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A Hopf Bifurcation in a Radially Symmetric Free Boundary
Problem
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Abstra ct. We consider an interface problem derived by a reaction-di usion
equation in two- and three- dimensional system with radial symmetry. Ex-
istence of Hopf bifurcation as a parameter varies will be studied in two- and
three- dimensional spaces.

Contents
1. Introduction 173
2. Regularization of the interface equation 175
3. Radially symmetric equilibrium solutions and Linearization of the
interface equation 176
4. A Hopf bifurcation 177
References 182

1. Intro duction

Dynamics of interfacial patterns are discussedin many systemsfrom biology,
chemistry, physicsand other elds [1, 3, 5, 13, 19]. Internal layers (or free bound-
ary), which separatetwo stable bulk states by a sharp transition near interfaces,
are often obsened in bistable reaction-di usion equations when the reaction rate
is faster than the di usion e ect.
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The typical patterns appearing in bistable media can be modeled by two-
componert reaction-di usion systems:

(

"wy="?r2w+HWw a) wov;
vi=Dr3v+ w v t> 0 x2R";

(1)

where"; and ag are positive constart parameters,and r is the gradient operator.
Here u and v measurethe levels of two di using quartities, and H is a Heaviside
function satisfying H(z) = 1for z> Oand H(z) = Ofor z< O:

When " is sucien tly small, the singular limit analysis” ! 0 is applied to
show the existenceand the stability of localized radially symmetric equilibrium
solutions ([15, 16]). In one-dimensionalspace,suc equilibrium solutions should
undergo certain instabilities and the loss of stability resulting from a Hopf bifur-
cation producesa kind of periodic oscillation in the location of the internal layers
([2, 4, 11, 14, 15]). As the parameter D varies, the stability of the spherically
symmetric solutions and their symmetry-breaking bifurcations into layer solutions
which are not spherically symmetric have been examinedin [17, 18]. Moreover,
for " = 0, a free boundary problem of (1) in one dimensional spacehas been ob-
tained and a Hopf bifurcation of this problem has beenexaminedin [6, 7, 10] as
a parameter varies.

In the presen literature, the free boundary problem of (1) for the casewhen
" = 0 in two- and three- dimensional spacehas not been studied. Motivated by
these facts, our main purpose of this paper is to study this problem. In order to
considerthe freeboundary in this problem, the equation of interfacescan be derived
from (1). Supposethat there is only one (n 1) -dimensional hypersurface (t)
which is simply single closedcurve given in the whole plane R" in such a way that
RUY=1(t)[ (1) oft), where a(t) = f(x;t)2R" (0;1) :w(x;t) > apg and

o(t) = f(x;t) 2 R (0;1) :w(x;t) < apg: Then the equation of (t) is given
by (see[9, 12, 16]):

o IO = cwy vz w;

where is the outward normal vector on (t), v; is the value of v on the interface

(t), and C(v) is the velocity of the interface. The reaction terms in (1) satisfy the
bistable condition, i.e., the nullclines of H(w a) w v=0andw v=20
must have three intersection points and the nullcline H(w a;) w v = 0is
the triple valued function of w which are called h* (v); h (v) and h°(v). From
[4, 8, 12], the trajectory with a unique value of C = C(Vv) exists which is given by
C(v) = h*(v) 2h%v) + h (v): Furthermore, the velocity of the interface C(v) is
a corntinuously di eren tiable function de ned on aninterval | := ( ap;1 ap) and
thus the velocity of the interface can be normalized by

1 1 2a9 2v
3 Cv)= —p :
& o Vra)l a V)
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Hencea free boundary problem of (1) when" is equalto zerois given by :

8 vi=r2v (+1v+ ;  (x;1)2 1(b)

vi=r2v (+1v; (x;t)2 ot)
v(x;0) = vo(x)

(4) v( (1) O;t) = v( (t)+ O;t)
Av( (t) 0t)= Lv( (1) +0;t)

im v(jxj;t) = 0t > 0
JxjiL

Our aim is to explore the dynamics of interfacesin the problem (4) in order
to investigate the existenceof time periodic solutions as the bifurcation parame-
ter variesin two and three dimensions. In section 2, a change of variables is
given which regularizesproblem (4) in such a way that results from the theory of
nonlinear evolution equationscan be applied. In this way, we obtain enoughregu-
larity of the solution for an analysis of the bifurcation. In section 3, we shaw the
existenceof radially symmetric localized equilibrium solutions for (4) and obtain
the linearization of problem (4). In the last section we show the existenceof the
periodic solutions and the bifurcation of the interface problem as a parameter
variesin two and three dimensions.

2. Regularization of the interface equation

We look for an existenceproblem of radially symmetric equilibrium solutions
of (4) with jxj = r wherethe certer and the interface are located at the origin and

r = , respectively. The problem is given by:
8
% Vi = %+ nTlg ( +v+ H((@®) r);r2(@1)t>0
v(r;0) = vo(r)
® . @
—v(0;t)=0=v(1 ;t); t>0
2 5OV (1:1)
A = (v ()i); t> 0
Let A be a di erential operator A := % ”r—lﬁ@ + + 1 with the domain

D(A) = fv 2 HZ2(R") : %V(O;t) = 0; lim v(r;t) = 0g: For the application of
semigrouptheory to (4), we choosethe spéce

X = L(R") with norm k k»:

Wedene g:R?! R,
z 1
a(r; ):=A N (H( )= G(r;y) dy;
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whereG : R" ! R8is a Green'sfunction of A satisfying the boundary conditions:
> zKo(zp1+ )Io(rp1+ ); 0<r<z

G(N2) = 210 TF )K" TF ) 2 < 1 for n= 2
8 . S
< ze? T —‘p—s'”r; r1+1+ )-0<r<z

G(r;z) = .

[ rp+7
zsinh(zp1+ )e—rpli—; z<r for n=3;

wherelq and K are modi ed Besselfunctions.
Applying the transformation u(t)(r) = v(r;t) g(r; (t)) then we obtain an
equivalent abstract evolu'gon equation of (5) :

< d Y= (-
(©) @ )+ &u; )= f(u;)

(u; )(O0) = (uo(r); o);

where & is a2 2 matrix whose (1,1)-entry is an operator A and all others are
zero. The nonlinear forcing tern&f is

1
Cu()+ ()NG(r; )
fuy )= @ A
Cu()+ ()
wherethe function :R! Risdened by ():=g9(; ):
The well posednes®f solutions of (6) are shown in [10] applying the semigroup
theory using domains of fractional powers 2 (3=4;1] of A and & Moreover, the
nonlinear term f is a contin uously di eren tiable function from W\ ¥ to X where

W:=1f(; )2CYR) R:u()+ ()21g oaCR) R R;
X =D& =D(A) R; X =D(A) and X =D(& )= X R:

3. Radially symmetric equilibrium solutions and Linearization of the
interface equation

In this section, we shall examinethe existenceof radially symmetric equilibrium
solutions of (6) in R" (n = 2;3). We look for (u; )2 D(&)\ W satisfying the
following problem :

Gzt g ( +Du=G(n)cu)+ ()
0=C(u()+ ()
W@E)=0=ul):

gdzu n 1ldu
(7)
2

Theorem 3.1. Suppmsethat 0 < % ag < —7 Then equation (6) hasat least

one radially symmetric equilibrium solutions (0; ) for all 6 O.
The linearization of f at the stationary solution (0; ) is

“o( )+ A )G )

Df(0; )(0;7) = sa( )s g )
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The pair (0; ) correspndsto a unique steady state (v ; ) of (4) for 6 0 with
v(r)=g(r ):

Proof: System (7) is equivalent to the pair of equations:
< 0= uRr) 2 LuYr)+ @+ )u with uqr)(0) =0=u(l)
(8)
0=1 a u() ()
For n = 2, the generalsolution of (8) is given by
u(r) = cllo(rIO 1+ )+ czKo(rp 1+ )

for some constarts c; and c;. The boundary condition u(1 ) = O implies that

=0 sincerl!ilm Ko(r 1+ ) = 0: Moreover, u0) = 0 implies that ¢, = 0: We
haveu = 0: For n = 3, the generalsolution of (8) is given by
e rp I+ e P I+
u(r) = le"’ CZEPJ_T—

for someconstarts ¢; and c;: Applying the boundary conditions, we obtain u = O:

In order to showv an existencelgf wedene () := () (% ap): Then
)= A)=  G(;)+ G (;y)dy whichis
1) = 6(i)+ L(PTFky( T
= |1(p1+—)K1(p1+—) lo(p1+ )Ko(p1+ )  (n=2);
1 1 1 P
Q) = p1+—+(1+)+2(1+ )3:22821_
W (n=3);

wherel; and K; are the modi ed Besselfunction of the ith order. Since % )< 0
and ||I{’n ()=0forn= 2;3; thereisaunique 2 (0;1 ) when (0) > 0 which
meansl=2 ap< (0)=

The formula for Df (0; ) is obtained from the relation CY1=2 ag) = 4=
and Lemma 4 in [10]. The corresponding steady state (v ; ) for (4) is obtained
using the transformation and Proposition 7 in [10].

4. A Hopf bifurcation

We shall show that there is a Hopf bifurcation from the curve 7! (0; ) of
radially symmetric stationary solution, and we therefore intro duce the following
de nition.

Definition 4.1 Under the assumptionsof Theorem 3.1, de ne (for 1 >
3=4) the linear operator B from X to X

B = ZDf(O; ):
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We then de ne (0; ) to be a Hopf point for (6) if and only if there existsan o> 0
and a Ct-curve

(ot + + 7 (()(N2C Xc

(Yc denotesthe complexi cation of the real space Y) of eigendatafor A+ B
with

M &+ B (D= ()(C) (A& B)X(N= () ()
@iy ( )=i with >0
(i) Re( )8 O0forall 2 ( &+ B)nf i g;
(iv) Re Y ) 6 0 (transversality);
where = 4=

Next, we have to ched (6) for Hopf points. For this we have to solve the
eigervalue problem:
A(u; )+ B(u )= (u;)
which is equivalerg to
< (A+ )u

(u )+ A ) )HGG )
(uC )+ A )

Now we shall shav that radially symmetric equilibrium solution becomesa
Hopf point.

(9)

Theorem 4.2 Assume O < 1=2 ap < —z and the operator A+ B
has a unique pair f i g of purely imaginary eigenvaluesfor some > 0. Then
(0; ; ) is a Hopf point for (6).

Proof: We assumewithout lossof generality that > 0,and is the (normal-
ized) eigenfunctionof A&+ B with eigervaluei . We haveto show that ( ;i )

can be extendedto a Cl-curve 7! ( (); ()) of eigendatafor &+ B with
Re( q ) 6 0.

For this let = (o0, 002 D(A) R R. First, we seethat o 6 0, for
otherwise,by (9), (A+i ) o= i oG(; )= 0,which is not possiblebecause
A is symmetric. So without lossof generality, let o = 1. Then E( ¢;i ; )=0

by (9), where
E:D(A)c C R ! Xc C
A+ Ju u( )+ A NG )
u( )+ o)

The equationE(u; ; ) = Ois equivalent to beingan eigenvalueof &+ B with
eigenfunction (u; 1). We shall apply here the implicit function theorem to E: For
that, it is necessarythat E is of C! -classand

E(u; )=

(20) Dw, )E( 0si ; )2L(D(A)c C R;Xc C)isanisomorphism
It is easyto seethat E is of C!- class.In addition, the mapping
. (A+i )0 aC )G(; )+ " o
D )E( oii 5 )(0;") =@

"oa)
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is a compact perturbation of the mapping
M7 (A+iHo "

which is invertible. Thus D(,, yE( o;i ; ) is a Fredholm operator of index O.
Therefore in order to verify (10), it su ces to show that the system

Dw )E( osi 5 )&M) =0
which is equivalent t%
< (A+ida+" o= 0 )G(; )

"=o0a()
necessarilyimplies that 0 = 0 and "=0.Wedene 1= o G(; ) then the
rst equation of (11) is given by
(12) (A+iYa+" =0
On the other hand, sinceE( o;i ; )= 0, wehave
(A+i)o=i G(; ):
1 IS a solution to the equation

(11)

(13) (A+i )=
and
(14) o= 1( )+ G( 5 )+ )
From (13) and (14),
Im 4( )=
Equation (13) implies that ~
()= AP P
R R
sothat Z

Im( 1( )= Rj 1j?:

Hencewe have 7

(15) ja?= —:
ROR
From (13), wenow cancalculate 0( ) as g(A+i )0 1= 0( ) which together
with (11), (12) and (152 implies thatZ
Modei A GG ) a(dx = a6 )
Z

AN AN

= — o )"= RJ 1j? o( )™

Sincefrom (13)
Z Z

G ) a(x)dx = A 1(x)G(x; Jdx  G( 5 )= o )

is obtained, we have 7
T2 ja) =0
R



180 SANG-GU LEE* AND YOONMEE HAM**

which implies that " = 0 and thus 0 = 0: We have shown (10), and thus get a
Cl-curve 7! ( (); ()) of eigendatasuch that ( )= and ( )= :

It remainsto be shown that the transversality condition Re Y ) 6 0 holds.
Implicit dierentiation of E( o( ); ( ); ) = 0implies that

R (ol )+ A NG(; )
D H)EC oii 5 ) o )0 ()=

ol )+ %)
This meansthat the function #:= % ); ~:= 9 )and ~:= 9 ) satisfy the
equations
8
< (A+i)e+~ 1=0
(16)

B CIOD I ) SR G R QI
where 1:= o G {(; ):The equations(14) and (16) implies that

- i
17) # )= — —
Multiplying —; to (16) then
Z
(A+i )+~ j4j°=0

which implies that

z Z

w( )+ 2 B .+~ ] 1j°=0:

Multiplying & to (16) then
z z Z

AY?H? 0 jet+ T v =0

Comparing the above equations, we have
. z Z
SRR R 2 AT 22 =0
which implies that
Z Z
m~=2 2 juj? and Re~ =2 2 jAl2uj?:

R
HenceRe™= Re 4 ) =2 2 jA¥™24j2 > 0 which implies that the transversality
condition Re™ 6 0 holds. U

We shall shaw that there exists a unigue > O such that (0; ; ) is a Hopf
point, thus s the origin of a branch of nontrivial periodic orbits.

Lemma 4.3. Let G be a Green function of the dier ential operator A + i .
Then the expressionRe(G ( ; )) is strictly decreasingin 2 R* with

ReGo( ; )=G( ; ) lim ReG ( ; )=0;

andImG (; )< Oforany > 0.
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Proof: First wehave (A+i ) 1= (A i )(A%?+ 2) 1 soif L( ):= Re(A+
i) tandT( ):=Im(A+i ) 1 then
L()=AA*+ ?) tand T( )= (A*+ %) N
Since(A%+ ?) lisapositive operator, it followsthat T( ) is positivefor > 0,
which implies that ImG (; ) < 0. Moreover, L() ! A las ! 0and
L() ! Oas ! 1, which resultsin the corresponding limiting behavior for
Re G ( ; ):
Now to showv that 7! Re(G ( ; )) is strictly decreasing,de ne h( )(x) :=
G (x; ) G(x; ). Then (in the weak senseat rst)
(A+i)h( )= 1 G(; )
Asaresulth( )2 D(A)c andh:R* ! D(A)c isdierentiable with ih( )+ (A+
i )hY )= iG(; ), therefore
(A+i)hA )= iG (; )
We thus get

LEOE)

z

R(A+i )Zh% Yh)(x) dx
Z

(A+i)h ) (A+i )hY )dx
R z
JARY )% 2 )jPdx+ 20 AR )Y ) dx:
R R

z

It follows that 7
Re(h( )( )= 2 AR )E<o0
R

SinceRehY ) cannot vanish identically, Re(G ( ; )) < O [

Theorem 4.4. AssumeO < 1=2 ap < —, then for a unique critical point
> 0; there existsa unique, purely imaginary eigenvalue =i of (9) with > O:

Proof: We needto show only that the function (u; ; ) 7! E(u;i ; ) hasa
unique zerowith > 0and > 0. This meanssolving the system (9) with =i
andu=v G¢(; ),

(18) (A+i )v=
and
(19) L=v()y+6(; )+ )

The real and imaginary parts of the above equation are given by
( _ .
- = Im G ( ’ )
(20)
0= ReG( ; )+G(; )+ %)

Since Im G ( ; ) isnegative,thereisacritical point  provided the existence
of : Wenow de ne

(21) K()= ReG( ;) +G(; )+ %)
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By Lemma4.3,then KY )> 0;K(0)= Y )< Oand
im K()=6( )+ 9)

8 P P .
< Iy( TTFDKy( T TFI)>0 (n=2);
I3=o( P— 1) Ka=p( P— I)>0 (n=3):
Therefore, there exists a unique > 0: U

The following theorem summarizesthe things we have proved.

Theorem 4.5. Assumethat 0 < % ap < —7 Then (6), resgectively (5), hasat

least one radially symmetric stationary solutions (u ; ) whereu = 0, resgectively
(v ; ) for all . Then there existsa unique  suchthat the linearization A& +
4 B has a purely imaginary pair of eigenvalues. The point (0; ; ) is then a
Hopf point for (6) and there exists a C°-curve of nontrivial periodic orbits for (6),
resgectively (5), bifurcating from (0; ; ), respectively (v ; ; ).

In two- and three- dimensional systemswe have found the same variety of
behaviors including Hopf bifurcation appearing in the unidimensional system.
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