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ALGEBRO-GEOMETRIC SEMISTABILITY OF POLARIZED TORIC

MANIFOLDS∗

HAJIME ONO†

Abstract. Let ∆ ⊂ Rn be an n-dimensional integral Delzant polytope. It is well-known that
there exist the n-dimensional compact toric manifold X∆ and a very ample (C×)n-equivariant line
bundle L∆ on X∆ associated with ∆. In the present paper, we give a necessary and sufficient
condition for Chow semistability of (X∆, Li

∆) for a maximal torus action. We then see that asymp-
totic (relative) Chow semistability implies (relative) K-semistability for toric degenerations, which is
proved by Ross and Thomas [10].
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1. Introduction. Let X be a compact complex manifold and L an ample line
bundle on X . We call the pair (X,L) a polarized manifold. One of the main subjects
in Kähler geometry is the existence problem of Kähler metrics with constant scalar
curvature, and more generally, of extremal Kähler metrics. It is now conjectured that
the existence of such metrics in c1(L) is equivalent to some algebro-geometric stability
of (X,L). One of the difficulty to consider this problem is the existence of many
notions of stability. We have to specify the exact one. Though a lot of progress has
been made recently in this problem by Tian, Donaldson and many other researchers,
we do not know what is appropriate stability yet. Therefore it is important to know
relations among various notions of stability.

In the present paper we investigate the following semistabilities of polarized
toric manifolds, asymptotic Chow semistability, K-semistability and relative K-
semistability.

Let ∆ ⊂ Rn be an n-dimensional integral Delzant polytope. Namely, ∆ satis-
fies the following conditions (in [7] polytopes satisfying these conditions are called
absolutely simple) :

1. All the vertices w1, . . . ,wd of ∆ are contained in Zn.
2. For each l, there are just n rational edges el,1, . . . , el,n of ∆ emanating from

wl.
3. The primitive vectors with respect to the edges el,1, . . . , el,n generate the

lattice Zn over Z.
It is well-known that n-dimensional integral Delzant polytopes correspond to n-

dimensional compact toric manifolds with (C×)n-equivariant very ample line bundles.
The reader is referred to [7] for example.

Let ∆ ⊂ Rn be an n-dimensional integral Delzant polytope. We denote the
Ehrhart polynomial of ∆ by E∆(t), which is a polynomial of degree n satisfying

E∆(i) = #(i∆ ∩ Zn) = #(∆ ∩ (Z/i)n)

for each positive integer i. In Section 3 we will consider representations of the complex
torus (C×)E∆(i). The character group of this torus can be identified with {i∆∩Zn →
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Z} ≃ {∆ ∩ (Z/i)n → Z} ≃ ZE∆(i). Then we denote

W (i∆) = {i∆ ∩ Zn → R} ≃ {∆ ∩ (Z/i)n → R} ≃ RE∆(i),

W (i∆)Q = {i∆ ∩ Zn → Q} ≃ {∆ ∩ (Z/i)n → Q} ≃ QE∆(i).

We identify W (i∆) with its dual space by the scalar product

(ϕ, ψ) =
∑

a∈∆∩(Z/i)n

ϕ(a)ψ(a).

For each ϕ ∈ W (i∆), define a concave piecewise linear function gϕ : ∆ → R as
follows. Let

Gϕ = the convex hull of
⋃

a∈∆∩(Z/i)n

{(a, t) | t ≤ ϕ(a)} ⊂ Rn × R.

Then we define gϕ by

gϕ(x) = max{t | (x, t) ∈ Gϕ}, x ∈ ∆

and denote

PL(∆; i) = {gϕ |ϕ ∈W (i∆)}, PLQ(∆; i) = {gϕ |ϕ ∈ WQ(i∆)}.

The following is the main theorem of this paper.

Theorem 1.1. Let ∆ ⊂ Rn be an n-dimensional integral Delzant polytope. For
a positive integer i, the Chow form of (X∆, L

i
∆) is T

C
i∆-semistable if and only if

(1.1) P∆(i; g) = E∆(i)

∫

∆

gdv −Vol(∆)
∑

a∈∆∩(Z/i)n

g(a) ≥ 0

holds for any g ∈ PL(∆; i). Here TC
i∆ is the subtorus of (C×)E∆(i) defined by

TC
i∆ =







(t1, . . . , tE∆(i)) ∈ (C×)E∆(i)
∣

∣

∣

E∆(i)
∏

j=1

tj = 1







.

This paper is organized as follows. In Section 2 we review some basics of geo-
metric invariant theory briefly for later use. In Section 3, we first define the Chow
form of submanifolds of a projective space. Then Chow semistability is defined as
GIT-semistability of the Chow form. Finally we prove Theorem 1.1. In Section 4, we
compare asymptotic Chow semistability with K-semistability of polarized toric man-
ifolds through Theorem 1.1. In Section 5, by analogy with Chow semistability, we
define the notion of relative Chow semistability of polarized toric manifolds in toric
sense and prove that asymptotic relative Chow semistability in toric sense implies
relative K-semistability for toric degenerations.

Acknowledgements. The author would like to thank the referee for valuable
comments.
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2. GIT-stability. Let G be a reductive Lie group. Suppose that G acts on a
complex vector space V linearly. We call a nonzero vector v ∈ V G-semistable if
the closure of the orbit Gv does not contain the origin. Similarly we call p ∈ P(V )
G-semistable if any representative of p in V \ {0} is G-semistable. It is well-known
that there is the following useful criterion for v being G-semistable, see [6].

Proposition 2.1 (Hilbert-Mumford criterion, [6]). p ∈ P(V ) is G-semistable if
and only if p is H-semistable for each maximal torus H ⊂ G.

Hence it is important to study G-semistability when G is isomorphic to an alge-
braic torus (C×)n. Let G be isomorphic to (C×)n. Then a G-module V is decomposed
as

(2.1) V =
∑

χ∈χ(G)

Vχ, Vχ = {v ∈ V | t · v = χ(t)v, ∀t ∈ G},

where χ(G) ≃ Zn is the character group of the torus G.

Definition 2.2. Let v =
∑

χ∈χ(G) vχ be a nonzero vector in V . The weight

polytope WtG(v) ⊂ χ(G) ⊗Z R of v is the convex hull of {χ ∈ χ(G) | vχ 6= 0} in
χ(G)⊗Z R.

The following fact about G-semistability is standard.

Proposition 2.3. Let G be isomorphic to (C×)n. Suppose that G acts on a
complex vector space V linearly. Then a nonzero vector v ∈ V is G-semistable if and
only if the weight polytope WtG(v) contains the origin.

Let G = (C×)n and H be the subtorus

(2.2) H = {(t1, . . . , tn−1, (t1 · · · tn−1)
−1) | (t1, . . . , tn−1) ∈ (C×)n−1} ≃ (C×)n−1.

Then the weight polytope WtH(v) ⊂ χ(H)⊗ZR ≃ Rn−1 equals to π(WtG(v)), where
the linear map π : Rn → Rn−1 is given as (x1, . . . , xn−1, xn) 7→ (x1 − xn, . . . , xn−1 −
xn).

Therefore we see the following.

Proposition 2.4. v is H-semistable if and only if there exists t ∈ R such that
(t, . . . , t) ∈ WtG(v).

3. Chow semistability of polarized toric manifolds. We first define the
Chow form of irreducible projective varieties. See [3] for more detail.

Definition 3.1. Let X ⊂ CPN be an n-dimensional irreducible subvariety of
degree d. It is easy to see that the subset ZX of the Grassmannian Gr(N−n−1,CPN )
defined by

ZX = {L ∈ Gr(N − n− 1,CPN) |L ∩X 6= ∅}

is an irreducible hypersurface of degree d. Hence ZX is given by the vanishing of
a degree d element [RX ] ∈ P(Bd(N − n − 1,CPN)), where B(N − n − 1,CPN ) =
⊕dBd(N − n − 1,CPN) is the graded coordinate ring of the Grassmannian. We call
RX the Chow form of X.

Since the special linear group SL(N+1,C) acts naturally on Bd(N−n−1,CPN),
we can consider the SL(N + 1,C)-stability of the Chow form RX .
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Definition 3.2. Let X ⊂ CPN be an n-dimensional irreducible subvariety of
degree d. We call X Chow semistable if the Chow form RX is SL(N+1,C)-semistable.
When X is not Chow semistable X is called Chow unstable.

Definition 3.3. Let L be a very ample line bundle on a complex manifold X.
(X,L) is called Chow semistable when Ψ(X) ⊂ P(H0(X ;L)∗) is Chow semistable.
Here Ψ : X → P(H0(X ;L)∗) is the Kodaira embedding.

Definition 3.4. Let (X,L) be a polarized manifold. We call (X,L) asymptoti-
cally Chow semistable if (X,Li) is Chow semistable for any sufficiently large integer
i.

Now we investigate Chow semistability of (X∆, L
i
∆) for an n-dimensional integral

Delzant polytope ∆ and a positive integer i. By Hilbert-Mumford criterion, Propo-
sition 2.1, H-semistability of the Chow form is essential for any maximal torus H of
SL(E∆(i),C). As a specific case, we take the following maximal torus;

TC
i∆ = (C×)E∆(i) ∩ SL(E∆(i),C).

Here (C×)E∆(i) ⊂ GL(E∆(i),C) is the torus consisting of diagonal matrices. Note
that TC

i∆ is the subtorus of (C×)E∆(i) given as (2.2).
Proposition 3.5 ([3], see also [8]). Let Chi∆ be the weight polytope of the Chow

form of (X∆, L
i
∆) for (C×)E∆(i)-action. Then the affine hull of Chi∆ in W (i∆) is

(3.1)






ϕ ∈ W (i∆)

∣

∣

∣

∣

∣

∑

a∈∆∩(Z/i)n

ϕ(a) = (n+ 1)!Vol(i∆),
∑

a∈∆∩(Z/i)n

iϕ(a)a = (n+ 1)!

∫

i∆

xdv







,

where x is the position vector.

Therefore we have the following by Proposition 2.4.

Proposition 3.6. Let ∆ ⊂ Rn be an n-dimensional integral Delzant polytope.
Then the Chow form of (X∆, L

i
∆) is T

C
i∆-semistable if and only if

(3.2)
in(n+ 1)!Vol(∆)

E∆(i)
di∆ ∈ Chi∆,

where di∆ ∈W (i∆) is

di∆(a) = 1, a ∈ ∆ ∩ (Z/i)n.

Proof of Theorem 1.1. The condition (3.2) is equivalent to the following condition.

(3.3) ∀ϕ ∈ W (i∆),max{(ϕ, ψ) |ψ ∈ Chi∆} ≥
(n+ 1)!Vol(i∆)

E∆(i)
(ϕ, di∆).

The left hand side of (3.3) is a constant multiple of the integral of gϕ.

Lemma 3.7 (Lemma 1.9 of [3] Chapter 7). For any ϕ ∈W (i∆),

max{(ϕ, ψ) |ψ ∈ Chi∆} = in(n+ 1)!

∫

∆

gϕdv
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holds.

By this lemma, (3.3) is equivalent to

(3.4) ∀ϕ ∈W (i∆),

∫

∆

gϕdv ≥
Vol(∆)

E∆(i)

∑

a∈∆∩(Z/i)n

gϕ(a).

Applying (1.1) to linear functions, we have the following corollary.

Corollary 3.8 ([8]). Let ∆ ⊂ Rn be an n-dimensional integral Delzant polytope.
If (X∆, L

i
∆) is Chow semistable for a positive integer i then we have

(3.5)
∑

a∈∆∩(Z/i)n

a =
E∆(i)

Vol(∆)

∫

∆

x dv.

4. K-semistability. For polarized manifolds, the notion of K-stability was in-
troduced by Donaldson in [1]. In toric case, restricting test configurations to toric
degenerations, he also defined the following notion.

Definition 4.1 ([1]). Let (X∆, L∆) be an n-dimensional polarized toric mani-
fold. If the inequality

(4.1)
Vol(∂∆)

Vol(∆)

∫

∆

hdv −

∫

∂∆

hdσ ≤ 0

holds for any rational convex piecewise linear function h : ∆ → R, (X∆, L∆) is called
K-semistable for toric degenerations.

Ross and Thomas, in [10], showed that asymptotically Chow semistable polarized
manifold is K-semistable. In toric case, we can partly prove this fact by Theorem 1.1.

Proposition 4.2. If (X∆, L∆) is asymptotically Chow semistable, then (X∆, L∆)
is K-semistable for toric degenerations.

Proof. Let h : ∆ → R be a rational convex piecewise linear function. Then g = −h
is a rational concave piecewise linear function on ∆. Thus there is a positive integer i
such that g ∈ PLQ(∆; i). Note here that if g ∈ PL(∆; i) (resp. g ∈ PLQ(∆; i)), then
g ∈ PL(∆; ki) (resp. g ∈ PLQ(∆; ki)) for any positive integer k. Since (X∆, L∆) is
asymptotically Chow semistable,

(4.2) P∆(ki; g) = E∆(ki)

∫

∆

gdv −Vol(∆)
∑

a∈∆∩(Z/(ki))n

g(a) ≥ 0

holds for any positive integer k by Theorem 1.1.
It is well-known that the coefficients of n-th and (n − 1)-th order terms of the

Ehrhart polynomial of ∆ are Vol(∆) and Vol(∂∆)/2 respectively;

(4.3) E∆(t) = Vol(∆)tn +
Vol(∂∆)

2
tn−1 +O(tn−2).

Here the volume form dσ on ∂∆ is defined as follows. On a facet {hr = cr}∩∆ of ∆,
where hr is a primitive linear form, dhr ∧dσ equals to the Euclidean volume form dv.
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Hence we have

(4.4) E∆(ki) = Vol(∆)(ki)n +
Vol(∂∆)

2
(ki)n−1 +O((ki)n−2).

Moreover by Lemma 3.3 of [12],

(4.5)
∑

a∈∆∩(Z/ki)n

g(a) = (ki)n
∫

∆

gdv +
(ki)n−1

2

∫

∂∆

gdσ +O((ki)n−2)

holds. Therefore we have

P∆(ki; g) =
Vol(∆)

2

(

Vol(∂∆)

Vol(∆)

∫

∆

gdv −

∫

∂∆

gdσ

)

(ki)n−1 +O((ki)n−2).(4.6)

This proposition follows immediately from (4.2) and (4.6).

By (4.6), the following proposition trivially holds.

Proposition 4.3. An n-dimensional polarized toric manifold (X∆, L∆) is K-
semistable for toric degenerations if and only if one of the following holds for any
positive integer i and g ∈ PLQ(∆, i):

P∆(ki; g) > 0, ∀k ≫ 0 or
P∆(ki; g)

(ki)n−1
→ 0 (k → ∞).(4.7)

By Theorem 1.1, asymptotic Chow semistablity of (X∆, L∆) corresponds to non-
negativity of the polynomial P∆(ki; g). On the other hand, (X∆, L∆) is K-semistable
for toric degenerations if and only if the leading coefficients of the polynomial P∆(ki; g)
is non-negative. Hence asymptotic Chow semistability is much stronger than K-
semistability. In fact we showed in [9] that there exists a 7-dimensional K-polystable
toric Fano manifold which is not asymptotically Chow semistable. In this case, by
Corollary 1.7 of [8], there is a rational linear function l on ∆ such that P∆(i; l) < 0 for
any sufficiently large integer i. Hence l is a destabilizing object for asymptotic Chow
semistability. On the other hand, since the Futaki invariant of this Fano manifold
vanishes, we see that the leading coefficient of P∆(i; l)

Vol(∂∆)

Vol(∆)

∫

∆

ldv −

∫

∂∆

ldσ

vanishes. Thus

P∆(i; l)

in−1
→ 0 (i→ ∞).

Therefore l is not a destabilizing object for K-semistability.

5. Relative K-semistability. The notion of relative K-stability was defined in
[11]. As Definition 4.1, we define the following.

Definition 5.1 ([12]). Let (X∆, L∆) be an n-dimensional polarized toric mani-
fold. If the inequality

(5.1)

∫

∆

(

Vol(∂∆)

Vol(∆)
+ θ∆

)

hdv −

∫

∂∆

hdσ ≤ 0
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holds for any rational convex piecewise linear function h : ∆ → R, (X∆, L∆) is called
relatively K-semistable for toric degenerations. Here θ∆ : ∆ → R is the affine linear
function, defined in Lemma 1.1 of [12], corresponding to the extremal vector field of
(X∆, L∆).

For any sufficiently large integer i and a continuous function g on ∆ we have

(5.2)
∑

a∈∆∩(Z/i)n

θ∆(a)g(a) = in
∫

∆

θ∆gdv +O(in−1).

Thus for any g ∈ PLQ(∆; i) and sufficiently large integer k

Q∆(ki; g) = E∆(ki)

∫

∆

gdv +Vol(∆)
∑

a∈∆∩(Z/(ki))n

(
1

2ki
θ∆(a)− 1)g(a)

=
Vol(∆)

2

{
∫

∆

(

Vol(∂∆)

Vol(∆)
+ θ∆

)

gdv −

∫

∂∆

gdσ

}

(ki)n−1 +O((ki)n−2).

(5.3)

Thus, as Proposition 4.3, we see the following.

Proposition 5.2. An n-dimensional polarized toric manifold (X∆, L∆) is rela-
tively K-semistable for toric degenerations if and only if one of the following holds for
any positive integer i and g ∈ PLQ(∆, i):

Q∆(ki; g) ≥ 0, ∀k ≫ 0 or
Q∆(ki; g)

(ki)n−1
→ 0 (k → ∞).(5.4)

Finally we see that some GIT-semistability implies relative K-semistability for
toric degenerations.

Definition 5.3. (X∆, L
i
∆) is relatively Chow semistable for TC

i∆-action if

(5.5)
in(n+ 1)!Vol(∆)

E∆(i)
(di∆ −

1

2i
θ∆) ∈ Chi∆.

(X∆, L∆) is asymptotically relatively Chow semistable in toric sense if there exists a
positive integer i0 such that for any integer i ≥ i0 (5.5) holds.

Proposition 5.4. If (X∆, L∆) is asymptotically relatively Chow semistable in
toric sense, then (X∆, L∆) is relatively K-semistable for toric degenerations.

Proof. Suppose that (X∆, L∆) is asymptotically relatively Chow semistable in
toric sense. By Lemma 3.7, it is equivalent to

(5.6) ∀ϕ ∈W (i∆),

∫

∆

gϕdv ≥
Vol(∆)

E∆(i)

∑

a∈∆∩(Z/i)n

(1 −
1

2i
θ∆(a))ϕ(a)

for any integer i ≥ i0. Hence it implies that for any g ∈ PL(∆; i) and positive integer
k

(5.7) Q∆(ki; g) ≥ 0.

Therefore (X∆, L∆) is relatively K-semistable for toric degenerations by Proposition
5.2.
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