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ADAPTIVE CONTROL OF A DIFFUSION TO A GOAL AND A 
PARABOLIC MONGE-AMPERE-TYPE EQUATION* 

IOANNIS KARATZASt 

Abstract. We study the following adaptive stochastic control problem: to maximize the 
probability ~P[X(T) = 1] of reaching the "goal" x = 1 during the finite time-horizon [0,T], over 
"control" processes 7r(-) which are adapted to the natural filtration of the "observation" process Y(t) = 

W(t) + Bt, 0 < t < T and satisfy almost surely /^ 7r2{t)dt < 00 and 0 < X{t) = x + Jj 7r(s)dY(s) < 

1,V0 < t < T. Here W(') is standard Brownian motion, and B is an independent random variable 
with known distribution ^. The case B = b ^ 0 of this problem was studied by Kulldorff (1993). 
Modifying a martingale method due to Heath (1993), we find an optimal control process 7r(-) for 
the general case of this problem, and solve explicitly for its value and for the associated Hamilton- 
Jacobi-Bellman equation of Dynamic Programming. This reduces to 2QxxQs = QxxQyy ~ Qxyi ai1 

apparently novel parabolic-Monge-Ampere-type equation. 

Key words. Adaptive stochastic control, goal problems, Monge-Ampere equation, Neyman- 
Pearson lemma 

To the memory of Stamatis Cambanis (1943-1995) 

1. Introduction. On a given probability space (Q, T, P), let T^(-) = {W(£), 0 < 
t < T} be standard, one-dimensional Brownian motion on the finite time-horizon 
[0,T], and let B be an independent random variable with known distribution fj, that 
satisfies 

(1.1) M{0})<1,    [ \b\fjL(db) < 00. 

Neither the process W(') nor the random variable B is observed directly, but the 
process 

(1.2) Y(t) = W(t) + Bt,   0<t<T 

is; we shall denote by F = {^(t)] 0 < t < T} the augmentation of the natural filtration 

(1.3) FY(t) = cr{Y(syiO<s<t),   0<t<T 

generated by the observation process ¥(-) of (1.2). 
For a given initial position XQ in the interval 5 = [0,1], the state-space of 

our problem, consider the class A(xo) = ^4(a:o;0,T) of F - progressively measurable 
processes TT : [0, T] x ft —> 5ft  which satisfy 

(1.4) f   7r2(t)dt 
Jo 

< 00 

*Received March 27, 1997; accepted for publication August 31, 1997.  Research supported in 
part by the U.S. Army Research Office under Grant DAAH 04-95-1-0528. 

tDepartments of Mathematics and Statistics, Columbia University, 619 Mathematics Building, 
New York, N.Y. 10027, USA (ik@math.columbia.edu). 

295 



296 IOANNIS KARATZAS 

and 

(1.5) 0 < X(t) = x0 + f 7r(s)dY(s) < 1,   0 < t < T 
Jo 

almost surely. This is the class of our admissible control processes for the initial 
position XQ. As we shall see (cf. Remark 3.1 below), for every process 7r(-) in this 
class A(xo), the corresponding state-process Xx°'7r(-) = X(') of (1.5) is absorbed at 
the endpoints of the interval S = [0,1], namely 

(1.6) X(-) = X{- A r), where  r = mf{t G [0, T);X(t) 0 (0,1)} A T. 

The objective of our stochastic control problem will be to choose the process 
7r(-) G A(xo) so as to maximize the probability of reaching the right-endpoint of the 
interval S = [0,1] by the time t — T. That is, we shall try to compute the value 
function 

(1.7) V(xo)  =       sup       V[X*^{T) = 1],   a?0 €[0,1] 
n{-)eA{x0) 

and to single out an optimal control process 7r(-) G A(x0) that attains the supremum 
in (1.7), namely 

(i.8) v(xo) = p[jr*o.*(r) = i], x0 G [o, i], 

if such a process exists. 
We call this problem adaptive control of the state-process X{-) to the goal x = 1, 

because we are trying to steer ("control") the process X(-) to the right-endpoint x = 1 
(our "goal") without having exact knowledge of the drift parameter B in (1.2). This 
drift is modelled as a random variable with known "prior" distribution /i, which has 
to be updated continuously ("adaptive" control) as the information T{t),Q < t < T 
about the observations-process F(-) keeps coming in. 

In the case where we have exact knowledge about the drift-parameter B — b G 
!R\{0} (i.e., with // = 5b, b / 0), this control problem was solved in the very interesting 
paper of Kulldorff (1993). Kulldorff computed the value function of (1.7) and the 
optimal control process 7r(-) of (1.8) in the form 

(1.9) V(x0) = $(*-i(a;0) + \b\VT) 

(1.10) 

y/T-t 

respectively, with the notation 

*{t) = Trrt A 7F=t—J 
-     S9nb   {<po*-i){X*»*(t)),   0<t<T 

/Z -1 

VJi(u)d«,   <pt(z) = -==e-*a/2';   z£U,s>0 
-oo VSTTS 
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and (p(') = <pi{')- Kulldorff's approach was later simplified by Heath (1993), who 
derived the results (1.9), (1.10) using a martingale approach combined with the cel- 
ebrated Neyman-Pearson lemma from classical hypothesis-testing in statistics. We 
shall employ in section 5 a modification of Heath's argument, to deal with a general 
distribution /i as in (1.1) for the random variable B. 

Our initial interest in this problem was to decide whether the so-called certainty- 
equivalence principle, of substituting in place of b in (1.10) the conditional expectation 

(1.12) B(t) = E[B\F(t)],   0<t<T 

of the unobserved random variable B, given the observations up to time t, would lead 
to a control law 

(1.13) *CE(t)  =   WnBjt) ^0$-i)(Xs0,^(t));   o<t<T 
v T — t 

which is optimal for the problem of (1.7). Such a simple substitution principle does 
in fact lead to an optimal law in the context of partially observed linear-quadratic- 
gaussian control (cf. Fleming and Rishel (1975)), as well as in the context of the 
partially observed control problem of Benes and Rishel (see Benes et al. (1991), or 
Karatzas and Ocone (1992)). For the goal problem of (1.7), the control law (1.13) that 
results from this simple substitution principle, turns out to be optimal only in very 
special cases, namely when /x([0, oo)) = 1 or when /i((—oo,0]) = 1; see sections 6 and 
7. The law of (1.13) fails to be optimal even for distributions /i that are symmetric 
around the origin, as we demonstrate in section 8. For such symmetric distributions 
it is still possible to obtain an explicit expression for the optimal law in terms of the 
current state X(t) and the current estimate B(t) of B as in (1.12); this expression 
(8.8) is, however, quite different from that mandated by the "certainty-equivalence" 
principle of (1.13). 

1.1. An interpretation. Suppose that the price-per-share S(-) of a common 
stock follows the geometric Brownian motion process 

dS(t) = S(t)[Bdt + dW(t)] = S(t)dY(t), 5(0) = s > 0 

where B is an unobservable drift-parameter, the "appreciation rate" of the stock. 
We model this unobservable rate as a random variable, independent of the Brown- 
ian motion W(-), with known distribution //; this distribution quantifies our "prior 
knowledge" about the possible values that B can assume, as well as their respective 
likelihood. Based on the observations 

Tit) = a(S(u)]0 <u<t) = cr(Y(u);0<u<t) 

of the stock-prices over the interval [0,t], we choose our "portfolio" ir(i) at time t 
(that is, the amount of money to be invested in the stock at that time). Our "wealth 
process" corresponding to the portfolio 7r(-) is then 

X(t) = Xo+ [ 7r($)dy(s), 0 < t < T 
Jo 

as in (1.5), where x0 G (0,1) stands for our "initial capital".   We are interested 
in attaining the level of wealth x = 1, before time t ~ T and without going into 
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penury (i.e., reaching the level x = 0). If our objective is to maximize the probability 
P[X(T) = 1] of achieving this, we are exactly in the context of problem (1.7). 

2. Summary. We provide a careful formulation of the stochastic control prob- 
lem (1.7) in section 3, with the help of the Girsanov theorem and of enlargement of 
filtrations; and in section 4 we embed this problem in the standard framework of filter- 
ing, stochastic control, and dynamic programming. In particular, we write down the 
Hamilton-Jacobi-Bellman (HJB) equation of Dynamic Programming for the prob- 
lem of (1.7), and notice that this equation reduces after normalization (or change of 
probability measure) to the Monge-Ampere-type equation 

(2.1) 2QXXQS = det(D*Q), 

where 

(2.2) det(D2Q) = QxxQyy - Qly. 

Here x £ [0,1] stands for the state-variable X(f) of (1.5), y G K stands for the 
Brownian-motion-with-drift Y{t) of (1.2), s G [0,T] is the "time-to-go" T - t until 
the end of the horizon, and det(D2Q) is the determinant of the Hessian matrix D2Q 
of second-order derivatives in the spatial variables. The identification with (1.7) is 
through 

(2.3) V(xo) = Q(T,xo,0) 

for the value of the stochastic control problem. To our knowledge, the equation (2.1) 
is studied here for the first time. 

In section 5 we solve the problem of (1.7) very explicitly and we identify an 
optimal control process 7r(-) as in (1.8), by adapting to our situation the methodology 
of Heath (1993). This methodology relies on the celebrated Neyman-Pearson lemma 
from classical hypothesis testing, and on the martingale representation property of the 
Brownian filtration. The precise answers that we obtain via this methodology allow 
us 
(a) to solve explicitly the appropriate, in our context, initial-boundary value problem 

for the Monge-Ampere-type equation (2.1), and 
(6) to decide whether the optimal control process 7r(-) is in the form (1.3) of the 

"certainty-equivalence principle." 
This program is carried out in sections 6, 7, 9 for the cases 

{%)    M[0,oo)) = l, 
(ii)   /i((—oo,0]) = 1, and 
{%%%) M(0,oo))^((-oo,0))>0, 
respectively. It turns out that the certainty-equivalence principle holds in cases 
(i) and (n), but fails to hold even for symmetric distributions ji with //((0, oo)) = 
/i((-oo,0)) > 0 (cf. section 8, Remark 8.1). 

"Goal" problems have been studied by Probability theorists, in the context of 
stochastic games, at least since Breiman (1961) and Dubins and Savage (1965). For 
various formulations of such problems, the reader is referred to the papers by Pestien 
and Sudderth (1985), Heath et al. (1987), Orey et al. (1987), Sudderth and Weeras- 
inghe (1989), and to the recent book by Maitra and Sudderth (1996). 

The classical, elliptic Monge-Ampere equation det(D2Q) = /, in the notation 
of (2.2), has a long and venerable history in both Analysis and Geometry; see for 
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instance Pogorelov (1964, 1978), Cheng and Yau (1977), Lions (1983), Krylov (1984, 
1987) and Caffarelli (1990, 1991), Caffarelli and Cabre (1995). Parabolic versions 
of this equation were introduced by Krylov (1976, 1987) and were further studied 
recently, from the point of view of existence, uniqueness and regularity of solutions 
to initial- and initial/boundary-value problems, by Spiliotis (1992, 1994, 1997) and 
Wang and Wang (1992, 1993). 

3. Formulation. Let us start with a given complete probability space (ft^T, 
P0), and on it 
(i) a Brownian motion ¥(-) = {y(£);0 < t < T} on the finite time-horizon [0,r], as 

well as 
(ii) a real-valued random variable B, independent of the process Y(•) under the prob- 

ability measure P0, and with distribution P0[B £ A] = /Z(J4), A e B(5R) that 
satisfies the conditions of (1.1). 

We shall denote by F = {JF(t);0 < t < T} the augmentation of the natural filtration 
(1.3) generated by the process Y('), and by G = {G(t)]0 <t<T} the augmentation 
of the filtration 

(3.1) FB>Y(t)  = or(J5,y(a); 0 < * < t),   0 < t < T. 

Then it can be checked that lr(-) is a (G,P0) - Brownian motion, and that the 
exponential process 

(3.2) Z(t) = exp [BY(t) - BH/2], 0<t<T 

is a (G, P0)  - martingale; in particular, 

(3.3) P(A)  = EO[Z{T)-1A],   Aeg(T) 

is a probability measure, equivalent to P0. Under this probability measure P, the 
process 

(3.4) W{t) = Y(t) - Bt, g(t)i   0<t<T 

is standard Brownian motion independent of the random variable B, by the Girsanov 
Theorem (e.g. Karatzas and Shreve (1991), section 3.5); and we have P[B G A] = 
P°[BeA} = fi(A), AeB^R). 

In other words, on the filtered probability space (ft, .T^P) with F = {^(t)'^ < 
t < T}, we are in the setting of the Introduction (section 1, formulae (1.1)-(1.8)), and 
we are interested in the stochastic control problem (1.7) posed there. This problem 
will be the focus of the remainder of the paper. 
3.1 Remark: It develops from (1.5) that the continuous processes X(-), 1 — X(-) are 
both non-negative local martingales (hence also supermartingales) under the proba- 
bility measure P0, for every XQ G [0,1] and 7r(-) G A(xo). From a well-known property 
of non-negative supermartingales (e.g. Karatzas and Shreve (1991), Problem 1.3.29), 
both these processes are absorbed at the origin when they reach it, namely 

X(t) = 0, V t G [ro,T]    a.e. on  {TO < T} 

1 - X(t) = 0, V t G [ri,T]    a.e. on  {n < T} 
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with TJ = inf {t E [0,T);X(t) = j} A T and j = 0,1.  Our claim (1.6) follows from 
this, since r = TQ A TL. 

4. Filtering and dynamic programming. In this section we shall place the 
problem of (1.7) within the standard framework of Stochastic Control and Dynamic 
Programming as expounded, for instance, in Fleming and Rishel (1975), Chapter 6, 
or Fleming and Soner (1993), Chapter 4. Let us start by introducing the (F,P0) — 
martingale 

m  i Eo[^\T(t)]=Eo[Z(T)\^t)} 

= E»(E«»[Z(r)|g(t)]|^(*)) = Eo[Z(t)\f(t)} 

= E»[ exp (BY{t) - BH/2)\F(t)] 

_(F(t,Y(t))    ;    0<i<rl 
"I      i        ;     * = o   /' 

(4.1) 

where 

(4.2) F^ y) = f  exp (by - bH/2)^db),   (t, y) G (0, oo) x 5R. 

Let us also write the (F,P) - martingale of (1.12) as 

B{t)-nB\m)- vo[z{nHt)] 

1     W[B ■■&{Z(T)\g{t))\F{t)\ m 
(4.3) =J--E°[BZ(t)\m] 

= ^- • Eo[B exp (Br(t) - BH/2)\nt)] 

_(G(t,Y(t))    ;   0<<<rl 
-{f^bridb)    ;       t = 0    / 

with the help of the "Bayes rule" (Lemma 3.5.3 in Karatzas and Shreve (1991)). We 
have set 

(4.4) G(t, y) ± j^ j b exp (by - bH^db) = (^) (t,»),   (t,») £ (0, oo) x «. 

Then it is straightforward to verify that the process 

(4.5) N{t) = y(*) - / J5(5)d5 = Y(t) - [ Gis,Yis))ds, 0<t<T 
Jo Jo 

is an (F, P)-martingale with continuous paths and quadratic variation < N > it) = t 
for 0 < t < T. In other words, iV(-) is an (F, P)-Brownian motion process; it is the 
familiar innovations process of filtering theory (recall the P. Levy Theorem 3.3.16 in 
Karatzas and Shreve (1991)). 
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4.1- Remark. The functions F, G of (4.2), (4.4) are of class C1'2 on (0,oo)x5ft, 
and satisfy on this strip the equations 

(4.6) ^ + ^=0,     Gt + ^Gyy + GGy = 0 

respectively. 
The innovations process iV(-) of (4.5) will allow us to embed the problem of (1.7) 

within the usual Dynamic Programming framework for Stochastic Control, as follows. 
Let us re-write the equation (4.5) in the form 

(4.7) dY(t) = G(T-t,Y{t))dt + dN(t))   T--s<t<T   and     Y(T-s)=y 

on the interval [T — 5, T], with G(T — t, •) = G(£, •) and with arbitrary initial condition 
y G 5ft for the observations process F(-); let us also re-write the equation (1.5) as 

(4.8) dX{t) = 7r(*)[d?(T - t,Y{t))dt + diV(t)], T-s<t<T   and   X(r - s) = x, 

again on the interval [T — s,T] and with arbitrary initial condition a: € S = [0,1] for 
the state-process X('). Thus, we can re-express the value of (1.7) as 

(4.9) V(so) = tf(T,Xo,0), 

where 

(4.10) U{8,x,y)  = sup E[l{1}(X(r))], (^^y) 6 [0,r] x [0,1] x ». 
ir(.)€^(»;T-fl,T) 

We expect the function £/ : [0,T] x [0,1] x Sft —► [0,1] of (4.10) to be of class 
C1'2'2 on (0,T) x (0,1) x 9?, and to satisfy in this strip the Hamilton-Jacobi-Bellman 
(HJB) equation of Dynamic Programming 

Us = -zUyy + GUy + maxne^ \(7r2/2)Uxx + ^(Gt/^ + t/^)] 

= 2 [Uyy ~ [4;(GC/x+^^J+ GUy 

associated with the dynamics of (4.7)-(4.8), along with the inequality 

(4.12) Uxx < 0,   on  (0,r) x (0,1) x ft, 

the initial condition 

(4.13) U{0,x,y) = l{1}(x),   (x,y)e[0,l]xdl, 

and the boundary conditions 

(4.14) t/(5,0+,2/) = 0, tf(s,l-,y) = l;   0 < s < T, y E ft. 

The initial-boundary value problem (4.11)-(4.14) for the non-linear equation of 
(4.11) looks quite complicated. It can be simplified somewhat by use of the transfor- 
mation 

<4.15>    <*,«,)Z{Ul££%-Z>   I  0f^r}.(.,r)eMx« 
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into the following Initial-Boundary Value Problem 

(4.16) Q(0,x,y)=F(T,y)-l{1](x);   (x,y) 6 [0,1] x 3? 

(4.17) Q(s,0+,y) = 0, Q(s,l-,y) = F(T - s^y);   0<s<T,yen 

(4.18) Qxx < 0,   on  (0,T) x (0,1) x 3? 

for the parabolic-Monge-Ampere-type equation 

(4.19) 2QXXQS = QxxQyy - Qly,    on  (0, T) x (0,1) x 3?. 

4.2. Remark. Subject to the inequality of (4.18), the Monge-Ampere-type equ- 
ation (4.19) can be written as 

(4.19)'        Qs = -Qyy + maa^gsR [(TT
2
/2)QXX + 7rQxy)],    on   (0, T) x (0,1) x ft 

since the expression in brackets is maximized by 

(4.20) 71-=-- 
Qxy 

Q xx 

The equation (4.19) is then the HJB equation of Dynamic Programming, for the 
problem of maximizing the probability 

P[X(T) = 1] = Eo[2(T) ■ l{x(D=i}l = E°[F(T,Y(T)) ■ l{ly(X(T))] 

over 7r(-) E A(x;T — s,T), subject to the dynamics 

dX(t)=7r(t)dZ(t)1   X(T-s)=xe[0,i\ 

dY(t) = d£(t)9   Y(T-s) = ye$l 

on the time-interval [T — s,T] ; here ^(•) is (F,P0) - standard Brownian Motion. 

4.3. Remark. Prom (4.9), (4.15) we obtain, formally at least, 

(4.21) V(xo)=Q(T,Xo,0). 

On the other hand, we expect from (4.20) that an optimal control process 7r(-) G A(xo), 
as in (1.8), should exist, and should be given in the feedback-form 

(4.22) *(«) = -£Nr - *,*(*), YM) ■ 1(0,70(*)• 
tyxx 

where X(t) = Xx<»*(t), 0<t<T. 

5. The martingale approach of D. Heath. We present in this section the 
solution of Problem (1.7), which is based on the Neyman-Pears on lemma of classical 
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hypothesis-testing and on the martingale methodology, as developed by Heath (1993) 
for the case of constant B = b 7^ 0. 

The starting point of this approach is the observation that, for every XQ € [0,1] 
and 7r(-) G A(x0), the process X(-) = Xa;<"7r(-) of (1.5) is an (F,P0)-local martingale 
with values in the interval [0,1], hence an (F^P^-martingale. In particular, we have 

Po[Xxo,*(T) = 1] = Eo[X*o,*(T) • l{x-o.-(T)=1}] 

< E°[X*o,*(T)] = xo,    V7r(.) € A(x0). 

Since the event {^^"'^(r) = 1} belongs to the c-algebra ^(T), it follows from (5.1) 
that 

(5-2) V*(x0) = supAejr{Thpo{A)^Xo P(A) 

dominates the value of our control problem (1.7): 

(5.3) V*(x0) > V(x0) = supn{.)eAiXo) P[Xw(T) = 1]. 

The point here, made by Heath (1993) for constant B = b ^ 0, is that 
(i)      the "auxiliary value"   V*(x0)  of (5.2) is very easy to compute, and that 
(ii)    equality actually holds in (5.3), so that in turn 
(iii) we get to compute V(xo) as well. As a by-product of this last computation, 

we shall be able to obtain an optimal control process 7r(-) e A(xo). 
In order to make headway with this program, let us observe that the optimization 

problem of (5.2) is the same as that encountered in the classical setting of testing a 
simple hypothesis versus a simple alternative. The solution of this problem is given 
by the following celebrated result (e.g. Lehmann (1986)): 

5.1. Lemma. (Neyman-Pearson): Suppose that we can find a number k = K,(X0) 

> 0, such that the event 

has P0(Afc) = Xo; then V*(xo) = P(Afc). 
Proof. For any A G ^(T) with P0(A) < x0 and with Z(T) = E0[-^\T(T)} as in 

(4.1), we have 

P{Ak) - P(A) = f        Z(T)dP0 - [      Z(T)dP° 
JAknAc •'A^nA 

> k\P°{Ak n Ac) - Po(A£ n A)] 

= k[Po{Ak) - Po(A)] = k[x0 - P0(A)] > 0. D 

In order to find a number k > 0 with the properties of Lemma 5.1, let us notice 
that for every t > 0 the function y \—> F(t, y) of (4.2) is strictly convex, and that with 

(5.4) f(t)=infy&F(t,y),   i >0 

we have one of the following three possibilities: 
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(5.5)(i)      /z([0,oo)) = 1 :   Then F(t,-) is strictly increasing on 3?, with F(t,—oo) = 
f(t) = fi({0}) and F(t, oo) = oo. 
(5.5)(ii)     //((—oo,0]) = 1 :  Then F(t, •) is strictly decreasing on 5ft, with F(t, — oo) = 
oo and F(*, oo) = /(*) = ^({0}). 
(5.5)(iii)   /Ji((0, oo)) • //((—oo, 0)) > 0 :  In this case the infimum of (5.4) is attained at 
some y* = i/(t) G 5ft; the function F(t, •) is strictly increasing on (i/(t), oo) and strictly 
decreasing on (—oo,u(t)), with F(t,±oo) = oo. 

As a consequence, the function 

/i(fc) = P°(Ak) = P°[Z(T) > k] 
(5.6) 

l{z;F(T,z)>k} 
= Po[F(T, Y(T)) >k}= [ (PT(z)dz, k > f(T) 

J{z:F(T.z)>k\ 

is continuous and strictly decreasing, with h(f(T)) — limk\f(T)h(k) — 1 and ft(oo) = 
limks<ooh(k) = 0. Thus, for every Xo G [0,1], there is a unique k = K(XO) in [f(T),oo] 
with h(K,(x0)) = x0, and for this A: we have 
(5.7) 

F*(^) = P(A/,(,o)) = Eo[Z(T) • l{^(T)>K(iCo)}] - / F(r,z)^r(z)dz 

in the notation of (1.11), (5.2), from Lemma 5.1 and (4.1). 
Suppose now that we are able to find a control process 7r(-) G A(xo), such that 

(5.8) {X*:*(T) = 1} = AR(Xo), mod. P(P°). 

Then we have 

(5.9) V*(x0) = P(AK(Xo)) = P[**..*(T) = 1] < V(xo) 

from (5.7), (1.7); and in conjunction with (5.3), this proves both the equality 

(5.10) V(x0) = V*(x0) 

and the optimality (1.8) of 7r(-) for the problem of (1.7). 
In order to find a process 7r(-) G A^XQ) with the property (5.8), let us consider 

the (F,P0)-martingale 

m = m^jnt)} = vo[z{T) > K(xo)\m] 
C5-11) - PO[F(T9 Y(t) + (Y(T) - Y{t)) > K(xo)\r(t)] 

= -Y(r-*,y(*)), O<^<T 

where 

I J{z;F(T,y+z)>K(x0)} ^{Zjaz     ,     S > U,   2/ fc JC. J 

The process X(-) of (5.11) takes values in the interval 5 = [0,1] and starts out at 
X(0) = A^T, 0) = h(K(xo)) = a;0, by virtue of (5.6) and (5.12). From the martingale 
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representation property of the Brownian filtration (e.g. Karatzas and Shreve (1991), 
Theorem 3.4.15), there exists a process 7r(-) € A(x0) such that 

(5.13) X(t) = X*o,*(t) =x0+ [ 7t(s)dY(8),   0<t<T 
Jo 

holds P0-almost surely; and this process 7r(-) is unique, modulo  (A (8) P0)-a.e. equiv- 
alence, where A stands for "Lebesgue measure". In particular, 

(5.14) X*-*{T) = X(T) = lAKlmo},a.8. 

so that (5.8) holds. 
The process 7r(-) of (5.13) can be identified explicitly, in the following manner: 

notice that the function 

(5.12)' *(s,!0= / ips(y-z)dz 
J{Z;F(T,Z)>K(X0)} 

of (5.12) is of class C1'2 and satisfies the heat equation 

(5.15) X* = \Xyy,   on   (0, oo) x ». 

Therefore, an application of It6' s rule to (5.11) yields 

X(t) =Xo+ [ Xy(T - s, Y(s))dY{s), 0 < t < T\ 
Jo 

and from the uniqueness of the stochastic integral representation (5.13), we conclude 

*(«) = Xy(T - t,Y(t)) • 1[O,T)W,   0 < t < T 

where 

Xy(s,y)= (^—^) Vs(y-z)dz;   s > 0, y G 5R. 
y{z;F(T,2)>Av(x0)} V      s      / 

We have proved the following result. 

5.2. Theorem. The value-function of the stochastic control problem (1.7) is 
given by the expression of (5.7). An optimal control process 7r(-) G A(x0), and its 
corresponding state- process X(-) = Xxo^('), are given as 

(5.16) Ht) = Xy(T-t,Y(t))-ll0tT)(t),   Jt(t) = X{T-t,Y(t)y,   0<t<T 

in the notation of (5.12). 

5.3. Remark. Let us look at the value-process 

(5.17) !,(*) ^ EflA,,,.., |^(t)] = P[X(T) = l\T(t)},   0<t<T. 
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This is an (F,P)-martingale with 7/(0) = V(xo), v(T) = 1{1}(X(T)), a.s. ; from the 
Bayes rule, it can be written as 
(5.18) 

v(t) = 
E«[z(r)-iA,,(.B)|:r(*)1 

_L_ . Eo [F(T; y (T)) • l{FiT,Y(T))>K(z0)} W)]] 

i- • Eo [F(T, Y(t) + (Y(T) - Ym ■ l{F(T,Y{t)MY(T)-Ym>K(zo)mt)}] 
Z(t) 

■H(T-t,Y{t)) 
F(t,Y(t)) 
H(T,Q) 

where 

0<i<r"l 
t = 0    / 

(5.19)      ms,y)  -  {j{2.FiT!y+z)^(xo)}F(T,y + z)^)dz   ;    s>0,yeX. 

This function is of class C1'2 and satisfies the heat equation 

(5.20) Hs = -zHyy,   on    (0,oo) x K. 

In particular, we have 

(5.7)' V{xo)=n{T,0) 

from (5.19), (5.7). 
In sections 6-9 we shall compute the quantities of Theorem 5.2 (optimal control 

process 7r(-), optimal state-process X(-)> value function) even more explicitly, in each of 
the three cases of (5.5). We shall also show, in each of the three cases, how to compute a 
function Q : [0, T] x [0,1] x 5ft —> [0,1] which solves the initial-boundary value problem 
of (4.16)-(4.19) for the Monge-Ampere-type equation (4.19), and satisfies 

(5.21) V{x0) = Q{T,x0,G),   so E [0,1] 

as well as 

(5.22) U{s,y) = Q{s,X{s,y),y),   {s,y) G [0,T] x 5ft 

(5.23) Xy^s,») = -TT* («, X{8,y),y),   (*,y) e (0,T] x ft 

in the notation of (5.12), (5.19), and in accordance with (4.22), (5.16). 

6. The case /i([0, oo)) = 1. This is the case of (5.5)(i): for every t > 0, the 
function F(t, •) is strictly increasing, and maps 3? onto (/x({0}), oo) with F(t, —oo) = 
/i({0}), F(t,oo) = oo. If we denote by F-1^, •) • (MW)?00) —> ^ the inverse of 
this mapping, the function of (5.6) becomes 

h(k)=r     <fiT(z)dz = *(-F~1(?:k)),  k>»m). 
JF-i{T,k) x Vi / 
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We have thus F-^T,/^,,)) = -VT^"1^), and the quantities of (5.12), (5.19) 
become 

(62) 
H{a,y) = \l!!^-l{")F(T,y.z)v.iz)dz   ;   S>0j 

'    nr.y)-!^*-!^),^)      ;  * = o' 
jf£~1{Xis'y))F(T,y-z)vs(z)dz    ;    s>0 

for y E 5ft. As a consequence, the optimal state-and control-processes of (5.16) take 
the form 

(6-3) X(i) = |  ^(yw+v^-v..))     .  o<t<r/ 

and 

(6.4) ^ = ^3i K—^¥31—J-^^w 
1   (Vo*-i)(je(t)).i[olT)Wi O<^<T VT-7 

respectively. Notice that these formulae (6.3), (6.4) do not depend on the particular 
form of the distribution /i at all. 

6.1. Remark. In this case the function G of (4.4) is strictly positive, and so the 
same is true for the estimate B(t) = E[JB|^(t)] = G(t,Y(t)) of (4.3). Therefore, the 
optimal control-process 7r(-) is trivially of the "certainty-equivalence" form (1.13). 

From the expression (6.2) for %(£, 2/), it is now not hard to construct the function 
Q that satisfies (5.22). 

6.2. Proposition.   The function 

,„,,„, ,      f F(T,y)-l{1}(x) ;       a = O.a; € [0,l],i/€ »    \ 
(^  Qia'X'V)-\f£-l{')F{T,v-z)rtz)dz   ;   0<s<T,^[0,l},y^i 

solves the initial-boundary value problem (4'16)-(4'19) for the parabolic-Monge-Am- 
pere-type equation (4-19), and satisfies the conditions (5.21)-(5.23). 

Elementary computations lead to this result; some of these are facilitated by 
writing the second expression of (6.5) in the form 

Q(s,x,y)  =   / F(T,y - zy/s)(p(z)dz 
(6.5)' ■/-00 

=   [       exp [by - b2(T - 8)12] S^"1^) + by/s) fi{db), 
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on (0, T] x [0,1] x 3?. The details of these derivations are left to the care of the reader, 
who should also notice the discontinuity of the function Q in (6.5), as s \ 0: 

Q(0+,x,y)= Urris^oQis^x^y) 

/ exp [by - b2T/2] $($-1(a;)) fi(db) 
/[0,oo) 

= *F(r,jf)#Q(0Jx,y);   0 < x < 1, y G ». 

6.3. Example. In the special case /x = (5&, 6 > 0 considered by Kulldorff (1993), 
the functions F, G and Q of (4.2), (4.4) and (6.5) become respectively F{t,y) = 
exp [by - b2/t],G(t,y) = b and Q(s,x,y) — F(T - s,y)U(s,x,y), where 

^6 6) U(sxv)-( ^W ;        « = 0, 0<a:<l     1 
(b.bj ^^'^^-j $($-1(3;)+6^/5)    ;    0<5<T, 0<a;<l/ 

is the function of (4.10) in the present context. This function does not depend on 
y G 3?; it solves the initial-boundary value problem (4.11)-(4.14) for the HJB equation 
(4.11), which now takes the much simpler form 

b2 U2 

(6.7) #,+     ^L = 0;   5>0, 0<a:<l. 

7. The case //((—oo,0]) = 1. Here we are in the setup of case (5.5)(n). It is 
straight-forward to see that the analogues of (6.1), (6.2) and (6.5) are now 

(7.1) X{s,y) = {   iV^i'(Xo)-y 

1[v^*-»(*.).oo)(»)    !    s = 0, 2/e3? 

(7.2) ^'^-j^-W^)^^^^    .    s>o,y€5J, 

and 

(7.3)   Q(s,x,2/) = | ^-i^) 
F(r,i/)-l{1}(a!) ;       * = 0,3: e[0,!],»€» 

/_«,   ^^(r.y + zJv.Wtfe  ;  o<«<r,are[o>i]>tfe»J 

respectively; that the function Q satisfies the initial-boundary value problem of (4.16)- 
(4.19); and that the optimal processes of Theorem 5.2 are 

X(t) = X(T-t,Y(t)),   0<t<T 

and 

In other words, the "certainty-equivalence principle" of (1.13) leads again to an optimal 
control process. 
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8. The symmetric case. Before we tackle the general case 

M((-oo,0))-M(0,oo))>0 

of (5.5) (Hi) in the next section, let us consider here a symmetric distribution //, that 
is 

fi(A)=fi(-A)1 \/AeB(^) 

with /x((—oo,0)) = /i((0,oo)) > 0. In this case, the function 

y i—► F(t, y) = //({0}) + 2 f       e-b2t/2cosh(by)v(db), t > 0 
./(0,oo) 

is evenly symmetric and strictly convex; it is also strictly increasing on [0, oo) with 
F(t,oo) = oo, and f(t) = F(t,0) = /i({0}) + 2/(0jOo) e-b2t/2fi(db) in the notation of 
(5.4). This function maps [0, oo] onto [/(£), oo]; we denote by F-1^,-) : [/(*), oo] —> 
[0, oo] the inverse of F(t, •) on [0, oo], so that 

F(T,z)>k ^^  \z\ >F-i(T,k) 

for A: > /(T), and thus F-^T,^^)) = v^T*"^1 " (^/2)) in the notation of (5.6), 
(5.7). Similarly, the functions of (5.12), (5.19) become 

(8.1)  X{s,y) = L(s,y;VT*-i(l - (x0/2))), H(S,y) = M(S,y;Vf^-^l - (x0/2))) 

where 
(8.2) 
,, sAj 1{\y\>p} 5    s = 0,y€ 5ft,p> CH 
^a'»;W-\/{W>p}Va(y-z)dZ = 2-*(^*)-*(^)    ;    * > 0,2/ 6 SR,p > 0 / 

and 

(8.3) ^^^'J'-w-l/^^^r.^.^-^dz   ;   S>0,2/e»,p>0./ 

Notice that, for every given p > 0, the functions of (8.2), (8.3) satisfy the heat equation 

(8.4) Ls^-Lyy,   Ms = -Myy    on   (0,oo)x3i. 

With this notation, the optimal control-process 7r(-) and the optimal state-process 
X(') of Theorem 5.2 are given as 

(8.5) 7r(t) = Ly(r-*,y(t);pO-l[olr)W,   X(t) = L(T-t,Y(t);p^ 0<t<T 

where p* = \/T$-l(l— (XO/2)). 

8.1. Remark. In the notation of (1.11), (8.2) we have 

(8.6) Ly{s,y.,p) = l,[v{y^)-^y±f)] , s>o. 
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Observe from this, that the function #($, •) of (8.1) is evenly symmetric, and strictly 
increasing on (0,oo) with X(s,0) = 2[1 - ^^(l - (x0/2))y/Tr/s)), X(s,oo) = 1. 
Denoting by y(s, •) : [X(s, 0), 1] —> [0, oo] the inverse of this mapping, we get \Y(t)\ = 
y(T - t, X(t)) and thus also 

(8.7) *(*) - sgnY{t) • Ly (T - t, y(T - t, X(t)); p*),   0 < t < T 

where p* = y/TQ-1^ - (x0/2)). 
Now it is not hard to see that the function G(t, •) of (4.4) is oddly symmetric on 

K, with sgnG(t,y) = sgn(y), t > 0. Thus sgnY(t) = sgnB(t), and we can re-write 
the expression (8.7) for the optimal control process as a function 

(* *\ *(* - swBjt) \ j y-p \        ( y+p \] I 

of the current state X(t) and the current estimate B(t) = E[B\T(t)] of the unob- 
servable drift-parameter B. The expression (8.8) is quite different from (1.13), the 
feedback law postulated by the "certainty-equivalence principle". Again, however, the 
formulae (8.5), (8.7) do not depend on the particular form of the "prior distribution" 
measure // at all. 

For every fixed (s,y) E (0,oo) x 3?, the mapping p \—> L{s,y',p) of (8.2) is 
continuous and strictly decreasing on (0,oo) with L(s,2/;0+) = 1 and L(s,y;oo) = 0; 
we shall denote by P(s, y; •) : [0,1] —> [0, oo] the inverse of this mapping. 

8.2. Theorem.   The function 

(8 9) 0(s xv)-i F{T>y) • ^W     ''       S = 0' (x>y) &i0^x^    \ [     ' Wl*,   'V) ~ I M(s, y; P(s, y;x))    ;    0 < a < T, (x, y) e [0,1] x » / 

solves the initial-boundary value problem (4.16)-(4-19) for the parabolic-Monge-Am- 
pere-type equation (4-19), and satisfies the conditions (5.21)-(5.23). 

The computations required for the proof of this result are a little heavier than 
those needed for Theorem 7.2; we leave them again to the attention of the reader, 
but note that the verification of the boundary conditions (4.17) is facilitated by the 
formula 

(8.10) M(s,y;p) = [ J>y-&{rr-s)l'> L(s,y + bs',p)n(db) 

which links the functions of (8.2) and (8.3). 

9. The case fi{{—oo,0)) • /x((0, oo)) > 0. We are now in the setup of case 
(5.5)(m). For every t > 0, let us denote by F^it, •) : [/(£), oo] —> [i/(t),oo] and 
-FT1^, •) : [/CO*00] —► t-00?^^)]? ^e inverses of the function F(t, •) on [i/(t),oo] 

(respectively, on [-oo, */(£)]), and set r±(-) = -Fi^T, •). The functions of (5.6) and 
(5.12), (5.19) are now given as 

,r_(*)       ,oo 

Hk)  =   ( +/ )<&(*)**,    k>f(T), 
v J-oo        Jr+ik) ' 
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and 

(9.1) X(s,y)  = L(s,y;j+,j-) 

(9.2) H(s,y)  = M(s,2/;7+,7_) 

on [0, 
(9-3) 
on [0, oo) x 5ft, where we have set j± = T±(K(XO)) and 

AJ l[p,oo)(2/) + l(-cx),r](2/) 5      S = 0 

A  J F(T> V) • (ifcoo) (V) + l(-oo,r] (2/))      ;     5-0 

(9.4) M^y^r)-\  (f_oo + ^)F{T,z)vs{y-z)dz     ;    * > 0 

= f eby-b2{T-s)/2 L{s,y + bs;p,r)n(db),   y G », 

for —oo < r < p < oo.  For any such given pair (p, r), the functions of (9.3), (9.4) 
satisfy the heat equation, as in (8.4). Furthermore, we have the expressions 
(9.5) 

Ht) = Ly(T-t,Y(tyn+^) = ^[p(^)-^^)} y_,, 0<t<T 

(9.6) X(t) = L(T-t,Y(t);1+,1-);   0<t<T 

for the optimal processes of Theorem 5.2. 
On the other hand, for fixed (s, y) 6 (0, T] x 3f, the equations 

(9.7) L(s,y;p,r) = x 

(9.8) F(T,p) = F(T,r) 

determine a unique pair (p,r) = (P(s,y]x),R(s1y]x)), —oo < r < v(T) < p < oo, for 
any given x G [0,1]. In terms of the resulting functions P and R, we have then the 
following analogue of Theorem 8.2. 

9.1. Theorem.   The function 

A J      F(T, y) • 1{1} (a) ;        5 = 0, (re, 2/) G [0,1] x 5ft 

(9.9) <?(*,*,») = I M(8,y;p,r) LP(s>y;x)    ;    0 < a < T, (x,y) G [0,1] x 5ft 
V r=R(s,y;x) 

solves the initial-boundary value problem (4.16)-(4-19) and satisfies the conditions 
(5.21)-(5.23). 

We shall leave again the necessary computations to the care of the diligent reader. 
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