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Existence of Global A ttractors for Wave Equation of
Kirc hho� T yp e with Nonlinear Damping and Memory Term

at Boundary

ChaoshengZhu

Communic ated by Y. Charles Li, received December 23, 2006.

Abstra ct. In this paper, we prove that the existence of global attractors in
the phase space H 0 = H 1 (
) � L 2(
) for wave equation of Kirc hho� type
with nonlinear dissipation and memory term at boundary. To this end, we
�rst obtain an bounded absorbing set by the perturb ed energy method (see
Zuazua [9, 22], combined with techniques from Munoz Revera [13]). Then we
utilize an especial method of decompose to verit y the asymptotic compactness
for the problems.

Contents

1. Intro duction 247
2. Preliminaries and main result 249
3. Absorbing set in H 0 250
4. Asymptotic compactness 256
References 261

1. In tro duction

In this paper, our main purposeis to study the existenceof global attractors for
a nonlinear wave equation of Kirc hho� type with nonlinear damping and memory
term at boundary. To formalize this problem let us take 
 a open bounded set
of Rn with smooth boundary � and let us assumethat � can be divided into two
non-null parts

� = � 0 [ � 1; � 0 \ � 1 = �;
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and � 0, � 1 have positive measure.Let us denoteby � (x) the unit normal vector at
x 2 � outsideof 
 and let us considerthe following initial boundary valueproblems:

utt � M (kr uk2)� u � � � utt � � ut + f (u) = h(x) in 
 � (0; 1 );(1.1)

u = 0 on � 0 � (0; 1 );(1.2)

M (kr uk2)
@u
@�

+ �
@utt

@�
+

@ut

@�
+ u + ut + g(t)jut j � ut = g � juj 
 u on � 1 � (0; 1 );(1.3)

u(x; 0) = u0(x); ut (x; 0) = u1(x) in 
 :(1.4)

Here, � > 0, h(x) 2 L 2(
), kr uk2 =
nP

i =1

R

 j @u

@x i
(x)j2dx, � u =

nP

i =1

@2 u
@x 2

i
, g � u =

Rt
0 g(t � r )u(r )dr and

0 < 
 ; � �
1

n � 2
if n � 3 or 
 ; � > 0 if n = 1; 2:(1.5)

Problems (1.1)-1.4) has its origin in the mathematical description of small ampli-
tude vibrations of an elastic string [15]. In fact, a mathematical model for the
de
ection of an elastic string of length L > 0 is given by the mixed problem for the
nonlinear wave equation

�h
@2u
@t2 =

(

p0 +
Eh
2L

Z L

0

� @u
@x

� 2
dx

)
@2u
@x2 f or 0 < x < L; t � 0;(1.6)

where u is the lateral de
ection, x the spacecoordinate, t the time, E the Young's
modulus, � the massdensity, h the crosssectionareaand p0 the initial axial tension.
Kirc hho� was the �rst to intro duce (1.6) in the study of oscillations of stretched
strings and plates, so that (1.6) is called the wave equation of Kirc hho� type after
him. There is an extensive literature on the study of wave equation of Kirc hho�
type. For example, the existence of global solutions and exponential decay to
problem (1.1) and (1.2) with @
 = � 0 and f (u) = h(x) � 0 has been investigated
by many authors [12, 14].

On the other hand, there exists a large body of literature regarding viscoelastic
problems with the memory term acting in the domain or in the boundary. Among
the numerousworks in this direction, we can cite Santos [19, 20]. Cavalcanti et al.
[2, 3] studied the existenceand uniform decay of strong solutions of wave equation
with nonlinear boundary damping and memory sourceterm. Park et al.[17] have
beeninvestigatedthe existenceand uniform decay of the solutionsof (1.1)-(1.4) with
M (s) = 1 + s and f (u) = h(x) = � � 0. While Bae et al.[1] have been obtained
the sameresults for problems (1.1)-(1.4) with M (s) = 1 + s and f (u) = h(x) � 0.

As far as dynamic is concernedthe existenceof the global attractors for wave
equationswith nonlinear damping and memory term acting in the domain is study
by authors(for example,see[4, 8, 18] and the referencestherein). Also, there exist
some literature considering the same questions for nonlinear damping acting on
the boundary (for example, see[5, 6, 7, 10]). It is important to mention that
Papadopoulos and Stavrakakis [16] have been investigated the existenceof global
for nonlinear Kirc hho� equation on RN .

In the present paper, our main goal is to show the existenceof global attractors
for problem (1.1)-(1.4). It is well known that the proof of the existenceof a compact
global attractor for the semigroupwill follow the traditional scheme(see,for exam-
ple, [11, 21]). A compact global attractor exists if and only if the semigrouphas a
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bounded absorbing set and is asymptotically compact. To obtain bounded absorb-
ing set we used the perturb ed energy method, seeZuazua [9, 22], combined with
techniquesfrom Munoz Revera [13]. Generally, onecan obtain asymptotically com-
pact by decomposethe solution operator into a compact part and a asymptotically
small part. However, there are additional di�culties when proving asymptotically
compact becauseM (kr uk2) is nonlinear. To overcomethe di�cult y, we utilize a
especial method of decomposeto verity the asymptotic compactnessfor problem
(1.1)-(1.4).

2. Preliminaries and main result

Now let us intro duce the functional spaces.Let

V := f u 2 H 1(
); u = 0 on � 0g;

which equippedwith the topology givenby the norm kr �kL 2 (
) is a Hilb ert subspace
of H 1(
). We denote

(u; v) :=
Z



uvdx; kuk2 =

Z



juj2dx;

(u; v) � 1 :=
Z

� 1

uvd� ; kukp
p;� 1

=
Z

� 1

jujpd� ; kuk2
� 1

= kuk2
2;� 1

;

and let

H 0 = H 1(
) � H 1(
) ; k(u; ut )k2
H 0

= kr uk2 + kr ut k2 + kut k2:

Let � 
 > 0 and � � > 0 are two constants such that for 8v 2 V

kvk � � 
 kr vk; kvk� 1 � � � kr vk:

Let us make somehypothesis for function f , M and g:

Hyp.f The function f 2 C1(R) satisfy

f (0) = 0;(2.1)

and f is super-linear, that is

f (s)s � (2 + � )F (s); F (s) + K 0 � 0; F (s) =
Z s

0
f (z)dz; 8s 2 R;(2.2)

for some� > 0 and K 0 > 0 with the following growth condition:

jf (x) � f (y)j � K 1(1 + jxj � � 1 + jyj � � 1)jx � yj; 8x; y 2 R;(2.3)

for someK 1 > 0 and � � 1 such that (n � 2)� � n.

Hyp.M The function M 2 C1([0; 1 )) satisfy

M (� ) � m0 > 0; M (� )� � cM (� ); 8� � 0;(2.4)

where cM (� ) =
R�

0 M (s)ds.

Hyp.g The function g 2 W 1;1 (0; 1 ) \ W 1;1(0; 1 ); g(t) � 0, 8t � 0 such that
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� a0g(t) � g0(t) � � a1g(t); 8t � t0;

g(0) = 0; jg0(t)j � a2g(t); t 2 [0; t0];

1 �
Z 1

0
g(s)ds > 0:

(2.5)

for someconstants a0, a1, a2 > 0.

We de�ne the energye(t) of problems (1.1)-(1.4):

e(t) =
1
2

kut (t)k2 +
�
2

kr ut (t)k2 +
1
2

cM (kr u(t)k2)

+
Z



F (u(t))dx +

1
2

ku(t)k2
� 1

:(2.6)

Applying almost the sameargument as that used to in [1, 2, 3, 17] we can show
the well-posednessof problems (1.1)-(1.4):

Lemma 2.1. Assume that conditions (2.1)-(2.5) hold, if (u0; u1) 2 H 1(
) �
H 1(
) and � � 
 , then there is only one solution u of system (1.1)-(1.4) satis-
fying

u 2 C(0; 1 ; H 1(
)) ; ut 2 C(0; 1 ; H 1(
)) :(2.7)

Lemma 2.1 allows us to de�ne the semigroupSt . For every t � 0, we de�ne the
operator St mapping H 0 into itself by

St : (u0; u1) ! (u(t); ut (t)) :

Now we are in position to state our main result:

Theorem 2.2. Under the hypothesesof Lemma 2.1, if � = 
 , then the semigroup
St associated with problem (1.1)-(1.4) possessesa global attractor A in H 0.

Our paper is organizedas follows: in section 3, we shall show the existenceof
absorbing set in H 0, and in section 4, we shall show the asymptotic compactness
for the semigroupSt .

3. Absorbing set in H 0

In this section we shall show that the semigroup St has a bounded absorbing
set, i.e., a bounded set B � H 0 satisfying the following condition: for any bounded
A � H 0 there exists t(A) > 0 such that St A � B for all t � t(A).

Theorem 3.1 There exists a bounded absorbing set B for the semigroup St in
H 0.
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To this end, let us make somepreliminaries. Firstly , let us denote by

(g� u)( t) :=
Z t

0
g(t � s)






 ju(s)j 
 u(s) � u(t)








2

� 1

ds;(3.1)

a simple computation givesus

(g� u)0(t) : =
Z t

0
g0(t � s)






 ju(s)j 
 u(s) � u(t)








2

� 1

ds

+
� d

dt
ku(t)k2

� 1

� Z t

0
g(s)ds

� 2
Z t

0
g(t � s)

�
ju(s)j 
 u(s); ut (t)

�

� 1

ds

= (g0� u)( t) +
d
dt

�
ku(t)k2

� 1

Z t

0
g(s)ds

�
� g(t)ku(t)k2

� 1

� 2
Z t

0
g(t � s)

�
ju(s)j 
 u(s); ut (t)

�

� 1

ds:

Thus we get
Z t

0
g(t � s)

�
ju(s)j 
 u(s); ut (t)

�

� 1

ds

= �
1
2

(g� u)0(t) +
1
2

(g0� u)( t)

+
1
2

d
dt

�
ku(t)k2

� 1

Z t

0
g(s)ds

�
�

1
2

g(t)ku(t)k2
� 1

:

(3.2)

Next we intro duce the following modi�ed energy:

E(t) =
1
2

kut (t)k2 +
�
2

kr ut (t)k2 +
1
2

cM (kr u(t)k2)

+
Z



F (u(t))dx +

1
2

�
1 �

Z t

0
g(s)ds

�
ku(t)k2

� 1

+
1


 + 2
g(t)ku(t)k
 +2


 +2 ;� 1
+

1
2

(g� u)( t);

(3.3)

and let us de�ne the perturb ed modi�ed energy, for every " > 0,

E" (t) = E(t) + " (t);(3.4)

where

 (t) =
1
2

kr u(t)k2 +
Z



u(t)ut (t)dx + �

Z



r u(t) � r ut (t)dx:(3.5)
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Applying Cauchy-Schwarz inequality and assumption (2.4), we get

j (t)j �
1
2

kr u(t)k2 +
1
2

� 
 (kr u(t)k2 + kut (t)k2)

+
�
2

kr u(t)k2 +
�
2

kr ut (t)k2

�
1
2

� 
 kut (t)k2 +
�
2

kr ut (t)k2

+
1 + � 
 + �

2m0

cM (kr u(t)k2)

� � 0E(t);

where � 0 = maxf � 
 ; 1+ � 
 + �
m 0

; � g. Thus we get

jE" (t) � E (t)j � � 0"E (t); 8" > 0; t � 0:(3.6)

Lemma 3.2 If � = 
 , then there exist C1; C2 > 0 and " 1 > 0 such that for
" 2 (0; " 1],

d
dt

E" (t) � � "C1E(t) + C2khk2:(3.7)

Pro of Multiplying equation (1.1) by ut we get

d
dt

E(t) =
Z



h(x)ut (t)dx � kr ut (t)k2 � g(t)kut (t)k

� +2
� +2 ;� 1

+
1


 + 2
g0(t)ku(t)k
 +2


 +2 ;� 1
+ g(t)

�
ju(t)j 
 u(t); ut (t)

�

� 1

�
1
2

g(t)ku(t)k2
� 1

� kut (t)k2
� 1

+
1
2

(g0� u)( t):

(3.8)

Di�eren tiating the equation (3.5) with respect to t and from equation (1.1)-(1.3)
we get

d
dt

 (t) =
1
2

d
dt

kr u(t)k2 + � kr ut (t)k2 + kut (t)k2

+
Z



u(t)

�
� � utt (t) + M (kr u(t)k2)� u(t)

+� ut (t) � f (u(t)) + h(x)
�

dx + �
Z



r u(t) � r u(t)dx

= kut (t)k2 + � kr ut (t)k2 �
Z



u(t)f (u(t))dx

� M (kr u(t)k2)kr u(t)k2 � ku(t)k2
� 1

� (ut (t); u(t)) � 1

�
�

g(t)jut (t)j � ut (t); u(t)
�

� 1

+
Z



h(x)u(t)dx

+
Z t

0
g(t � s)

�
ju(s)j 
 u(s); u(t)

�

� 1

ds:

(3.9)

From (3.4), (3.8) and (3.9) it follows that
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d
dt

E" (t) = (�" � 1)kr ut (t)k2 +
1


 + 2
g0(t)ku(t)k
 +2


 +2 ;� 1

� g(t)kut (t)k
� +2
� +2 ;� 1

+ g(t)
�

ju(t)j 
 u(t); ut (t)
�

� 1

�
1
2

g(t)ku(t)k2
� 1

� kut (t)k2
� 1

+
1
2

(g0� u)( t)

+
Z



h(x)ut (t)dx � "

Z



u(t)f (u(t))dx

� "M (kr u(t)k2)kr u(t)k2 + "
Z



h(x)u(t)dx

+ "kut (t)k2 � "
�

g(t)jut (t)j � ut (t); u(t)
�

� 1

+ "
Z t

0
g(t � s)

�
ju(s)j 
 u(s); u(t)

�

� 1

ds

� "ku(t)k2
� 1

� " (ut (t); u(t)) � 1 :

(3.10)

We now majorize the right-hand side of (3.10). Firstly , using Schwarz's inequality
and Young's inequality, we get the following �v e inequalities:

g(t)
�

ju(t)j 
 u(t); ut (t)
�

� 1

� g(t)
� Z

� 1

ju(t)j 
 +2 d�
� 
 +1


 +2
� Z

� 1

jut (t)j 
 +2 d�
� 1


 +2

� � g(t)kut (t)k

 +2

 +2 ;� 1

+ � � 1

 +1 g(t)ku(t)k
 +2


 +2 ;� 1
;

(3.11)

� "
�

g(t)jut (t)j � ut (t); u(t)
�

� 1

� "� (� )g(t)kut (t)k
� +2
� +2 ;� 1

+ "� g(t)ku(t)k� +2
� +2 ;� 1

;

(3.12)
Z



h(x)ut (t)dx � � 
 kr ut kkhk

� �" kr ut k2 +
� 2




4�"
khk2;

(3.13)

"
Z



h(x)u(t)dx � "m 0� kr uk2 +

"� 2



4m0�
khk2;

� "� M (kr uk2)kr uk2 +
"� 2




4m0�
khk2;
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(3.14)

and

� " (ut (t); u(t)) � 1 � "m 0� kr uk2 +
"� 2

�

4m0�
kut k2

� 1
;

� "� M (kr uk2)kr uk2 +
"� 2

�

4m0�
kut k2

� 1
:

(3.15)

On the other hand, applying Young's inequality and (3.2), we get

"
Z t

0
g(t � s)

�
ju(s)j 
 u(s); u(t)

�

� 1

ds

= "
Z t

0
g(t � s)

�
ju(s)j 
 u(s) � u(t); u(t)

�

� 1

ds

+ "
Z t

0
g(t � s)dsku(t)k2

� 1

�
"
2

Z t

0
g(t � s)






 ju(s)j 
 u(s) � u(t)








2

� 1

ds

+
3"
2

ku(t)k2
� 1

Z t

0
g(s)ds

=
"
2

(g� u)( t) +
3"
2

ku(t)k2
� 1

Z t

0
g(s)ds:

(3.16)

Thus, from (3.10)-(3.16) and considering � = 
 we get

d
dt

E" (t) � G1(u);(3.17)

where

G1(u) = (2�" + "� 2

 � 1)kr ut (t)k2 + (

"� 2
�

4m0�
� 1)kut k2

� 1

� "
Z



u(t)f (u(t))dx + (

� 2



4�"
+

"� 2



4m0�
)khk2

+(2 � � 1)"M (kr u(t)k2)kr u(t)k2

+( � + "� (� ) � 1)g(t)kut (t)k

 +2

 +2 ;� 1

+( "� + � � 1

 +1 �

a1


 + 2
)g(t)ku(t)k
 +2


 +2 ;� 1

+(
"
2

�
a1

2
)(g� u)( t) �

1
2

g(t)ku(t)k2
� 1

� "ku(t)k2
� 1

+
3"
2

Z t

0
g(s)dsku(t)k2

� 1
:

(3.18)
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On the other hand, for C1 = 2(1 � 2� ), � = 2� 1

 +1 , we have

G1(u) + C1"E (t) = (
� 2




4�"
+

"� 2



4m0�
)khk2 + (

"� 2
�

4m0�
� 1)kut k2

� 1

+(3 �" + 2"� 2

 � 2�"� � 2� 2


 � " � 1)kr ut (t)k2

+ "
Z




�
2(1 � 2� )F (u(t)) � u(t)f (u(t))

�
dx

+ "(1 � 2� ) cM (kr u(t)k2)

+(2 � � 1)"M (kr u(t)k2)kr u(t)k2

+( � + "� (� ) � 1)g(t)kut (t)k

 +2

 +2 ;� 1

+( "� + � � 1

 +1 +

2" � 4"� � a1


 + 2
)g(t)ku(t)k
 +2


 +2 ;� 1

+(
3"
2

�
a1

2
� 2"� )(g� u)( t) �

1
2

g(t)ku(t)k2
� 1

� 2"� ku(t)k2
� 1

+ (
"
2

+ 2"� )
Z t

0
g(s)dsku(t)k2

� 1
:

(3.19)

Noting that

"
Z




�
2(1 � 2� )F (u(t)) � u(t)f (u(t))

�
dx � 0;

" (1 � 2� ) cM (kr u(t)k2) + (2� � 1)"M (kr u(t)k2)kr u(t)k2 � 0;

and

� 2"� ku(t)k2
� 1

+ (
"
2

+ 2"� )
Z t

0
g(s)dsku(t)k2

� 1
� 0;

we obtain

G1(u) + C1"E (t) � (
� 2




4�"
+

"� 2



4m0�
)khk2 + (

"� 2
�

4m0�
� 1)kut k2

� 1

+(3 �" + 2"� 2

 � 2�"� � 2� 2


 � " � 1)kr ut (t)k2

+( � + "� (� ) � 1)g(t)kut (t)k

 +2

 +2 ;� 1

+( "� + � � 1

 +1 +

2" � 4"� � a1


 + 2
)g(t)ku(t)k
 +2


 +2 ;� 1

+(
3"
2

�
a1

2
� 2"� )(g� u)( t):

(3.20)

Let

(3.21) " 1 = min
�

4m0�
� 2

�
;

1
� (3 � 2� ) + 2� 2


 (1 � � )
;

1 � �
� (� )

;
a1 � 2
 � 4
2 � 2� + 
 �

;
a1

3 � 4�

�
:

For each 0 < " � " 1, then (3.20) implies that

(3.22) G1(u) + C1"E (t) � (
� 2




4�"
+

"� 2



4m0�
)khk2:
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Thus by (3.17) and (3.22) we get

d
dt

E" (t) � � C1"E (t) + (
� 2




4�"
+

"� 2



4m0�
)khk2:(3.23)

The proof of Lemma 3.2 is completed.

Pro of of Theorem 3.1 Let " 0 = min f 1
2� 0

; "1g and let us consider " 2 (0; " 0].
As we have " < 1

2� 0
, we concludefrom (3.6)

(1 � "� 0)E (t) < E" (t) < (1 + "� 0)E (t)

and so
1
2

E(t) < E" (t) <
3
2

E(t):(3.24)

From (3.7) and (3.24) it follows that

d
dt

E" (t) < �
2
3

C1"E " (t) + C2khk2:

By Gronwall's inequality we get

E" (t) � E" (0)e� 2
3 C1 "t + C3(1 � e� 2

3 C1 "t ):(3.25)

Inequality (3.25) implies

(3.26) kut (t)k2 + kr ut (t)k2 + cM (kr u(t)k2) � C4e� 2
3 C1 "t + C5(1 � e� 2

3 C1 "t ):

The proof of Theorem 3.1 is completed.

4. Asymptotic compactness

By de�nition, the semigroup St is asymptotically compact if for any bounded
A � H 0 and any " > 0 there exists a precompact set K � H 0 and a time t such
that dist (St A; K ) < " .

To establish the asymptotic compactnessof the semigroupgeneratedby prob-
lem (1.1)-(1.4) we adopt the general scheme([11, 21]). The idea is to decompose
the solution operator into two parts:

St (u0; u1) = Vt (u0; u1) + Wt (u0; u1);

where Vt is a contraction in the sensethat Vt (u0; u1) ! 0 as t ! + 1 uniformly in
(u0; u1) 2 A, and Wt is a compact mapping for all t. Then choosing t su�cien tly
large so that kVt (u0; u1)k < " for all (u0; u1) 2 A, we have dist (St A; Wt A) < " ,
which provesthe asymptotic compactness.

However, there are additional di�culties when proving asymptotically compact
becauseM (kr uk2) is nonlinear. To overcomethe di�cult y, we utilize a especial
method of decomposeto verity the asymptotic compactnessof problems(1.1)-(1.4).

Firstly , let us de�ne Vt as the solution operator of the following problems:

vtt � � v � � � vtt � � vt = 0 in 
 � (0; 1 );(4.1)

v = 0 on � 0 � (0; 1 );(4.2)
@v
@�

+ �
@vtt

@�
+

@vt

@�
= 0; on � 1 � (0; 1 );(4.3)

v(x; 0) = u0(x); vt (x; 0) = u1(x) in x 2 
 :(4.4)
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Prop osition 4.1 Assumethat (u0; u1) 2 H 0, then the problem(4.1)-(4.4) admits
a unique global solution v satisfying

v 2 C(0; + 1 ; H 1(
)) ; vt 2 C(0; + 1 ; L 2(
)) :

Moreover, for each bounded A � H 0,

sup
(u0 ;u 1 )2 A

kVt (u0; u1)kH 0 ! 0; as t ! + 1 :(4.5)

Pro of For

� 2 (0; � 0]; � 0 = minf � 0

�
�
�1 � �� � � � 2


 �
� 2� 2




2
> 0; 1 + �� 2 � � �

� � 2



2
> 0g;(4.6)

it is easyto obtain,

(vt + � v)t + (�� � 1)�( vt + � v) � � (vt + � v)

+( � � �� 2 � 1)� v � � �( vt + � v)t + � 2v = 0:

Multiplying above equation by vt + � v we get

1
2

d
dt

G2(v) + (1 � �� )kr (vt + � v)k2 � � kvt + � vk2

+ � (1 + �� 2 � � )kr vk2 + � 2(v; vt + � v) = 0;

(4.7)

where

G2(v) = kvt + � vk2 + (1 + �� 2 � � )kr vk2 + � kr (vt + � v)k2:(4.8)

Here we note that

(1 � �� )kr (vt + � v)k2 � � kvt + � vk2

+ � (1 + �� 2 � � )kr vk2 + � 2(v; vt + � v)

� (1 � �� )kr (vt + � v)k2 � � � 2

 kr (vt + � v)k2

+ � (1 + �� 2 � � )kr vk2 �
� 2� 2




2
kr vk2

�
� 2� 2




2
kr (vt + � v)k2

� (1 � �� � � � 2

 �

� 2� 2



2
)kr (vt + � v)k2

+ � (1 + �� 2 � � �
� � 2




2
)kr vk2:

(4.9)

From (4.6)-(4.9), there is a constant K > 0 such that

d
dt

G2(v) + K G2(v) � 0(4.10)

By Gronwall's inequality we can get

G2(v(t)) � G2(v(0))e� K t :(4.11)
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On the other hand, we have

kvt (t)k2 = kvt (t) + � v(t) � � v(t)k2

� kvt (t) + � v(t)k2 + � 2kv(t)k2

� kvt (t) + � v(t)k2 + � 2� 2

 kr v(t)k2;

(4.12)

and

kr vt (t)k2 = kr (vt (t) + � v(t)) � � r v(t)k2

� kr (vt (t) + � v(t))k2 + � 2kr v(t)k2:

(4.13)

From (4.11)-(4.13) we get, for someconstant C > 0

kvt (t)k2 + kr vt (t)k2 + kr v(t)k2 � Ce� K t :(4.14)

The proof of Proposition 4.1 is completed.

Secondly, wenow passto the proof of the compactnessof mapping Wt = St � Vt .
Clearly, if w is the �rst component of Wt (u0; u1), then its secondcomponent is wt

and the function w satis�es the following problems:

wtt � � w � � � wtt � � wt = M (kr uk2)� u

� � u � f (u) + h(x) in 
 � (0; 1 );

(4.15)

w = 0 on � 0 � (0; 1 );(4.16)

@w
@�

+ �
@wtt

@�
+

@wt

@�
= � M (kr uk2)

@u
@�

+
@u
@�

� u � ut � g(t)jut j � ut + g � juj 
 u on � 1 � (0; 1 );

(4.17)

w(x; 0) = 0; wt (x; 0) = 0 in 
 :(4.18)

Prop osition 4.2 For each t 2 R+ the mapping Wt : H 0 ! H 0 is compact.

Pro of Fix an arbitrary bounded sequence(uk
0 ; uk

1) 2 H 0. Let uk (x; t), vk (x; t),
wk (x; t) denote the �rst components of St (uk

0 ; uk
1 ), Vt (uk

0 ; uk
1), and Wt (uk

0 ; uk
1) re-

spectively.
The �rst step is to show that for any p, 1 < p < q � 2n

n � 2 (in the casen = 1; 2
chooseany �nite q > 2� + 2), the sequencesuk is precompact in C((0; 1 ); L p(
)).
The energy equation e(t) for (1.1)-(1.4) implies that uk and uk

t are bounded in
L 1 (0; 1 ; H 1(
)). By the Sobolev Embedding Theorem in particular we have uk

is bounded in L 1 (0; 1 ; L q(
)), and uk (t; �) is precompact in L p(
) for almost all
t 2 (0; 1 ). By the interpolation inequality for almost all t, s 2 (0; 1 ) we have
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kuk (�; t) � uk (�; s)kL p

� kuk (�; t) � uk (�; s)k�
L 2 kuk (�; t) � uk (�; s)k1� �

L q

�
� Z s

t
kuk

t (�; z)kL 2 dz
� � �

kuk (�; t)kL q + kuk (�; s)kL q

� 1� �
;

(4.19)

where � = q=p� 1
q=2� 1 2 (0; 1). The secondfactor at the right-hand side of (4.19) is

bounded,and the �rst onevanishesas jt � sj ! 0 uniformly in k. Thus (4.19) show
that the functions uk are equicontinuous in C(0; 1 ; L p(
)). So the sequenceuk is
precompactnessin C(0; 1 ; L p(
)). Fix two di�eren t integers i , j and observe that
the function U = wk i � wk j satis�es

Utt � � U � � � Utt � � Ut = M (kr uk i k2)� uk i

� M (kr uk j k2)� uk j + � uk j � � uk i

+ f (uk j ) � f (uk i ); in 
 � (0; 1 );

U = 0 on � 0 � (0; 1 );(4.20)

@U
@�

+ �
@Utt

@�
+

@Ut

@�
= � M (kr uk i k2)

@uk i

@�

+ M (kr uk j k2)
@uk j

@�
+

@uk i

@�
�

@uk j

@�
+( uk j � uk i ) + (uk j

t � uk i
t )

+ g(t)( juk j
t j � uk j

t � juk i
t j � uk i

t )

+ g � (juk i j 
 uk i � juk j j 
 uk j ); on � 1 � (0; 1 );

U(x; 0) = 0; Ut (x; 0) = 0; in 
 :(4.21)

Multiplying (4.20) by Ut we get

1
2

d
dt

fk Ut k2 + � kr Ut k2 + kr Uk2g

= �kr Ut k2 � M (kr uk i k2)
Z



r uk i � r Ut dx

+ M (kr uk j k2)
Z



r uk j � r Ut dx

+
Z



(f (uk j ) � f (uk i ))Ut dx

+
Z



r (uk i � uk j ) � r Ut dx

+
Z

� 1

(uk j � uk i )Ut d� +
Z

� 1

(uk j
t � uk i

t )Ut d�

+
Z

� 1

g(t)( juk j
t j � uk j

t � juk i
t j � uk i

t )Ut d�

+
Z

� 1

g � (juk i j 
 uk i � juk j j 
 uk j )Ut d� :
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We now majorize the right-hand side of (4.24). Firstly , using Schwarz's inequality
and Young's inequality, we get the following four inequalities:

� M (kr uk i k2)
Z



r uk i � r Ut dx

+ M (kr uk j k2)
Z



r uk j � r Ut dx

=
�

M (kr uk j k2) � M (kr uk i k2)
� Z



r uk j � r Ut dx

+ M (kr uk i k2)
Z



r (uk j � uk i ) � r Ut dx

� K (� )
�

M (kr uk j k2) � M (kr uk i k2)
� 2

+ K (� )





 r (uk j � uk i )








2
+ � kr Ut k2;

Z



(f (uk j ) � f (uk i ))Ut dx

� K (� )





 f (uk j ) � f (uk i )








2
+ � kr Ut k2;

Z



r (uk i � uk j ) � r Ut dx +

Z

� 1

(uk j � uk i )Ut d�

� K (� )





 r (uk j � uk i )








2
+ � kr Ut k2;

and
Z

� 1

g(t)( juk j
t j � uk j

t � juk i
t j � uk i

t )Ut d�

� K (� )g2(t)





 juk j

t j � uk j
t � juk i

t j � uk i
t








2

� 1

+ � kr Ut k2:

On the other hand, by a simple computation, and taking (2.5) into account, we get
Z

� 1

g � (juk i j 
 uk i � juk j j 
 uk j )Ut d�

=
Z t

0
g(t � s)

�
juk i (s)j 
 uk i (s) � juk j (s)j 
 uk j (s); Ut (t)

�

� 1

ds

= �
1
2

d
dt

Z t

0
g(t � s)






 juk i (s)j 
 uk i (s) � juk j (s)j 
 uk j (s) � U(t)








2

� 1

ds

+
1
2

Z t

0
g0(t � s)






 juk i (s)j 
 uk i (s) � juk j (s)j 
 uk j (s) � U(t)








2

� 1

ds

+
1
2

d
dt

�
kU(t)k2

� 1

Z t

0
g(s)ds

�
�

1
2

g(t)kU(t)k2
� 1

� �
1
2

d
dt

Z t

0
g(t � s)






 juk i (s)j 
 uk i (s) � juk j (s)j 
 uk j (s) � U(t)








2

� 1

ds

+
1
2

d
dt

�
kU(t)k2

� 1

Z t

0
g(s)ds

�
:
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From (4.24)-(4.29), choosing � > 0 su�cien tly small we can get

d
dt

n
kUt k2 + � kr Ut k2 + kr Uk2 � kU(t)k2

� 1

Z t

0
g(s)ds

+
Z t

0
g(t � s)






 juk i (s)j 
 uk i (s) � juk j (s)j 
 uk j (s) � U(t)








2

� 1

ds
o

� K
n�

�
�M (kr uk j k2) � M (kr uk i k2)

�
�
�
2

+





 r (uk i � uk j )








2

+





 uk j

t � uk i
t








2

� 1

+





 f (uk j ) � f (uk i )








2

+ g2(t)





 juk j

t j � uk j
t � juk i

t j � uk i
t








2

� 1

o
:

Integrating (4.30) over (0,t) and taking (4.23) and (2.5) into account, we obtain

kUt (t)k2 + � kr Ut (t)k2 + kr U(t)k2

� K
Z t

0

n�
�
�M (kr uk j (s)k2) � M (kr uk i (s)k2)

�
�
�
2

+





 r (uk i (s) � uk j (s))








2
+






 uk j

t (s) � uk i
t (s)








2

� 1

+





 f (uk j (s)) � f (uk i (s))








2

+ g2(s)





 juk j

t (s)j � uk j
t (s) � juk i

t (s)j � uk i
t (s)








2

� 1

o
ds:

From (4.31) and (3.26), and noting that V ,! L 2� +2 (� 1) we get

kWt (u
k i
0 ; uk i

1 ) � Wt (u
k j
0 ; uk j

1 )k2
H 0

� K
Z t

0

n�
�
�M (kr uk j (s)k2) � M (kr uk i (s)k2)

�
�
�
2

+





 r (uk i (s) � uk j (s))








2
+






 uk j

t (s) � uk i
t (s)








2

� 1

+





 f (uk j (s)) � f (uk i (s))








2

+ g2(s)





 juk j

t (s)j � uk j
t (s) � juk i

t (s)j � uk i
t (s)








2

� 1

o
ds

! 0; i; j ! 1 :

Thus the sequenceWt (uk
0 ; uk

1 ) contains a convergent subsequence,which completes
the proof of the Proposition 4.2.
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