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Existence of Global Attractors for Wave Equation of
Kirc hho Type with Nonlinear Damping and Memory Term
at Boundary

Chaoshengzhu
Communic ated by Y. Charles Li, received December 23, 2006.

Abstra ct. In this paper, we prove that the existence of global attractors in
the phase space Ho = H1() L2() for wave equation of Kirc hho type
with nonlinear dissipation and memory term at boundary. To this end, we
rst obtain an bounded absorbing set by the perturb ed energy method (see
Zuazua [9, 22], combined with techniques from Munoz Revera[13]). Then we
utilize an especial method of decomposeto verity the asymptotic compactness
for the problems.
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1. Intro duction

In this paper, our main purposeis to study the existenceof global attractors for
a nonlinear wave equation of Kirchho type with nonlinear damping and memory
term at boundary. To formalize this problem let us take a open bounded set
of R" with smooth boundary and let us assumethat can be divided into two
non-null parts
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and o, 1 havepositive measure.Let usdenoteby (x) the unit normal vector at
x 2 outsideof andlet usconsiderthe following initial boundary value problems:

(1.1) ug  M(kr uk?) u Uyt ug+ f(u) = h(x) in ©;1);

(1.2) u=0 on ¢ (0;1);
M) S+ B s Ba s usgjuju=g juiu on 1 ©@1);

(1.4) u(x; 0) = up(x); ue(x;0)= uy(x) in

P R P
Here, > 0, h(x) 2 L2(), kr uk? = j&j2dx, u= @4 g us=
R i=1 i=1 !
S gt r)u(r)dr and

1
n 2

Problems (1.1)-1.4) has its origin in the mathematical description of small ampli-
tude vibrations of an elastic string [15]. In fact, a mathematical model for the
de ection of an elastic string of length L > 0 is given by the mixed problem for the
nonlinear wave ?quation )
Z

(1.6) h@: p0+E—h @zdx @

@2 2L, @& @2
where u is the lateral de ection, x the spacecoordinate, t the time, E the Young's
modulus, the massdensity, h the crosssectionareaand pg the initial axial tension.
Kirchho wasthe rst to introduce (1.6) in the study of oscillations of stretched
strings and plates, sothat (1.6) is called the wave equation of Kirchho type after
him. There is an extensiwe literature on the study of wave equation of Kirc hho
type. For example, the existence of global solutions and exponertial decay to
problem (1.1) and (1.2) with @ = ¢ andf(u) = h(x) 0 hasbeeninvestigated
by many authors [12, 14].

On the other hand, there exists a large body of literature regarding viscoelastic
problemswith the memory term acting in the domain or in the boundary. Among
the numerousworks in this direction, we can cite Sartos [19, 20]. Cavalcarti et al.
[2, 3] studied the existenceand uniform decay of strong solutions of wave equation
with nonlinear boundary damping and memory sourceterm. Park et al.[17] have
beeninvestigatedthe existenceand uniform decay of the solutions of (1.1)-(1.4) with
M(s) = 1+ sand f (u) = h(x) = 0. While Bae et al.[1] have been obtained
the sameresults for problems (1.1)-(1.4) with M(s) = 1+ sandf (u) = h(x) 0.

As far as dynamic is concernedthe existenceof the global attractors for wave
equationswith nonlinear damping and memory term acting in the domain is study
by authors(for example, seeft, 8, 18] and the referencesherein). Also, there exist
some literature considering the same questions for nonlinear damping acting on
the boundary (for example, seep, 6, 7, 10]). It is important to mention that
Papadopoulos and Stavrakakis [16] have beeninvestigated the existenceof global
for nonlinear Kirchho equation on RN .

In the presert paper, our main goal is to shaw the existenceof global attractors
for problem (1.1)-(1.4). It is well known that the proof of the existenceof a compact
global attractor for the semigroupwill follow the traditional scheme(see,for exam-
ple, [11, 21]). A compactglobal attractor existsif and only if the semigrouphasa

(1.5) 0< ; if n 3 or ; >0 if n=12

for O<x<L;t O
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bounded absorbing set and is asymptotically compact. To obtain bounded absorb-
ing set we usedthe perturbed energy method, seeZuazua[9, 22], combined with
techniquesfrom Munoz Revera[13]. Generally, onecan obtain asymptotically com-
pact by decomposethe solution operator into a compact part and a asymptotically
small part. However, there are additional di culties when proving asymptotically
compact becauseM (kr uk?) is nonlinear. To overcomethe dicult y, we utilize a
especial method of decomposeto verity the asymptotic compactnessfor problem
(1.1)-(1.4).

2. Preliminaries and main result
Now let us intro duce the functional spaces.Let
V:i=fu2H);, u=0 on g

which equippedwith the topology givenby the normkr ki z(y isaHilbert subspace

of H(). We denote
Z Z

(u;v) :=  uvdx; kuk®=  juj?dx;
Z Z
(uv) | = uvd ; kukb = juiPd ;  kuk® = Kkukj ;
1 1
and let
Ho=HY) HY); k(uu)kd, = kr uk?+ kr uck?+ kuk?:
Let > 0 and > 0 are two constarts such that for 8v 2 V
kvk kr vk; kvk kr vk:

1

Let us make somehypothesisfor function f, M and g:

Hyp.f  The function f 2 C1(R) satisfy

(2.1) f(0)=0;

and f is suger-linear, that is .
S

(2.2)f(s)s (2+ )F(s);F(s)+ Ko 0; F(s)= f(z)dz; 8s2R;
0

for some > 0and Kq > 0 with the following growth condition:
(23)  f(x) fi Ki@+jxj t+jyi Dix yi; 8xy2R;

for someK; > 0 and lsuchthat (n 2) n.
Hyp.M  The function M 2 C*([0;1)) satisfy
(2.4) M() mo>0; M() ®() 8 O

whee Q1 ( ) = RO M (s)ds.

Hyp.g The function g2 W1 (0;1 )\ W%(0;1); g(t) 0, 8t 0 suchthat
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aog(t) o%t)  ag(t); 8t to;
g(0) = 0; jgAt)j azg%t)i t 2 [0;to];
1 g(s)ds > 0:

0

(2.5)
for someconstants ag, a;, a, > 0.

We de ne the energye(t) of problems (1.1)-(1.4):
e(t) = %kut(t)k2+ Ekr ur (t)k? + %IVI (kr u(t)k?)
z
(2.6) +  F(u(t))dx + %ku(t)kzl:

Applying almost the sameargumert asthat usedto in [1, 2, 3, 17] we can show
the well-posednesf problems (1.1)-(1.4):

Lemma 2.1. Assume that conditions (2.1)-(2.5) hold, if (ug;us) 2 H1()

H() and , then there is only one solution u of system (1.1)-(1.4) satis-
fying
2.7) u2 C(0;1;HY()) ; w2C@O1;HY)) :

Lemma 2.1 allows usto de ne the semigroupS;. For everyt 0, wede ne the
operator S; mapping Hg into itself by

St i (uosur) ! (u(t); ue(t)):

Now we are in position to state our main result:

Theorem 2.2. Under the hypothesesof LemmaZ2.1,if = |, thenthe semigoup
St assaiated with problem (1.1)-(1.4) possesses glokal attractor A in Hy.

Our paper is organized as follows: in section 3, we shall show the existenceof
absorbing set in Hg, and in section 4, we shall show the asymptotic compactness
for the semigroup ;.

3. Absorbing set in Hyg

In this section we shall show that the semigroup S; has a bounded absorbing
set,i.e., aboundedsetB H satisfying the following condition: for any bounded
A Hp there existst(A) > Osuch that S;A B forallt t(A).

Theorem 3.1 There exists a boundad absorbingset B for the semigroup S; in
Ho.
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To this end, let us make somepreliminaries. Firstly, let us denote by

Z,
3.1) (9 u)(t) = . g(t s) ju(s)j u(s) u(®) ZldS;

a simple computation givesus

Z,

(9 Wi : = glt ) ju(s)j u(s) u(t) * ds
0 Zt 1
+ Eku(t)k2 g(s)ds
dt L
Zt
2 g(t s) ju(s)j u(s);u(t) ds
0 1
d Z4
= (¢ u(+ 5 ku(k?, g(s)ds  g(t)ku(t)k?,
z, 0
2 . g(t s) ju(s)j u(s);uc(t) ldsr
Thus we get

z t
. gt ) ju(s) u(s);u(t)  ds

= 2@ W+ 5@

L4 ku(t)k? t (s)ds 1 (t)ku(t)k? :
2t 2, 9 29 .
(3.2)

Next we intro duce the following modi ed energy:

E(t) = %kut(t)k2+ Skr ug(t)k? + %m (kr u(t)k?)
Z 1 Z,
+ Flu®)dx+ 5 1 g(s)ds ku(t)k?,
0

Toa0kuk 3.+ 2@ u)o)

+

(3.3)
and let us de ne the perturbed modi ed energy for every " > 0,

(3.4) E-(t)= E(®M)+" (1);

where

Z Z
(3.5) 1) = %kr u(k?+  u(®)u(t)dx + ru(t) ru(t)dx:
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Applying Cauchy-Schwarz inequality and assumption (2.4), we get

i (0 %kr u(t)k? + % (kr u(t)k? + kug()k?)

+ ok UK+ Sk (DK

1
> kug (t1)k? + Ekr uy (t)k?
1+ + 5
+ TOM (kr u(t)k?)
oE(t);
where o = maxf ;1"mo+ ;0. Thus we get
(3.6) JE-(t) E()j o"E(t); 8"'>0;t O
Lemma 3.2 If = , then there exist C;;C, > 0 and "; > 0 such that for
"2 (0;"1],
(3.7) %En(t) "C1E(t) + Cokhk?:
Pro of Multiplying %quation (1.1) by u; we get
%E(t) = h(x)ug(t)dx  kr ug(t)k?  g(t)kue(t)k Ig )
1 + S
+—59(ku(k 3.+ g(t) Ju(®) u(t);ui(®)

SOKUDK,  kud(OR2, + 2@ u)(D):

(3.8)
Di eren tiating the equation (3.5) with respect to t and from equation (1.1)-(1.3)
we get

% (t) kr u(t)k®+  kr ug(t)k? + kug(t)k?

d
%

+ Nl

u(t)  ug (t) + M (kr u(t)k?) u(t)
z
+ ue(t) f(u(t)+ h(x) dx+ r u(t) r u(t)dx
z
= Kku(t)k®+ kr ug(t)k? u(t)f (u(t))dx

M (kr u(t)k?)kr u(t)k? ku(%)kz1 (U (t); u(t)) ,

gB)jue(B)j ue(t); u(t) ot h(x)u(t)dx
z
+ tg(t s) ju(s)j u(s);u(t) ds:

0 1

(3.9)
From (3.4), (3.8) and (3.9) it follows that
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%E.. t = (" 1)kr Ut('[)k2 + %Zgo(t)ku(t)k :g 1

gtku(k 33, , + g(t) ju(t)i ut); uc(t)

Lamku®re,  ku k2, + S(g® u)(t)

Z z 2

+  h(X)u(t)dx " u(t)f (u(t))dx
Z

"M (kr u(t)k®)kr u(t)k?+ "  h(x)u(t)dx

+kug (D2 g(O)jur (1) ue(t); u(t)
Z 1
+ tg(t s) ju(s)j u(s);u(t) ds
0

"ku(tk?, " (u(t);ut) -

(3.10)

We now majorize the right-hand side of (3.10). Firstly, using Schwarz's inequality
and Young's inequality, we get the following v e inequalities:

g(t) jut)j u(t);u(t)
z 4
gty  ju)j 2d " jur(t)j *2d

1 1
1

aku(hk 2.+ rgkuk 2.

+2

(3.11)
" og(t)juc(t) ue(t); u(t)
1
" (Ogtku Ok 2.+ giku(Dk 2.
(3.12)
Z
h(x)ut (t)dx kr ugkkhk
2
" kr uk® + Fkhkz;
(3.13)
z w2
h(x)u(t)dx "mo kr uk?®+ khk?;
Mo

w 2
" M (kr uk®)kr uk®+ —khk?;
(kr uk“)kr u amg ;
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(3.14)
and
2 ' 2 2
(Ue(t);u(t)) mo kr uk®+ 4mg kuek® ;
w2
" M (kr uk?®kr uk?+ pr kugk?, :
(3.15)

On the other hand, applying Young's inequality and (3.2), we get
t

gt s) ju(s)j u(s);u(t) ds

1

gt s) ju(s)j u(s) u(t);u(t) 1dS

ya

+" t g(t  s)dsku(t)k?,
0
" z t 2
> gt s) ju(s)j u(s) wu(t) ds
0 1
3" Z
+ 7ku(t)k21 g(s)ds
n 32 z t
= E(g u)(t) + 7ku(t)k21 X g(s)ds:

(3.16)
Thus, from (3.10)-(3.16) and considering = we get
d
(3.17) —E-(t)  Ga(u);
dt
where
n 2
Gi(u) = (2" +" 2  1kr u(t)k®+ (4mo 1)kutk21
z 2 nw 2 )
u(t)f (u(t))dx + (F+ ams )khk

+2  1)"M (kr u(t)k?kr u(t)k?
+(+" () Dgtku(tk 1.

" 1 a1
+(" o+ i n 2)g(t)ku(t)k 13 )

Wy Z)g u)  Ze0kiOK,
'z

"ku(t)k? + % tg(s)dsku(t)kzl:
0

(3.18)
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On the other hand, for C; = 2(1 2), =2 +1, we have

2 n 2 w 2
n — 2 2
Cuu)+ CLB (1) = (ga+ g khko+ (g0 - Dkulk?,
@ 20220 22 Dk u(HK

+" 21 2)F(u(t) u(®f(u@) dx
+"(1 2)M (kr u(t)k?

+2  1)"M (kr u(t)k?)kr u(t)k?
+(+" () Dobku(tk 13, .

+H" O+ T4 w)g(t)ku(t)k Ig .
ﬂ% a_21 2" )(g u)(t) %g(t)ku(t)kzl

" z t
2" ku(t)k®, + (§ +2')  g(s)dsku(t)k? :
0

(3.19)
Noting that
21 2)F(u(t) u®f(u@) dx O
"1 2)M(kr u(k®) + 2 1)"M (kr u(t)k?)kr u(t)k?® 0;
and
n Zt
2" ku(t)k?, + (5+2) g(s)dsku(t)k?,  0;
0
we obtain
2 "2 w2
GiW+ CUE(M) (G * g Kk + (o Dkuik?,
+H3" 4202 2" 22" D)kr u(hk?
o+ () Datku(k 33
} L2 A N
HUo+ T T heku(k 33
H3 2 2 g u
(3.20)
Let
— . 4m0 . 1 _1 L1 2 4_ ar
@21) "Emn =i E oy ra ) ()'2 2+ 3 4
Foreah 0< " "y, then (3.20) implies that
(3.22) Gi(u) + C1"E (1) (4—,2,+ 4';: Ykhk?:
0
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Thus by (3.17) and (3.22) we get

d 2 n 2

(3.23) GE®  CEM+ (5

khk?:
4" 4mo )

The proof of Lemma 3.2 is completed.

Pro of of Theorem 3.1 Let "g = minfﬁ;"lg and let us consider" 2 (0;"¢].
As we have " < ﬁ we concludefrom (3.6)
(I " oE(M) <E-()<(1+" oE()
and so
1 3
(3.24) EE(t) < E-(t) < éE(t):

From (3.7) and (3.24) it follows that

d 2
FE (< SCIE- () + Cokhi:

By Gronwall's inequality we get

(3.25) E-(t) E-(0)e 3™ + C3(1 e $Cu™):

Inequality (3.25) implies

(3.26)  kug(t)k?+ kr u;(t)k? + B (kr u(t)k?) Case 2cit 4 Cs(1 e %cl"t):

The proof of Theorem 3.1 is completed.

4. Asymptotic compactness

By de nition, the semigroup S; is asymptotically compact if for any bounded
A Hp and any " > 0 there exists a precompactset K  Hp and a time t such
that dist(SiA; K) < .

To establish the asymptotic compactnessof the semigroup generatedby prob-
lem (1.1)-(1.4) we adopt the generalscheme(fl1, 21]). The ideais to decompose
the solution operator into two parts:

St(uo; u1) = Vi(uo; u1) + Wi (uo; ug);

where V; is a cortraction in the sensethat Vi(uo;ui)! Oast! +1 uniformly in
(uo;uz) 2 A, and W; is a compact mapping for all t. Then choosingt su cien tly
large so that kV;(up;ui)k < " for all (up;us) 2 A, we have dist(S;A; W(A) < ",
which provesthe asymptotic compactness.

However, there are additional di culties when proving asymptotically compact
becauseM (kr uk?) is nonlinear. To overcomethe dicult y, we utilize a especial
method of decomposeto verity the asymptotic compactnessof problems(1.1)-(1.4).

Firstly, let us de ne V; asthe solution operator of the following problems:

(4.2) Vit % Vit vi=0 1in 0;1);
(4.2) v=0 on o (0;1);
(4.3) % + % + % =0, on 1 (0;1);

(4.4) V(X;0) = up(x);vi(x;0) = ug(x) in x2
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Prop osition 4.1 Assumethat (up;u;) 2 Ho, then the problem(4.1)-(4.4) admits
a unique glotal solution v satisfying

v2C(0;+1;HY() ; w2CO;+1 ;L)) :

Moreover, for each bounded A Hy,

(4.5) sup  kVi(uo;ui)ku,! O; as t! +1:
(uosu1)2A
Pro of For
2 2 2

(45)0; o], o=minf o1 2 3 >01+ ? — > 0g;
it is easyto obtain,

(vt + V)i + ( D v+ v) (vi + V)

2 Dy (wr vt v=o

Multiplying above equation by v; + v we get

%%Gz(V) + (1 Ykr (v + VK2 kv + vk®

+ 1+ %2 krvk®+ F(v;ve+ V)= 0;

4.7)
where
(4.8) Go(v)= kv + vk?+ (1+ 2 krvk®+ kr (v + Vv)k%:
Here we note that

(a Ykr (v + VK2 kv + VK2

+ 1+ %2 )krvk?+ 2(vive+ V)

(1 Ykr (ve + V)K? 2kr (v + V)K?

2 2
L L4
2 2
5 kr (v¢ + V)k?
2 2
(1 2 5K (vi + v)k?
2
+ 1+ 2 T)kr vk?:

(4.9)
From (4.6)-(4.9), there is a constart K > 0 such that

(4.10) %Gg(v) +KGy(v) O

By Gronwall's inequality we can get

(4.11) Ga(v(t)  Ga(v(0)e "'
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On the other hand, we have
kvi(Dk? = kv (t) + v(t) v(t)k?
kve(t) + v(k?+ 2kv(t)k?
kve(t) + v(k?+ 2 Zkr v(t)k?;

(4.12)
and
kr vi(hk? = kr (ve(t) + V(b)) 1 v(t)k?
kr (vi(t) + v(t)k®+ 2kr v(t)k?:
(4.13)
From (4.11)-(4.13) we get, for someconstart C > 0
(4.14) kve (k2 + kr vi(1)k? + kr v(t)k? Ce Kt:

The proof of Proposition 4.1 is completed.

Secondly we now passto the proof of the compactnesof mappingW; = S; M.
Clearly, if w is the rst componert of W;(uo; u;), then its secondcomponert is w;
and the function w satis es the following problems:

Wy w Wy w = M (kr uk?) u
u fu+hx) in 0;1);

(4.15)
(4.16) w=0 on o (0;1);

@v @ve , @vi _ @, @

@+ @+@ M(kruk)@+@

u U g(tjugju+g juyu on 1 (0;1);

(4.17)
(4.18) w(x;0)=0; w(x;0)=0 in

Prop osition 4.2 For eacht 2 R, the mappingW;: Ho! Hg is compact.

Pro of Fix an arbitrary bounded sequence(uf;uk) 2 Ho. Let uk(x;t), v¥(x;1),
wK(x; t) denote the rst componerts of S;(uf; uk), Vi(uk;uk), and W, (uf; uk) re-
spectively.

The rst stepisto show that forany p, 1< p< q nz—”z(in the casen = 1,2
chooseany nite q> 2 + 2), the sequencesi¥ is precompactin C((0;1 );LP()).
The energy equation e(t) for (1.1)-(1.4) implies that u* and u¥ are bounded in
L! (0;1 ;H()). By the Sobolev Embedding Theorem in particular we have u®
is boundedin Lt (0;1 ;LY9)), and uk(t; ) is precompactin LP() for almost all
t 2 (0;1 ). By the interpolation inequality for almost all t, s2 (0;1 ) we have
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kuk(:t)  uk(;s)kee
kuzk(;t) uk(; )k okuk(;t)  uk(;s)ki,

kuk(.z)k d k ke . ke . . .
Y L2dz u“(;t)kLa + ku(;s)kpa ;

t

(4.19)

where = =5 1 2 (0;1). The secondfactor at the right-hand side of (4.19) is
bounded,and the rst onevanishesasjt sj! O0uniformly in k. Thus (4.19) show
that the functions uk are equicortinuousin C(0;1 ;LP()). Sothe sequenceu is
precompactnessn C(0;1 ;LP()). Fix two dierent integersi, j and obsene that

the function U = wki  wki satis es

Ug U Us Up = M (kr ukik?) uk
M (kr ubik?) U+ ok uki
+f(uk)  f(U); in 0;1);
(4.20) U=0 on o (0;1);
@, @, @k _ 2y @
o " @+(% l\:l.(kruk.k)@
+M (kr uki kz)@éJ + @él @I@J

Hu o u) - )
+gOGuj u Ul uf)
+g (udjud juljuf); on g (051 );
(4.22) U(x;0) = 0;Ui(x;0) = 0; in
Multiplying (4.20) by U; we get
1d

Eakatk2+ kr Utk2+zkr Uk?g

= kr Uk® M(kr u¥k? rufor Ugdx
z

+M(kr ukik?) rub r Ugdx
z

+  (FUN)  f@UM)Udx
z

+ r Uk ud) r Udx
z yA

+ W odUd + U doud
Zl 1

+ gMGuli ud jul uf)ud
Zl

+ g (uljul julj ud)Ud

1
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We now majorize the right-hand side of (4.24). Firstly, using Schwarz's inequality
and Young's inequality, we get the onIIowing four inequalities:

M (kr ukik?) ru o Udx
z
+M(kr ukik?) ruk o Ugdx
z
= M(kr ubK? M kr udKk?) rud r Ugdx
z
+M(kr ukik?)  r (uk uk) r Ugdx

K() M(kr ukik?) M (kr ukik?) ’

2
+K () r @ Uy o+ kr Uk

z
(F@U)  f (uk))Udx

K() fh) f@h) g kr Uik?;

z yA
rko oud) r Udx+ W uk)ud
1
2
K()r @ uh)  + kr Uk
and 7
gt)(uy j uf  julj uf)Uid
1

2
KOG julju  judju © + kr Uk
1

On the otherzhand, by a simple computation, and taking (2.5) into accourt, we get
g (uijuc jubj ul)ud

Z 1
= tg(t s) ju(s)i Uk (s) U ()i UM (s);L(t) ds

0 1
= 2d@, gt ) jut(s)j ut(s) juh(s)j u(s) U(t) 1ds

5 , gt s) jut(s)i ut(s) juli(s)j uv(s) U(t) lds
1d 24 1

+2= kUMK®  g(s)ds  Zg(t)ku(t)k?

2dt Ly 2 1

2dt gt s) jut(s)j ut(s) jub(s)j ut(s) U(t) 1ds
1d ) Z

+§a KU(t)k<, . g(s)ds :
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From (4.24)-(4.29), choosing > 0 su cien tly small we can get
z
n t
% KUk? +  kr Uik? + kr Uk? kU(t)kZ1 g(s)ds
0
z t 2 0
+ gt 9 jui(s)i Uk (s) juNi(s) uki(s) U() ds
0 1
n 2 2
K M(kr ukik?®) M(kr ubk?) + r (@uk ud)

+ Ul dd T f) (M)
1
2 0

ki ki ke )
+0%(t) jugj ug juloug

Integrating (4.30) over (0,t) and taking (4.23) and (2.5) into accourt, we obtain

kUi(t)k2+ kr Ug(t)k? + kr U(t)k?

n

K t M (kr uki (s)k?) M (kr ui (s)k?) ?
0

N () + U u(s)
5 1

+ f(Ui(9)  f(u(s)
0
+g2(9) ju (9 uf (s) jul ()i uf (s) 21 ds:

From (4.31) and (3.26), and noting that V | L2 *?( ;) we get

KW, (Ul s us)  We(ug sl )KE,
tn 2
K M (kr uki(s)k?) M (kr uki(s)k?)
0

Fre WiE) W W

S () U (S)
(0]
+@%(s) JUN (9 U9 (9) Ul (9)j ub(s)  ds

1
L O M I A A
Thus the sequenceén; (uf; u¥) contains a corvergert subsequencewhich completes
the proof of the Proposition 4.2.
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