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Abstra ct. We study the asymptotic behavior of large data solutions in the
energy space H := H 1 (R d ) in very high dimension d � 11 to defocusing
Schr•odinger equations iu t + � u = jujp� 1u + V u in R d , where V 2 C1

0 (R d )
is a real potential (whic h could contain bound states), and 1 + 4

d < p <
1 + 4

d� 2 is an exponent which is energy-subcritical and mass-supercritical. In
the spherically symmetric case,we show that as t ! + 1 , these solutions split
into a radiation term that evolvesaccording to the linear Schr•odinger equation,
and a remainder which convergesin H to a compact attractor K , which consists
of the union of spherically symmetric almost periodic orbits of the NLS 
o w
in H . The main novelty of this result is that K is a global attractor, being
independent of the initial energy of the initial data; in particular, no matter
how large the initial data is, all but a bounded amount of energy is radiated
away in the limit.
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1. In tro duction

The purposeof this paper is to establishsomeasymptotic propertiesof bounded-
energysolutions of non-linear Schr•odinger (NLS) equations

(1) iu t + � u = jujp� 1u + V u

with high dimensiond � 5, where the potential V 2 C1
0 (R d) is real, and wherethe

defocusing nonlinearity jujp� 1u is energy-subcritical and mass-supercritical, which
means that 1 + 4

d < p < 1 + 4
d� 2 . No size, positivit y, or spectral assumptions

will be made on the potential V , which may thus be arbitrarily large, negative,
and contain many bound states. However, as is well known, the high dimension
d � 5 doesautomatically excludeany resonancesfor the linear Schr•odingeroperator
� � + V at the origin; see[5]. For technical reasonswe will unfortunately be forced
to place further assumptions on the dimension, and ultimately our main results
will only hold for d � 11, though onecan improve this bound somewhatwith more
e�ort (seeSection 5).

The equation (1) enjoys two conserved quantities, the mass

(2) M(u) = M(u(t)) :=
Z

R d
ju(t; x)j2 dx

and the energy

(3) E(u) = E(u(t)) :=
Z

R d

1
2

jr u(t; x)j2 + V (x)
1
2

ju(t; x)j2 +
1

p + 1
ju(t; x)jp+1 dx:

It is known (seee.g. [1], [6], [16]) that for any initial data u0 in the energyspace1

H := H 1
x (R d), there exists a unique local strong solution u 2 C0

t H 1
x ([� T; T ] � R d)

to (1) with that data which conservesboth the massand energy, where we recall
that a strong solution is a solution in C0

t H 1
x for which the Duhamel formula

u(t) = eit � u0 � i
Z t

0
ei ( t � t 0)� (jujp� 1u + V u)( t0) dt0

is valid in the senseof distributions. Furthermore, the time T of existencedepends
only on the dimension d, the potential V , and the H 1 norm of u0. From the
conservation laws and the Gagliardo-Nirenberg inequality we obtain the a priori
bound

ku(t)kH . p;d;V ;ku0kH 1;

where we useX . k Y or X = Ok (Y ) to denote the estimate X � C(k)Y for some
constant C depending only on k, and similarly for other choicesof subscripts. One
can then easily iterate the local existencetheory and concludethat there is a unique
global strong solution u 2 C0

t H 1
x (R � R d) to (1) from any initial data u0 2 H 1

x (R d).
Now we consider the long-term behaviour of such global solutions as t ! �1 .

By the time reversal symmetry u(t; x) 7! u(� t; x) it su�ces to consider the limit

1This is the Hilb ert space with inner product hu; vi H :=
R

R d uv + r u � r v dx.
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t ! + 1 . A major tool for this task is provided by the generalised virial identity

@t

Z

R d

r a � Im(ur u) dx = 2
Z

R d

Hess(a)(r u; r u) dx

+
p � 1
p + 1

Z

R d
jujp+1 � a dx

�
1
2

Z

R d
juj2�� a dx

�
Z

R d
(r a � r V )juj2 dx

(4)

for any test function a 2 C1
0 (R d), where Hess(a) is the Hessianquadratic form

Hess(a)(v; w) :=
dX

i =1

dX

j =1

@2a
@x i x j

vi wj :

This identit y can be easily veri�ed by formal computation, and can be justi�ed
rigorously by regularising the nonlinearity jujp� 1u and the initial data u0; we omit
the standard details. One can also extend the identit y to more general classesof
weights a assumingsu�cien t regularity and decay conditions on u; seeSection 4.

Suppose that we are in the free case V = 0. Formally applying (4) with
a(x) := jxj and then integrating in time, we obtain the Morawetz inequality

Z 1

0

Z

R d

jr=uj2

jxj
+

jujp+1

jxj
+

juj2

jxj3
dxdt . p;d; ku0 kH 1

where jr=uj2 := jr uj2 � j x
jx j � r uj2 is the angular component of the energy density

jr uj2. This Morawetz inequality can be usedto justify a scattering result (or more
precisely, an asymptotic completenessresult): given any u0 2 H , there exists a
unique scattering state u+ 2 H such that ku(t) � eit � u+ kH ! 0 as t ! + 1 ; see
[3]. In other words, we have an asymptotic u(t) = eit � u+ + oH (1), where oH (1)
denotesa function which goesto zero in H norm as t ! 1 .

Similar arguments can be made when V is radially decreasingor is su�cien tly
small. However, when the negative component of V is large, the linear Schr•odinger
� � + V canadmit bound states,which then implies the existenceof nonlinear bound
statesQ that solve the equation � EQ+ � Q = jQjp� 1Q+ V Q for some�xed energy
E 2 R ; see[9] for further discussion.This leadsto solutions u(t; x) := eiE t Q(x) to
(1) which do not convergeto a freesolution eit � u+ , and soasymptotic completeness
in the formulation given above fails for such potentials.

However, onemay hope that such nonlinear bound statesare the only obstruc-
tion to asymptotic completenessfor the equation (1), and more speci�cally that
any global solution u 2 C0

t H 1
x ([0; + 1 ) � R d) should asymptotically take the form

u(t) = eit � u+ + eiE t Q+ oH (1) for somenonlinear bound state Q. Such an assertion
would be consistent with the (somewhat imprecise) soliton resolution conjecture;
see[11], [15], [17] for further discussion.

Such a preciseasymptotic appearsto be well out of reach of current technology
at present2. However we are able to present the following partial result under the

2An exception to this occurs when the nonlinearit y is restricted to only a �nite number of
points in space, thus reducing the system to a linear dispersive PDE coupled with a nonlinear
ODE; see[7].
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additional assumption of spherical symmetry (i.e. u(t; x) = u(t; jxj)) and very high
dimension d � 11, which is the main result of this paper:

Theorem 1.1 (Global compact attractor) . Fix p;d;V as above. Supposealso
that d � 11. Then there exists a compact set K � H of spherically symmetric
functions, invariant under the 
ow (1), such that for every global solution u 2
C0

t H 1
x (R � R d) which is spherically symmetric, there existsa spherically symmetric

scattering state u+ 2 H such that

distH (u(t) � eit � u+ ; K ) ! 0 as t ! + 1 :

Thus we have a resolution of the form u(t) = eit � u+ + w(t) + oH (1), where
w(t) rangesinside a universal compact subset of H . The condition d � 11 can be
relaxed; seeSection 5.

The arguments in [17] already yield a weaker versionof this theorem, in which
the solution u is assumedto have bounded energy (and the compact set K is then
allowed to depend on this energybound); we review thesearguments in Section 2.
The main novelty in this paper, therefore, is the fact that K is now independent of
the energy of the initial data; in other words, K is a truly global attractor for the
evolution (onceonesubtracts away the radiation term, of course). In particular, we
seethat lim supt ! + 1 ku(t) � eit � u+ kH remains bounded even as the energy of u
goesto in�nit y; to put it another way, every �nite energy solution, no matter how
large, radiates all but a bounded amount of its energy to in�nit y.

Theorem1.1 raisesthe possibility that the soliton resolution conjecturecould in
principle be establishablefor (1) for speci�c choicesof p;d;V by meansof rigorous
numerics, combined with a quantitativ e nonlinear stabilit y analysis of each of the
nonlinear bound states. Indeed, supposeoneknew that each nonlinear bound state
was orbitally stable (cf. [9]), even in the presence3 of a radiation term eit � u+ ,
provided that the time t was su�cien tly large (in order to allow the radiation term
to decay) and that the remaining portion of the solution lay within " (say) of the
nonlinear bound state in H norm. Suppose also the attractor K was known to
be contained in someother compact set K 0, and that one could show by rigorous
numerics(using quantitativ e perturbativ eanalysisto control errors) that any initial
data in K 0 would eventually end up either exiting K 0, or coming within " of a
nonlinear bound state, after a bounded amount of time. Then one could conclude
that any �nite energy solution would eventually decouple into a radiation term
plus a term which always stayed within a small distanceof a set of nonlinear bound
states. If one then had someasymptotic stabilit y results for such bound states one
could thus (in principle) establish the soliton resolution conjecture for this model
(1); examplesof such stabilit y results (in the small energyregime) can be found in
[12], [13], [8], [20]. Note however that such stabilit y results are only likely to be
true for the ground nonlinear bound states;excited bound statesare likely to decay
into bound states of lower energy; see[14] for an instance of this. In principle,
though, a modi�ed stabilit y analysis of such excited states as in [14] could still
su�ce, in conjunction with rigorous numerics, to establish the soliton resolution
conjecture for any given model of the form (1).

Our argument proceedsas follows. First, we adapt the arguments in [17]
to obtain a preliminary compactnessresult which allows one to reduce matters

3Note that in somemodels, radiation is known to intro duce instabilities in an otherwise stable
system; see[4].
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to establishing the result for almost periodic spherically symmetric solutions, i.e.
spherically symmetric solutions whoseorbit f u(t) : t 2 [0; + 1 )g is precompact in
H . For such solutions we establish additional spatial decay properties, using the
double Duhamel tric k from [17]. The decay properties will allow us to utilise the
generalisedvirial identit y (4) for functions a which grow rather fast at in�nit y to
yield universal bounds on the massand energy of such solutions. More precisely,
we usethe classicalvirial weight a(x) := jxj2 to control the energy, and the quartic
weight a(x) := jxj4 to control the mass. In order to use the latter weight one
requires quite strong spatial decay on the almost periodic solution, which is why
our results are restricted to high dimension d � 11. Invoking the arguments from
[17] oncemore then givesthe desiredcompactnessto the spaceof almost periodic
solutions.

1.2. Ac kno wledgmen ts. The author is supported by a grant from the Macarthur
Foundation and by NSF grant DMS-0649473.The author thanks MichaelWeinstein
for posing this question. The author also thanks the refereefor corrections.

1.3. Notation. Throughout the remainder of this paper, p;d;V are under-
stood to be �xed and to obey the hypothesesabove (i.e. that d � 5, 1 + 4

d < p <
1+ 4

d� 2 , and V 2 C1
0 (R d)). All implied constants are allowed to depend on p;d;V .

2. Reduction to a quasi-Liouville theorem

The �rst step in the argument is to establish a local compact attractor:

Theorem 2.1 (Local compact attractor) . Let 0 < E < 1 . Then there exists a
compact set K E � H of spherically symmetric functions, invariant under the 
ow
(1), such that for every global solution u 2 C0

t H 1
x (R � R d) which is spherically

symmetric and which obeys the bound supt ku(t)kH � E , there exists a spherically
symmetric scattering state u+ 2 H such that

distH (u(t) � eit � u+ ; K E ) ! 0 as t ! + 1 :

This result wasalready establishedin [17, Theorem1.12],when the potential V
wasabsent and the nonlinearity jujp� 1u wasreplacedby a moregeneralnonlinearity
F (u) of pth power type. It turns out that the presenceof the lower order term V u in
the equation (1) makesessentially no di�erence to the arguments in [17], basically
becauseV u obeys all4 the estimates that were required of jujp� 1u. Thus Theorem
2.1 can be establishedby repeating the arguments from [17] mutatis mutandis. We
will however provide a little more detail below concerning the (minor) changesin
[17] that have to be made to accomodate the potential.

Roughly speaking, the idea is to repeat the arguments in [17] but with F (u)
replaced by jujp� 1u + V u throughout. The local bound kF (u)kW 1;R

x (R d ) . kukp
H

in [17, Lemma 2.3] holds as long as one adds the lower order term kukH to the

4In the model case in which V = G(Q) for a nonlinear bound state Q to some NLS � E Q +
� Q = F (Q) and some power type nonlinearities F; G of order p and p � 1 respectively, one can in
fact view (1) as a vector-valued free nonlinear Schr•odinger equation for the pair (u; QeiE t ). An
inspection of the arguments in [17] show that the fact that u is scalar is never actually used in
the paper, and so the results in [17] extend without di�cult y to this vector-valued setting, thus
giving Theorem 2.1 in this case. Since this model case already gives quite a large and \generic"
class of potentials V for Theorem 2.1, this already gives a fairly convincing heuristic argument
that Theorem 2.1 must hold in general.
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right-hand side(which turns out to be quite harmless). The local Strichartz control
in [17, Lemma 4.3] is then easily extended to the caseof a potential by an appli-
cation of H•older's inequality. The smoothing e�ect in [17, Proposition 4.5] for the
nonlinearity jujp� 1u + Vu still holds, by exploiting the well-known Kato smoothing
e�ect [10], [19] to obtain additional regularity for V u. In the proof of [17, Lemma
5.6], the expressionF (v + eit � u+ ) � F (v) that needsto be estimated there acquires
an additional term of V eit � u+ , but this is easily seento be manageableby H•older's
inequality.

With these estimates in hand, most of the rest of the argument in [17] goes
through with no changes,as the properties of the nonlinearity F are only exploited
through the above lemmas. In particular, the preliminary decomposition of the
solution in [17, Proposition 5.2] and the frequency localisation in [17, Proposition
6.1] remain true. The preliminary spatial localisation in [17, Theorem 7.1] alsocan
be established by repeating the arguments, with only one small modi�cation: in
addition to the concentration points x1(t); : : : ; xJ (t) identi�ed in that proposition,
one should add one additional concentration point at the origin. This ensuresthat
V is small away from theseconcentration points, which allows the e�ect of V to be
neglectedwhen applying a spatial cuto� � away from thesepoints. (In any case,we
will reprove this spatial localisation shortly.) The arguments in [17, Section8] then
yield Theorem 2.1 with no changes(indeed, the nonlinearity is not even mentioned
in that section).

Remark 2.2. The above arguments did not use the defocusing nature of the
nonlinearity, and would indeed hold for more general equations of the form iu t +
� u = F (u) + V u, where F was as in [17].

In view of Theorem 2.1, the proof of Theorem 1.1 reduces to the following
\quasi-Liouville theorem", which assertsthat the spaceof almost periodic spheri-
cally symmetric solutions is compact:

Theorem 2.3 (Quasi-Liouville theorem). Suppose that d � 11. Then there
existsa compact set K � H suchthat any global solution u 2 C0

t H 1
x (R � R d) which

is spherically symmetric and which is almost periodic in the sensethat f u(t) : t 2
R g is a precompact subsetof H , must lie in K .

Indeed, to proveTheorem1.1, let u beany global spherically symmetric solution
to (1) of �nite energy. Then the conservation laws give supt ku(t)kH � E for some
�nite E , and so by Theorem 2.1 we have a spherically symmetric scattering state
u+ such that u � eit � u+ is attracted to an invariant compact set K E of spherically
symmetric functions. But every element of K E generatesa solution which stays
in K E (by invariance) and is thus almost periodic (by compactness),and so by
Theorem 2.3 we thus have K E � K for somecompact set K independent of E , and
Theorem 1.1 follows.

Remark 2.4. In view of Theorem 2.1, the soliton resolution conjecture can
also be cast in an equivalent \Liouville theorem" form, asserting that the only
almost periodic solutions are the soliton solutions. See[11], [17] for somefurther
discussionof this point. The reduction of problems concerning general solutions
to dispersive equations to that of establishing Liouville-t ype theorems for almost
periodic solutions to such equations (or more generally, to solutions which are
almost periodic modulo the symmetries of the equation) is now well established
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in the literature, by the work of Martel-Merle, Merle-Raphael, Kenig-Merle, and
others; seee.g. [18] for a survey.

3. Polynomial spatial decay

From compactness,oneeasily seesthat an almost periodic solution u must ex-
hibit uniform spatial decay in the sensethat supt

R
j x j� R ju(t; x)j2 + jr u(t; x)j2 dx !

0 asR ! 1 (see[17, Proposition B.1] for a proof). In fact this decay can be made
polynomial in R (answering a question in [17, Remark 1.21] in the spherically sym-
metric case);establishing this will be the purposeof this section. Such enhanced
decay is necessaryfor us to apply the generalisedvirial identit y (4) with weights a
which grow fairly rapidly at in�nit y.

More precisely, we shall show

Pr oposition 3.1 (Polynomial spatial decay). Let u be an almost periodic
spherically symmetric global solution with

(5) sup
t

ku(t)kH � E :

Then for any R � 1 and t 2 R we have

(6)
Z

j x j� R
ju(t; x)j2 dx . E R4� d:

Note that this proposition works for all dimensions d � 5; the need for the
stronger condition d � 11 only ariseswhen applying the virial identit y in the next
section.

Remark 3.2. The exponent R4� d is natural. Indeed, consider a nonlinear
bound state Q, thus � EQ + � Q = jQjp� 1Q + VQ for someE (not the sameas the
E in the proposition). Then we can write Q = � (� � + E) � 1(jQjp� 1Q + VQ). As
is well known, the fundamental solution of (� � + E) � 1 is bounded by O(1=jxj2� d)
uniformly in E , and so one expects Q to decay like O(1=jxj2� d) as well, which is
consistent with (6).

Pr oof. Let u be as in this proposition. Let R0 � 1 be the �rst radius greater
than or equal to 1 such that V (x) = 0 for all x � R0=100; thus R0 . 1. For any
� � 0, let P(� ) denote the assertion that

(7)
Z

j x j� R
ju(t; x)j2 dx . E ;� R� �

for all R � R0 and t 2 R . The claim P(0) follows immediately from (5). We need
to show that P(d � 4) is true. It will su�ce to show that the implication

(8) P(� ) =) P(min(d � 4; � + � ))

holds for all � � 0, where � > 0 is a constant depending only on p;d, sincethis will
imply P(d � 4) from P(0) after �nitely many iterations of (8).

It remains to prove (8). We thus let � � 0 be such that (7) holds. We allow all
implied constants to depend on E; � . Note (from (5)) that (7) implies the variant

(9)
Z

j x j� R
ju(t; x)j2 dx . (1 + R) � �

for all R � 0 and t 2 R .
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Fix a smooth cuto� function � : R d ! [0; 1] which equals1 when jxj � 1 and
vanisheswhen jxj � 1=2, and let � R (x) := � (x=R) and � R := � R � � 2R . To show
P(min( d � 4; � + � ), it will su�ce by geometric seriesto show that

(10) k� R u(t)k2
2 . R4� d + R� � � �

for all t 2 R and R � R0, and some� > 0 depending only on p and d, where we
abbreviate kkL 2

x (R d ) as kk2.
Fix R. By time translation symmetry we may take t = 0. Let T > R2 be a

large time (which will eventually be sent to in�nit y). From Duhamel's formula one
has

(11) � R u(0) = u� + v� + w�

for either choice of sign � , where

u� := � R e� iT � u(� T )

v� := i� R

Z � T

0
e� it � (1 � � R=10)F (u(t)) dt

w� := i� R

Z � T

0
e� it � � R=10F (u(t)) dt

and F (u) := jujp� 1u + V u.
From (11) we can expand the left-hand side of (10) for t = 0 as

hu+ + v+ + w+ ; u� + v� + w� i L 2

which after someapplication of Cauchy-Schwarz can be expressedas

hv+ ; v� i L 2 + O((ku+ k2+ kw+ k2+ ku� k2+ kw� k2)(ku+ k2+ kw+ k2+ ku� k2+ kw� k2+ k� R u(0)k2)) :

Using the elementary inequality ab � "a2 + 1
" b2 to absorb the k� R u(0)k2 term into

the left-hand side of (10), we thus concludethat

(12) k� R u(0)k2
2 . jhv+ ; v� i L 2 j + ku+ k2

2 + kw+ k2
2 + ku� k2

2 + kw� k2
2:

We now estimate each of the terms on the right-hand side of (12). From
the almost periodic nature of u and the Riemann-Lebesguelemma for the free
Schr•odinger evolution (see[17, Lemma B.5]) we have

(13) lim
T ! + 1

ku+ k2
2 + ku� k2

2 = 0:

Now we estimate kw+ k2. By the triangle inequality, we can estimate this by the
sum of

(14) k� R

Z T

R 2
e� it � � R=10F (u(t)) dtk2

and

(15) k
Z R 2

0
e� it � � R=10F (u(t)) dtk2:

Let us �rst consider (14). By dualit y, we can express(14) as
Z T

R 2
h� R=10F (u(t)) ; eit � � R f i L 2 dt
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for somef with kf k2 = 1. Applying the standard dispersive inequality

(16) keit � f kL r
x (R d ) . jt j � d( 1

2 � 1
r ) kf kL r 0

x (R d )

for any 2 � r � 1 (where of course r 0 := r=(r � 1)), together with H•older's
inequality, we can thus bound (14) as

(14) .
Z T

R 2
t � d( 1

2 � 1
r ) k� R=10F (u(t))kL r 0

x (R d ) k� R f kL r 0
x (R d ) dt:

By H•older's inequality again we have k� R f kL r 0
x (R d ) . Rd( 1

2 � 1
r ) . If we now choose

r so that r 0 = 2=p, then from (9) we have

(17) k� R=10F (u(t))kL r 0
x (R d ) . R� p�= 2 . R� �= 2:

The hypothesisp > 1 + 4
d implies that d( 1

2 � 1
r ) > 2 � 1, and so we concludethat

(14) . R� d( 1
2 � 1

r )+2 R� �= 2

and thus the contribution of (14) to (12) is O(R � � � � ) for some � > 0, which is
acceptable.

Now we turn to (15). We squarethis expressionto obtain

(15)2 =
Z R 2

0

Z R 2

0
hei ( t 0� t )� � R=10F (u(t)) ; � R=10F (u(t0)) i L 2 dtdt0:

We could invoke the dispersive inequality (16) again to control this expression,but
this turns out to give inferior results. To get better results, we exploit the spherical
symmetry. In general, the fundamental solution of the free Schr•odinger propagator
givesthat

jheit � f ; gi L 2 j =
1

(4� jt j)d=2

�
�
�
�

Z

R d

Z

R d
ei j x � y j 2 =4t f (x)g(y) dxdy

�
�
�
�

but when f and g are spherically symmetric, we can average over the angular
variable and obtain

jheit � f ; gi L 2 j =
1

(4� jt j)d=2

�
�
�
�

Z

R d

Z

R d
(
Z

Sd � 1
ei jj x j ! �j y jj 2=4t d! )f (x)g(y) dxdy

�
�
�
� :

A standard stationary phasecomputation revealsthat
Z

Sd � 1
ei jj x j ! �j y jj 2=4t d! . (jxjjyj=jt j) � (d� 1)=2

and so we have the spherically symmetric dispersive inequality

jheit � � R=10f ; � R=10gi L 2 j .
1

jt j1=2Rd� 1
kf kL 1

x (R d ) kgkL 1
x (R d )

which improvesover (16) when jtj � R2. On the other hand, from Cauchy-Schwarz
we have

jheit � � R=10f ; � R=10gi L 2 j � kf k2kgk2

and henceby interpolation

jheit � � R=10f ; � R=10gi L 2 j .
1

jt j
1
2 � 1

r R(d� 1)(1 � 2
r )

kf kL r 0
x (R d ) kgkL r 0

x (R d )
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for any 2 � r � 1 . Setting r 0 := 2=p and using (17), we thus have

(15)2 .
Z R 2

0

Z R 2

0

1

jt � t0j
1
2 � 1

r R(d� 1)(1 � 2
r )

R� � dtdt0:

The right-hand side is O(R � d(1 � 2
r )+4 R� � ), and so the contribution of (15) to (12)

is also O(R � � � � ) for some� > 0. Thus the net contribution of w+ is acceptable.
By symmetry we seethat the contribution of w� is also acceptable.

To �nish the proof of (10) and hencethe proposition, it su�ces to show that

jhv+ ; v� i L 2 j . R4� d + R� � � � :

We expand the left-hand side as

j
Z T

0

Z 0

� T
h(1 � � R=10)e� it � � � 2

R e� it + � (1 � � R=10)F (u(t+ )) ; F (u(t � )) i L 2 dt+ dt� j:

Now let us inspect the integral kernel K t � ;t + (x; y) of eit � � � 2
R eit + � , which (thanks

to the fundamental solution for the free Schr•odinger propagator) is given by the
formula

K t � ;t + (x; y) =
CRd

jt+ jd=2jt � jd=2

Z

R d
e� i � x;y (z) � 2(z) dz

for someabsolute constant C, where the quadratic phase� x;y (z) is given by the
formula

� x;y (z) =
jy � Rzj2

4t+
+

jRz � xj2

4t �
:

Becauseof the cuto�s 1 � � R=10, we are only interested in this kernel in the regime
when jxj; jyj � R=10. Meanwhile, we have 1=2 � jzj � 1 on the support of � . Since
t � ; t+ are positive, we concludethat the gradient

r z � x;y (z) = R
Rz � y

4t+
+ R

Rz � x
4t �

has magnitude bounded away from zero by � R2=min( jt � j; jt+ j). We can thus
integrate by parts repeatedly and obtain the bound

jK t � ;t + (x; y)j .
Rd

jt+ jd=2jt � jd=2
min

�
1; (

min( jt � j; jt+ j)
R2 )100d

�
:

We thus have

jhv+ ; v� i L 2 j .
Z T

0

Z 0

� T

Rd

jt+ jd=2jt � jd=2
min

�
1; (

min( jt � j; jt+ j)
R2 )100d

�

k(1 � � R=10)F (u(t+ ))kL 1
x (R d ) k(1 � � R=10)F (u(t � ))kL 1

x (R d ) dt+ dt� :

A direct computation shows that
Z T

0

Z 0

� T

Rd

jt+ jd=2jt � jd=2
min

�
1; (

min( jt � j; jt+ j)
R2 )100d

�
dt� dt+ . R4� d

and so it su�ces to show that

k(1 � � R=10)F (u(t))kL 1
x (R d ) . 1 + R(d� 4� � � � )=2

for all t.
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Fix t. The contribution of V u to this expressionis O(1) thanks to (5), so it
su�ces to show that

Z

j x j� R=10
ju(t; x)jp dx . 1 + R(d� 4� � � � )=2:

If p � 2, then this follows from Sobolev embedding and (5) (since p < 1 + 4
d� 2 ), so

supposethat p < 2. But then from (9) and H•older's inequality we have
Z

j x j� R 0
ju(t; x)jp dx . (R0)� �p= 2(R0)� d( p

2 � 1) :

for any R0 � 1. Summing this over dyadic R0 between1 and R (and using one last
application of H•older to treat the casejxj = O(1)) we concludethat

Z

j x j� R=10
ju(t; x)jp dx . 1 + R � �p= 2R� d( p

2 � 1) logR:

Sincep > 1+ 4
d and �p � � , the claim follows. The proof of Proposition 3.1 is now

complete. �

4. Virial inequalities

We now return to the proof of Theorem 2.3. Let u be a spherically symmetric
almost periodic global solution obeying the energy bound (5) for somelarge E (it
will be important to track which bounds are uniform in E). From (4) and the
fundamental theorem of calculus we seethat

2
Z T2

T1

Z

R d
Hess(a)(r u; r u) dxdt

+
p � 1
p + 1

Z T2

T1

Z

R d
jujp+1 � a dxdt

�
1
2

Z T2

T1

Z

R d
juj2�� a dxdt

�
Z T2

T1

Z

R d
(r a � r V )juj2 dxdt . sup

T1 � t � T2

Z

R d
jujjr ujjr aj dx

(18)

for all times �1 < T1 < T2 < + 1 and all test functions a 2 C1
0 (R d). From

the bounded energy of u, the dominated convergencetheorem, and a standard
truncation argument, we seethat this inequality also holds for any smooth a with
r a; r 2a; r 3a; r 4a uniformly bounded.

Supposethat we are in dimension d � 7. Then from Proposition 3.1 we have
Z

R d
juj2jxj2 dx . E 1

and thus by (5) and Cauchy-Schwarz we have
Z

R d
jujjr ujjxj dx . E 1:
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If we formally apply (18) with a(x) := jxj2, we obtain the virial inequality

4
Z T2

T1

Z

R d
jr uj2 dxdt

+2 d
p � 1
p + 1

Z T2

T1

Z

R d
jujp+1 dxdt

�
Z T2

T1

Z

j x j . 1
O(juj2) dxdt . E 1:

(19)

One can justify (19) rigorously as follows. We let R � 1 be a large radius, and
apply (18) with a chosen to equal jxj2 for jxj � R, vanishing for jxj � 2R, and
smoothly interpolated in between. The terms coming from the region jxj � R to
go to zero as R ! 1 (keepingT1; T2 �xed) by (5) and the dominated convergence
theorem, yielding (19) by monotone convergence.

Using conservation of energy (3) and H•older's inequality we can bound

4
Z

R d
jr uj2 dx + 2d

p � 1
p + 1

Z

R d
jujp+1 dxdt �

Z

j x j . 1
O(juj2) dxdt � cE(u) � O(1)

for someabsoluteconstant c > 0 dependingonly on p and d. From (19), weconclude
that

E(u) . 1 + OE (
1

T2 � T1
):

Letting T2 � T1 ! 1 , we conclude that the energy E(u) of the almost periodic
solution is bounded uniformly in E :

(20) E(u) . 1:

Having controlled the energy, we now turn to the mass. Formally, the idea is to
apply (18) with a(x) := jxj4. If we are in dimension d � 11, then from Proposition
3.1 we have

(21)
Z

R d
juj2jxj6 dx . E 1

and thus by (5) (or (20)) and Cauchy-Schwarz we have

(22)
Z

R d
jujjr ujjxj3 dx . E 1:

One can also compute

Hess(a)(r u; r u) = 12jxj2jur j2 + 4jxj2jr=uj2

� a = 4(d + 2)jxj2

�� a = 8d(d + 2)
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where ur is the radial derivative, and thus we formally have
Z T2

T1

Z

R d
24jxj2jur j2 + 8jxj2jr=uj2 dxdt

+4( d + 2)
p � 1
p + 1

Z T2

T1

Z

R d
jujp+1 jxj2 dxdt

� 4d(d + 2)
Z T2

T1

Z

R d
juj2 dxdt

�
Z T2

T1

Z

R d
(r a � r V )juj2 dxdt . E 1:

(23)

To justify (23) rigorously, we take a large R > 1 and apply (18) with a equal to jxj4

for jxj < R, equal to 100R3jxj for jxj � 2R, and smoothly interpolated in betweenin
such a way that a remains convex (so in particular Hess(a) is positive semi-de�nite
and � a is non-negative). The terms coming from the region R � jxj � 2R either
goes to zero as R ! 1 (thanks to (21)), or are non-negative, and one can easily
deduce(23) by monotone convergence.

Using (20) we can estimate
Z T2

T1

Z

R d
(r a � r V )juj2 dxdt = O(T2 � T1):

We discard the positive terms jxj2 jr=uj2 and jujp+1 jxj2 and end up with

(24)
Z T2

T1

Z

R d
24jxj2jur j2 � 4d(d + 2)juj2 dxdt . T2 � T1 + OE (1):

To deal with the negative term 4d(d + 2)juj2 we use

Lemma 4.1 (Hardy's inequality). Supposethat f 2 C1
0 (R d) vanishesnear the

origin, and let � 2 R . Then
�

d + �
2

� 2 Z

R d
jf (x)j2 jxj � dx �

Z

R d
jf r (x)j2 jxj � +2 dx:

Pr oof. Start with the trivial inequality
Z

R d

�
�
�
� jxjf r (x) +

d + �
2

f (x)

�
�
�
�

2

jxj � dx � 0

and rearrangethe left-hand side by integration by parts. �

Applying this with � = 0 and f equal to a smoothly truncated version of u
(both near zero and near in�nit y) and applying a limiting argument (using (21)
and (5) to control errors), we concludethat

d2

4

Z

R d
juj2 dx �

Z

R d
jur j2 jxj2 dx:

Multiplying this by 24 and inserting it into (24), we concludethat

2d(d � 4)
Z T2

T1

Z

R d
juj2 dxdt . T2 � T1 + OE (1):
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Note that as d � 5, the constant on the left-hand side is positive5. Using conserva-
tion of mass(2) and letting T2 � T1 ! 1 as before we concludethat

(25) M(u) . 1;

combining this with (20) we concludethat

(26) sup
t

ku(t)kH . 1:

Invoking Proposition 3.1 again we concludethat

(27) sup
t

Z

j x j� R
ju(t; x)j2 dx . R4� d

for all R � 1.
Finally, the arguments used to prove6 [17, Proposition 6.1], when combined

with (26), show that
sup

t
ku(t)kH 1+ �

x (R d ) . 1

for some� > 0 dependingonly on p;d. Combining this with (27) weseethat u(t) lies
inside a compact subsetK of H that dependsonly on p;d;V (cf. [17, Proposition
B.1]). The proof of Theorem 2.3 and thus Theorem 1.1 is thus complete.

5. Remarks and possible generalisations

The hypothesis d � 11 can be improved with someadditional work. First of
all, one can exploit the fact that the expression

R
R d r a � Im(ur u) dx appearing in

(4) is itself a derivative of a usableexpression:
Z

R d
r a � Im(ur u) dx =

d
dt

1
2

Z

R d
ajuj2 dx:

Thusto bound the left-hand sideon averagein time, it su�ces to control
R

R d ajuj2 dx
uniformly in time. Becauseof this, we can weaken (21) to

Z

R d
juj2jxj4 dx . E 1

and still continue the rest of the proof. This lets us relax the condition d � 11 to
d � 9.

Onecando evenbetter by establishingan analogueof the decay result in Propo-
sition 3.1 for the derivative r u. Indeed, by repeating the proof of that proposition
(but using the nonlinearity r F (u) rather than F (u)) one should eventually estab-
lish the bound Z

j x j� R
jr u(t; x)j2 dx . E R2� d

5More generally, it turns out that one can always useHardy's inequalit y to obtain a favourable
sign in this manner in dimensions d � 5 when selecting any weight of the form a(x) = jx j � for
some � � 1. Of course, for large � one still needs to establish su�cien tly strong spatial decay of
u and/or r u in order to ensure that the righ t-hand side of (18) remains �nite and to rigorously
justify the use of this non-compactly supported weight.

6As already noted in Section 2, the addition of the potential energy term V u doesnot impact
the proof of this prop osition. Also, the prop osition as stated only controls u(t) for su�cien tly large
times t, in order to obtain decay of the linear solutions eit � u0 , eit � u+ , but for almost periodic
solutions, the contribution of the linear solutions can always be neglected using Riemann-Leb esgue
type lemmas, and so the estimates for almost periodic solutions are valid for all times.
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for R � 1. Note that the bound for r u is actually better than that for u; oneexpects
r u to decay oneorder of magnitude faster than u (as onecan already heuristically
seeby looking at the ground state equation Q = � (� � + E) � 1(V Q + jQjp� 1Q)
and considering the regularity of the resolvent kernel (� � + E) � 1). Seealso [15]
for another instance of this phenomeon. This allows one to establish (22) for all
d � 7, and should also let one extend Theorem 1.1 to this case.

The additional truncations to the virial identit y in [15, Sections9,10] should
also allow one to derive (20) for all d � 5 (and perhaps even d � 3), but the
author was not able to adapt the sameargument to prove (25) for d = 5 or d = 6.
Neverthelessthe author believesthat Theorem 2.3 (and thus Theorem 1.1) should
hold for all d � 5.

The requirement that V be compactly supported can easily be relaxed to some
polynomial decay rate on V and r V , though we have not attempted to compute
the optimal such rate7. Note that someregularity on V is required in order to keep
the equation (1) well-posedin the energyclassH .

Our arguments rely at several key junctures on spherical symmetry. In the
absenceof spherical symmetry, the problem is now translation invariant, and one
must modify the notion of a compact attractor to take this into account; see[17].
Nevertheless,sincethe potential V can only counteract the defocusing nonlinearity
near the origin, it is reasonableto expect that somecounterpart of Theorem 2.3
and Theorem 1.1 holds in this setting, at least in su�cien tly high dimension. One
possibleinitial step in this direction would be to removethe assumptionof spherical
symmetry from Proposition 3.1. One may also wish to apply interaction virial
estimates(as in [2]) in this case.

One might also wish to consider a model in which the attraction is causedby
a locally focusing nonlinearity rather than by a potential term. For instance, one
could considerthe equation iu t + � u = F (u) whereF is a Hamiltonian nonlinearity
which behaveslike the defocusing nonlinearity jujp� 1u for large u but is allowed to
be negative for small u. It is certainly possiblefor such models to admit non-trivial
nonlinear bound states. However it is not clear to the author whether the ana-
logue of Theorem 2.3 or Theorem 1.1 holds in this setting, even in extremely high
dimension. It is not even clear that the spaceof spherically symmetric nonlinear
bound states is bounded in the energyspace.One possibleobstruction arisesfrom
the fact that onecan build partly bound states by starting with a nonlinear bound
state in a lower dimension and extending it trivially to higher dimensions. Such
bound states have in�nite energy, but one could imagine that sometruncation or
perturbation of this partly bound state would be stable, leading to nonlinear bound
states or other soliton-like solutions to this equation of arbitrarily large but �nite
massand energy. As a variant of this scenario,onecould considerspherically sym-
metric solutions concentrated around an annulus f x : jxj = R + O(1)g for some
large R; in polar coordinates, such solutions resemble a one-dimensionalnonlin-
ear bound state, and by varying the parameter R this could conceivably create a
family of nonlinear bound states or similar solutions of arbitrarily large massand
energy. On the other hand, it may well be possibleto show that the L 1 norm of
almost periodic solutions to such equationsare necessarilybounded by someabso-
lute constant depending only on the dimension and the nonlinearity (here it may

7A back-of-the-en velope computation suggeststhat one needsjV (x)j � cjx j � 2 and jr V (x)j �
cjx j � 3 for some small absolute constant c > 0 and all su�cien tly large x.
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be convenient to add the additional assumption that the nonlinearity F is smooth,
as this should force the almost periodic solution to be smooth also).
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