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NON-VANISHING THEOREMS FOR QUADRATIC TWISTS OF

ELLIPTIC CURVES∗

SHUAI ZHAI†

Abstract. In this paper, we use rather classical results on modular symbols to prove that, for
certain families of elliptic curves defined over Q, there always exists a large class of explicit quadratic
twists whose complex L-series does not vanish at s = 1. We also prove the 2-part of the conjecture
of Birch and Swinnerton-Dyer for many of these quadratic twists.
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1. Introduction. Let E be an elliptic curve defined over Q, and let L(E, s) be
the complex L-series of E. For each square-free non-zero integer d �= 1, we write
E(d) for the twist of E by the quadratic extension Q(

√
d)/Q, and L(E(d), s) for its

complex L-series. Let CE , or simply C when there is no danger of confusion, denote
the conductor of E. As usual, Γ0(C) will denote the subgroup of SL2(Z) consisting of
all matrices with the bottom left hand corner entry divisible by C, and we writeX0(C)
for the corresponding modular curve. It is known that, by the theorem of Wiles [20],
Taylor–Wiles [16] and Breuil–Conrad–Diamond–Taylor [3], all elliptic curves E/Q
have a modular parametrization, i.e. there is a non-constant rational map φ from the
modular curve X0(C) to E, which maps the cusp at infinity to the zero element of E.
We say that E is an optimal elliptic curve if the map φ does not factor through any
other elliptic curve. There is an optimal curve in every isogeny class of elliptic curves
defined over Q, and, throughout the present paper, we shall always assume that E
is indeed optimal. The pull-back by φ of a Néron differential on a global minimal
Weierstrass equation for E is then given by a rational multiple, whose absolute value
we denote by νE , of the differential associated to the normalized new (or primitive)
cuspidal eigenform f = fE of weight 2 and level C = CE associated with E. It is
known [9] that νE is always an integer, and Manin conjectured that in fact νE = 1,
and Cremona [6] has verified that this is true for all E with conductor CE ≤ 60, 000.
Throughout the present paper we shall, for simplicity, always make the standing
assumption:-

Assumption. The Manin constant νE is odd.

We remark that Abbes–Ullmo [1] have proven this assumption whenever CE is
an odd integer. In the present paper, we shall be interested in studying the Birch–
Swinnerton-Dyer conjecture for quadratic twists E(M) of E, where M will always be
assumed to be the a square-free, positive or negative integer with M ≡ 1 mod 4. Let
Ω+

E(M) denote the least positive real period of a Néron differential on a global minimal

Weierstrass equation for E(M), and define

L(alg)(E(M), 1) = L(E(M), 1)/Ω+
E(M) .
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It is well known that L(alg)(E(M), 1) is a rational number. We write ord2 for the order
valuation of Q at the prime 2, with the normalization ord2(2) = 1. Also we define
ord2(0) = ∞. Let f(x) be the 2-division polynomial of E. When f(x) is irreducible
over Q, we define F to be the field obtained by adjoining to Q one fixed root of f(x).
Let q be any prime of good reduction for E, and let aq be the trace of Frobenius at q
on E and denote Nq := 1+ q−aq. For each integer m > 1, let E[m] denote the group
of m-division points on E. Also, we define a rational prime q to be inert in the field F
if it is unramified and there is a unique prime of F above q. By applying some results
by Manin [11] and Cremona [6] on modular symbols, we prove the following general
results. Of course, we make use below of the fundamental theorem of Kolyvagin [10]
which asserts that, if the complex L-series of an elliptic curve defined over Q does
not vanish at the point s = 1, then both the Mordell–Weil group and the Tate–
Shafarevich group of the curve are finite. Throughout this paper, we always assume
that the Manin constant is always odd. By [1] this is no assumption at all if the
conductor of the elliptic curve is odd, and the conjecture that the Manin constant is
always 1 has been verified numerically by Cremona for all curves of conductor less
than 60000.

We first give results for curves E with E[2](Q) = 0.

Theorem 1.1. Let E be an optimal elliptic curve over Q, with odd Manin con-
stant. Assume that E has negative discriminant, and satisfies E[2](Q) = 0 and
ord2(L

(alg)(E, 1)) = 0. Let M be any integer of the form M = εq1q2 · · · qr, satis-
fying (M,C) = 1, where C is the conductor of E, r ≥ 1, q1, . . . , qr are arbitrary
distinct odd primes which are inert in the field F , and the sign ε = ±1 is chosen so
that M ≡ 1 mod 4. Then L(E(M), 1) �= 0, and we have

ord2(L
(alg)(E(M), 1)) = 0.

Hence, E(M)(Q) and X(E(M)(Q)) are finite.

Let Sel2(E) denote the 2-Selmer group of E over Q. In view of our assumption
that E[2](Q) = 0, the 2-part of the Birch and Swinnerton-Dyer conjecture for E would
show that our hypothesis that ord2(L

(alg)(E, 1)) = 0 implies that Sel2(E) = 0, but
it is still not known how to prove this at present. However, if we assume that the
2-part of the Birch and Swinnerton-Dyer conjecture holds for E, and in addition to
the hypotheses of Theorem 1.1, we will have the following result under one further
condition.

Theorem 1.2. Assume the hypotheses of Theorem 1.1. We also suppose that the
bad primes of E all split in Q(

√
M), and that the 2-part of the Birch and Swinnerton-

Dyer conjecture holds for E. Then the 2-part of the Birch and Swinnerton-Dyer
conjecture holds for all the twists E(M).

We remark here under the hypotheses of Theorem 1.1, if we also suppose that
(i) the bad primes of E are all primes of multiplicative reduction and the minimal
discriminant for E is divisible by each of these primes to an odd power, and (ii) E
has good reduction at 2 and the reduction of E modulo 2 has j-invariant 0, then the
work of Boxer and Diao [2, Theorem 1.2], combined with Theorem 1.1 does indeed
prove the 2-part of the Birch and Swinnerton-Dyer conjecture for all the twists E(M),
with M as in Theorem 1.1. Finally, we remark that it is an interesting exercise to
verify directly that, for all the twists E(M), with M as in Theorem 1.1, the global
root number of L(E(M), s) is +1.
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Of course, the Chebotarev theorem shows that there is a positive density of primes
which are inert in F . Here are some examples of curves to which Theorem 1.1 applies,
such as X0(11), which we view as an elliptic curve by taking [∞] to be the origin of
the group law, and which has a minimal Weierstrass equation given by

E : y2 + y = x3 − x2 − 10x− 20.

Moreover, E(Q) ∼= Z/5Z, L(alg)(E, 1) = 1
5 , and it has discriminant −115. A simple

polynomial defining the 2-division field is f(x) = x3−x2+x+1, which has discriminant
−44. Here are a list of odd primes which are inert in the field F :

3, 5, 23, 31, 37, 59, 67, 71, 89, 97, 113, 137, 157, 179, 181, 191, . . . .

The 2-part of Birch and Swinnerton-Dyer conjecture is valid for all these twists.
Further examples of elliptic curves E to which Theorem 1.1 applies are as follows
(we use Cremona’s label for each curve). First we can take E = X0(19), which has
conductor 19 and equation

19A1 : y2 + y = x3 + x2 − 9x− 15.

Also we can take the curves

26A1 : y2 + xy + y = x3 − 5x− 8, and 26B1 : y2 + xy + y = x3 − x2 − 3x+ 3,

which have conductor 26, and the curves

121A1 : y2 + xy + y = x3 + x2 − 30x− 76, and 121C1 : y2 + xy = x3 + x2 − 2x− 7,

which have conductor 121.

When E has positive discriminant, two entirely parallel results hold, provided we
only consider twists by Q(

√
M)/Q with M > 0, and M ≡ 1 mod 4. The hypothesis

that M should now be positive is needed to ensure that the global root number of
L(E(M), s) is +1 for all the M in the next theorem.

Theorem 1.3. Let E be an optimal elliptic curve over Q, with odd Manin
constant. Assume that E has positive discriminant, and satisfies E[2](Q) = 0 and
ord2(L

(alg)(E, 1)) = 1. Let M be any positive integer of the form M = q1q2 · · · qr,
satisfying (M,C) = 1, where C is the conductor of E, r ≥ 1, q1, . . . , qr are arbi-
trary distinct odd primes which are inert in the field F , and M ≡ 1 mod 4. Then
L(E(M), 1) �= 0, and we have

ord2(L
(alg)(E(M), 1)) = 1.

Hence, E(M)(Q) and X(E(M)(Q)) are finite.

Theorem 1.4. Assume the hypotheses of Theorem 1.3. We also suppose that the
bad primes of E all split in Q(

√
M), and that the 2-part of the Birch and Swinnerton-

Dyer conjecture holds for E. Then the 2-part of the Birch and Swinnerton-Dyer
conjecture holds for all the twists E(M).

Here are some examples of curves to which Theorem 1.3 applies. We can take
E = 37B1, which has a minimal Weierstrass equation given by

E : y2 + y = x3 + x2 − 23x− 50.
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Moreover, E(Q) ∼= Z/3Z, L(alg)(E, 1) = 2
3 , and it has discriminant 373. A sim-

ple polynomial defining the 2-division field is f(x) = x3 + x2 − 3x − 1, which has
discriminant 148. Here are a list of odd primes which are inert in the field F :

3, 7, 11, 41, 47, 53, 71, 73, 83, 101, 127, 149, 157, 173, 181, 197, . . . .

Further examples of elliptic curves E to which Theorem 1.3 applies are as follows.
First we can take 141E1, which has conductor 141 and equation

141E1 : y2 + y = x3 + x2 − 26x− 61,

and also we can take the curves

142D1 : y2 + xy = x3 − 8x+ 8, and 142E1 : y2 + xy = x3 − x2 − 2626x+ 52244,

which have conductor 142.

For curves E with E[2](Q) �= 0, we have only been able to establish the following
much weaker results in which we only consider twists byQ(

√
M)/Q withM ≡ 1 mod 4

and divisible by only one prime. When we take the value of M , we have to make sure
that the global root number of the complex L-series of E(M) is +1.

Theorem 1.5. Let E be an optimal elliptic curve over Q, with odd Manin
constant. Assume that E has negative discriminant, and satisfies E[2](Q) �= 0 and
L(E, 1) �= 0. Let M be any integer of the form M = εq, where q is an arbitrary odd
prime with (q, C) = 1, where C is the conductor of E, and the sign ε = ±1 is chosen
so that M ≡ 1 mod 4. If ord2(Nq) = −ord2(L

(alg)(E, 1)) �= 0, then L(E(M), 1) �= 0,
and we have

ord2(L
(alg)(E(M), 1)) = 0.

Hence, E(M)(Q) and X(E(M)(Q)) are finite.

Note that, in the above theorem, we are assuming, in particular, that
ord2(L

(alg)(E, 1)) < 0. It is not known at present how to deduce from this assumption
that E[2](Q) is non-zero, although of course this would follow from the conjecture of
Birch and Swinnerton-Dyer for E. Here are some examples of curves to which The-
orem 1.5 applies, such as the Neumann–Setzer elliptic curves, which have conductor
p, where p is a prime of the form u2 + 64 for some integer u ≡ 1 mod 4. We denote
such a curve by A, and recall that it has a global minimal equation given by

A : y2 + xy = x3 +
u− 1

4
x2 + 4x+ u.

We shall consider all these curves in detail and prove the following theorem in Section
5.

Theorem 1.6. Let q be any prime congruent to 3 modulo 4 and inert in Q(
√
p).

When u ≡ 5 mod 8, then L(A(−q), 1) �= 0, and we have

ord2(L
(alg)(A(−q), 1)) = 0.

Hence, A(−q)(Q) is finite, the Tate–Shafarevich group X(A(−q)(Q)) is finite of odd
cardinality. Moreover, the 2-part of Birch and Swinnerton-Dyer conjecture is valid
for A(−q).
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Here we take X0(17) as another example, which has a minimal Weierstrass equa-
tion given by

E : y2 + xy + y = x3 − x2 − x− 14.

Moreover, E(Q) ∼= Z/4Z, L(alg)(E, 1) = 1
4 , and it has discriminant −174. In partic-

ular, our theorem applies to all primes q with q ≡ 3 mod 4 and which are inert in
Q(

√
17), whence Nq ≡ 4 mod 8. Here are a list of odd primes satisfying the above

conditions:

3, 7, 11, 23, 31, 71, 79, 107, 131, 139, 163, 167, 199, . . . .

The Chebotarev theorem shows that there is a positive density of primes which are
both inert in Q(

√
i) and Q(

√
17). For the twists E(−q) for such primes q, it is easy to

show by a classical 2-descent that E(−q)(Q) is finite and that X(E(−q)(Q))[2] = 0.
Thus the 2-part of the Birch–Swinnerton-Dyer conjecture is valid for E(−q). Further
examples of elliptic curves E to which Theorem 1.5 applies are as follows. First we
can take E = X0(14), which has conductor 14 and equation

14A1 : y2 + xy + y = x3 + 4x− 6,

also we can take the curve X0(49), which has conductor 49 and equation

49A1 : y2 + xy = x3 − x2 − 2x− 1,

and which has been fully investigated by Coates, Li, Tian, and Zhai by Zhao’s method
and Waldspurger’s formula (see [4]).

Similarly, when E has positive discriminant, an entirely parallel result holds,
provided we only consider twists by Q(

√
q)/Q with some prime q ≡ 1 mod 4.

Theorem 1.7. Let E be an optimal elliptic curve over Q, with odd Manin
constant. Assume that E has positive discriminant, and satisfies E[2](Q) �= 0 and
L(E, 1) �= 0. Let q be any odd prime with q ≡ 1 mod 4, and (q, C) = 1, where C is
the conductor of E. If ord2(Nq) = 1 − ord2(L

(alg)(E, 1)) �= 0, then L(E(q), 1) �= 0,
and we have

ord2(L
(alg)(E(q), 1)) = 1.

Hence, E(q)(Q) and X(E(q)(Q)) are finite.

Here are some examples of curves to which Theorem 1.7 applies, such as X0(21),
which has a minimal Weierstrass equation given by

E : y2 + xy = x3 − 4x− 1.

Moreover, E(Q) ∼= Z/2Z× Z/4Z, L(alg)(E, 1) = 1
4 , and it has discriminant 3

4 · 72. In
particular, our theorem applies to all primes q with q ≡ 1 mod 4 and which are both
inert in Q(

√
3) and Q(

√
7), whence Nq ≡ 8 mod 16. Here are a list of odd primes

satisfying the above conditions:

5, 17, 41, 89, 101, 173, 269, 293, . . . .

The Chebotarev theorem shows that there is a positive density of primes congruent
to 1 modulo 4 which are both inert in Q(

√
3) and Q(

√
7). For the twists E(q) for
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such primes q, it is easy to show that E(q)(Q) is finite and that X(E(q)(Q))[2] = 0.
Thus the 2-part of the Birch–Swinnerton-Dyer conjecture is valid for E(q). Further
examples of elliptic curves E to which Theorem 1.7 applies are as follows. First we
can take E = X0(33), which has conductor 33 and equation

33A1 : y2 + xy = x3 + x2 − 11x,

also we can take E = X0(34), which has conductor 34 and equation

34A1 : y2 + xy = x3 − 3x+ 1.

It is not difficult to see that Theorems 1.5 and 1.7 are also entirely consistent
with the 2-part of the conjecture of Birch and Swinnerton-Dyer. Moreover, it is
easy to carry out a straightforward classical 2-descent on these curves because of our
hypothesis that E[2](Q) �= 0. Then after considering the behaviour of Tamagawa
factors under twisting (see the lemma at the end of Section 4), one can verify the
2-part of Birch and Swinnerton-Dyer conjecture for all these curves.

For curves E with ord2(L
(alg)(E, 1)) �= 0 and negative discriminant, we could

obtain the following lower bound for some twists of E.

Theorem 1.8. Let E be an optimal elliptic curve over Q, with odd Manin
constant. Assume that E has negative discriminant, and satisfies E[2](Q) �= 0
and L(E, 1) �= 0. Let M be any integer of the form M = εq1q2 · · · qr and satis-
fying (M,C) = 1, where C is the conductor of E, r ≥ 1, q1, . . . , qr are arbitrary
distinct odd primes, and the sign ε = ±1 is chosen so that M ≡ 1 mod 4. If
ord2(Nqi) > −ord2(L

(alg)(E, 1)) holds for at least one prime factor qi (1 ≤ i ≤ r) of
M , then we have

ord2(L
(alg)(E(M), 1)) ≥ 1.

We remark that Theorem 1.8 can apply to all optimal elliptic curves E with
negative discriminant, and satisfying L(E, 1) �= 0. When E has positive discriminant,
we have the following trivial lower bound result.

Theorem 1.9. Let E be an optimal elliptic curve over Q, with odd Manin
constant. Assume that E has positive discriminant, and satisfies E[2](Q) �= 0 and
L(E, 1) �= 0. Let M �= 1 be any integer with M ≡ 1 mod 4 and (M,C) = 1, where C
is the conductor of E. Then we have

ord2(L
(alg)(E(M), 1)) ≥ 1.

We remark that the integer ord2(L
(alg)(E, 1))+ord2(Nq) could not be negative by

an easy observation of Manin’s modular symbol formula, which will be talked about
in the following section.

In conclusion, I am extremely grateful to my supervisor John Coates, and to
John Cremona for his very helpful remarks on the questions discussed in this paper.
I also would like to thank the China Scholarship Council for supporting my studies
in the Department of Pure Mathematics and Mathematical Statistics, University of
Cambridge.
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2. Modular symbols. Modular symbols were first introduced by Birch and
Manin [11] several decades ago and since then have been studied, refined, and refor-
mulated by several authors. They provide an explicit description of classical modular
forms by a finite set of algebraic integers, and thus are the main tool for computa-
tions of modular forms. We shall show in this paper that they are also very useful in
studying the 2-part of the conjecture of Birch and Swinnerton-Dyer.

For each integer C ≥ 1, let S2(Γ0(C)) be the space of cusp forms of weight 2 for
Γ0(C). In this section, we are focusing on the modular forms in the space S2(Γ0(C)),
which is closely corresponding to elliptic curves and could be computed in terms
of modular symbols. In what follows, f will always denote a normalized primitive
eigenform in S2(Γ0(C)), all of whose Fourier coefficients belong to Q. Thus f will
correspond to an isogeny class of elliptic curves defined over Q, and we will denote by
E the unique optimal elliptic curve in the Q-isogeny class of E. The complex L-series
L(E, s) will then coincide with the complex L-series attached to the modular form f .
Moreover, there will be a non-constant rational map defined over Q

φ : X0(C) → E,

which does not factor through any other elliptic curve in the isogeny class of E. Let ω
denote the Néron differential on a global minimal Weierstrass equation for E. Then,
writing φ∗(ω) for the pull back of ω by φ, there exists νE ∈ Q× such that

νEf(τ)dτ = φ∗(ω). (2.1)

The rational number νE is called the Manin constant. It is well known to lie in Z, and
it is conjectured to always be equal to 1. Moreover, it is known to be odd whenever
the conductor C of E is odd. Let H be the upper half plane, and put H∗ = H∪P1(Q).
Let g be any element of Γ0(C). Let α, β be two points in H∗ such that β = gα. Then
any path from α to β on H∗ is a closed path on X0(C) whose homology class only
depends on α and β. Hence it determines an integral homology class in H1(X0(C),Z),
and we denote this homology class by the modular symbol {α, β}. Let α, β, γ ∈ H∗

and g, g1, g2 ∈ G, we will have the following properties which could be obtained easily
by the definition and one can find a proof in [6, Chapter 2] and [11]:

1) {α, α} = 0;
2) {α, β} + {β, α} = 0;
3) {α, β} + {β, γ}+ {γ, α} = 0;
4) {gα, gβ}G = {α, β}G;
5) {α, gα}G = {β, gβ}G;
6) {α, g1g2α}G = {α, g1α}G + {α, g2α}G;
7) {α, gα}G ∈ H1(X0(C),Z).

We can then form the modular symbol

〈{α, β}, f〉 :=
∫ β

α

2πif(z)dz.

The period lattice Λf of the modular form f is defined to be the set of these modular
symbols for all such pairs {α, β}. It is a discrete subgroup of C of rank 2. If LE

denotes the period lattice of the Néron differential ω on E, it follows from (2.1) that

LE = νEΛf . (2.2)
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Define define Ω+
E (resp. iΩ−

E) to be the least positive real (resp. purely imaginary)
period of the Néron differential of a global minimal equation for E, and Ω+

f (resp.

iΩ−
f ) to be the least positive real (resp. purely imaginary) period of f . Thus, by

(2.2), we have

Ω+
E = νEΩ

+
f , Ω−

E = νEΩ
−
f . (2.3)

In this section, we will carry out all of our computations with the period lattice Λf ,
but whenever we subsequently translate them into assertions about the conjecture of
Birch and Swinnerton-Dyer for the elliptic curve E, we must switch to the period
lattice LE by making use of (2.2).

More generally, if α, β are any two elements of H∗, and g is any element of

S2(Γ0(C)), we put 〈{α, β}, g〉 :=
∫ β

α 2πig(z)dz. This linear functional defines an
element of H1(X0(C),R), which we also denote by {α, β}. The following theorem was
proven by Manin and Drinfeld [11]:

Theorem 2.1. (Manin–Drinfeld). For all pairs of cusps α, β ∈ H∗, we have

{α, β} ∈ H1(X0(C),Q).

Let m be a positive integer satisfying (m,C) = 1. According to Birch, Manin [11,
Theorem 4.2] and Cremona [6, Chapter 3], we have the following formulae:

(
∑
l|m

l− am)L(E, 1) = −
∑
l|m

k mod l

〈{0, k
l
}, f〉; (2.4)

here l runs over all positive divisors of m; and

L(E,χ, 1) =
g(χ̄)

m

∑
k mod m

χ(k)〈{0, k
m
}, f〉; (2.5)

here χ is any primitive Dirichlet character modulo m, and g(χ̄) =∑
k mod m χ̄(k)e2πi

k

m .
For each odd square-free positive integer m, we define r(m) to be the number of

prime factors of m. Also, in what follows, we shall always only consider the positive
divisors of m. Also, in what follows, we always only consider positive divisors of m.
We define

Sm :=

m∑
k=1

〈{0, k
m
}, f〉,

S′
m :=

m∑
k=1

(k,m)=1

〈{0, k
m
}, f〉.

We repeatedly use the following identity.

Lemma 2.2. For each odd square-free positive integer m > 1, we have

∑
l|m

Sl =

r(m)∑
d=1

2r(m)−d
∑
n|m

r(n)=d

S′
n.
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Proof. We obviously have ∑
l|m

Sl =
∑
l|m

∑
n|l

S′
n.

Now fix an integer d with 1 ≤ d ≤ r(m), and divisor n of m with r(n) = d. Then the
number of divisors l of m, which are divisible by n, is equal to

2r(m)−d,

whence the assertion of the lemma follows.

If q is any prime of good reduction for E, we let aq denote the trace of Frobenius
at q, and define Nq = q + 1 − aq. Thus Nq is the number of points on the reduction
of E modulo q with coordinates in the field with q elements. Now suppose that
m = q1q2 · · · qr(m) is an odd square-free integer m > 1 with (m,C) = 1. The following
identity is due to (2.4)(

(1 + q1)(1 + q2) · · · (1 + qr(m))− aq1aq2 · · ·aqr(m)

)
L(E, 1) = −

∑
l|m

Sl. (2.6)

Lemma 2.3. Let E be a Γ0(C)-optimal elliptic curve over Q, with L(E, 1) �= 0
and E[2](Q) = 0. Let m be an odd square-free integer greater than 1 with (m,C) = 1.
Assume that Nq is odd for each prime factor q of m. Then

ord2(S
′
m/Ω+

f ) = ord2(L(E, 1)/Ω+
f ).

Proof. We use induction on r(m), the number of prime factors of m. Suppose
first that r(m) = 1, say m = q1. Then by (2.6), we have

Nq1L(E, 1) = −S′
q1 ,

and the assertion is then clear because Nq1 is odd. Now suppose r(m) > 1 and assume
the lemma is true for all divisors n > 1 ofm with n �= m. Note also that aq1 , . . . , aqr(m)

are all odd, and so

(1 + q1)(1 + q2) · · · (1 + qr(m))− aq1aq2 · · · aqr(m)

is odd. Hence it follows from (2.6) that

ord2(L(E, 1)/Ω+
f ) = ord2

⎛
⎝∑

l|m

Sl/Ω
+
f

⎞
⎠ .

But, by Lemma 2.2, we have

∑
l|m

Sl/Ω
+
f = S′

m/Ω+
f +

r(m)−1∑
d=1

2r(m)−d
∑
n|m

r(n)=d

S′
n/Ω

+
f .

By our induction hypothesis, every term in the second sum on the right hand
side of this equation has order strictly greater than ord2(L(E, 1)/Ω+

f ). Hence

ord2(S
′
m/Ω+

f ) = ord2(L(E, 1)/Ω+
f ), and the proof is complete.
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Lemma 2.4. Let E be a Γ0(C)-optimal elliptic curve over Q with
ord2(L(E, 1)/Ω+

f ) = −1. Let m be an odd square-free integer greater than 1 with
(m,C) = 1. Assume that q ≡ 3 mod 4 and Nq ≡ 2 mod 4 for each prime q dividing
m. Then

ord2(S
′
m/Ω+

f ) = r(m) − 1.

Proof. When r(m) = 1, say m = q1, the assertion of the lemma follows immedi-
ately from (2.6). Now assume r(m) > 1, and assume the lemma is true for all divisors
n > 1 of m with n �= m. Note also that q ≡ 3 mod 4 and Nq ≡ 2 mod 4 for each
prime q dividing m, and so

ord2
(
(1 + q1)(1 + q2) · · · (1 + qr(m))− aq1aq2 · · · aqr(m)

)
= r(m).

But, by Lemma 2.2, we have∑
l|m

Sl/Ω
+
f (2.7)

= S′
m/Ω+

f +

⎛
⎜⎜⎝2 ∑

n|m
r(n)=r(m)−1

S′
n + 22

∑
n|m

r(n)=r(m)−2

S′
n + · · ·+ 2r(m)−1

∑
n|m

r(n)=1

S′
n

⎞
⎟⎟⎠ /Ω+

f .

Suppose first that r(m) is odd, by our induction hypothesis, it is easy to see that

2
∑
n|m

r(n)=r(m)−1

S′
n/Ω

+
f + 2r(m)−1

∑
n|m

r(n)=1

S′
n/Ω

+
f ,

· · · ,

2
r(m)−1

2

∑
n|m

r(n)=(r(m)+1)/2

S′
n/Ω

+
f + 2

r(m)+1
2

∑
n|m

r(n)=(r(m)−1)/2

S′
n/Ω

+
f

are all divisible by 2r(m), so the sum of all the terms in the second part on the
right hand side of (2.7) has order strictly greater than r(m) − 1. Also note that
ord2(L(E, 1)/Ω+

f ) = −1, whence, it follows that ord2(S′
m/Ω+

f ) = r(m) − 1. We then
suppose that r(m) is even. By our induction hypothesis, it is easy to see that all

2
∑
n|m

r(n)=r(m)−1

S′
n/Ω

+
f + 2r(m)−1

∑
n|m

r(n)=1

S′
n/Ω

+
f ,

22
∑
n|m

r(n)=r(m)−2

S′
n/Ω

+
f + 2r(m)−2

∑
n|m

r(n)=2

S′
n/Ω

+
f ,

· · · ,
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2
r(m)−2

2

∑
n|m

r(n)=(r(m)+2)/2

S′
n/Ω

+
f + 2

r(m)+2
2

∑
n|m

r(n)=(r(m)−2)/2

S′
n/Ω

+
f ,

2
r(m)

2

∑
n|m

r(n)=r(m)/2

S′
n/Ω

+
f

are divisible by 2r(m). Similarly, it follows that ord2(S
′
m/Ω+

f ) = r(m)− 1. The proof
of the lemma is complete.

Lemma 2.5. Let E be a Γ0(C)-optimal elliptic curve over Q, with L(E, 1) �= 0.
Let m be an odd square-free integer greater than 1 with (m,C) = 1. Assume that
ord2(Nq) + ord2(L(E, 1)/Ω+

f ) > 0 for at least one prime factor q of m. Then

ord2(S
′
m/Ω+

f ) ≥ 1.

Proof. The proof is similar to the above two proofs. We first note that

ord2(S
′
q/Ω

+
f ) = ord2(NqL(E, 1)/Ω+

f ) ≥ 1.

The lemma then follows easily by an induction on r.

3. Period lattice and the proof of non-vanishing results. In this section,
we prove the non-vanishing results of Section 1 combining the crucial lemmas in the
previous section with some elementary facts on the period lattice of elliptic curves.

When the discriminant of E is negative, then E(R) has only one real component,
and so the period lattice L of the Néron differential on E has a Z-basis of the form[

Ω+
E ,
Ω+

E + iΩ−
E

2

]
,

where Ω+
E and Ω−

E are both real, and the period lattice Λf of f has a Z-basis of the
form [

Ω+
f ,
Ω+

f + iΩ−
f

2

]
,

where Ω+
f and Ω−

f are also both real. When the discriminant of E is positive, then
E(R) has two real components, and so the period lattice L of the Néron differential
on E has a Z-basis of the form

[Ω+
E , iΩ

−
E ],

with Ω+
f and Ω−

E real numbers, and the period lattice Λf of f has a Z-basis of the
form

[Ω+
f , iΩ

−
f ],

with Ω+
f and Ω−

f real numbers too. One can find detailed descriptions of the period
lattice of elliptic curves in Cremona’s book [6, Chapter 2].
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Now we give the proof of our theorems. We use the same notations as before, and
denote m = M/ε > 0 in what follows of this section. Moreover, note that we have
assumed that the Manin constant is always odd, so we will have

ord2(L
(alg)(E, 1)) = ord2(L(E, 1)/Ω+

f ),

ord2(L
(alg)(E(M), 1)) = ord2(

√
ML(E(M), 1)/Ω+

f )

when M is positive, and

ord2(L
(alg)(E(M), 1)) = ord2(

√
ML(E(M), 1)/iΩ−

f )

when M is negative in the following arguments.

Proof of Theorem 1.1. Firstly, as E[2](Q) = 0 and q1, q2, . . . , qr are inert in F ,
then we have that #E(Fqi)[2] = 0, that means the order of E(Fqi) must be odd,
where 1 ≤ i ≤ r. So ai is odd by applying aq = q + 1 −#E(Fq), i.e. Nqi is odd for
any 1 ≤ i ≤ r. Secondly, as E has negative discriminant, we can write

〈{0, k
m
}, f〉 = (skΩ

+
f + itkΩ

−
f )/2

for any integerm coprime to C, where sk, tk are integers of the same parity. Moreover,
by the basic property of modular symbols, 〈{0, k

m}, f〉 and 〈{0, m−k
m }, f〉 are complex

conjugate periods of E. Thus we obtain

S′
m/Ω+

f =

(m−1)/2∑
k=1

(k,m)=1

sk.

Then by Lemma 2.3, it follows that

(m−1)/2∑
k=1

(k,m)=1

sk

is an odd integer. On the other hand, according to (2.5), we have that

√
ML(E(M), 1) =

m∑
k=1

χ(k)〈{0, k
m
}, f〉.

When M > 0, i.e. ε = 1, noting that χ(k) = χ(m− k), it follows easily that

√
ML(E(M), 1)/Ω+

f =

(m−1)/2∑
k=1

χ(k)sk ≡
(m−1)/2∑

k=1
(k,m)=1

sk mod 2.

The last congruence holds because χ(k) ≡ 1 mod 2 when (k,m) = 1, and χ(k) = 0
when (k,m) > 1. The assertion of the theorem now follows when M > 0.

When M < 0, i.e. ε = −1, noting that χ(k) = −χ(m− k), it follows easily that

√
ML(E(M), 1)/(iΩ−

f ) =

(m−1)/2∑
k=1

χ(k)tk ≡
(m−1)/2∑

k=1
(k,m)=1

tk ≡
(m−1)/2∑

k=1
(k,m)=1

sk mod 2.
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The last congruence holds because χ(k) ≡ 1 mod 2 when (k,m) = 1, and χ(k) = 0
when (k,m) > 1, and noting that sk, tk are of the same parity. The assertion of the
theorem now follows when M < 0.

Hence

ord2(L
(alg)(E(M), 1)) = 0

for both cases. This completes the proof of Theorem 1.1.

The proof of Theorem 1.3 is similar to the proof of 1.1.

Proof of Theorem 1.3. Since E has positive discriminant, we can write

〈{0, k
m
}, f〉 = skΩ

+
f + itkΩ

−
f

for any integer m coprime to C, where sk, tk are integers, but are independent with
the ones in the above proof. Then by Lemma 2.3, it follows that

ord2

⎛
⎜⎜⎝2

(m−1)/2∑
k=1

(k,m)=1

sk

⎞
⎟⎟⎠ = ord2(L(E, 1)/Ω+

f ) = 1.

Thus

(m−1)/2∑
k=1

(k,m)=1

sk

is an odd integer. Noting that χ(k) = χ(m− k), it follows easily that

√
ML(E(M), 1)/Ω+

f = 2

(m−1)/2∑
k=1

χ(k)sk ≡ 2

(m−1)/2∑
k=1

(k,m)=1

sk mod 4.

Hence

ord2(L
(alg)(E(M), 1)) = 1.

This completes the proof of Theorem 1.3.

We remark here that when the discriminant of E is negative and E[2](Q) = 0,
we must have ord2(L(E, 1)/Ω+

f ) ≥ 0; and when the discriminant of E is positive and

E[2](Q) = 0, we must have ord2(L(E, 1)/Ω+
f ) ≥ 1. These assertions could be easily

seen from the proofs of Theorem 1.1 and Theorem 1.3.

We now prove Theorem 1.5 and Theorem 1.7.

Proof of Theorem 1.5 and 1.7. When E has negative discriminant and
ord2(L(E, 1)/Ω+

f ) + ord2(Nq) = 0, we have that

ord2

⎛
⎝(q−1)/2∑

k=1

sk

⎞
⎠ = ord2(NqL(E, 1)/Ω+

f ) = 0.
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Theorem 1.5 then follows by the same argument in the proof of Theorem 1.1.
When E has positive discriminant and ord2(L(E, 1)/Ω+

f )+ord2(Nq) = 1, we have
that

ord2

⎛
⎝2 (q−1)/2∑

k=1

sk

⎞
⎠ = ord2(NqL(E, 1)/Ω+

f ) = 1.

Thus

(q−1)/2∑
k=1

sk

is an odd integer. Theorem 1.7 then follows by the same argument in the proof of
Theorem 1.3.

We now prove Theorem 1.8 and Theorem 1.9.

Proof of Theorem 1.8 and 1.9. When E has negative discriminant and
ord2(L(E, 1)/Ω+

f ) + ord2(Nqi) > 0, we have that

ord2

⎛
⎜⎜⎝

(m−1)/2∑
k=1

(k,m)=1

sk

⎞
⎟⎟⎠ ≥ 1

by Lemma 2.5. Thus

(m−1)/2∑
k=1

(k,m)=1

sk

is even. Then both

(m−1)/2∑
k=1

χ(k)sk and

(m−1)/2∑
k=1

χ(k)tk

are even. So we have

ord2(L
(alg)(E(M), 1)) = ord2

⎛
⎝(m−1)/2∑

k=1

χ(k)sk

⎞
⎠ ≥ 1

when M > 0, and

ord2(L
(alg)(E(M), 1)) = ord2

⎛
⎝(m−1)/2∑

k=1

χ(k)tk

⎞
⎠ ≥ 1

when M < 0. This proves Theorem 1.8.
When E has positive discriminant, of course we have

ord2(L
(alg)(E(M), 1)) = ord2

⎛
⎝2 (m−1)/2∑

k=1

χ(k)sk

⎞
⎠ ≥ 1
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when M > 0, and

ord2(L
(alg)(E(M), 1)) = ord2

⎛
⎝2 (m−1)/2∑

k=1

χ(k)tk

⎞
⎠ ≥ 1

when M < 0. This proves Theorem 1.9.

4. 2-Selmer groups. In this section, we shall prove Theorem 1.2 and 1.4, say
that there are many explicit quadratic twists of a large class of elliptic curves satisfying
the 2-part of the Birch and Swinnerton-Dyer conjecture. The main tools in this section
are some results of Mazur and Rubin [12] that compare Selmer groups of E and E(M)

by different local conditions. Here we follow the notations in [12].
Let E is an elliptic curve over Q, and let ΔE denote the discriminant of E. Let

K denote the quadratic field Q(
√
M) with integer M ≡ 1 mod 4. For every place v

of Q, let H1
f (Qv, E[2]) denote the image of the Kummer map

E(Qv)/2E(Qv) −→ H1(Qv, E[2]).

Let EN (Qv) ⊂ E(Qv) denote the image of the norm map E(Kw) → E(Qv) for any
choice of w above v, and define

δv(E,K/Q) := dimF2(E(Qv)/EN (Qv)).

Let Sel2(E) and Sel2(E
(M)) denote the 2-Selmer group of E and E(M) over Q, re-

spectively. The 2-Selmer group Sel2(E) ⊂ H1(Q, E[2]) is the F2-vector space defined
by the following exact sequence

0 → Sel2(E) → H1(Q, E[2])→
⊕
v

H1(Qv, E[2])/H
1
f (Qv, E[2]).

Since there is a natural identification of Galois modules E[2] = E(M)[2], which al-
lows us to view Sel2(E), Sel2(E

(M)) ⊂ H1(Q, E[2]), defined by different sets of local
conditions.

Let T denote a finite set of places of Q, and define the sum of the localization
maps as following

locT : H1(Q, E[2]) −→
⊕
v∈T

H1(Qv, E[2]).

Define strict and relaxed 2-Selmer groups ST ⊂ ST ⊂ H1(Q, E[2]) by the exactness
of

0→ ST → H1(Q, E[2])→
⊕
v/∈T

H1(Qv, E[2])/H
1
f (Qv, E[2]),

0 → ST → ST locT−−−→
⊕
v∈T

H1(Qv, E[2]).

Then by the above definition we have ST ⊂ Sel2(E) ⊂ ST .

The following two lemmas [12, Lemma 2.10, 2.11] are criteria for equality and
transversality of local conditions after twist, which are very crucial when we bound
the 2-Selmer group of E(M).

Lemma 4.1 (Mazur-Rubin). If at least one of the following conditions holds:
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1. v splits in K, or
2. v � 2∞ and E(Qv)[2] = 0, or
3. E has multiplicative reduction at v, K/Q is unramified at v, and ordv(ΔE)

is odd, or
4. v is real and (ΔE)v < 0, or
5. v is a prime where E has good reduction and v is unramified in K/Q,

then H1
f (Qv, E[2]) = H1

f (Qv, E
(M)[2]) and δv(E,K/Q) = 0.

Lemma 4.2 (Mazur-Rubin). If v � 2∞, E has good reduction at v, and v
is ramified in K/Q, then H1

f (Qv, E[2]) ∩ H1
f (Qv, E

(M)[2]) = 0 and δv(E,K/Q) =
dimF2(E(Qv)[2]).

By Lemma 4.1, H1
f (Qv, E[2]) = H1

f (Qv, E
(M)[2]) if v /∈ T , then we have ST ⊂

Sel2(E
(M)) ⊂ ST . By Lemma 4.2, we have Sel2(E)∩Sel2(E(M)) = ST and Sel2(E)+

Sel2(E
(M)) ⊂ ST . We then have the following two parallel results.

Proposition 4.3. Assume that Sel2(E) = 0, and in addition to the hypotheses
of Theorem 1.1, we also suppose that the bad primes of E all split in K. Then we
have dimF2(Sel2(E

(M))) = 0.

Proof. If v is a bad prime of E, then it splits in K by the assumption. Then
by Lemma 4.1, we have that H1

f (Qv, E[2]) = H1
f (Qv, E

(M)[2]) and δv(E,K/Q) = 0.
This also holds when v = 2.

If v = 2 is a good prime of E, obviously it is unramified in K, sinceM ≡ 1 mod 4.
Then again by Lemma 4.1, we still have that H1

f (Qv, E[2]) = H1
f (Qv, E

(M)[2]) and
δv(E,K/Q) = 0. This also holds for those odd good primes which are unramified in
K.

If v is a good prime of E and ramified in K, of course we have v | M , whence
we have that δv(E,K/Q) = dimF2(E(Qv)[2]) by Lemma 4.2. In this case, it is easy
to get that 2 � #E(Qv)[2], this is because v is inert in F (F is the field obtained by
adjoining to Q one fixed root of the 2-division polynomial of E), and E[2](Q) = 0.
Hence δv(E,K/Q) = 0. It follows that H1

f (Qv, E[2]) = H1
f (Qv, E

(M)[2]) = 0.
If v is the infinite place, when the discriminant of E is negative, it follows that

H1
f (Qv, E[2]) = H1

f (Qv, E
(M)[2]) and δv(E,K/Q) = 0 by Lemma 4.1.

Now the assertion of the proposition follows when the discriminant of E is
negative. This is because the local conditions H1

f (Qv, E[2]), H
1
f (Qv, E

(M)[2]) ⊂
H1(Qv, E[2]) now coincide for all places of Q, then the local conditions defining the
2-Selmer groups of E/Q and E(M)/Q agree. It then follows that dimF2(Sel2(E

(M))) =
dimF2(Sel2(E)) = 0.

Proposition 4.4. Assume that Sel2(E) = 0, and in addition to the hypotheses
of Theorem 1.3, we also suppose that the bad primes of E all split in K. Then we
have dimF2(Sel2(E

(M))) = 0.

Proof. When the discriminant of E is positive, the local conditions defining the
2-Selmer groups of E/Q and E(M)/Q now coincide for all places but the infinite place.
Therefore we can define T = {∞}, and ST = 0 as Sel2(E) = 0. By [12, Lemma 3.2],
we have that dimF2(S

T ) = dimF2(E(R)/2E(R)), which is 1 since the discriminant
of E is positive. So dimF2(Sel2(E

(M))) is equal or less than 1. dimF2(Sel2(E
(M)))

is exactly 0 by Cassels-Tate pairing, because we have proved that X(E(M)/Q) is
finite and rank(E(M)/Q) = 0 in Theorem 1.3. The assertion of the proposition then
follows.
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In order to understand the 2-part of the Birch and Swinnerton-Dyer conjecture
for E(M), we have to understand how the 2-part of the Tamagawa factors of E(M)

vary for primes. We assume once again that M ≡ 1 mod 4 is an arbitrary square-free
integer with (M,C) = 1. Note that E(M) has bad additive reduction at all primes
dividing M . Write cq(E

(M)) for the Tamagawa factor of E(M) at a finite odd prime
q. We then have the following lemma, and one can find a detailed discussion in [5,
§7].

Lemma 4.5. For any odd prime q | M , we have that

ord2(cq(E
(M))) = ord2(#E(Qq)[2]).

Proposition 4.6. Let E be an elliptic curve over Q, with E[2](Q) = 0. Let M
be any integer of the form M = ±q1q2 · · · qr, and prime to the conductor of E, where
r ≥ 1, q1, . . . , qr are arbitrary distinct odd primes which are inert in the field F . Then
we have

ord2(cqi(E
(M))) = 0

for any integer 1 ≤ i ≤ r.

Proof. Note that E[2](Q) = 0 and qi (1 ≤ i ≤ r) is inert in F , so #E(Qqi)[2]
must be an odd integer. It then follows easily by the above lemma.

Proposition 4.7. Let E be an elliptic curve over Q, with conductor C. Let M
be any square-free integer. If all the bad primes of E split in Q(

√
M), then we have

cp(E
(M)) = cp(E)

for any bad prime p.

Proof. Since M is a square modulo p for any p | C, then there is an isomorphism
from E(M) to E which identifies E(M)(Qp) with E(Qp). By the definition of cp(E),
it follows that cp(E

(M)) = cp(E).

We now give the proof of Theorem 1.2 and Theorem 1.4.

Proof of Theorem 1.2 and 1.4. Under the assumption of the 2-part of Birch
and Swinnerton-Dyer conjecture for E, we have that ord2(cp(E)) = 0. Now the two
theorems follow by combining the results of Theorem 1.1, Theorem 1.3, and the above
results.

Remark. Under the hypothesises of Theorem 1.1 or 1.3, and assuming that
the 2-part of Birch and Swinnerton-Dyer conjecture holds for E. Then there are
infinitely many elliptic curves satisfying the 2-part of the Birch and Swinnerton-Dyer
conjecture. This is because we can always choose M to make all the bad primes of E
split in Q(

√
M).

5. Quadratic twists of Neumann–Setzer elliptic curves. In this section,
we shall take the Neumann–Setzer elliptic curves as an example of Theorem 1.5, and
verify the 2-part of Birch and Swinnerton-Dyer conjecture for a family of quadratic
twist of the curves.
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Let p be a prime of the form u2 + 64 for some integer u, which is congruent to 1
modulo 4. According to Neumann [14][15] and Setzer [17], there are just two elliptic
curves of conductor p, up to isomorphism, namely,

A :y2 + xy= x3 +
u− 1

4
x2 + 4x+ u,

A′ :y2 + xy= x3 − u− 1

4
x2 − x.

The curves A and A′ are 2-isogenous and both of which have Mordell–Weil groups
which are finite of order 2. The discriminant of A is −p2, and the discriminant of A′

is p. We denote F and F ′ to be the 2-division fields of A and A′, respectively. It is
easy to show that

Q(A[2]) = Q(i), Q(A′[2]) = Q(
√
p).

Let X0(p) be the modular curve of level p, and there is a non-constant rational map
X0(p) → A, of which the modular parametrization is Γ0(p)-optimal by Mestre and
Oesterlé [13].

5.1. Classical 2-descents. In order to carry out the 2-descent, we must work
with a new equation for A and its twists. Making change of variables, we obtain the
following equation for A:

Y 2 = X3 − 2uX2 + pX.

LetM be any square-free integer �= 1, and let A(M) be the twist ofM by the quadratic
extension Q(

√
M)/Q. Then the curve A(M) will have equation

A(M) : y2 = x3 − 2uMx2 + pM2x.

and, dividing this curve by the subgroup generated by the point (0, 0), we obtain the
new curve

A
′(M) : y2 = x3 + 4uMx2 − 256M2x.

Explicitly, the isogenies between these two curves, are given by

φ : A(M) → A
′(M), (x, y) �→

(
y2

x2
,
y(pM2 − x2)

x2

)
;

φ̂ : A
′(M) → A(M), (x, y) �→

(
y2

4x2
,
y(−256M2 − x2)

8x2

)
.

We write S(φ)(A(M)) and S(φ̂)(A
′(M)) for the classical Selmer groups of the isogenies φ

and φ̂, which can be described explicitly as follows. Let V denote the set of all places
of Q, and let TM be the set of primes dividing 2pM . Let Q(2,M) be the subgroup
of Q×/(Q×)2 consisting of all elements with a representative which has even order at
each prime number not in TM . Writing

Cd : dw
2 = 4p−

(
M

d
z2 − 2u

)2

, (5.1)
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then S(φ)(A(M)) can be naturally identified with the subgroup of all d in Q(2,M)
such that Cd(Qv) is non-empty for v = ∞ and v dividing 2pM . Similarly, writing

C′
d : dw

2 = 64p3 + p

(
M

d
z2 − up

)2

, (5.2)

then S(φ̂)(A
′(M)) can be naturally identified with the subgroup of all d in Q(2,M) such

that C′
d(Qv) is non-empty for v =∞ and v dividing 2pM . Note that−1 ∈ S(φ)(A(M))

because it is the image of the point (0, 0) in A
′(M)(Q), and similarly p ∈ S(φ̂)(A

′(M))
(see Proposition 4.9 of [18]).

If D is any odd square-free integer, we define D+ (resp. D−) to be the product
of the primes dividing D, which are ≡ 1 mod 4 (resp. which are ≡ 3 mod 4). In what
follows, we shall always assume that M is an odd square-free integer which is prime
to p, and let R denote the product of the prime factors of M which are inert in the
field Q(

√
p), and let N denote the product of prime factors of M which split in the

field Q(
√
p), and let

(
·
q

)
be the Jacobi symbol. We will then write M = εRN , where

ε = ±1.
Proposition 5.1. Let M be an odd square-free integer which is prime to p.

Then S(φ)(A(M)) consists of the classes in Q(2,M) represented by all integers d,−d
satisfying the following conditions:

1. d divides N ;

2.
(

d
q

)
= 1 for all primes q dividing M+/(M+, d), and

(
M/d
q

)
=

(
2u+2a

q

)
for

all primes q dividing (N+, d), where a is an integer satisfying a2 ≡ p mod q.

Proof. We recall that Cd denotes the curve (5.1). We see immediately that
Cd(R) �= ∅.

If 2 divides d, a point on Cd with coordinates in Q2 must have coordinates in Z2,
whence it follows easily that Cd(Q2) = ∅. If p divides d, a point on Cd with coordinates
in Qp must have coordinates in Zp, whence it follows easily that Cd(Qp) = ∅. So next
we need only to consider the cases when 2 � d and p � d.

We claim that

Cd(Q2) �= ∅ (5.3)

is always true for any odd integer d. Note that (5.1) has a solution in Q2 with w = 0
for any M/d. So our claim follows.

We now determine when

Cd(Qp) �= ∅. (5.4)

We shall prove that (5.4) is true if and only if
(

d
p

)
= 1. Note first that (5.1) has

a solution in Qp with z = 0 if and only if
(

d
p

)
= 1, and there is no solution when

w = 0. We then put w = p−mw1, z = p−nz1, where m,n > 0, and w1, z1 are in Z×
p .

Then a necessary condition for a solution is that m = 2n, and we then obtain the new
equation

dw2
1 = 4p4n+1 −

(
M

d
z21 − 2up2n

)2

,
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which is soluble modulo p if and only if
(

−d
p

)
= 1, i.e.

(
d
p

)
= 1. Next we put

w = pmw1, z = pnz1, where m,n ≥ 0, and w1, z1 are in Z×
p , the equation then

becomes

dw2
1 =

4p− (
p2nM

d z21 − 2u
)2

p2m
.

It follows easily that we must have m = 0 and n ≥ 0. For m = 0 and n = 0, the
equation becomes

dw2
1 = 4p−

(
p2n

M

d
z21 − 2u

)2

.

Taking the above equation modulo p, and then we have that it is soluble in Qp if and

only if
(

d
p

)
= 1. This proves our claim for (5.4).

We now determine when

Cd(Qq) �= ∅, (5.5)

where q is a prime factor of M . Assume first that q divides d. We claim that (5.5) is

always true when q | N− and is true if and only if
(

M/d
q

)
=

(
2u+2a

q

)
when q | N+,

where a is an integer satisfying a2 ≡ p mod q. Indeed, a point on Cd with coordinates
in Qq must have coordinates in Zq. Taking the equation of Cd modulo q, it then
becomes

4p−
(
M

d
z2 − 2u

)2

≡ 0 mod q.

It is easy to see that a necessary condition for the solubility is
(

p
q

)
= 1. We assume

this and a2 ≡ p mod q, then the equation becomes

M

d
z2 ≡ 2u± 2a mod q.

Note that (2u + 2a)(2u− 2a) ≡ −256 mod q and
(

−1
q

)
= −1 when q ≡ 3 mod 4, so

(5.5) will always be true when q divides N−, and it will be true when q divides N+ if

and only if
(

M/d
q

)
=

(
2u+2a

q

)
. This proves our claim. Now assume that q does not

divide d. We claim that (5.5) is always true when q | M− and is true if and only if(
d
q

)
= 1 when q | M+. Indeed, if

(
d
q

)
= 1, the congruence given by putting z = 0

in the equation of Cd modulo q is clearly soluble, and this gives a point on Cd with
coordinates in Zq. Conversely, if there is a point on Cd with coordinates in Zq, it

follows immediately that
(

d
q

)
= 1. On the other hand, if there is a point (w, z) on

Cd with non-integral coordinates, we can write w = q−mw1, z = q−nz1 with m,n > 0
and w1, z1 ∈ Z×

q . It then follows that m = 2n− 1 and the equation becomes

dw2
1 = 4pq2m −

(
M

qd
z21 − 2uqm

)2

.
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Taking this last equation modulo q, we conclude that
(

d
q

)
=

(
−1
q

)
. Our claim then

follows.
Putting together all of the above results, the proof of Proposition 5.1 is complete.

Proposition 5.2. Let M be an odd square-free integer which is prime to p.

Then S(φ̂)(A
′(M)) consists of the classes in Q(2,M) represented by all integers d, pd

satisfying the following conditions:
1. d divides M+ and d > 0;
2. d ≡ 1 mod 4 when M ≡ 1 mod 4, and d ≡ 1 mod 8 when M ≡ 3 mod 4;

3.
(

d
q

)
= 1 for all primes q dividing N/(N, d), and

(
M/d
q

)
=

(
u+8b

q

)
for all

primes q dividing (N+, d), where b is an integer satisfying b2 ≡ −1 mod q.

Proof. We recall that C′
d denotes the curve (5.2). It is clear that C′

d(R) �= ∅ if
and only if d > 0.

If 2 divides d, a point on C ′
d with coordinates in Q2 must have coordinates in Z2,

whence it follows easily that C′
d(Q2) = ∅. So next we need only to consider the case

when 2 � d.
We claim that

C′
d(Q2) �= ∅ (5.6)

is true if and only if d ≡ 1 mod 4 when M ≡ 1 mod 4, and d ≡ 1 mod 8 when
M ≡ 3 mod 4. Note first that (5.2) has a solution in Q2 with z = 0 if and only if
d ≡ 1 mod 8, (5.2) has no solution in Q2 with w = 0. Put w = 2−mw1, z = 2−nz1,
where m,n > 0, and w1, z1 are in Z×

2 . Then a necessary condition for a solution is
that m = 2n, and we then obtain the new equation

dw2
1 = 24n+6p3 + p

(
M

d
z21 − 22nup

)2

.

Taking the above equation modulo 8, it follows that it has a solution in Q2 if and
only if d ≡ 1 mod 8. Next we put w = 2mw1, z = 2nz1, where m,n ≥ 0, and w1, z1
are in Z×

2 , the equation then becomes

dw2
1 =

64p3 + p
(
22nM

d z21 − up
)2

22m
.

It follows easily that we have either m = 0 and n ≥ 1, or m ≥ 1 and n = 0. For
m = 0 and n ≥ 1, the equation becomes

dw2
1 = 64p3 + p

(
22n

M

d
z21 − up

)2

.

By taking the above equation modulo 8, we have that it is soluble in Q2 if and only
if d ≡ 1 mod 8. For m ≥ 1 and n = 0, the equation becomes

dw2
1 =

64p3 + p
(
M
d z21 − up

)2
22m

.

When m = 1, necessarily we have that M
d z21 − up ≡ 2 mod 4, i.e. M/d ≡ 3 mod 4,

implying d ≡ 1 mod 8. When m = 2, necessarily we have that M
d z21 − up ≡ 4 mod 8,
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i.e. M/d ≡ 5 mod 8 when p ≡ 1 mod 16 and M/d ≡ 1 mod 8 when p ≡ 9 mod 16,
implying d ≡ 5 mod 8. When m = 3, necessarily we have that ord2

(
M
d z21 − up

) ≥
4, i.e. M/d ≡ 1 mod 8 when p ≡ 1 mod 16 and M/d ≡ 5 mod 8 when p ≡
9 mod 16, implying d ≡ 1 mod 4. When m ≥ 4, necessarily we have that M

d z21 −up ≡
8 mod 16 and ord2

(
p3 + p

(
M

d
z2
1−up

8

)2
)
= 2m−6, but ord2

(
p3 + p

(
M

d
z2
1−up

8

)2
)
= 1

as
(

M

d
z2
1−up

8

)2

≡ 1 mod 8, which is a contradiction. Combining those cases above,

we can see that (5.2) is soluble in Q2 if and only if d ≡ 1 mod 4 when M ≡ 1 mod 4,
and d ≡ 1 mod 8 when M ≡ 3 mod 4. This proves our claim for (5.6).

We now determine when

C′
d(Qp) �= ∅. (5.7)

We shall prove that (5.7) is always true. When p divides d, we put d = pd1, then
(5.2) becomes

d1w
2 = 64p2 +

(
M

pd1
z2 − up

)2

.

Note first that (5.2) has no solution in Qp with wz = 0. We put w = p−mw1, z =
p−n+1z1, where m,n > 0, and w1, z1 are in Z×

p . Then a necessary condition for a
solution is that m = 2n− 1, and we then obtain the new equation

d1w
2
1 = 64p2m+2 +

(
M

d1
z21 − upm+1

)2

.

Taking the above equation modulo p, it follows that it has a solution in Qp if and

only if
(

d1

p

)
= 1. Next we put w = pmw1, z = pn+1z1, where m,n ≥ 0, and w1, z1

are in Z×
p , the equation then becomes

d1w
2
1 =

64 +
(
p2nM

d1
z21 − u

)2

p2m−2
.

It follows that we must have m ≥ 1, n = 0. Taking m = 1 and n = 0, the equation
becomes

d1w
2
1 = 64 +

(
M

d1
z21 − u

)2

.

Taking the above equation modulo p, we have d1w
2
1 ≡ M

d1
z21

(
M
d1
z21 − 2u

)
mod p,

which is always soluble with proper z and w. That means (5.7) is always true when
p | d. Now we assume that p does not divide d. We see that (5.7) will be true if and
only if C ′

d has a point with coordinates in Zp. Next we put w = pmw1, z = pnz1,
where m,n ≥ 0, and w1, z1 are in Z×

p , the equation then becomes

dw2
1 =

p4n+1M2

d2 z41 − 2up2n+2M
d z21 + p4

p2m
.

It follows that we have eitherm = 2 and n ≥ 1, orm ≥ 3 and n = 1. Takingm = 2 and
n = 1, and taking the above equation modulo p, we have that dw2

1 ≡ 1−2uM
d z21 mod p,
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which is always soluble with proper z and w. That means (5.7) is always true when
p � d. Our claim for (5.7) then follows.

Finally, we must determine when

C′
d(Qq) �= ∅, (5.8)

where q is a prime factor of M . Assume first that q divides d. We claim that (5.8) is

true if and only if
(

M/d
q

)
=

(
u+8b

q

)
, where b is an integer satisfying b2 ≡ −1 mod q.

Indeed, a point on C′
d with coordinates in Qq must have coordinates in Zq. Taking

the equation of C′
d modulo q, it then becomes

(
M

d
z2 − up)2 ≡ −64p2 mod q.

A necessary condition for a solution is that q ≡ 1 mod 4. We now assume this
condition and b2 ≡ −1 mod q, then the above equation becomes

M

d
z2 ≡ up± 8pb mod q.

Note that (up+8pb)(up−8pb) ≡ p3 mod q, so (5.8) will always be true when
(

p
q

)
= −1,

i.e. q divides R+, and it will be true when q dividesN+ if and only if
(

M/d
q

)
=

(
u+8b

q

)
.

This proves our claim. Now assume that q does not divide d. We claim that (5.8)

is always true when q | R and is true if and only if
(

d
q

)
= 1 when q | N . Indeed, if(

d
q

)
= 1, the congruence given by putting z = 0 in the equation of C′

d modulo q is

clearly soluble, and this gives a point on C ′
d with coordinates in Zq. Conversely, if

there is a point on C′
d with coordinates in Zq, it follows immediately that

(
d
q

)
= 1.

On the other hand, if there is a point (w, z) on C′
d with non-integral coordinates, we

can write w = q−mw1, z = q−nz1 with m,n > 0 and w1, z1 ∈ Z×
q . It then follows that

m = 2n− 1 and the equation becomes

dw2
1 = 64p3q2m + p

(
M

qd
z21 − upqm

)2

.

Taking this last equation modulo q, we conclude that
(

d
q

)
=

(
p
q

)
. Our claim then

follows.
Putting together all of the above results, the proof of Proposition 5.2 is complete.

We now give some consequences of Propositions 5.1 and 5.2. Assume for the rest
of this paragraph that M is a square-free integer, prime to p, with M ≡ 1 mod 4.
In particular, it follows that the curve A(M) always has good reduction at 2. When

M > 0, its L-function has global root number +1 (reps. −1) if
(

M
p

)
= 1 (resp.(

M
p

)
= −1), when M < 0, its L-function has global root number +1 (reps. −1) if(

M
p

)
= −1 (resp.

(
M
p

)
= 1). We write S(2)(A(M)) for the classical Selmer group of

A(M) for the endomorphism given by multiplication by 2. Now it is easily seen that
we have an exact sequence

0 → A′(M)(Q)[φ̂]

φ(A(M)(Q)[2])
→ S(φ)(A(M))→ S(2)(A(M))→ S(φ̂)(A′(M)).
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Define S
(φ)(A(M)), S(φ̂)(A′(M)), S(2)(A(M)) and S

(2)(A′(M)) to be the quotients of

S(φ)(A(M)), S(φ̂)(A′(M)), S(2)(A(M)) and S(2)(A′(M)) by the images of the torsion
subgroups of A′(M)(Q), A(M)(Q), A(M)(Q) and A′(M)(Q), respectively. By the fact
that the 2-primary subgroups of A′(M)(Q) and A(M)(Q) are both just of order 2,
whence it follows easily that we have the exact sequence

0 → S
(φ)(A(M))→ S

(2)(A(M)) → S(φ̂)(A′(M)), (5.9)

0→ S
(φ̂)(A′(M))→ S

(2)(A′(M)) → S(φ)(A(M)). (5.10)

Note also that the parity theorem of the Dokchitser brothers [7] shows thatS(2)(A(M))
has even or odd F2-dimension according as the root number is +1 or −1.

We now let r(M), k(M), r+(M), r−(M), k+(M), k−(M) denote the number of
prime factors of R, N , R+, R−, N+, N−, respectively, and prove the following results.

Corollary 5.3. Assume that M = εR− ≡ 1 mod 4, where ε = ±1. Then
S

(2)(A(M)) = 0.

Proof. Indeed Proposition 5.1 shows that, in this case, we have S
(φ)(A(M)) = 0,

and Proposition 5.2 shows that S(φ̂)(A′(M)) has order 2, whence the assertion follows
from the exact sequence (5.9), and the fact that S

(2)(A(M)) must have even F2-
dimension. Note that, of course, r−(M) has to be even when ε = 1, and r−(M) has
to be odd when ε = −1.

Corollary 5.4. Assume that M = N− ≡ 1 mod 4. Then S
(φ)(A(M)) has exact

order 2k−(M), and S
(2)(A(M)) has exact order 2k−(M).

Proof. The first assertion is clear from Proposition 5.1. Proposition 5.2 shows

that S(φ̂)(A′(M)) has order 2. So the corollary is clear from the exact sequence (5.9).
Note that, of course, k−(M) has to be even since M ≡ 1 mod 4.

Corollary 5.5. Assume that M = −p0R− ≡ 1 mod 4, where p0 is a prime
congruent to 3 modulo 4 and splitting in Q(

√
p). Then S

(φ)(A(M)) has exact order 2,

and S
(2)(A(M)) has exact order 2.

Proof. The first assertion is clear from Proposition 5.1. Proposition 5.2 shows

that S(φ̂)(A′(M)) has order 2, whence the assertion follows from the exact sequence
(5.9), and the fact that S(2)(A(M)) must have odd F2-dimension. Note that, of course,
r−(M) has to be even since M ≡ 1 mod 4.

Corollary 5.6. Assume that M = q0R− ≡ 1 mod 4, where q0 is a prime
congruent to 1 modulo 4 and inert in Q(

√
p). Then S

′(φ)(A(M)) has exact order 2,

and S
(2)(A′(M)) has exact order 2.

Proof. The first assertion is clear from Proposition 5.2. Proposition 5.1 shows
that S(φ)(A(M)) has order 2, whence the assertion follows from the exact sequence
(5.10), and the fact that S

(2)(A′(M)) must have odd F2-dimension. Note that, of
course, r−(M) has to be even since M ≡ 1 mod 4.

We now give the Tamagawa factors for the curves A(M) and A′(M), with a brief
indication of proofs. We assume once again thatM is an arbitrary square-free integer,
and write DM for the discriminant of the field Q(

√
M). Note that both A(M) and

A′(M) have bad additive reduction at all primes dividing pDM . Write cp(A
(M)) for
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the Tamagawa factor of A(M) at a finite prime p, and similarly for A′(M). If q is an
odd prime of bad additive reduction, we have

ord2(cq(A
(M))) = ord2(#A(Qq)[2]), ord2(cq(A

′(M))) = ord2(#A′(Qq)[2]) (5.11)

by Lemma 4.5. We then have the following propositions.

Proposition 5.7. For all odd square-free integers M , we have (i) A(M)(R) has
one connected component, (ii) cp(A

(M)) = 2, (iii) cq(A
(M)) = 2 if q ≡ 3 mod 4, and

(iv) cq(A
(M)) = 4 if q ≡ 1 mod 4.

Proof. Assertion (i) follows immediately from the fact that Q(A[2]) = Q(i). The
remaining assertions involving odd primes q of bad reduction follow immediately from
(5.11), on noting that A(Qq)[2] is of order 2 or 4, according as q does not or does split
in Q(i), respectively.

Proposition 5.8. For all odd square-free integers M , we have (i) A′(M)(R) has
two connected components, (ii) cp(A

′(M)) = 1, (iii) if q is an odd prime dividing M ,
which is inert in Q(

√
p), then cq(A

′(M)) = 2, (iv) if q is an odd prime dividing M ,

which splits in Q(
√
p), then cq(A

′(M)) = 4.

Proof. Assertion (i) follows immediately from the fact that Q(A′[2]) = Q(
√
p).

The remaining assertions involving odd primes of bad reduction follow immediately
from (5.11), on noting that A′(Qq)[2] is of order 2 or 4, according as q does not or
does split in Q(

√
p), respectively.

5.2. Behaviour of Hecke eigenvalues. Recall that the L-function of an ellip-
tic curve E over Q is defined as an infinite Euler product

L(E, s) =
∏
q�C

(1− aqq
−s + q1−2s)−1

∏
q|C

(1 − aqq
−s)−1 =:

∑
ann

−s,

where

aq =

⎧⎪⎪⎨
⎪⎪⎩

q + 1−#E(Fq) if E has good reduction at q,
1 if E has split multiplicative reduction at q,
−1 if E has non-split multiplicative reduction at q,
0 if E has additive reduction at q.

Here we give a result of the behaviour of the coefficients aq of the L-function of elliptic
curve A.

Theorem 5.9. Let q be an odd prime distinct with the conductor p of A. Then
we have that

ap = 1;

a2 =

{ −1 if p ≡ 1 mod 16,
1 if p ≡ 9 mod 16;

and

aq ≡
⎧⎨
⎩

2 mod 4 if q ≡ 1 mod 4,
2 mod 4 if q ≡ 3 mod 4 and q is inert in Q(

√
p),

0 mod 4 if q ≡ 3 mod 4 and q splits in Q(
√
p).
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Proof. The assertion for ap is clear as A has split multiplicative reduction at p.
For a2, we can do a straightforward calculation on the minimal form of A modulo

2, whence we get

y2 + xy ≡ x3 +
u− 1

4
x2 + 1 mod 2.

When u ≡ 1 mod 8, the above equation becomes y2 + xy ≡ x3 + 1 mod 2, we then
get #A(F2) = 4, i.e. a2 = −1. When u ≡ 5 mod 8, the above equation becomes
y2+ xy ≡ x3 mod 2, we then get #A(F2) = 2, i.e. a2 = 1. The assertion then follows
by noting p = u2 + 64.

For aq, first note that the 2-division field Q(A[2]) = Q(i) and Q(A′[2]) = Q(
√
p),

and we have the same L-function of A and A′. So we have that A(Fq)[2] ∼= Z/2Z ×
Z/2Z when q ≡ 1 mod 4, and A′(Fq)[2] ∼= Z/2Z×Z/2Z when q splits in Q(

√
p). Since

A(Fq)[2] and A′(Fq)[2] are subgroups of A(Fq) and A′(Fq), respectively. We have that
4 | #A(Fq) and 4 | #A′(Fq). Then the assertions for q ≡ 1 mod 4 and q ≡ 3 mod 4
splitting in Q(

√
p) follow by applying aq = q + 1 −#A(Fq). While for q ≡ 3 mod 4

inert in Q(
√
p), we have that A(Fq)[2] ∼= Z/2Z. It is easy to compute that Q(

√
p)

is a subfield of Q(A[4]∗), where A[4]∗ means any one of the 4-division points which
is deduced from the non-trivial rational 2-torsion point of A(Q). But q is inert in
Q(

√
p), that means A(Fq)[4] = A(Fq)[2] ∼= Z/2Z. Hence 2 | #A(Fq), but 4 � #A(Fq).

Then the assertion follows in this case. This completes our proof.

5.3. 2-part of Birch and Swinnerton-Dyer conjecture. For the elliptic
curve A, we have the following results.

Theorem 5.10. We have

ord2(L
(alg)(A, 1)) = −1

for any prime p, with p = u2 + 64 for some integer u ≡ 5 mod 8.

For the Neumann–Setzer elliptic curves, Stein and Watkins [19] considered the
parity of the modular degree of the map

φ : X0(p)→ A.

They proved that deg(φ) is odd if and only if u ≡ 5 mod 8. Next we shall prove
Theorem 5.10. Before proving the theorem we first prove the following lemma.

Lemma 5.11. For the modular parametrizations of A when u ≡ 5 mod 8, φ([0])
is non-trivial, and is precisely the non-trivial torsion point of order 2.

Proof. By the result of Stein and Watkins [19], the modular degree of φ is odd
if and only if u ≡ 5 mod 8. Let J0(p) be the Jacobian of X0(p), and let B be the
kernel of the map J0(p)→ A. Denote H to be the cuspidal subgroup, which is known
to be the torsion subgroup of J0(p)(Q), and it is generated by [0] − [∞] and cyclic
of order n, where n is the numerator of p−1

12 . We also have A is contained in J0(p)
and A(Q)[2] = H [2]. We now assume that φ([0]) is trivial. Then H is contained in
B. Thus the cardinality of the intersection of B and A is even. Then by [19, Lemma
2.2], the modular degree of A should be even, contradiction. Note that A(Q) ∼= Z/2Z,
thus φ([0]) is non-trivial, and is precisely the non-trivial 2-torsion point.

We now give the proof of Theorem 5.10.
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Proof of Theorem 5.10. When u ≡ 5 mod 8, we have a2 = 1. Then by the
modular symbol formula (2.4), we have

(1 + 2− a2)L(A, 1) = −〈{0, 1
2
}, f〉.

Note that the point [0] is equivalent to [12 ] under Γ0(p), so 〈{0, 12}, f〉 is an integral
period (real) and in the period lattice Λf , i.e. 2 ∗ φ([0]) ≡ 0 mod Λf , as φ([0]) =
−If (0) = L(A, 1). Then by Lemma 5.11, φ([0]) is the non-trivial 2-torsion point, so
the denominator of φ([0])/Ω+

f must be 2, where Ω+
f is the least positive real period

of A. Thus

ord2(L
(alg)(A, 1)) = −1.

This completes the proof of Theorem 5.10.

A key point in the above proof is that the image of the cusp [0] is the non-trivial
2-torsion point under the parametrization when u ≡ 5 mod 8. After investigating
many numerical examples we make the following conjecture.

Conjecture 5.12. For any prime p, with p = u2 + 64 for some integer u ≡
1 mod 4, we have

ord2(L
(alg)(A, 1)) = −1.

We now give the proof of Theorem 1.6.

Proof of Theorem 1.6. Firstly, A is the Γ0(p)-optimal elliptic curve. By Theorem
5.9, we have Nq ≡ 2 mod 4 when q ≡ 3 mod 4 and is inert in Q(

√
p). Secondly, note

that when u ≡ 5 mod 8, we have ord2(L
(alg)(A, 1)) = −1 by Theorem 5.10. These

satisfy the assumptions in Theorem 1.5, we then have ord2(L
(alg)(A(−q), 1)) = 0.

Naturally, L(A(−q), s) does not vanish at s = 1. Both A(−q)(Q) and X(A(−q)(Q))
are finite by the theorem of Kolyvagin. The cardinality of X(A(−q)(Q)) is odd as
X(A(−q)(Q))[2] is trivial by Corollary 5.3. Then combining the results of Proposi-
tion 5.7, we know that the 2-part of Birch and Swinnerton-Dyer conjecture holds for
A(−q).

We make the following proposition, which tells that the above result could
be probably generalised to the twists of many prime factors. We denote S′′

m :=∑m
k=1 χ(k)〈{0, k

m}, f〉.
Proposition 5.13. Let M = q1q2 · · · q2r, where r is any positive integer and

q1, q2, . . . , q2r are distinct primes congruent to 3 modulo 4 and inert in Q(
√
p). As-

suming Conjecture 5.12 and ord2(S
′′
M/Ω+

f ) = ord2(S
′
M/Ω+

f ), we then have that

ord2(L
(alg)(A(M), 1)) = 2r − 1,

for any integer u ≡ 1 mod 4. Hence L(A(M), s) does not vanish at s = 1, and so
A(M)(Q) is finite, the Tate–Shafarevich group X(A(M)(Q)) is finite of odd cardinality,
and the 2-part of Birch and Swinnerton-Dyer conjecture is valid for A(M).

The above proposition follows easily by Lemma 2.4, and combining the results
given by Corollary 5.3 and Proposition 5.7.
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Here we give some numerical examples supporting the above proposition. We
take p = 73, i.e. u = −3, whence the elliptic curve A has a minimal Weierstrass
equation given by

y2 + xy = x3 − x2 + 4x− 3.

Moreover, L(alg)(A, 1) = 1
2 and it has discriminant −732. Here are a list of primes

which are congruent to 3 modulo 4 and inert in Q(
√
73):

7, 11, 31, 43, 47, 59, 83, 103, 107, 131, 139, 151, 163, 167, 179, 191, 199, . . . .

We take M to be the product of any two primes in the above list. We always have

ord2(S
′′
M/Ω+

f ) = ord2(S
′
M/Ω+

f ) = 1.

It then follows that

ord2(L
(alg)(A(M), 1)) = 1.

It is clear that the 2-part of Birch and Swinnerton-Dyer conjecture is valid for all of
these twists of A.
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