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Abstra ct. Wederivelower bounds on the power of breather solutions () =
el t g, > 0 of a Discrete Nonlinear Schrodinger Equation with cubic
or higher order nonlinearit y and site-dependent anharmonic parameter, sup-
plemented with Diric hlet boundary conditions. For the case of a defocusing
DNLS, one of the lower bounds depends not only on the dimension of the
lattice, the lattice spacing, and the frequency of the periodic solution, but also
on the excitation threshold of time periodic and spatially localized solutions
of the focusing DNLS, proved by M. Weinstein in Nonlinearit y 12, 673{691,
1999. Our simple proof via a direct variational method, makesuse of the inter-
polation inequality proved by Weinstein, and its optimal constant related to
the excitation threshold. We also provide existence results (via the mountain
pass theorem) and lower bounds on the power of breather solutions for DNLS
lattices with sign-changing anharmonic parameter. Numerical studies consid-
ering the classical defocusing DNLS, the case of a single nonlinear impurit v,
as well as a random DNLS lattice are performed, to test the e ciency of the
lower bounds.
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1. Intro duction

In this paper, we study solutions of a generalizedDNLS equation, supplemeried
with Dirichlet boundary conditions

(1.1) i+t (da)n  nin® n=0 jinj K;
(1.2) n =0 jinjj > K;
where jinjj = maxy ; n jnij for n = (ng;ny;::i;ny) 2 ZN. In other words
we consider the DNLS equation (1.1) in the nite lattice zZ} = zZN \ f K
ni;ng;:ii;ne Kg o In (1.1), > Ois a discretization parameter h 2 with h
being the lattice spacing,and ( ¢ )n standsfor the N -dimensionaldiscrete Lapla-
cian

X
(1.3) (d dn2zn = m 2N q;

m2N

where N, denotesthe set of 2N nearestneighbours of the point in ZN with label
n.
Note especially that we take the nonlinearity parameter = ( n)jnj k 2

R@K+D " in Equation (1.1) to be site-deendent We considerthree possiblealter-
native casesfor :
(F) (Focusingcasd , ©0; n22zN and 6 0( 2 R@X*D" jsnot
identically the zero vector having at least one negative coordinate).
(D) (Defocusingcasd , 0, n22zN and 6 0( 2 R@K*D" jsnot
identically the zero vector having at least one non-negative coordinate).
(SC) (Sign-changingcase In some S, ZR,f non2s, > O0andin S =
ZE NS:, f nOn2s 0, wheref ,gn2s 6 O (not identically the zero
vectorin S ).

The solutions we considerto (1.1) are restricted to time-periodic solutions of the
form

(1.4) at=e’'t >0

where the sign of is crucial to our study.
We can assaiate a power to any solution of the form (1.4), de ned as

(1.5) P[]= j ni?
n2zN

Our paper is dewted to an analytic and numerical study of lower bounds on the
power of solutions of the form (1.4) to (1.1) as functions of and the other pa-
rameters of the problem. We concerirate on the Defocusing and the Sign-changing
cases. Although historically the main interest was in the focusing case, more re-
certly interest has grown in the other two cases,starting perhapswith the paper
by Kivshar in 1993[10].

A characteristic exampleof a site dependert nonlinearity parameter covered by
conditions (D) or (SC), is that of a single nonlinear impurity at the origin n = 0,
seeM. I. Molina [13, 15], M. I. Molina & H. Bahlouli [14], G. P. Tsironis, M. 1.
Molina & D. Hennig [16]. Another recert example of work on an inhomogeneous
lattice is [11].

Solutions (1.4) are usually called breathers (or sometimessolitons), from the
comparisonwith a classof exact solutions of the sine-Gordonequation of the same
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name. We note that there is a growing interest in the study of such modes in
discrete lattices. A number of papers have studied the stability analysis of such
solutions in both cubic and saturable DNLS lattices (c.f. [1, 5, 18]).

A key work in this areaon existenceof solutions is the 1999 paper by Weinstein
[17] on the focusing case(F) of (1.1) with constant . Since we make extensive
useof the resultsin [17], we briey summarisethese hereto make our paper more
self-cortained. In this paper Weinstein consideredthe focusing Discrete Nonlinear
Sdcredinger Equation (DNLS) [4, 9]

(16) it (a)ntja® n=0 >0 n=(ny;nyiing)22zY;
and resolved the hypothesis suggestedby S. Flach, K. Kladko & R. MacKay [6]
for this equation, on the existence of excitation thresholds for the existence of
nonlinear localized modes for Hamiltonian dynamical systemsde ned on multidi-
mensional lattices. More precisely the numerical studies and heuristic argumerts
of [6], suggestedthat there is a lower bound on the energy of a breather (time
periodic and spatially localized standing wave solutions), if the lattice dimensionis
greater than or equalto a certain critical value. The hypothesisof [6] was resolved
by

Theorem 1.1. (M. Weinstein [17, Theorem 3.1,pg. 678). Let Ni Then
there exists a ground state excitation thresholdR yresn > 0.

A minimizer of the variational problem
.7 Ir =inffH[ ] : P[ ]= Rg:
is called a a ground state [17, De nition, pg. 676]. Here the Hamiltonian H[ ] and
the power P[ ] are the fundamenrtal consened quartities, where
1 X 2 +2 .

1 J n)
n2zN

(1.8) HET= ( ai )2

Theorem 1.1, statesthat if 0 < < Ni then Ig < Ofor all R > 0. That
is, the variational problem (1.7) has a solution for all R > 0 and there is no
excitation threshold. However when Nl there exists an excitation threshold
Rinresn Sud that (a) if R > Ruesn then I g < 0, and a ground state exists and
(b) if R < Rinresh then I g = 0, and there is no ground state minimizer of (1.7).

Theorem 1.1, justies the existence of an excitation threshold for spatially

localized and time periodic solutions of the form
(1.9) Wt = €'t >0 n22zV; t2R;
n 2 2
The threshold value, R resh , IS related to the best constart of an interpolation in-
equality which is a discrete analogueof the Soholev-Gagliardo-Nirenberginequality.

Theorem 1.2. (M. Weinstein [17, Theorem 4.1,pg. 682)) Assumethat Ni
Then there exists C > 0, suchthat for all 2 “2, the following interpolation
inequality holds

X X
(1.10) ja?2™® C I S G P
n2zN n2zN
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If C isthe in m um over all such constants for which inequality (1.10) holds,
then the excitation threshold Ryesn is de ned by [17, pg. 680, Eqn. (4.2)]

(1.11) ( +1) (Rtesh) =C;
and the optimal constart C hasthe variational characterization

il nzpvjnjz ( di )2,
c 2°2 nazn | nj? "2 .

This completesour summary of Weinstein's results.

In our paper, to establish that problem (1.1)-(1.2) admits time periodic solu-
tions (1.4), we follow a variational approach (constrained minimization problem) as
usedin [17]. However, one of our claims in Section 2, is that by using the discrete
interpolation inequality (1.10), a simple proof of an explicit lower bound on the
power of solutions (1.4) of the DNLS (1.1)-(1.2) under condition (D), can be de-
rived. It is shawn that the lower bound exhibits an interesting relation betweenthe
parametersN; ; ;; n» aswel ason the excitation thresholdfor the periodic so-
lutions of the focusing DNLS (1.6) derived by Weinstein. A numerical comparison
with an Rresh -independent lower bound, indicates for a derivation of an explicit
upper bound on Rinesn dependingon ; ; N (Section 4).

Section 3 of our paper is dewvoted to the extensionof the results on the existence
of breathers as well on the lower bounds of their power, for the DNLS (1.1), under
condition (SC). In this case,(1.1) cannot be considered as focusing or defausing,
and the existenceof a nontrivial breather solution (1.4) is proved via the Mountain
PassTheorem (MPT) [8], asa saddlepoint of the functional

X - 1 X
E[]_E( d; )2 2 J nl +2 T2
iini K iini K

nj nj2 +2:

We remark on an important di erence of the results of this manuscript com-
pared with those of [17]: the thresholdR yyesh (which is used in Theorem 2.1, to
provide an optimal value for the constant C of the inequality (1.10)) is a glokal
excitation thresholdfor the breathers, depending on ; N, while the lower bounds
derived in this paper are\lo cal" in the sensethat they depend also on the frequency

(aswel ason ,;; ;N). Theseboundsshouldnot be viewal as a prediction of
the excitation thresholdin the case of 2=N nor as a theoretical prediction of the
numerical power of periodic solutions but as prediction of the smallest power a pe-
riodic solution for any , ,, , , N, satisfying the assumptionsfor the derivation
of the bounds. From this point of view, these bounds are \global" since no peri-
odic solution has power smaller than the derived estimates. The glotal character
of the estimatesis revaled when one considers\limiting" casesof large values of

> 2=N: The numerical studiesin Section4, verify that for large valuesof frequen-
ciesthe estimatesare not only satis ed but are also quite sharp estimatesof the real
power of the corresmpnding periodic solutions. Thus the lower bounds derived are
of particular physial importance, since they provide a lower bound for the power
of each breather of prescrited frequency , corresponding to DNLS lattices covered
by the form of (1.1).

In the caseof constart or constart-sign anharmonic parameters,the conditions
on the existenceof breather solutions with respect to the frequenciesare similar to
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the requiremert that they do not belongto the phonon band (seeRemark 4.1). In
the caseof the inde nite sign, non trivial breathersexist for any > 0.

Although the study is limited to the nite dimensional lattice, this caseis of
importance especially for numerical simulations: sincethe in nite lattice cannot be
modelled numerically, numerical investigations should consider nite lattices with
Dirichlet or periodic boundary conditions. The choice of boundary conditions only
matters, if the pulse is moving and collides with the boundary. We expect that
similar bounds can be derived for the caseof periodic boundary conditions, by
considering appropriate variational problems, but the details have to be cheded.
The numerical study performed in this paper, considersas examples,the standard
defocusing DNLS, the caseof a single nonlinear impurity , = .o and the caseof
a random DNLS where | is described by a uniform distribution of +1 and 1.

We merntion at this point, that an analytical and numerical study, on various
lower bounds of the power of time periodic solutions, of the DNLS equation with
saturable and power nonlinearities in in nite and nite lattices, is consideredin [3].

2. A lower bound for time periodic solutions of the defocusing DNLS
in a nite lattice

In this section we discussa lower bound for time periodic solutions of the
defocusing DNLS in a nite lattice and its relation to the excitation threshold of
the focusing DNLS.

Substitution of the solution (1.4) into (1.1)-(1.2) shows that |, satis es the
system of algebraic equations

(2.2) ( d)n n= nj nj2 ns >0; jjnjj  K;

(2.2) n = 0; jinjj > K:

The nite dimensional problem (2.1){(2.2) will be formulated in the nite dimen-
sional subspacesf the sequencespaces?,1 p 1,

(2.3) P(zNy=f 2°P: =0 for jjinjj > Kg:
Clearly "P(zN) C®@K*D" endavedwith the norm
0 1 1
X
i ip=@ j njPA
inji K

Moreover, it is easyto ched by using Helder's inequality that
. N(@ p).. .. .
(2.4) Ihiip @K +1)7% 7 jjo Jj ipp I p g<1l:
The principal eigervalue of the operator 4 denotedby ; > 0, can be charac-
terized as

(2.5) L= inf P(di)z2
2°2(zZ¥)  ginj k1 o0l
60
Hence(2.5) implies the inequality
X X
(2.6) 1 ini® ( 4; )2 4N i nj®

jinj K finj K
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Thus from (2.6), we nd for ; the bound

2.7) 1 4N:
In the caseof an 1D-lattice n = 1;:::;K, the eigervaluesof the discrete Diric hlet
problem d = ,with real, are given explicitly by
n
=4sin® ————— ; n=1::K;
" 4K + 1)
while for a N-dimensional problem, the eigervaluesare:
- i N1 2 n2 e ein NN :
mpminy) = 4 SIS +sin? S 4+ +sin?
(ni;nz;uny ) : 4K + 1) ! 4K + 1) ! 4K + 1)
nj=2%1::5K j=1::5N:

In consequencethe principal eigernvalue of the discrete Diric hlet problem d =
, with  real, is given by

- )
1 ;1051 — 4N sin m

We also mertion that the inequality (1.10) holds for any elemen of the nite
dimensional space 2 “2(Z}). The result of this note is stated in the following

Theorem 2.1. We consider the functional

1 X D2 2
(2.8) HET= (a5 )2+ — nj nj” 7%
inji K
and the variational probflsem on “%(zZ¥) o
< X =
(2.9) inf  H[]: j n?=R>0_;

jinj K

Then there exists a minimizer " 2 *2(ZN) for the variational problem (2.9) and
= ( R) > 0, suchthat

(2.10) > 1
P
both satisfying the Euler-Lagrange equation (2.1), and inji K j"an = R2,
Moreover, if 2 and
(2.11) > 4N ;

the power of the minimizer P["] satis es the lower bound

1
4N B A
2.12 R _— P[']; M= f
( ) thresh AMN( +1) [T jjnmjjaXK nd

wher’ Ryresh  Rinresh ( jN; ) is the excitation thresholdof solutions (1.9) of the
focusing DNLS (1.6).

Pro of: We considgrthe set 9
< z

x =
(2.13) B=  27%zZ): i ni®=R?

finji K
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Clearly H : B ! R is a C!-functional (see[8, Lemma 2.3, pg. 121]). Also, it is
bounded from below: inequality (2.6), implies that

(2.14) HLT ( a: )2 1R%:

We are restricted to the nite dimensional space’?(Z{ ), and it follows that any
minimizing sequenceassaiated with the variational problem (2.9) is precompact:
any minimizing sequencehas a subsequencegconverging to a minimizer. Thus E
attains its in m um at a point " in B. Now, for the C!-functional

X
(2.15) Lel 1= i ni® R%
inj K
we get that forany 2 B
X
(2.16) R[] i=2 j j2=2R?> 0
inj K

Thus the Regular Value Theorem ([2, Section 2.9], [7, Appendix A,pg. 556 ])
implies that the set R? = L;*(0) is a C*-submanifold of “2(ZY ). By applying the

Lagrange multiplier rule, we get the existenceof a parameter = ( R) 2 R, such
that
N 0N E n X LA 2 N —
(2.17) HTY LRI =2( oF )2+2 ni"ni® "
inji K
X .
2 Re n =0 foral 2°2(z)):

inj K
By h; i we denote the duality bracket between *2(Z}) and its isomorphic dual

C@K+D™ (hence this bracket actually coincideswith the scalar product (; )»).

Setting = "in (2.17), we nd that
X X
(2.18) 2( df Me+2 a2 =2 i"ni%:

inji K inji K
By using inequality (2.6) and (2.17) we get the inequality
X X

2 4 iWiZ20 a2t 2 ni 2 "
ijnjﬂ( K jinj K
(2.19) =2 i"ni%
jiinj K
implying that
> 1,

that is, (2.10). Lastly, we shall use (1.10), with the optimal constart (1.11), to

estimate the secondterm on the rhs of (2.18): we have
1
NN X ) NN
2( dav )2t 2 maxf ngC @ iITiPA (a2
« o ini K
(2.20) 2 itni?

jinj K
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Sincefrom (2.6)

X 1
A~ G
jinji K
inequality (2.20) becomes
0 1
X
2( a" N2 + 2vc @ IWiEA (a2
inji K
(2.21) 20
4N '

Thus, from (2.21), we get

. + C—
(2.22) MC R N
Now from (2.22) we may infer the the lower bound

N T,
(2.23) NG < R=:
Replacing the value C , given by (1.2), in inequality (2.23), we nd
1
4N B
R - R% M = f ;
thresh AMN( +1) ; i rI;nHaXK nd;

which is the lower bound (2.12). Note that (2.10) implies (2.20), due to (2.7).

Remark 2.1. The lower bound (2.12) hasthe following implementation, through
Theorem 2.1. There exists a frequency > 1 and a nontrivial minimizer )
*2(zN) of the problem(2.9), suchthat ,(t) = e ' '}, is a solution of (1.1)-(1.2).
Furthermore if  satis es (2.11), its power satis es the lower bound (2.12).

A lower bound for the minimizer " without using the interpolation inequality
(1.10), can be derived directly by (2.18), by using (2.6) instead. We nd from (2.18)
that

(2.24) 4N R?+ MR? *2 R2 *2:
From (2.24) we nd the estimate
1
(2.25) AN R, >0
M

It is our aim in Section 4, to examine by a numerical study if the lower bounds
(2.12) and (2.25) can serveas estimatesfor the thresholdon the power of breather
solutions (1.4) of (1.1)-(1.2), aswell asa comparison with respect to their possible
optimal behaviour.

3. Lower bounds for perio dic solutions in the the case of sign-c hanging
anharmonic parameters.

We shall extend the results of the previous sectionto the caseof (1.1)-(1.2) with
sign-changing anharmonic parameter. Under condition (SG), the DNLS equation
(1.1) cannot be consideredas focusing or defocusing. The method basedon the
Mountain PassTheorem (MPT) [2, Theorem 6.1, pg. 140]will be usedalso here
(see[8]), to establishthat there exist nontrivial breathers (1.4).
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Theorem 3.1. We consider the DNLS equation (1.1) assumingthat (SG) is
satised. For > 0O given, there exists nontrivial 2 “2(Z{) suchthat ,(t) =
e ' ', is a solution of the DNLS equation (1.1). Moreover the power of the
nontrivial periodic solution satis es the lower bounds

1

1 2. .
3.1 - < R% 0< < > 0;
(3-1) minpos f nQ !

4N
(3.2) - < R?% >4N; >0
maXnos, f ng

1

Pro of: As in [8], we shall seekfor non-trivial breathers as critical points of
Cl-functional E: 2! R dened as
X 5 1 X
33)E()= = ; = j nj°t ——
( ) ( ) 2( d . )2 2 ) J nJ 2 +2” )
jinj K iinji K

nj nj2 +2:

By the di erentiabilit y of E, it can be easily cheded that any critical point of E is
a solution of

B ( a; 2 (5 )2=( (%5 )z foral  2°2% = ( jej «;

which in turns, is equivalertly, a solution of (1.1).

Clearly E[0] = 0. Next, we shall verify the existenceof z 2 *2(Z} ), such that
jizii3 = 2 > 0 satisfying E[z] > 0, which is the rst assumption of MPT. We
consider

(3.5)  fznGnozy = fZnOn2s. + fZnOnas ; sudh that fZnGnzs. >0,

fZnOn2s =0
We obsene that
X
Elzl = 5( 422 = jznj? + niznj?
2 2 n2s . 2 +2 n2s.
min f X
_ . . . .2 + n2s . ng . 2 +2
5( 4Zi2)2 . "+ — 5 . izn]
X .. min 25+f g X o 4
(3.6) > jznj® + % jznj? "%
n2s . n2S.
Applying (2.4) forg= 2 + 2 and p= 2, we get that
1
D 4D D 42D
(3.7) W22 Grape b
Combining (3.6) with (3.7) we get that
0 1 4
X minnos , f X
B o2y n2s. ! n0 i 2 A
38) Bzl 7 mitt Goek T oy Jn]
n2s . n2s.

Then from (3.8), it follows that the requiremert E[z] > 0 holds if z satis es (3.5)
and

25 (2 +2)@2K + )N
2minps, f ng
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Now considersome 2 “2(ZR) with jj jj» = 1 sud that

f nOnos,

= O'
f nOn2s >0

f nOnazy =F nn2s. +f nOn2s ; where

Setting =t 2 2(z¥), for somet > 0, we obsene that

t2 tZ +2 X

t2
@9 E[1=5( ai) o+

5 5 12 njznj2 2
n

2S

Letting nowt! +1 we getfrom condition (P), that E[t ]! 1 . Thus choosing
asin (3.9) and t sucien tly large, we derive the existenceof somez; 2 “2(zV)
such that E[z;] < . Furthermore, sincewe are restricted in the nite lattice (ZY),
the functional E satis es Palais-Smalecondition [2, De nition 4.1, pg. 130]. Hence,
the conditions of MPT are satis ed, justifying the existenceof nontrivial breather
solution (1.4).
Sincethe nontrivial critical point  of the functional E is a solution of (3.4) we

may set = in (3.4), to get that
X X
(3.10) ( da; )2 j ni%+ nj a2 =0
iinji K jinj K

From (3.10) we get the inequality
X

P2 42 Poi2 42 X i2 .
nj nl + nj nl = J ni ( a5 )2
n2s. n2s ini K
X
(3.11) ( 4N) i ni%:
jinji K

Assumingthat > 4N we get from (3.11) that

X L o X )
(3.12) n] nl > f nd] nJ ; f nOn2s 0:
n2s. n2s

Thusin the casewhere > 4N, the \defocusing payt’ of the nonlinearity \domi-
nates" in the senseof (3.12). In this caseand since ,,5 f ngj nj> ¥ 0, we
deducethat

X 2 X P2 42 X P2 42
( 4N) ] n) n] n) + n] n)
jinji K n2s . n2s
X L2 42
< n] n)
n2s .
< maxf Xy
n2s . nd Jonl
n2s .
X
(3.13) < maxf ,g i nj? 2
n2s I
iinii K
Using (2.4) and (3.13), we nd the lower bound
1
4N < R%

maxXnos, T ng
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On the other hand, when the \fo cusing part” dominatesin the senseof

X o X L2 42
(3.14) n] nl < f nd] n] ;

n2s. n2s
we get from (3.11) that
(3.15) N ( a5 ) ini® (g )2<0;

4N -
jinj K

dueto (2.6). Thus(3.14) holds when the frequencyof the breather solution satis es
(3.16) <4N:

By using (2.6), we get from (3.11) and (3.15) that
X X

(1) i ni? ( a5 )2 i ni?
ek ok
" X - +szn” X )
= n) n) nl nJ
n2s n2s
f g nj?® ™
n2s
X
(3.17) minf .g i nj? ™2
n2s o
iini K

Condition (3.16), impliesthat < ;. In this case,we may infer from (3.17) the
lower bound

1

1— < RZ:
Mminp2s f ng
Finally, when
X o X L2 42
(3.18) ni nj = fonginj® 77
n2s. n2s
P
.. jnjs. ni n? ™2 =0, then from (3.11) we get that
dn = ny Jinj K
n = 0; jjnjj> K:

Thus when (3.18), it followsthat is an eigervalue of the Discrete Laplacian, and
behavesas a corresponding eigensolution of the discrete eigervalue problem.

Remark 3.1 Working exactly asin the proof of the estimate (2.12) we may
replacethe estimate (3.2) of the case > 4N, by
1
4N -
3.19 R _— R? My = i nj
( ) thresh 7y N( + 1) ; 1 jjnmjja)ij nJ
which is the extensionof the estimate (2.12) in the caseof sign-changinganharmonic
parameters.
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Remark 3.2. Setting = 0in (3.6), (3.8) aswell asin (3.9), it can be easily
chekedthat Theorem 3.1 canbe usedfor the proof of existenceof nontrivial steady
state solutions of (1.1)-(1.2) under condition (SC) for the anharmonic parameter,
i.e. solutions of the problem

(3.20) (da) = n ni® nr >0 jinji K;

(3.21) n = 0 jinjj > K:

The result of Theorem 3.1if combined with [8, Theorem 2.6, pg.125]establishesthe
existenceof periodic solutions (1.4) for any 2 R. Moreover, it is straightforward
to ched that inequality (3.17) is valid for < 0. Thus the lower bound (3.1) for
the power of periodic solutions (1.4) is valid for anyin 2 (1 ; 1), that is

1

3.22 -_r < RZ 2(1 : 4):; >0
(3.22) minnes T g ( 1)

4. Numerical studies of the lower bounds.

We perform a numerical study to test the lower bounds derived in the previous
sections. This numerical study consistsin cheding that the power of a numerically
calculated breather is higher than the theoretical thresholds estimates. To this end,
we considersingle site breathers (i.e. localized solutions with only one excited site
at the anti-continuouslimit, = 0), which are the lowest power solutions.

Figures 1-4 refersto the cases( = 2;N = 1, = 0:25),( = LN = 2, =
0:15), ( = 1N =1; = 025 and ( = 2;N = 2; = 0:15), respectively. All
the casesconsiderthe value Ni of Theorem 1.1, where the excitation threshold
appears.

Figure 1 shaws the power of a family of single site breathers together with
the corresponding threshold estimates (2.12), (2.25), for a homogeneouslattice
( n = 18n). The insetin ead picture is a numerical veri cation of Theorem 1.1,
demonstrating the region where the numerical power of periodic solutions (1.9) of
the focusing DNLS (1.6) for the samevaluesof ; N; , reachesthe minimum value
Rinresh - These numerical values have been inserted in the estimate (2.12). The
numerical study shows that the numerical power of periodic solutions (1.4) of the
defocusing DNLS (1.1)-(1.2), fullls the estimates. It can also be remarked, that
the numerical studiesindicate that

(4.2) lower bound (2.12) < lower bound (2.25):

From this numerical observation and the appearance of Ryyesh in (2.12), we may
guessan explicit upper bound for R resh ,
@2) Ruvesn < AN ( + DI o
Testing the estimate with the values for the parametersin gure 1, we get for
(@) Rinresh < 1:732 for (b) Ripresn < 2:4, for (¢) Rinresh < 1:270 and for (c)
Rinresh < 1:897. In all casesthe numerical calculated Riresn Satis es the alove
estimates. We remark that in the vicinity of = 1, the numerical power tends to
innity whenN = 1and > 2 andto a nite value for the casesN =1, =2
and N = 2, 1. Explanations for this behavior are not straightforward, we refer
to [12] for a detailed discussion.

Figure 2, demonstratesthe results of the numerical study for the DNLS (1.1)-
(1.2) for the caseof a single nonlinear impurity » = n.o. For the estimate (2.12)
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s=2. N=1.e=0.25 s=1. N=2.e=0.15

s=2. N=2.e=0.15

1

1.25)

12|

Figure 1. Numerical power for solutions (1.4), of the defccusing
DNLS (1.1)-(1.2), with constart anharmonic parameter , = 1.
@ =2,N=1( =2),(b) =1N=2( =32)(c) =10,
N=1( > &), (d =2N=2( >3). Theinsetin eat case,
shows a magni cation of the region where the power of periodic
solutions (1.9) of the focusing DNLS (1.6), reachesits minimum
value. In case(a), Riresh = 1:009, in case(b), Riresh = 0:855,
in case(c), Riresh = 1:098 and in case(d), Riresh = 1:047. Full
line correspondsto the numerical calculated single site breathers,
dashedline to the estimate (2.12) and dotted line to the estimate
(2.25).

the values of Ryyesn Of gure 1 have beenused. As it is shown, both theoretical
estimates can serwe as satisfactory predictions of a lower bound for the numerical
power of the breathers. In comparisonwith the caseof constart anharmonic pa-
rameter, the accuracy of both estimatesis increased. In this casealso (4.1) is also
satis ed. Figure 3 presert the results of a numerical study for a DNLS lattice with
sign-changing anharmonic parameter. We chooseas an example, a random DNLS
lattice (1.1)-(1.2). The random site dependert anharmonic parameter  is givenby
arandom uniform distribution of +1 and 1. The gure showsthe numerical power
of breathersagainstthe estimates(3.2) and (3.19) (hereM 1 = maxjnj k j nj = 1),
for the random DNLS lattice. Both gures justify that both theoretical estimates,
are ful lled asa lower bounds for the power of breatherswith frequency > 4N,
alsoin the caseof the random DNLS lattice.
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Nonlinear impurity. s=2. N=1.e=0.25 Nonlinear impurity. s=1. N=2.e=0.15

Nonlinear impurity. s=10. N=1.e=0.25 Nonlinear impurity. s=2. N=2.e=0.15

Figure 2. Numerical power for single site breathers certered at
the nonlinear impurity site (1.4), of the defacusing DNLS (1.1)-
(1.2) with a nonlinear impurity , = 0.

The results of the numerical study cheding the estimate (3.1) and especially
(3.22) for the random DNLS lattice, are preserted in gure 4. For < 0aswell as
for the caseO < 4, it follows that the lower bound (3.22) gives satisfactory
guantitativ e predictions for lower bounds on the real power of the breathers of
the random DNLS lattice. Notice that the is always below 0 becausesingle
site breathers in random lattices always bifurcate with another breather solution
for < 0 (seeRefs. [20] and [21]). We also refer to [19], on the application
of numerical methods, for calculating power thresholds of localized excitations in
DNLS lattices.

Remark 4.1 The resultsof [17] provethe existene of an excitation threshold,
which appears for the case 2=N, as well the existene of a frequency! > 0
on which this thresholdvalue on the power is achieval. The corresmpnding solution

a(t) = € ' is a ground state having power Pgyresh -the excitation threshold
value. However, the thresholdswe have calculated in the paper are \local" ones,
i.e. they are value atove which the power of each breather with given ,, , , and

must be. On the other hand, noting that the numerical power approachesin a
quite sharp manner the theoretical estimates, for \limiting" large values of of the

nonlinearity expnent > 2=N (as it is observed in the case = 10) and large
frequencies, can be considered also as \global" in the sensethat they predict the
smallest value a breather can have for any ; ;N satisfying the assumptionsfor

the derivation of the estimates. We remark that similar \global" bounds have been
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Random lattice. s=2. N=1.e=0.25 Random lattice. s=1. N=2.e=0.15

Random lattice. s=10. N=1.e=0.25 Random lattice. s=2. N=2.e=0.15

Figure 3. Numerical power for solutions (1.4) for the random
DNLS lattice (1.1)-(1.2) againstthe theoretical estimates(3.2) and
(3.19). The numerical solutions are single site breathers certered
at n = 0, for which , = +1.

shownin [3] for the case < 2=N whichis the caseof nonexistene of the excitation
thresholdof [17], as well as for the saturable nonlinearity.

Finally, we note that the phonon band of the defacusing DNLS equation extends

to the interval [0;4N ]. Then breathers frequenciesmust lie in the intervals >

AN

, or < 0. It is the former case which we consider in this paper (except in

Figure 4, where the latter is considered).
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