� 2� z�(1 ;0;:::; 0) � 1j2jzj � (n +2 � ) dz

� Z

Rn
j f̂ (x)j2 jxj2� dx:

Accordingly, _L 2
� = (� �) � �

2 L 2. Note that f̂ (x) =
R

Rn f (y) exp(� 2� ix � y)dy and

e� t
p

� � f (x) =
Z

Rn
f̂ (y) exp

�
� 2� (iy � x + jyjt)

�
dy:

So, by di�eren tiation and integration (cf. [25, p. 83]), we �nd

kr e� t
p

� � f k2
L 2 = 8� 2

Z

Rn
jxj2 j f̂ (x)j2 exp(� 4� jxjt)dx:

Consequently ,

(2.4)
Z 1

0
kr e� t

p
� � f k2

L 2 t1� 2� dt =
8� 2�

�
2(1 � � )

�

(4� )2(1 � � )

Z

Rn
jxj2� j f̂ (x)j2dx:

Moreover, the preceding consideration actually tells us that proving the desired
sharp imbedding amounts to verifying the following best inequality

(2.5) kf k2

L
2n

n � 2 �
� � n;�

Z 1

0
kr e� t

p
� � f k2

L 2 t1� 2� dt;

where

� n;� =
21� 4� �

�
n � 2�

2

�

� � �
�
2(1 � � )

�
�

�
n +2 �

2

�

 
�( n)
�

�
n
2

�

! 2�
n

:
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To this end, we usehf ; gi as
R

Rn f (x)g(x)dx, and then get

jhf ; gij 2 = jhf̂ ; ĝij 2 �
� Z

Rn
jxj2� j f̂ (x)j2dx

� � Z

Rn
jxj � 2� jĝ(x)j2dx

�
:

Because(cf. [19, Corollary 5.10])

Z

Rn
jxj � 2� jĝ(x)j2dx =

� 2� � n
2 �

�
n � 2�

2

�

�( � )

Z

Rn

Z

Rn

g(x)g(y)
jx � yjn � 2� dxdy;

it follows from Lieb's sharp version[18] of the Hardy-Littlew ood-Sobolev inequality
that

jhf ; gij 2 �
� � �

�
n � 2�

2

�

�
�

n +2 �
2

�

 
�( n)
�

�
n
2

�

! 2�
n

kgk2

L
2n

n +2 �

Z

Rn
jxj2� j f̂ (x)j2dx:

In the last inequality we take g = f jf j
4�

n � 2 � for f 2 _L 2
� , and use (2.4) to achieve

(2.5) whoseequality can be checked for f (x) = (1 + jxj2)(2 � � n )=2 through a direct
calculation.

The proof of Theorem 1.2 (iii) dependson the following lemma.

Lemma 2.2. Given � 2 (0; 1). For j; k = 1; :::; n let f j;k = @j @k (� �) � 1f . If
f 2 Q� 1

� ;1 then f j;k 2 Q� 1
� ;1 .

Pr oof. Assume that � is a C1 real-valued function on Rn with compact
support supp� � B (0; 1) = f x 2 Rn : jxj < 1g and

R
Rn � (x)dx = 1. Recall

� r (x) = r � n � (x=r ), and write gr (t; x) = � r � @j @k (� �) � 1et � f (x). Then

et � f j;k (x) = @j @k (� �) � 1et � f (x) = f r (t; x) + gr (t; x):

If _B 1;1
1 stands for the predual of the homogeneousBesov space _B � 1;1

1 , then f 2
Q� 1

� ;1 yields f 2 B M O� 1 � _B � 1;1
1 (seealso [Le, p. 160, Lemma 16.1]) and

kgr (t; �)kL 1 � k� r k _B 1; 1
1






 @j @k (� �) � 1et � f








_B � 1 ; 1
1

. r � 1kf k _B � 1 ; 1
1

:

Consequently ,

(2.6)
Z r 2

0

Z

j y � x j<r
jgr (t; y)j2t � � dydt . r n � 2� kf k2

_B � 1 ; 1
1

. r n � 2� kf k2
Q � 1

� ; 1
:

Next, we estimate f r . Take another C1 real-valued function  with compact
support in Rn such that  = 1 on B (0; 10) = f x 2 Rn : jxj < 10g. De�ne
 r ;x =  

� y � x
r

�
and write f r = Fr ;x + Gr ;x where

Gr ;x = @j @k (� �) � 1 r ;x et � f � � r � @j @k (� �) � 1 r ;x et � f :
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Thus, we employ the Plancherel formula for the spacevariable to get

Z r 2

0




 @j @k (� �) � 1 r ;x et � f




 2

L 2

dt
t �

.
Z r 2

0




 \(@j @k (� �) � 1 r ;x et � f

� 


 2

L 2

dt
t �

.
Z r 2

0

� Z

Rn

�
�yj yk jyj � 2 \�

 r ;x et � f
�
(y)

�
�2

dy
� dt

t �

.
Z r 2

0




 \ r ;x et � f




 2

L 2

dt
t �

.
Z r 2

0




  r ;x et � f




 2

L 2

dt
t � :

And, by Mink owski's inequality (for � r ) as well as the Plancherel formula again,
we have

Z r 2

0




 � r � @j @k (� �) � 1 r ;x et � f




 2

L 2

dt
t � .

Z r 2

0




  r ;x et � f k2

L 2

dt
t � :

The last two estimates imply
Z r 2

0




 Gr ;� (t; �)




 2

L 2

dt
t � .

Z r 2

0




  r ;x et � f




 2

L 2

dt
t � :

To control Fr ;x , we bring the following estimate (proved in [17, p. 161])
Z

j y � x j<r
jFr ;x (t; y)j2dy . r n +1

Z

jw � x j� 10r
jet � f (w)j2 jx � wj � (n +1) dw

into play, and get

Z r 2

0

� Z

j y � x j<r
jFr ;x (t; y)j2dy

� dt
t �

. r n +1
Z

jw � x j� 10r
jx � wj � (n +1)

� Z r 2

0
jet � f (w)j2

dt
t �

�
dw

. r n +1
1X

l =1

Z

10l r �j w � x j� 10l +1 r
jx � wj � (n +1)

� Z r 2

0
jet � f (w)j2

dt
t �

�
dw

.
1X

l =1

10� l (n +1)
Z

jw � x j� 10l +1 r

� Z r 2

0
jet � f (w)j2

dt
t �

�
dw

. r n � 2� kf k2
Q � 1

� ; 1
:

The integral estimateson Fr ;x and Gr ;x give

(2.7)
Z r 2

0

Z

j y � x j<r
jf r (t; y)j2t � � dydt . r n � 2� kf k2

Q � 1
� ; 1

:

Combining (2.6) and (2.7) givesf j;k 2 Q� 1
� ;1 , as required. �
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PROOF OF THEOREM 1.2 (iii). If f 2 r � (Q� )n , then there are f 1; :::; f n 2 Q�

such that f =
P n

j =1 @j f j . So the Mink owski inequality derives

kf kQ � 1
� ; 1

�
nX

j =1




 @j f j






Q � 1
� ; 1

.
nX

j =1

kf j kQ � :

This meansf 2 Q� 1
� ;1 .

Conversely, let f 2 Q� 1
� ;1 . If f j;k = @j @k (� �) � 1f ; j; k = 1; :::; n; then f j;k 2

Q� 1
� ;1 by Lemma 2.2, and hencef k = � @k (� �) � 1f 2 Q� . This leadsto

\nX

k=1

@k f k = �
nX

k=1

df k ;k = f̂ ;

completing the proof.

3. Pro of of Theorem 1.4

To prove Theorem 1.4 we needtwo lemmas.

Lemma 3.1. Let � 2 (0; 1). Given a number T 2 (0; 1 ] and a function f (�; �)
on R1+ n

+ . Let Af (t; x) =
Rt

0 e( t � s)� � f (s; x)ds. Then

(3.1)
Z T

0




 Af (t; �)




 2

L 2

dt
t � .

Z T

0




 f (t; �)




 2

L 2

dt
t � :

Pr oof. It su�ces to justify (3.1) for T = 1 . This is because:If T < 1 , then
one may extend f by putting f = 0 on (T; 1 ), sinceAf counts only on the values
of f on (0; t) � Rn . Moreover, we may de�ne f = 0 = Af for t 2 (�1 ; 0).

Recall et � (x; 0) = (4� t) � n
2 exp(� j x j 2

4t ). De�ne


( t; x) =

(
� et � (x; 0); t > 0

0; t � 0:

Then we read that

Af (t; x) =
Z

R

Z

Rn

( t � s; x � y)f (s; y)dyds;

and henceA becomesa convolution operator over R1+ n = R � Rn . Since

\
( t; �)( � ) =
Z

Rn

( t; x) exp(� 2� ix � � )dx = � (2� )2 j� j2 exp

�
� (2� )2t j� j2

�
; t > 0;

we conclude

\Af (t; �)( � )

=
Z

R1+ n

� Z

Rn

( t � s; x � y)f (s; y) exp(� 2� ix � � )dx

�
dyds

=
Z

R1+ n
f (s; y)

� Z

Rn

( t � s; u) exp(� 2� i (u + y) � � )du

�
dyds

=
Z t

0

Z

Rn
f (s; y) exp(� 2� iy � � )

�
� (2� )2 j� j2 exp

�
� (2� )2(t � s)j� j2

� �
dyds

= � (2� )2
Z t

0
j� j2 exp

�
� (2� )2(t � s)j� j2

� \f (s; �)( � )ds:
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This formula, together with the Fubini theorem and the Plancherel formula, implies

Z 1

0




 Af (t; �)




 2

L 2

dt
t �

=
Z 1

0

� Z

Rn
j \Af (t; �)(x)j2dx

�
dt
t �

�
Z 1

0

 Z

Rn

� Z t

0

j� j2

exp
�
(2� )2(t � s)j� j2

� j \f (s; �)( � )jds
� 2

d�

!
dt
t �

= (2� )2
Z

Rn

 Z 1

0

� Z t

0

j� j2

exp
�
(2� )2(t � s)j� j2

� j \f (s; �)( � )jds
� 2 dt

t �

!

d�

= (2� )2
Z

Rn

 Z 1

0

� Z 1

0

�
1f 0� s� t g

� j� j2 j \f (s; �)( � )j
exp

�
(2� )2(t � s)j� j2

� ds
� 2 dt

t �

!

d� :

This tells us that if one can prove

(3.2)
Z 1

0

 Z 1

0

�
1f 0� s� t g

� j� j2 j \f (s; �)( � )j
exp

�
(t � s)j� j2

� ds

! 2
dt
t � .

Z 1

0
j \f (t; �)( � )j2

dt
t � ;

then the Plancherel formula can be usedagain to yield
Z 1

0




 Af (t; �)




 2

L 2

dt
t � .

Z 1

0




 f (t; �)k2

L 2

dt
t � ;

as desired.
To verify (3.2), we rewrite its left side as

Z 1

0

� Z 1

0
K (s; t)F (s; � )ds

� 2

dt;

where

F (s; � ) = s� �
2 j \f (s; �)( � )j and K (s; t) =

�
1f 0� s� t g

� � s
t

� �
2 j� j2

exp((t � s)j� j2)
:

Clearly,
Z 1

0
K (s; t)ds = j� j2

Z t

0

� s
t

� �
2

exp(� (t � s)j� j2)ds � 1 � exp(� t j� j2) � 1

and Z 1

0
K (s; t)dt = j� j2

Z 1

s

� s
t

� �
2

exp(� (t � s)j� j2)dt � 1:

Therefore, by Schur's lemma we get
Z 1

0

� Z 1

0
K (s; t)F (s; � )ds

� 2

dt .
Z 1

0

�
F (t; � )

� 2
dt;

reaching (3.2). �

Lemma 3.2. Given � 2 (0; 1). For a function f on (0; 1) � Rn let

C(f ; � ) = sup
x 2 Rn ;r 2 (0 ;1)

r 2� � n
Z r 2

0

Z

j y � x j<r
jf (t; y)jt � � dtdy:
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Then

(3.3)
Z 1

0









p

� � et �
Z t

0
f (s; �)ds










2

L 2

dt
t � . C(f ; � )

Z 1

0




 f (t; �)




 2

L 2

dt
t � :

Pr oof. In the sequel,h�; �i stands for the inner product in L 2 with respect to
the spacevariable x 2 Rn . So

k � � � k2
L 2 =

Z

Rn

�
�
�
�
p

� � et �
Z t

0
f (s; y)ds

�
�
�
�

2

dy

=
� p

� � et �
Z t

0
f (s; y)ds;

p
� � et �

Z t

0
f (s; y)ds

�

=
Z t

0

Z t

0

Dp
� � et � f (s; �);

p
� � et � f (h; �)

E
dsdh:

This gives
Z 1

0
k � � � k2

L 2

dt
t � = 2<

� ZZ

0<h<s< 1

�
f (s; �);

Z 1

s
(� �) e2t � f (h; �)t � � dt

�
dsdh

�

.
ZZ

0<h<s< 1



jf (s; �)j; (e2� � e2s� )jf (h; �)j

�
dsdh

.
Z 1

0

�
jf (s; �)j;

Z s

0
(e2� � e2s� )jf (h; �)jdh

�
s� � ds

.
� Z 1

0
kf (s; �)kL 1 s� � ds

�
sup

s2 (0 ;1]










Z s

0
e2s� jf (h; �)jdh










L 1

:

As estimated in [17, p. 163], it follows that

sup
z2 Rn ;s2 (0 ;1]

Z s

0
e2s� jf (h; z)jdh . sup

x 2 Rn ;r 2 (0 ;1)
r � n

Z r 2

0

Z

j y � x j<r
jf (s; y)jdyds:

This estimate in turn implies

sup
z2 Rn ;s2 (0 ;1]

Z s

0
e2s� jf (h; z)jdh . sup

x 2 Rn ;r 2 (0 ;1)
r 2� � n

Z r 2

0

Z

j y � x j<r
jf (s; y)js� � dsdy

and Z 1

0
k � � � k2

L 2

dt
t � . C(f ; � )

� Z 1

0
kf (s; �)kL 1 s� � ds

�
;

giving (3.3). �

PROOF OF THEOREM 1.4 (i)-(ii). In accordancewith the Picard contraction
principle (cf. [17, p. 145, Theorem 15.1]), we �nd that proving Theorem 1.4
amounts to demonstrating that the bilinear operator

B (u; v) =
Z t

0
e( t � s)� Pr � (u 
 v)ds

is bounded from (X � ;T )n � (X � ;T )n to (X � ;T )n . Naturally , u 2 (X � ;T )n and a 2
(Q� 1

� ;T )n are respectively equipped with the norms

kuk(X � ;T )n =
nX

j =1

kuj kX � ;T and kak(Q � 1
� ;T )n =

nX

j =1

kaj kQ � 1
� ;T

:
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Step 1. L 1 -bound. We are about to prove that if t 2 (0; T) then

(3.4) jB (u; v)j . t � 1
2 kuk(X � ;T )n kvk(X � ;T )n :

If t
2 � s < t then

ke( t � s)� Pr � (u 
 v)kL 1 .
kukL 1 kvkL 1

p
t � s

. (t � s) � 1
2 s� 1kuk(X � ;T )n kvk(X � ;T )n :

If 0 < s < t
2 then

je( t � s)� Pr � (u 
 v)j

.
Z

Rn

ju(s; y)jjv(s; y)j

(
p

t + jx � yj)n +1
dy

.
X

k2 Zn

(
p

t(1 + jkj) � (n +1)
Z

x � y2
p

t (k+[0 ;1]n )
ju(s; y)jjv(s; y)jdy:

An application of the Cauchy-Schwarz inequality yields

Z t

0

Z

x � y2
p

t (k+[0 ;1]n )
ju(s; y)jjv(s; y)jdyds

. t �

 Z t

0

Z

x � y2
p

t (k+[0 ;1]n )

ju(s; y)j2

s� dyds

! 1
2

�

 Z t

0

Z

x � y2
p

t (k+[0 ;1]n )

jv(s; y)j2

s� dyds

! 1
2

. t
n
2 kuk(X � ;T )n kvk(X � ;T )n :

From the foregoing inequalities it follows that

jB (u; v)j

.
Z t

2

0
je( t � s)� Pr � (u 
 v)jds +

Z t

t
2

je( t � s)� Pr � (u 
 v)jds

. t � 1
2 kuk(X � ;T )n kvk(X � ;T )n +

 Z t

t
2

s� 1(t � s) � 1
2 ds

!

kuk(X � ;T )n kvk(X � ;T )n

. t � 1
2 kuk(X � ;T )n kvk(X � ;T )n ;

establishing (3.4).
Step 2. L 2-bound. We are about to show that if x 2 Rn and r 2 2 (0; T) then

(3.5) r 2� � n
Z r 2

0

Z

j y � x j<r
jB (u; v)j2s� � dyds . kuk2

(X � ;T )n kvk2
(X � ;T )n :

To do so, let 1r ;x (y) = 1fj y � x j< 10r g(y), i.e., the characteristic function on the ball
f y 2 Rn : jy � xj < 10rg, and set B (u; v) = B1(u; v) � B2(u; v) � B3(u; v), where

B1(u; v) =
Z s

0
e(s� h)� Pr �

�
(1 � 1r ;x )u 
 v

�
dh;
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B2(u; v) = (� �) � 1
2 Pr �

Z s

0
e(s� h)� �

�
(� �) � 1

2 (I � eh� )(1r ;x )u 
 v
�

dh;

and

B3(u; v) = (� �) � 1
2 Pr � (� �)

1
2 es�

� Z s

0

�
1r ;x )u 
 v

�
dh

�
:

Here and henceafter,I stands for the identit y operator.
When 0 < s < r 2 and jy � xj < r , the Cauchy-Schwarz inequality produces

jB1(u; v)j

.
Z s

0

Z

j z� x j� 10r

ju(h; z)jjv(h; z)j

(
p

s � h + jy � zj)n +1
dzdh

.
Z r 2

0

Z

j z� x j� 10r

ju(h; z)jjv(h; z)j
jx � zjn +1 dzdh

.

 Z r 2

0

Z

j z� x j� 10r

ju(h; z)j2

jx � zjn +1 dzdh

! 1
2

 Z r 2

0

Z

j y � x j� 10r

jv(h; z)j2

jx � zjn +1 dzdh

! 1
2

. r � 1kuk(X � ;T )n kvk(X � ;T )n :

Therefore,
Z r 2

0

Z

j y � x j<r
jB1(u; v)j2t � � dydt . r n � 2� kuk2

(X � ;T )n kvk2
(X � ;T )n :

For B2(u; v), put

M (h; y) = 1r ;x (u 
 v) = 1r ;x (y)
�
u(h; y) 
 v(h; y)

�
:

By the L 2-boundednessof the Riesz transform and Lemma 3.1 we achieve
Z r 2

0




 B2(u; v)




 2

L 2

dt
t � .

Z r 2

0










Z s

0
e(s� h)� �

�
(� �) � 1

2 (I � eh� )M (h; �)
�

dh










2

L 2

dt
t �

.
Z r 2

0







�

(� �) � 1
2 (I � es� )M (s; �)

� 






2

L 2

ds
s� :

Owing to sups2 (0 ;1 ) s� 1(1 � exp(� s2)) < 1 , we concludethat (� �) � 1
2 (I � es� ) is

boundedon L 2 with operator norm .
p

s. This, plus the Cauchy-Schwarz inequal-
it y, gives

Z r 2

0




 B2(u; v)




 2

L 2

dt
t � . r n � 2� kuk2

(X � ;T )n kvk2
(X � ;T )n :

Similarly for B3(u; v), we obtain

Z r 2

0




 B3(u; v)




 2

L 2

dt
t � .

Z r 2

0








 (� �)

1
2 et �

Z t

0
M (s; �)ds










2

L 2

dt
t �

. r 4+ n � 2�
Z 1

0








 (� �)

1
2 e� �

Z �

0
jM (r 2� ; r �)jd�










2

L 2

d�
� � :

Now, making a useof Lemma 3.2 we achieve
Z 1

0








 (� �)

1
2 e� �

Z �

0
jM (r 2� ; r �)jd�










2

L 2

d�
� � . D (M ; � )

Z 1

0






 M (r 2� ; r �)








2

L 2

d�
� � ;
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where

D(M ; � ) = sup
� 2 (0 ;1)

� � n
Z � 2

0

Z

jw � x j<�
jM (r 2� ; rw)j� � � dwd�

. r � 2kuk(X � ;T )n kvk(X � ;T )n :

Observe also that
Z 1

0
kM (r 2� ; r �)k2

L 2

d�
� � . r � 2kuk(X � ;T )n kvk(X � ;T )n :

So, it follows that
Z r 2

0
kB3(u; v)k2

L 2

dt
t � . r n � 2� kuk2

(X � ;T )n kvk2
(X � ;T )n :

Adding the previous estimateson B j (u; v), j = 1; 2; 3 together gives(3.5).
Clearly, the boundednessof B (�; �) : (X � ;T )n � (X � ;T )n ! (X � ;T )n follows

from (3.4) and (3.5). Furthermore, the caseT = 1 produces (i); and the other
caseT 2 (0; 1 ) yields (ii). The proof is complete.
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