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In large eddy simulations, the Reynolds averages of nonlinear terms
are not directly computable in terms of the resolved variables and
require a closure hypothesis or model, known as a subgrid scale
term. Inspired by the renormalization group (RNG), we introduce
an expansion for the unclosed terms, carried out explicitly to all
orders. In leading order, this expansion defines subgrid scale un-
closed terms, which we relate to the dynamic subgrid scale closure
models. The expansion, which generalizes the Leonard stress for
closure analysis, suggests a systematic higher order determination
of the model coefficients.

The RNG point of view sheds light on the numerical nonunique-
ness of the infinite Reynolds number limit. For the mixing of N
species, we see an N + 1 parameter family of infinite Reynolds
number solutions labeled by dimensionless parameters of the lim-
iting Euler equations, in a manner intrinsic to the RNG itself. Large
eddy simulations, with their Leonard stress and dynamic subgrid
models, break this nonuniqueness and predict unique model coeffi-
cients on the basis of theory. In this sense, large eddy simulations go
beyond the RNG methodology, which does not in general predict
model coefficients.
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1. Introduction

Turbulence is one of the major unsolved problems of classical physics, a view
attributed to Heisenberg, among others. Turbulence is an instability of fluid
flow which occurs at high Reynolds numbers Re = V L/ν, where V and L
are representative velocities and lengths and ν is the kinematic anisotropic
viscosity. Many turbulent flows, including ones arising in oceanography, at-
mospheric sciences, aeronautics, astrophysics and chemical processing occur
at elevated, nearly infinite Reynolds numbers.
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Turbulence is a strong coupling theory with no natural length scales
internal to the turbulently active (inertial) range of scales. For this reason
numerical solutions of turbulent flow, when cut off at some grid level within
the inertial range encounter difficulties in the coupling between the resolved
(grid level) data and the unresolved (subgrid level) data. Because of the
strong coupling, scale invariant nature of subgrid scale turbulence, methods
to treat this effect on the resolved scales have been introduced. Large Eddy
Simulation (LES) is such a numerical method in which some, but not all,
of the turbulent scales are resolved, and subgrid scale models emulate the
influence of the unresolved on the resolved scales.

The strong coupling problem originates in the nonlinearity of the com-
pressible Navier-Stokes equations, which govern the turbulent flow field. The
averaging operation used to define grid level quantities suitable for numerical
computation, when applied to nonlinear terms in the Navier-Stokes equa-
tions, leads to new unknown flow quantities, called subgrid scale (SGS)
terms. Supplying approximations to the SGS terms is a process known as
closure. The averaged nonlinear terms, before approximation, are called un-
closed.

Standard LES/SGS methods address what might be called the can-
nonical nonlinearities of the Navier-Stokes and related continuum physics
equations, namely those related to turbulent viscosity, thermal conductoin
and species diffusion. These are all quadratic in the primitive equation vari-
ables, and are subsumed within the RNG framework developed here. Missing
from this analysis, and often a central difficulty for computational contin-
uum physics, is a methodology to address subcell variation and averages
of nonquadratic nonlinear terms in the governing equations. These are of-
ten thermodynamically dependent, such as pressure, chemical reaction rates,
material strength, opacity, and molecular level viscosity, thermal conduction
and species diffusion. Front Tracking, with its possibility of subcell or cut
cell resolution, offers a partial solution for such problems.

The major themes of this paper are: nonuniqueness for numerical solu-
tions of a dynamic evolution problem, appropriate usage of SGS terms, their
selection, if to be used, the role of the RNG as framework for understanding
the selection of SGS terms, the need for Front Tracking to address or mitigate
difficulties associated with nonlinearities out of the scope of LES/SGS, and
the verification and validation (V&V) of a specific recipe (FT/LES/SGS).
i.e., dynamic SGS and front tracking both to limit numerical diffusion and
to control mixed cell flow parameters beyond the scope of SGS terms.

We list four new results of our presentation. The first main result con-
cerns numerical nonuniqueness of LES, Sec. 2.1. The second is a reworking of
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the RNG formalism, in a manner adapted to the needs of LES, see Secs. 2.2,
2.3. Details of this analysis are presented in Secs. 3 and 4. The connection
of RNG to the choice of SGS model coefficients is given in Sec. 5. A first
(to our knowledge) analysis of cubic nonlinearities is given in Sec. 6.2, as a
third result. As far as we are aware, there is no systematic and theoretically
based methodology for closure of triple correlations, even in leading order;
the present analysis sheds some light on this issue. It appears that the cubic
terms would be naturally defined in a second order LES closure framework,
in which quadratic quantities become dynamic (primitive) variables, with
their own evolution equations. Such second order closures are not normally
considered in an LES framework, but are common in a RANS framework.

Our fourth main result, presented in Sec. 7, is to explore the role of
numerical issues in modifying or selecting the RNG limit point. New simu-
lation results with comparison to experiment and to nearly DNS simulations
are included. Evidence of numerical nonuniqueness of solutions is presented.
A concluding discussion is found in Sec. 8.

Relevant to the present work, we mention our own studies of turbulent
mixing [20, 22, 14, 27]. We also mention our related K41 based existence
theorem for Lp solutions of the incompressible constant density Euler equa-
tions [2].

2. RNG applied to LES

In the limit Re → ∞, the theory simplifies and scaling laws apply, the most
famous of which is that of Kolmogorov [17]. The renormalization group
(RNG) is a method for the systematic study of scaling laws. The RNG
framework is explained in [26], with the goal of finding an expression for the
unclosed terms in a LES mentioned.

RNG applied to turbulence has been developed as a systematic body of
work [41, 42, 40]. This work is applied to single fluid incompressible turbu-
lence, with all problem specific information removed by scaling transforma-
tions. The resulting equations are analyzed in Fourier space, and approxima-
tions are evaluated via the epsilon expansion, leading to values for a number
of universal parameters which characterize turbulence in agreement with ex-
periment and simulation, including the Kolmogorov constant and turbulent
Prandtl number.

This body of work is not yet sufficient for the needs of many engineering
and scientific studies, for several reasons. Often such problems are compress-
ible and multifluid, with the multiple fluids fully coupled and not passive
scalars. Often problem specific details cannot and should not be removed
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and continue to interact with turbulent quantities, Most practical simula-
tions rely on Reynolds Averaged Navier-Stokes (RANS) simulations. These
require settings of multiple parameters, from experiment, LES or Direct Nu-
merical Simulation (DNS) or theory. However, the parameters are observed
in practice to be nonuniversal and problem dependent, so that the universal
parameters from RNG, even when matching the parametric needs of RANS,
can offer only general guidance and not problem specific parameter settings.
Finally for use with LES, where the turbulent flow is partially simulated,
the residual parameters, such as turbulent viscosity are needed not in a uni-
versal form but as a residual quantity, applicable to subgrid flows below a
certain grid level.

For these reasons, we recast the RNG approach in a manner better suited
to the needs of LES. We operate in position space, we omit the epsilon
expansion, we rely on LES specific methods to evaluate approximations and
we omit the rescaling typical of RNG studies. With these modifications, we
still use an RNG coarse graining expansion but do not seek an RNG fixed
point.

The study of SGS terms is central to this paper. Each closed SGS ap-
proximation term is regarded as a product of a coefficient and a solution
functional of specified form. We call the latter a model. The method of dy-
namic SGS terms uniquely specifies the coefficient once the model is given.
This determination is based on properties of the resolved scales, connected
to analogous properties of the unresolved scales by an asymptotic assump-
tion. We motivate this derivation by RNG concepts, Thus the coefficient is
determined by theory, leaving the model selection open as a subject for re-
search. The search for alternate frameworks for the choice of SGS terms is an
active topic of research, which we do not attempt to review here, but we do
discuss problems which arise if the SGS models are omitted completely, as
commonly occurs when the Implicit Large Eddy Simulation (ILES) method
is used.

We derive a closed form expansion for the unclosed terms in the Reynolds
averaged equations, founded on RNG ideas, with (for a finite expansion) a
closed form remainder. RNG methods, by themselves, do not predict the
equation coefficients, so that dynamic LES methods, which do, are an ex-
tension of the RNG methodology. At leading order, this expansion is a step
in the derivation of closures for the quadratic SGS terms, coinciding with the
derivation of the Leonard stress. The leading order term of our expansion
is related to the Clark model [3]. Due to stability problems with the Clark
model, which arise because the exact SGS terms are not definite, the exact
closures, even in leading order, are further approximated, most commonly
by gradient diffusion models in a Smagorinsky tradition.
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2.1. Nonuniqueness of numerical solutions

The first main contribution in this paper, of a speculative nature, consists
of observations concerning the nonuniqueness of the Re → ∞ limit, a phe-
nomenon that is naturally understood within the RNG framework. We iden-
tify numerical nonuniqueness as an issue for verification methodology.

Nonuniqueness is an issue for the (still used) ILES method, in which ex-
plicit SGS terms are replaced by algorithmic details, resulting in nonunique
(effective, numerically or algorithmically driven) SGS terms and nonunique-
ness of the solution. Nonuniqueness is also an issue for DNS or nearly DNS
simulations, as we examine in more detail in Sec 7. DNS, by definition, is
the resolution of all relevant length scales. Missing is a systematic procedure
to assure which scales must be resolved. The answer surely depends on the
observable being computed and the required accuracy for the computation,
so a comparison to some turbulence related length scale, sufficient for some
questions, may require a more stringent comparison for others. It is evident
that DNS has its own need for verification and validation, just as does the
rest of science. Nonuniqueness is related to thermal or concentration diffu-
sion mixing, according to a picture we sketch below, but it is also associated
with mixed cell thermodynamics, a topic out of the scope of SGS terms, see
Sec. 2.4.

In the RNG line of reasoning, the Euler equations, as a limit of the
Navier-Stokes equations, arise as an RNG fixed point. We have postula-
ted [22, 14] that for the mixing of N species, the high Re limit point is
not unique; rather, it is chosen from an N + 1 parameter family of limit
points, labeled by points T ∈ T , with T being the (N + 1)-dimensional
space of transport coefficient ratios for the Navier-Stokes equation, namely
the N − 1 independent dimensionless mass diffusivities (Schmidt numbers),
the dimensionless thermal diffusivity (the Prandtl number), and the di-
mensionless ratio of the anisotropic and isotropic viscosities. In the case
of multi-temperature thermodynamics, T is 2N dimensional, the increase
resulting from N − 1 new Prandtl numbers. Each sequence Re → ∞ is ac-
companied by a sequence T (Re) ∈ T , which we assume to be convergent:
T (Re) → T (Re = ∞). Dimensional transport coefficients are denoted as
t. In the limit Re → ∞ as we define it, t → 0, but other choices of the
limit Re → ∞ are possible, as we illustrate below. Further comments on
nonuniqueness are given in Sec. 8.

As a simple illustration of the nonuniqueness of the RNG limit, con-
sider two different physically motivated pictures. In case A, as a model of
turbulent combustion, the thermal diffusion is molecular in nature and en-
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hanced by turbulent mixing. For this limit, we keep fixed the dimensionless
Prandtl number Pr = ν/κ, where κ is the thermal diffusivity and ν is the
kinematic anisotropic viscosity, to preserve the dimensionless aspects of the
thermal mixing processes; the other dimensionless transport coefficients are
also fixed in the same manner. In case B, we assume a thermal process un-
related to turbulent mixing (such as radiation), for which we want to keep
κ constant so that Pr → 0 as Re → ∞. The limiting equations in the two
cases A and B do not coincide. For case A, the limiting equations are the
Euler equations, with all transport coefficients set to zero, and for case B,
the limiting equations include a thermal diffusion term in the energy equa-
tion.

The full N + 1 parameter space of RNG limit points is realized by al-
ternate paths in T , taken as Re → ∞. Alternate paths may originate from
alternate choices for the subgrid scale models, or from alternate physical
modeling, leading to alternate settings of the laminar transport coefficients
t(Re), as indicated above (cases A and B).

Related to this physics-level nonuniqueness is a numerical nonunique-
ness. Different numerical algorithms applied to an identical problem yield
apparently converged solutions with significant qualitative differences [4, 25,
27]. The SGS terms which select among the N + 1 parameter family of so-
lutions are commonly omitted in an ILES framework, or treated implicitly
as an aspect of the algorithm itself. Moreover, whether the differencing is
ILES or LES with subgrid terms, the numerical truncation errors contribute
at a comparable order and also participate in the selection of the limit from
among the N +1 parameter family of possible solutions. For this reason, we
propose Front Tracking to limit the numerical contributions to the transport
coefficients.

As a side note, we observe that nonuniqueness has been demonstrated
mathematically for some time [37].

2.2. Three RNG steps

The RNG has three basic operations:

1. an integration or coarse-graining step, which partially solves the equa-
tion in mapping the unknown solution from a fine to a coarser grid;

2. a remapping or rescaling step, which changes the length scales so that
the unknown length scale of the coarser grid is always fixed;

3. a re-parameterization step, in which certain solution parameters (the
coefficients of the “relevant” terms) are assigned new, or updated,
values to assure continued agreement with parameters that define the
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observed solutions. This agreement is obtained from measurements at
the length scale of the coarse grid.

We propose to label the relevant variables by the N + 1 parameters of
T ; see additional discussion in Sec. 8. For each parameter of T , we need
an observable, defined on the coarse grid, to determine that parameter. To
establish a bridge to the LES terminology, we call these observables models.

We apply the RNG construction to estimate subgrid scale terms associ-
ated with a grid Mn. On this grid some terms (namely, the averages of the
nonlinear terms in the Navier-Stokes equations) are unresolved, in the sense
that they fail to be functions only of the averaged primitive variables. The
averaged primitive variables are constant on each cell of the grid Mn.

The RNG step 1 is an integration, i.e., a coarse graining step. This map
of solutions induces a map of equations, namely the equations satisfied by the
mesh averages of the solutions. The map of equations is straightforward as
far as linear equation terms are concerned. (See Secs. 3 and 4.) But the map
leads to unresolved (unclosed) terms when applied to nonlinear terms in the
equation. These unclosed (as far as Mn is concerned) terms are identified
as polynomials in first difference operators defined on Mn+1. We iterate on
step 1, with step 2 removed. In this way, we start the coarse graining, in
successive RNG iterations, from Mn+2, · · · ,Mn+k, · · · . This construction
of unclosed terms for equations on Mn yields a product of polynomials in
first difference operators on each of Mn+1, · · · ,Mn+k, · · · .

In this mapping the SGS terms, the expressions unresolved at some
mesh level Mn are partially integrated, meaning that their values on a finer
mesh Mn+k are determined, up to expressions unresolved on this finer mesh.
The RNG step 1, as implemented in this paper, is to express these terms,
unresolved on Mn, on successively finer grids Mn+k.

In our treatment of step 2, we depart from conventional RNG methodol-
ogy. We omit the remap step 2. For any finite number of steps, the remap is
an isomorphism, and so its presence or absence is moot. However in the limit
k → ∞, there is a difference. The conventionally remapped RNG analysis
would place the LES data at infinitely remote (spatial infinity) wave num-
bers to achieve the integration of a truly scale invariant problem. In the LES
framework, we do not wish to eliminate the problem data in this manner,
and so we forgo the remap and the RNG fixed point, while obtaining a RNG
based series expansion for the unclosed Mn SGS terms. To emphasize this
distinction, we refer to the limit we obtain as an RNG limit point (but not
an RNG fixed point).

According to step 3, at each RNG step the equation parameters (the
RNG relevant variables) should be set equal to the physical parameter values
for that length scale. This must occur at the grid level Mn+k.
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We define turbulent and total dimensional transport parameters, the
latter denoted ttotal. We take the step 3 requirement to mean that the N +1
total (laminar plus turbulent) transport coefficients ttotal ∈ T should be set
at each RNG step. We could as well set the dimensionless transport coeffi-
cients. For this purpose, we follow convention and define Ttotal = νtotal/ttotal
as the dimensionless transport parameters. Sequences with different limit
points Ttotal(Re = ∞) for the dimensionless total transport should gen-
erate different infinite Re solutions of the Navier-Stokes or Euler equa-
tions.

Quantum field theory is the origin of the RNG method. Aside from
intellectual and historical interest, examining commonalities of the use of
similar ideas in widely varied contexts offers the chance to enrich both sub-
ject areas through exchange of information and techniques. In quantum field
theory, the relevant variables (particle masses and coupling constants) are
predicted neither by the RNG fixed point nor by the quantum field the-
ory itself. The mass of the proton, a fundamental particle in strong coupling
quantum field theory, is derived from an extended theory of quarks, in which
the proton is not a fundamental particle but rather a derived object. More
directly comparable is quantum electrodynamics. In principle, an exact in-
tegration of the RNG equation would give the observed (finite length scale)
mass of the electron as a multiple of the bare (zero length scale) mass, but
the bare mass is not known. We also compare to quantum chromodynamics
(QCD). The similarity of QCD to turbulence RNG was previously noted
[5]. QCD shares with turbulence theory an infrared fixed point, and the
property that the coupling constant (the turbulent viscosity, for turbulence
theory) becomes smaller at short length scales. This property of QCD is
called asymptotic freedom. In turbulence theory, a similar exact integration
of the RNG defines the turbulent diffusion coefficient as observed at finite
length scales in terms of the same coefficient as observed at zero length
scales. However, in contrast to quantum electrodynamics, this “bare” diffu-
sion coefficient is generally accepted to be zero, thus is known. Moreover,
for turbulent diffusion, the RNG integration is dominated by its low order
perturbation term, and thus is effectively determined perturbatively, as with
dynamic SGS models. Thus the dynamic LES turbulence theory of the in-
finite Re limit goes beyond the quantum field theory RNG in predicting its
own coefficients.

2.3. Models and RNG relevant parameters

To set parameters according to RNG step 3 at the length scale of Mn+k, we
need observables at this same length scale, and with N + 1 parameters to
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be set, we need to specify N + 1 observables, each an observable relative to
the mesh Mn+k. In other words, the observables should be functions of the
averaged primitive variables on the mesh Mn. These observables constitute
the model for the unobserved SGS terms, and RNG step 3 supplies the
(missing) coefficients for the model; i.e., it sets the coefficients for turbulent
transport at each RNG step. In conventional RNG applications, the model
coefficients are set by comparison to experimental data. Here they are set
by theory. This coefficient specification is equivalent to specifying a point
Ttotal ∈ T at each RNG step.

The coefficients for the SGS terms have the form ν total/Sc total, ν total/Pr

total and a similar ratio for the isotropic viscosity coefficient.
Dynamic LES is a single expansion step, k = 1, of the RNG expansion.

For this step, it contains the same steps 1 and 3 as the RNG and two
additional steps:

4. Conventionally, we replace the continuous time but space discretized
quantities of the RNG steps 1–3 with a time discretization as well.
Thus the SGS terms are defined as the average over a time step of the
cell face averages introduced below. To define a closed LES algorithm,
we replace these unclosed SGS terms with the corresponding models
multiplied by their coefficients as defined by step 3 in the numerical
solution of the equations on the grid Mn.

5. Model coefficients are determined by a theoretical analysis from the
mesh level solutions to the governing equations.

In the RNG formalism, we label expansion terms at each order as ir-
relevant, relevant, or nonrenormalizable according to whether they become
smaller, remain constant or grow as the renormalization map is iterated,
and we consider the effects of finer grids as refinements of the grid Mn.
There should be no nonrenormalizable parameters. We anticipate N + 1
relevant ones, namely the N + 1 coefficients of the models, interpreted as
dimensionless total transport coefficients.

Settings of the relevant parameters follow from the dynamic SGS anal-
ysis [29], a version of which is repeated here. This method specifies an Re-
dependent path Tturbulent(Re) ∈ T . These coefficients are combined with the
laminar ones T (Re) ∈ T through a formula ttotal = tturbulent+tlaminar and to-
gether define Ttotal(Re) ∈ T which uniquely specifies the LES method. The
dynamic SGS method assumes a functional form for the model, and given
that, derives the coefficients. Variations in this formalism can be based on
alternate formulations for the model. The dynamic SGS method determines
the coefficients of the model directly from the solutions at grid level Mn of
the governing equations.



158 James Glimm et al.

2.4. The scope and limitations of SGS/LES methods

The dynamic theory of SGS terms outlined above applies only to quadratic
nonlinearities in the governing equations, giving rise to turbulent transport
coefficients for viscosity, thermal conductivity and species concentration dif-
fusion. Many important nonlinearities remain, and give rise to systematic
difficulties in LES. Thermodynamic functions, such as pressure and tem-
perature are obvious examples. Fluid transport (molecular level viscosity,
thermal diffusion and species concentration diffusion) are also thermody-
namic functions, and for plasmas, have strong nonlinearities. Radiation and
material strength are additional potentially strong nonlinearities. This class
of problems is known as subcell or mixed cell effective parameters. Such
problems are often a serious complication to practical computations, and
are not addressed through the LES/SGS methodology. As we will explain
in Sec. 7, these problems are mitigated but not solved through use of Front
Tracking.

3. Averaging procedure

The Reynolds-averaged equations associated with a system of conservation
laws are obtained through application of a Reynolds averaging operator, such
as ensemble averaging. Similarly, the equations that are discretized in an
LES method arise from application of an integral operator, viz., convolution
with a filter. Both a Reynolds averaging operator and convolution with a
filter commute with spatial and temporal derivatives.

We prefer instead to use the averaging operator defined by volume in-
tegration over the cells of a spatial grid. Although the time derivative com-
mutes such volume averaging, spatial derivatives do not. We compensate by
viewing the cell averages of the solution of the conservation laws as solving
a finite volume approximation to the system.

3.1. Discretized equations

Let us write the system of conservation laws under consideration as

(1)
∂U

∂t
+

∂Fi(U)

∂xi
= 0 ,

where repeated tensor indices are summed. Here U denotes the vector of den-
sities of conserved quantities (e.g., mass, momentum, energy, and species).
To this system we apply the cell averaging operator associated with a polyg-
onal finite-volume mesh M. For a cell C of M, let aC denote the volume



Large eddy simulation, turbulent transport and the RNG 159

integral over C of the quantity a divided by the volume V (C) of C. By the
divergence theorem, the volume integral over C of the divergence of the flux
Fi(U) equals the surface integral of the outward normal component of the
flux over the boundary ∂C. This boundary consists of the faces of the cell. If

f ⊂ ∂C is a face of C, let bf denote the surface integral over f of the quantity
b divided by the surface area A(f) of f . Then averaging Eq. (1) over the cell
C yields the semi-discrete evolution equation

(2)
dU

C

dt
+

∑
{f⊂∂C:fa face of M\}

A(f)

V (C) n
C, f
i Fi(U)

f
= 0 ,

where nC, f
i is the unit normal to face f pointing outward from C.

The face-averaged flux Fi(U)
f
is constructed as follows. First, we write

(3) Fi(U)
f
= Fi(U

f
) + F f,SGS

i (U) .

This equation defines the SGS flux F f,SGS
i (U). Explicit formulae for the SGS

flux components for compressible mixing are given in Sec. 4; an expansion for
each SGS term, which is the central result of the present paper, is developed

in Sec. 5. Second, Fi(U
f
) is related to cell-averaged conserved quantities

through a numerical scheme, such as

(4) nC, f
i Fi(U

f
) = F(U

C
, U

C′

, nC, f ) + EC, f (U) ,

C′ being the cell sharing face f with C. Here F is the numerical flux for
a conservative, consistent finite-volume scheme and EC, f is its truncation
error, discussed in Sec. 7.

3.2. Projection operators

To be more concrete, we focus on cubic meshes. That is, we take the phys-
ical domain to be D = [0, 1]D, the D-dimensional unit cube with periodic
boundary conditions, and we let Mn be the cubic mesh with a corner at
the origin that divides D into equal sized cells, each with edge lengths 2−n.
Thus Mn+1, Mn+2, . . . are nested refinements of the base mesh Mn, which
remains fixed throughout the discussion.

Let En be the operation of averaging over faces of the grid Mn. Applied
to a function a defined on Fn (the union of the faces of Mn), this operation
yields a piecewise-constant function En a that is constant over each face, the
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constant value for face f being its average af over the face. On the Hilbert
space Hn = L2(Fn, d

D−1x), the operator En is an orthogonal projection
onto the subspace EnHn comprising such piecewise-constant functions. In
fact for face f ,

(5) af =

∫
f a d

D−1x∫
f d

D−1x
=

〈1f , a〉
〈1f , 1f 〉

,

where 1f is the characteristic function of f , which takes the value 1 on f
and zero elsewhere, and the brackets 〈·, ·〉 denote the usual inner product on
Hn. Therefore

(6) En a ==
∑

{f⊂Fn:fa face of M\}
af 1f =

∑
{f⊂Fn:fa face of M\}

1f 〈1f , a〉
〈1f , 1f 〉

.

Let Fn = I −En denote the complementary projection operator. When the
choice of mesh is unambiguous, we write a in place of the mean En a and
a′ = a− a in place of the fluctuation Fn a.

In addition to the simple averaging operator En, the mass density-
weighted, or Favre, averaging operator Ẽn is useful. We assume that ρ has
sufficient regularity to allow its restriction to the faces of Mn and, as re-
stricted, to being locally integrable. On the Hilbert space H̃n = L2(Fn,
ρdD−1x), the operator Ẽn is likewise an orthogonal projection onto the sub-
space ẼnH̃n. For face f

(7) ãf =
ρaf

ρf
=

∫
f aρd

D−1x∫
f ρd

D−1x
=

〈1f , a〉ρ
〈1f , 1f 〉ρ

,

where the notation 〈·, ·〉ρ stands for the usual inner product on H̃n. Hence

(8) Ẽn a =
∑
f⊂Fn

1f 〈1f , a〉ρ
〈1f , 1f 〉ρ

.

We also let F̃n = I − Ẽn and, when unambiguous, denote the Favre mean
Ẽn a by ã and the Favre fluctuation F̃n a by a′′ = a− ã.

For k = 1, 2, . . ., the projection operator Ẽn+k on H̃n+k = L2(Fn+k,
ρdD−1x) is defined similarly. However, we shall regard Ẽn+k instead as the
operator on H̃n that acts in the following way on a ∈ H̃n: first extend a to
all of the faces of Mn+k, setting it to zero except on the faces of Mn; next
apply Ẽn+k; and finally restrict the result to the faces of Mn, obtaining
Ẽn+k a ∈ H̃n. The operator Ẽn+k so defined is a projection operator on H̃n.
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Thus Ẽn+kH̃n consists of square-integrable functions defined on Fn that are
constant on each face of Mn+k contained within a face of Mn.

We note an operator identity that will be useful:

(9) Ẽn = ẼnẼn+1 .

Also, because Ẽn is a projection operator given by Eq. (8),

(10) 〈1f , a Ẽn b〉ρ = 〈Ẽn(1f a), Ẽn b〉ρ = 〈1f , (Ẽn a) Ẽn b〉ρ ,

so that

(11) Ẽn

[
a Ẽn b

]
= Ẽn

[
(Ẽn a) Ẽn b

]
.

4. Averaged equations for compressible mixing

To illustrate the SGS flux defined by Eq. (3), we describe the flux in detail
for the system of conservation laws governing the compressible mixing of
two gases.

The state of an ideal mixture of two polytropic gases is characterized by
the field variables ρ, vi, T and ψ, which denote the mass density, particle
velocity vector, temperature and mass fraction, respectively. The mixture
has pressure p = ρRT , where R = ψR1 + (1 − ψ)R2, and specific internal
energy e = cvT , where cv = ψ cv,1 + (1 − ψ) cv,2. Here Rα = NAkB/Mα

and cv,α are constants for α = 1, 2. The specific total energy is denoted
E = 1

2v�v� + e. The specific enthalpy of the mixture is h = e + p/ρ = cpT
with cp = cv+R, and the individual specific enthalpies for the two gases are
hα = cp,αT , where cp,α = cv,α +Rα.

The laminar transport coefficients for momentum, heat, and mass are the
kinematic anisotropic and isotropic viscosities, ν and νi, thermal diffusivity
κ = ν/Pr and mass diffusivity D = ν/Sc, where Pr and Sc denote the
Prandtl and Schmidt parameters. The viscous stress tensor, heat flux vector,
and diffusive mass flux vector are

σv
ij = ρνi

∂v�
∂x�

δij + ρν

(
∂vi
∂xj

+
∂vj
∂xi

− 2

3

∂v�
∂x�

δij

)
,(12)

qi = −ρκcp
∂T

∂xi
,(13)

ji = −ρD
∂ψ

∂xi
.(14)
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For simplicity, ρν, ρνi, ρκ and ρD (hence ν/νi, Pr and Sc) are assumed to
be constant.

The cell-averaged laws of conservation of mass, momentum, energy and
species, which govern the averaged field variables ρ, ṽi, T̃ and ψ̃, are

∂ ρ

∂t
+

∂ ρ ṽi
∂xi

= 0 ,(15)

∂ ρ ṽj
∂t

+
∂(ρ ṽi ṽj + p δij)

∂xi
=

∂σv
ij

∂xi
− ∂τij

∂xi
,(16)

∂ ρẼ

∂t
+

∂(ρẼ + p) ṽi
∂xi

=
∂σv

ij ṽj

∂xi
− ∂qi

∂xi
− ∂(h̃1 − h̃2) ji

∂xi
(17)

− ∂τij ṽj
∂xi

− ∂q
(h)
i

∂xi
− ∂q

(hψ)
i

∂xi
− ∂q

(k)
i

∂xi
− ∂q

(v)
i

∂xi
,

∂ ρ ψ̃

∂t
+

∂ ρ ψ̃ ṽi
∂xi

= − ∂ji
∂xi

− ∂q
(ψ)
i

∂xi
.(18)

For clarity, we have made the formal replacement (which is actually an
identity in the sense of distribution derivatives)

(19)
∑

{f⊂∂C:f is a face ofM\}

A(f)

V (C) n
C, f
i �→ ∂

∂xi

in Eq. (2) and omitted the C and f indications on the averaging operators.
(An average of a field variable appearing within a time derivative is a cell
average, whereas within a spatial derivative it is a face average.)

Appearing in Eqs. (15)–(18) are the SGS flux components τij , q
(h)
i , q

(hψ)
i ,

q
(k)
i , q

(v)
i and q

(ψ)
i , which are defined by

τij = ρ (ṽi vj − ṽi ṽj) = ρ ˜v′′i v
′′
j ,(20)

q
(h)
i = ρ

(
h̃ vi − h̃ ṽi

)
(21)

= ρ c̃p˜T ′′ v′′i + ρ (cp,1 − cp,2)
(
T̃ ˜ψ′′ v′′i + ˜ψ′′ T ′′ v′′i

)
,

q
(hψ)
i = (h1 − h2) ji − (h̃1 − h̃2) ji = (cp,1 − cp,2)

(
T ′′ ji + T ′j′i

)
,(22)

q
(k)
i = 1

2ρ
(
ṽ� v� vi − 2 ṽ� ṽ� vi − ṽ� v� ṽi + 2 ṽ� ṽ� ṽi

)
= 1

2ρ
˜v′′� v

′′
� v

′′
i ,(23)

q
(v)
i = −

(
σv
ij vj − σv

ij ṽj

)
= −σv

ij v′′j − (σv
ij)

′ v′j ,(24)

q
(ψ)
i = ρ

(
ψ̃ vi − ψ̃ ṽi

)
= ρ ˜ψ′′ v′′i .(25)
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Here we have taken advantage of the properties a′ = 0 and ã′′ = 0 of cell
and face averaging (but not convolution with a filter).

A related SGS quantity, the fluctuation kinetic energy k defined by ρ k =
1
2τ�� =

1
2ρ

˜v′′� v
′′
� , arises in the formula Ẽ = 1

2 ṽ� ṽ�+ ẽ+k. The Favre-averaged

specific internal energy ẽ is viewed as c̃vT̃ plus the SGS term c̃vT − c̃vT̃ =

(cv,1 − cv,2)˜ψ′′ T ′′; and the averaged pressure p = ρR̃ T occurring in the
conservation laws is treated similarly. Also, in ji = −ρD ∂ψ/∂xi, the variable

ψ should be replaced by ψ̃ plus the SGS term ψ′′; similarly, the SGS terms
v′′� and T ′′ enter into σv

ij and qi, respectively. Notice that a quantity such as

ψ′′ is equivalently written as ρ ˜(ρ−1)′′ ψ′′.
Thus we see that an SGS term for the compressible mixing of two

gases, under the stated modeling assumptions, involves either a covariance

cov(a, b) = a′ b′, a Favre covariance c̃ov(a, b) = ˜a′′ b′′, or a third-order Favre

cumulant c̃um(a, b, c) = ˜a′′ b′′ c′′, where a, b and c are each one of ρ−1, vi, T
or ψ or their spatial derivatives.

5. Expansions for SGS terms

The flux appearing in the discretized conservation laws (2) is decomposed,
via Eq. (3), into a function of U = En U plus the SGS flux. A function of
En U is said to be resolved on Mn. In this section we develop expansions for
SGS terms involving quantities that are resolved on successively finer grids.

5.1. Leonard SGS term

A familiar SGS term is the Reynolds stress tensor τ
(n)
ij , where

(26) τ
(n)
ij = ρ vi vj − ρ vi ρ vj/ρ .

The superscript n indicates that the averaging occurs on the grid Mn. Con-

sider the corresponding tensor τ
(n−1)
ij = ρ̂ vi vj − ρ̂ vi ρ̂ vj/ρ̂ on the once-

coarsened grid Mn−1, where the caret denotes averaging for Mn−1, and

compare it with τ
(n)
ij , as averaged onto Mn−1. The Germano identity [8]

is that the difference τ
(n−1)
ij − τ̂

(n)
ij between these two Mn-unresolved SGS

terms reduces to the Leonard stress tensor [19, 29, 24]

(27) L(n−1)
ij = ̂ρ ṽi ṽj − ρ̂ ṽi ρ̂ ṽj/ρ̂ ,

which is resolved on Mn. The reduction occurs because of the cancellation
of the two terms, ρ̂ vi vj and ̂ρ vi vj , that are not Mn-resolved.
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5.2. Generalized Leonard SGS term

More generally, consider an SGS term in the form of a Favre covariance

(28) c̃ovn(a, b) = ˜a′′ b′′ = ã b′′ = Ẽn

[
a F̃n b

]
of the quantities a and b with respect to the mesh Mn. (The ordinary
covariance covn(a, b) = a′ b′ is included as a special case.) By analogy, we
define the corresponding Leonard SGS term to be

(29) L̃n(a, b) = c̃ovn(a, b)− Ẽn c̃ovn+1(a, b) .

As we now demonstrate, this quantity is Mn+1-resolved provided that ρ a
and ρ b are components of U .

Using the identity (28) on levels n and n + 1, along with the operator
identity (9) and the definitions F̃n = I − Ẽn and F̃n+1 = I − Ẽn+1, we see
that

L̃n(a, b) = Ẽn

[
a F̃n b

]
− ẼnẼn+1

[
a F̃n+1 b

]
= Ẽn

[
a (Ẽn+1 − Ẽn) b

]
.

(30)

By identity (9) again along with Eq. (11) at levels n and n+ 1,

(31) L̃n(a, b) = Ẽn

[
(Ẽn+1 a) Ẽn+1 b

]
− Ẽn

[
(Ẽn a) Ẽn b

]
.

Finally, according to identity (9), an Mn-resolved quantity is also Mn+1-
resolved. Hence L̃n(a, b) is Mn+1-resolved.

5.3. Expansion for a covariance

Next we develop an expansion for the Favre covariance c̃ovn(a, b) = ˜a′′ b′′.
By definition of the generalized Leonard SGS term,

c̃ovn(a, b) = L̃n(a, b) + Ẽn c̃ovn+1(a, b) .(32)

By induction on n, we see that

(33) c̃ovn(a, b) = Ẽn

J∑
j=0

L̃n+j(a, b) + Ẽn c̃ovn+J+1(a, b) .
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The sum involving Leonard terms, which we denote by c̃ovn,J(a, b), is re-
solved on the grid Mn+J+1. The remainder is denoted by Rn,J(a, b).

5.4. Expansion for a third-order cumulant

Some of the SGS terms in system (15)–(18) involve third-order cumulants,

such as ˜ψ′′ T ′′ v′′i and ˜v′′� v
′′
� v

′′
i . The presence of fluctuations indicates that

these terms are not Mn-resolved; and because they are not covariances,
they are not handled by the methods of Sec. 5.3. Our procedure is to expand
each fluctuation factor as an average plus a fluctuation relative to Mn+1,
and after organizing and simplifying the result, we iterate and generate the
expansion with remainder to all orders.

The expansion step is to replace each of the F̃n operators in the general
third-order cumulant,

(34) c̃umn(a, b, c) = ˜a′′ b′′ c′′ = Ẽn

[
(F̃na) (F̃nb) (F̃nc)

]
,

using the identity

(35) F̃n =
(
Ẽn+1 − Ẽn

)
+ F̃n+1 .

Let the quantity in parentheses be denoted by F̃n,1. The expansion generates
eight terms. The term

(36) c̃umn,1(a, b, c) = Ẽn

[
(F̃n,1 a) (F̃n,1 b) (F̃n,1 c)

]

from which F̃n+1 is absent is the leading order of the expansion. The seven
terms with one, two or three F̃n+1 operators constitute the remainder term,
R̃n,1(a, b, c). In fact, the terms in R̃n,1(a, b, c) with one F̃n+1 are zero as they
each involve a fluctuation averaged against the product of two constant
states; thus there are four non-zero remainder terms.

To continue this expansion of ˜a′′ b′′ c′′, we employ the operator identity

(37) F̃n =
(
Ẽn+J+1 − Ẽn

)
+ F̃n+J+1 .

With the quantity in parentheses in the preceding equation denoted by F̃n,J ,

(38) c̃umn(a, b, c) = Ẽn

[
(F̃n,J a) (F̃n,J b) (F̃n,J c)

]
+ R̃n,J(a, b, c) ,
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where the remainder R̃n,J(a, b, c) comprises the four nonzero terms involv-

ing the operator F̃n+J+1. The first term in Eq. (38), which we denote by
c̃umn,J(a, b, c), is resolved on the grid Mn+J+1.

6. Numerical modeling

The discretized system of conservation laws, Eqs. (2)–(4), involve the SGS
flux, defined by Eq. (3), which depends in an essential way on the solution
U , not solely on the face average U = En U . To close the governing system of
equations, each SGS term must be related to the face average of the solution
through a closure relation. In dynamic SGS modeling, the closure relation
is determined with the aid of the Leonard SGS term.

6.1. Dynamic SGS modeling

We assume that the replacement for the SGS term for the grid levelMn takes
the form cnMn for some coefficient sequence cn. HereMn, is called the model
for the particular SGS term. It is required to be a function of the cell averages
of the primitive quantities in the dynamic equations, so that the expression
for Mn “closes”. Furthermore, we make the asymptotic assumption that cn
converges as n → ∞, so that cn is approximately independent of n when
n is large. The limit, denoted c, is the turbulent transport coefficient. For
instance, when the SGS term is c̃ovn(a, b), the closure, or modeling, relation
is

(39) c̃ovn(a, b) ≈ cMn .

If c̃ovn(a, b) is a tensor quantity, so is the corresponding model Mn, and
distinct coefficients are used for the deviatoric and spherical parts of this
relationship.

Determination of the turbulent transport coefficient c (LES step 5 in
Sec. 2.3) proceeds as follows. Because the same coefficient c relates the SGS
term to the model at both grid levels Mn−1 and Mn, the difference Mn−1−
Ẽn−1Mn is a model for the Leonard SGS term L̃n−1(a, b). We therefore
compute c by requiring that

(40) L̃n−1(a, b) ≈ c
(
Mn−1 − Ẽn−1Mn

)
.

All expressions in Eq. (40), other than c, are Mn-resolved. Thus, using (40),
c is also. For tensor SGS terms, c is a scalar and (40) is interpreted in the
sense of least squares.
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The cancellation of terms in L̃n−1(a, b) is exact, whereas the assumption
that c̃ovn(a, b) is proportional to the model Mn is an ansatz or approxima-
tion. The choice of model remains open for experimentation and improve-
ment. Once the model has been specified, Eq. (40) determines the coefficient
c dynamically from the solution.

In keeping with the discussion in Sec. 2.3 regarding choice of renormal-
ization length scales, the turbulent transport coefficients of all SGS terms,
excepting the anisotropic viscous term, are taken to be proportional to the
anisotropic turbulent viscosity, with a dimensionless coefficient of propor-
tionality.

6.2. Third-order cumulants and higher order expansion terms

We believe the closed form expansion terms derived here for the unclosed
SGS terms is new and could aid in future efforts to improve modeling of
closure terms. In the cubic expansion, there are four remainder terms, three
with two F̃n+1 and one with three of them. The Leonard stress is again a dif-
ference, arranged so that unobserved terms cancel and models proportional
to Leonard stress terms are solvable in a current grid level. We are not aware
of any effort to build a model for cubic or higher order quadratic expansion
terms out of grid averaged primitive variables. If one imagines a higher order
LES closure, in which the quadratic terms have their own dynamic equa-
tions, and thus become primitive variables, then the construction of models
for cubic expansion terms can be constructed from the quadratic averaged
variables. Similarly, higher order expansion terms appear to be naturally
related to higher order LES closures. We do not go into details. We form a
similar difference of SGS stress terms, out of the cubic terms, as was done for
the quadratic case. Thus we form the difference of the Jth expansion starting
at n−J−1 with the Ẽn−1 projection of the Jth expansion, starting at n−J .
For the first, we substitute n− J − 1 for N in (38). For the second, which is
subtracted from the first, we substitute n−J for n in (38). We need to show
that the difference is Mn-resolved. For this purpose it is sufficient to look at
the differences of the remainders of these expansions. Each remainder has
J expansion steps and J mesh levels of F̃ factors. The specific mesh levels
and factors are shifted by one unit in the two terms of the difference, and
it is these distinct mesh level factors at the beginning and end of the finite
expansions that we examine. For each, we “undo” the basic expansion step,
replacing F̃ s with a sum of I and the corresponding Ẽ. The difference with
the I inserted cancels, and the difference (or the individual terms) with the
Ẽ inserted is Mn-resolved. Thus we see that the cubic higher order Leonard
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term is Mn-resolved. Subject to the construction of a suitable higher order
model, the higher order model coefficient can be determined.

6.3. The leading order RNG expansion

To leading order, we consider a single RNG step. With the current grid level
denoted M = Mn, we also consider the once refined grid Mn+1, for which
each cell has been refined once in each mesh direction. On the cell faces
of Mn, we consider functions which are piecewise constant on cell faces of
Mn+1. In all cases, the leading order contribution to the unclosed SGS term
is a product of two or more differences of primitive variables multiplied by
an expression depending on ρ and perhaps other variables which are not
differenced. The differences occur in one or both of the directions tangential
to the face of the grid cell. Detailed evaluation of these terms offers possible
improvement for SGS modeling.

7. The LES/SGS/FT algorithm: V&V

Without question, turbulence and turbulent mixing are important problems
for scientific computing and play a central role in modern engineering design.
Validation of these simulations (comparison to experiment) is an essential
part of the scientific method. With nonunique and algorithmically depen-
dent numerical solutions, validation is hardly possible and instead, robust
engineering design relies on calibration, which depends intrinsically on a
sufficient range of experiments in a neighborhood of a design point.

We see a tight linkage between SGS terms and a cure for possible nu-
merical nonuniqueness. Solutions are observed to vary as a consequence of
variation of the SGS terms. Omission of these terms or the inclusion of
transport related algorithmic artifacts leads to a variation in the solution,
i.e., nonuniqueness. Thus we find that specification of the SGS terms in
combination with control over diffusion related numerical artifacts removes
the nonuniqueness. Nonuniqueness has its ultimate origin in the numeri-
cal miss-specification of fluid transport. In the present case, with molecular
transport added according to the laws of physics, it is the turbulent and nu-
merical transport which gives rise to nonuniqueness of solutions. The SGS
terms, which specify subgrid turbulent transport, and front tracking to re-
duce numerical diffusion restore uniqueness. It remains to show that this
choice (dynamic SGS terms and control over numerical mass diffusion) sat-
isfies the standards of V&V.

Nonuniqueness is a strictly mathematical verification issue. Within the
study of turbulence, the sensitivity of solutions to turbulence models is ubiq-
uitous. Numerical nonuniqueness for the high Re limit has been demon-
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strated by the wide range of simulation results obtained for a single high Re
turbulent mixing problem [4]. Code comparison [25] of apparently converged
solutions showed differences in thermal mixing properties. Additionally, sys-
tematic variation of the SGS coefficient has been observed to change the
atomic mixing properties of nominally converged solutions [27]. Consistent
with these observations are the comments [10]: “Results using the MILES
approach for LES are found to strongly depend on scheme parameters and
grid size. Also, physical variables cannot be simultaneously predicted.” See
also [33, 6, 1].

7.1. Verification and validation

In Table 1, we summarize the observed numerical and experimental varia-
tion in efforts to determine the overall growth rate α of the Rayleigh-Taylor
instability mixing zone (MZ) width. Note the good validation results which
have been achieved using FT/LES/SGS, particle methods and DNS (see Ta-
ble 2). The Rayleigh-Taylor (RT) experiments give unique α values, i.e., they
are appear to be repeatable (we allocate the 5–30% experimental variation
in RT α predominantly to variation in recorded experimental conditions, in
keeping with our simulations which duplicate the experiment to experiment
variation in α), so that any solution (such as the FT/LES/SGS solution)
which agrees with these experiments is itself numerically unique.

In [27], we outline a validation/verification program for LES in the high
Re regime, based on the code FT/LES/SGS. The LES/SGS framework has
no adjustable parameters. Our validation is in the RT experimental regime.
We have validated the FT/LES/SGS code by comparison to experimental
measurements of the RT growth rate α, conducted at Re ∼ 3.5 × 104. Ex-
trapolation to larger or infinite values of Re is treated as a perturbation with
the small expansion parameter 1/Re and analyzed by simulation methods
(verification). This validation tests the transport coefficients, which in the
LES/SGS framework, are not adjustable, and which are much more sensitive
in the RT experiments than in the Richtmyer-Meshkov (RM) experiments.
Additionally, FT has been compared to RAGE [25] for RM problems and so
we rely on the RM validation of RAGE.

We have conducted extensive studies of RT instabilities, as V&V for the
FT/LES/SGS algorithm. Expanding on the bottom two lines of Table 1,
we summarize the principal results in Table 2. For completeness, DNS and
particle method simulations, which also show agreement with experiment,
are included. We observe nearly perfect agreement between simulation and
experiment, within error bars, and accuracy sufficient to distinguish between
the distinct alphas of distinct experiments. In this way, we show that the
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Table 1: Variabilities in α from a variety of experimental and numerical
sources

Experimental variabilities
Due to initial conditions 5–30%
Due to experimental fluid transport properties 20%

Numerical issues: ILES
ILES to experiment discrepancy [4] 100%
ILES to ILES simulation discrepancy [4] 50%

Numerical issues: LES/SGS/FT
Numerical variation from transport coefficients [20, 21] 5%
FT/LES/SGS to experiment discrepancy [21] 5%

Table 2: Comparison of FT simulation to experiment, for the RT growth
rate α. Discrepancy refers to the comparison of results outside of uncertainty
intervals, if any, as reported

Ref. Exp. Sim. Ref. αexp αsim Discrepancy
LES/SGS/FT

[38] #112 [20] 0.052 0.055 6%
[38] #105 [9] 0.072 0.076± 0.004 0%

[38, 36] 10 exp. [7] 0.055–0.077 0.066 0%
[34] air-He [23] 0.065–0.07 0.069 0%
[31] hot-cold [20, 9] 0.070± 0.011 0.075 0%
[32] salt-fresh [9] 0.085± 0.005 0.084 0%

DNS
[31] hot-cold [31] 0.070± 0.011 ∼ 0.070 0%

Particle Methods
[12] [12] 0.06± 0.005

variation in α across multiple experiments is caused partly by initial con-
ditions (the water channel splitter plate experiments introduce significant
noise) and partly by changes in the fluid transport properties of the fluids
[20, 21]. The common belief that significant long wave length noise present in
the initial data explains the factor of two discrepancy between experiment
and the numerous ILES simulations, has been shown to be false [9]. The
effect on α from the long wave length perturbations in the initial condition
of [38] was shown [9] to be ±5%.

V&V for higher statistical moments and a full pdf is still an open research
question, but partial results have been obtained. Convergence properties of
the second moments of concentration and the CDF (cumulative distribution
function) for a RT instability are analyzed in [13, 15, 22]. Convergence of
the CDFs for the joint concentration-temperature (micro) variables of an
RM instability were studied in [27, 28]
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The primary comparison issues addressed in this paper is the comparison
of FT/LES/SGS to ILES and to DNS, as well as FT compared to DNS.

A separate question is the comparison of the variety of turbulence algo-
rithms which do include explicit SGS terms. The reader is referred to survey
and review documents e.g., [30, 18] for this active research topic. We also
mention the approximate deconvolution method (ADM) [39].

7.2. A new V&V study

Practical engineering calculations depend on RANS simulations, in which
only the large scale, problem specific scales are resolved, while none of the
turbulent scales are resolved. This method requires extensive modeling, and
generally extensive data to set model parameters in a problem specific man-
ner. As experimental data is expensive or otherwise not always available,
LES or DNS are often used to fill in the missing data. For this purpose
second moments of the solution primitive variables are needed, as these are
the quantities modeled by RANS, and for which parameters are required.

We find new issues not encountered in the V&V studies referenced in
Tables 1 and 2, which concentrated on MZ width. In many respects, the
convergence of mean solution quantities follows that of the MZ. The new
issues are

1. Second moments may fail to converge in a simulation for which the MZ
or mean flow quantities have converged. More generally, the required
resolution for convergence to occur depends on the functional used to
assess convergence and the accuracy required.

2. DNS has its own needs for V&V, in that judgements are involved in
assessing the DNS criteria of “full resolution of all relevant quantities”.

3. Near DNS simulations studied here are shown not to require LES/SGS
terms, but may still contain transport related numerical artifacts af-
fecting the numerical and thus the total Sc and Pr. The RNG analysis
contributes to understanding the possibility of numerically generated
SGS terms.

We study the flow of hot and cold water over two horizontal channels,
starting at a splitter plate and entering an observational chamber [31]. The
flow is noisy with initial perturbations measured and used in the simula-
tions. A normalized mixture-velocity correlation θ and two second velocity
moments were recorded. Simulations using the 10th order accurate compact
stencil central difference code Miranda were conducted at a nearly DNS
level, meaning that the mesh was 2× finer than the Kolmogorov scale and
1.2× coarser than the Batchelor scale [31]. All simulations were based on in-
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compressible codes, so that the hot and cold water were treated as distinct
miscible fluids with a Schmidt number Sc = 7. The Miranda simulation
and experimental data are compared to a converged series of FT/LES/SGS
simulations.

The velocity-concentration correlations show the converged FT/LES/SG
S simulation going through all but a few possibly anomalous experimental
data intervals, while the Miranda simulation missed all of the late time
experimental data by 10 to 30%; Error bars attributed to the data analysis
of the Miranda simulation improve on this comparison.

The flow is marginally turbulent, and could be better characterized as
stirring rather than turbulent mixing. For this reason the SGS terms played
no role in the FT/LES/SGS simulation; virtually identical results were ob-
tained with and without their use. In this case the simulation could be called
FT/ILES. The resolution was two, four, eight times coarser than that used
in the Miranda simulation, and was truely LES, i.e., not close to DNS. As
indicated in Table 2, the two codes agree with the experiments for the value
of α. See Figure 1 for the velocity-concentration 2nd moment code compar-
ison and validation study. This study indicates an improved performance
of FT/LES/SGS relative to Miranda in regard to agreement to experimen-
tal data. Results for the two velocity correlations were inconclusive, with all
three data (experiment and two simulations studies) in qualitative agreement
but lacking detailed agreement among any two of the three. See Figure 2.

In Table 3 we summarize the conclusions of multiple V&V and code com-
parison studies. We indicate separately the importance of the full FT/LES/S
GS algorithm and of each of its FT and LES/SGS portions, regarding the
MZ, the cut cell thermodynamics and second moments of single point statis-
tics (2nd Moments). Convergence of means of the solution primitive vari-
ables generally follows the convergence of the MZ, and is not considered
separately. The table entry U indicates unknown and the entry N indicates
that neither FT nor LES/SGS appear to be important. The table entries
concern fluids only. FT would appear to have a value regarding cut cell vari-
ation in strength and opacity, an issue not studied. Plasmas generally have
small Sc and Pr numbers and will follow the fluids case only for Sc ≥ 0.3
or Pr ≥ 0.3, based on estimates of numerical diffusion for typical Eulerian
codes. Estimates of the Pr and Sc values that arise in an inertial confinement
implosion, an example of a plasma flow, are given in [35].

7.3. FTI: the Front Tracking API

As the improvement of the FronTier simulations over the Miranda code lies
in its use of Front Tracking, we explain the design of this software pack-



Large eddy simulation, turbulent transport and the RNG 173

Figure 1: A nearly DNS Miranda simulation of flow of hot and cold wa-
ter over a splitter plate and into an observational channel, giving rise to
a Rayleigh-Taylor mixing flow. Plotted is the mixing coefficient θ(τ) =
〈f(1 − f)〉/〈f〉 〈1 − f〉 on the center plane of the MZ as a function of the
dimensionless time τ [31], where f is the mixing fraction (of hot vs. cold
water). In addition, three FronTier simulations of this same experiment are
plotted with two, four and eight times coarser grid resolutions.

age. A front is a triangulated surface, moving dynamically in a flow. Front

Tracking, at its essence, is a software package to manage the dynamics of

this surface and its interaction with a physics (client) code. To separate

these two roles, to allow ease of use by a client code, and to separate the

surface management issues from the user, we have introduced an application

programming interface (API) called FTI.

The main client functions required to use FTI are to propagate a front

point and to form a modified stencil for finite difference stencils that cross

the front. Both depend on front points, which are two sided (double valued)

states located at front points. These are not true dynamic variables, but are

computed on the fly from the interior (regular grid cell) states. To compute

a front point, a one-sided interpolation/extrapolation algorithm is needed,
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Figure 2: Velocity second moments, comparing experiment to the Miranda
and sequence of FT/LES/SGS simulations Left1: 〈v′zv′z〉; right: 〈v′xv′x〉. Note
the difference of scales in the two plots, so that the vertical correlation
(left) accounts for approximately 80% of the TKE. While the converged
FT/LES/SGS simulations show an advantage over Miranda in comparison
to experiment, our main conclusion is that no two of the three data sets
(two simulation codes and one experiment) show satisfactory agreement,
indicating that further studies, including new experiments, are needed.

which determines extrapolation of interior states to the front using values
from a single side of the front. The resulting pair of states are called the
outer front states, and they define a Riemann problem, to be solved in the
direction normal to the front. The midstates of this Riemann problem are
the front states.

The conservative version of FTI (not yet implemented) is described in
[16]. FTI has been installed in the High Energy Density Code FLASH, and
it should be noted that the installation consumed about two weeks of effort,
with another two weeks for debugging and testing.

The primary benefit of FTI is to reduce numerical diffusion associated
with steep gradients or discontinuities. Thus its value decreases as the sim-
ulation progresses and the gradients become less pronounced. On the other
hand, the cost and complexity of the fronts increase with time. Thus, there is
a benefit in the selective untracking of portions of the front in late time. We
regard FTI as the ultimate ALE (Arbitrary Eulerian Lagrangian) code, in
the sense that the Lagrangian aspect of the code is confined to a surface. As

1Corrects error in [11].
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Table 3: The role of Front Tracking (FT) and LES with subgrid models
(LES/SGS) for the modeling or three solution details (mixing zone edges,
cut cell thermodynamics and second moments of the solution state variables)
for several cases of RT and RT instabilities. The entry FT/LES/SGS or FT
indicates the code feature of importance for the indicated problem. The
entry N indicates neither FT nor SGS/LES appear to be important, while
U indicates an unknown case

MZ Edge Cut Cell 2nd Moments
Thermodynamics

RT (fluids)
High Re FT/LES/SGS [20, 9, 4] U U
Low Re N [31]; this work U FT (this work)

RM (fluids) N [25] FT [25] U

with all ALE codes, in late time there is a need to convert progressively to an
Eulerian mode. FTI is no exception to this rule, but by design, the Eulerian
conversion can be postponed to far later times that is possible with ALE
in general. Selective untracking is among our future plans and the reported
simulation did not use the feature.

8. Discussion

We have re-examined the relation between LES and the RNG. LES cannot
be an RNG fixed point as it fails to be scale invariant. However, the RNG
expansion still applies, and based on this, we derive a closed form expansion
for the unclosed SGS terms. To leading order, this expansion coincides with
the Leonard stress in the derivation of the dynamic SGS models. The full
expansion of the unclosed terms suggests a higher order determination of the
model coefficients. For design of aircraft and for flow in pipes, lift and drag,
the important observables, are macro in nature. For reactive flows, such as
combustion, micro observables of atomic mixing properties are fundamental.
They are the direct input to continuum level chemical reaction rate laws.
Accurate modeling of micro observables allows finite rate LES chemistry and
elimination of flame structure models from combustion simulations. Practi-
cal requirements of engineering simulations also lead to the importance of
LES and of compressible simulations.

We discuss the possible role of numerical and physical modeling issues
in the selection of a high Re limit point. We have identified the RNG rele-
vant variables as the dimensionless parameters of the Euler equation. The
identification of these parameters as relevant is conventional within RNG
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methods, but it is neither demonstrated by the results of this paper nor is
it essential to them. RNG theories may also include dimensional equation
parameters, as with the mass of the electron in quantum field theory. Some
of the dimensionless turbulent transport parameters could turn out to be
irrelevant (decreasing more rapidly under RNG iterations) and still parame-
terize non-unique solutions, to be achieved by a stronger fractal or numerical
algorithmic forcing.

The scientific understanding of turbulent mixing and its dependence on
Re in the simple “pure hydro” example considered here provides an indis-
pensable foundation for the study of mixing in the multi-physics context
likely to prevail in complex problems of engineering interest.
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