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Abstract 

If one begins with the assertion that the type IIA string compacti- 
fied on a K3 surface is equivalent to the heterotic string on a four-torus 
one may try to find a statement about duality in ten dimensions by 
decompactifying the four-torus. Such a decompactification renders the 
K3 surface highly singular. The resultant K3 surface may be analyzed 
in two quite different ways — one of which is natural from the point 
of view of differential geometry and the other from the point of view 
of algebraic geometry. We see how the former leads to a "squashed K3 
surface" and reproduces the Hofava-Witten picture of the heterotic 
string in M-theory. The latter produces a "stable degeneration" and is 
tied more closely to F-theory. We use the relationship between these de- 
generations to obtain the M-theory picture of a point-like Eg-instanton 
directly from the F-theory picture of the same object. 

1    Introduction 

As is now well-known, the original multitude of dualities involving various 
string theories and M-theory are highly interrelated and can be reduced down 
to some minimal set from which all others may be deduced. For example, 
Sen [1] showed that the known dualities could be reduced to T-dualities (i.e., 
dualities between weakly coupled strings that can be deduced from world- 
sheet methods) and the duality between the type I open string and the 
Spin(32)/Z2 heterotic string in ten dimensions. In this approach M-theory 
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is defined as the strongly-coupled limit of the type IIA string. We will also 
adopt this definition of M-theory here even though there has been recent 
progress in a more intrinsic approach to M-theory [2]. 

It is, of course, largely a question of taste as to which string duality 
is to be considered as more fundamental than another. In this paper we 
will take the duality between the type IIA string on a K3 surface and the 
heterotic string on a four-torus to be fundamental. One motivation for this is 
that compactification of closed string theories on complicated objects, such 
as Calabi-Yau manifolds, is currently better-understood than that for open 
strings. 

If one is to take a six-dimensional pair of string compactifications as a 
fundamental axiom of string duality then one needs to be able to "decom- 
pactify" this dual pair in order to make statements about higher-dimensional 
theories. It is the geometry of this decompactification process that we wish 
to discuss in this paper. 

The majority of this paper will not be particularly original as most of the 
results we discuss have appeared in various guises elsewhere, especially in 
[3,4]. Given the large number of dualities at our disposal, any given problem 
may be solved in a large number of ways. For example, the recent paper [5] 
covers similar questions to those posed here but from a different viewpoint. 
The main purpose of this paper will be to emphasize a particularly direct 
relation between the geometry of F-theory and of M-theory especially where 
the structure of the E$ x Eg heterotic string is apparent. Each picture will 
turn out to be closely related to a decompactification question. 

The moduli space of a type IIA string on a K3 surface and the moduli 
space of a heterotic string on a four-torus are understood and are exactly 
the same. This allows us to know exactly which K3 surfaces correspond to 
exactly which four-torus. See [6] for a review of these facts. We may then 
ask the question of what exactly happens to the K3 surface as the 1-cycles 
in the four-torus are taken to be very large. This should tell us how the type 
IIA string can be dual to the heterotic string in more than 6 dimensions. 

An important aspect about this process with respect to the moduli space 
concerned is that this degeneration consists of going an infinite distance in 
the moduli space. This is what makes the analysis somewhat subtle. 

We will illustrate the two types of limits we wish to consider in the moduli 
space by examining the well-known moduli space of a two-torus in section 2. 
In section 3 we will then squash a K3 surface as an application of one type 
of limit. This will reproduce the Hofava-Witten picture [7] of the E$ x E$ 
heterotic string on a line segment. We will then use the other kind of limit to 
produce the stable degeneration picture on F-theory in section 4. Finally in 
section 5 we use the relationship between the two degenerations to turn an 
F-theory picture into an M-theory picture. The example studied will be that 
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of point-like i?8-mstantons corresponding to 5-branes peeling off the end of 
the M-theory line segment as in [8,9]. 

2    The Two-Torus 

Before we analyze the contortions our K3 surface will undergo in order to 
decompactify the heterotic four-torus, we will begin with the simplest ex- 
ample of an infinite-distance degeneration. This is that of the two-torus, or 
elliptic curve. 

The usual description of T2 is that of the complex ^-plane divided out 
by the identifications 

zt-+z + l,    zy-*z + T, (2.1) 

where r is some complex number, Im(T) > 0. We do not care about the 
overall size of the torus — just the complex structure. In this case r is only 
defined up to the SL(2, Z) transformations 

az + b ,^ ^ 
r H+  2.2 

cz + d K     } 

This allows us to restrict r to the well-known fundamental region 

-4<Re(T)<±,     |r|>l. (2.3) 

So long as r is finite within this region we clearly have a nice smooth torus. 
In the limit where r becomes 

Too = lim a + ip, (2.4) 
/3->oo 

where a and /? are real, the torus degenerates. This is the object of interest. 
Metrically it is clear what has happened to the torus if we inherit the 

flat metric of the £-plane. One of the 1-cycles has become infinitely larger 
than the other. Since we didn't fix the overall area of the torus, there are 
two obvious possibilities. One is that one cycle remains fixed and the other 
becomes infinite, or that one cycle remains fixed and the other shrinks to 
zero size. 

One answer to the question of what the degenerate torus looks like there- 
fore is that it has become very "skinny" and shrunk itself down to a circle. 
That is, the dimension has decreased from two real dimensions to one real 
dimension. Note that the value of a in (2.4) is irrelevant in this limit. 

This we take to be the differential geometer's picture of the degenerate 
torus. If one uses the flat metric on the torus to determine the exact shape of 
the limit then the above picture is unavoidable. As is well-known however, 
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this is not the only way of analyzing the problem. If one asks an algebraic 
geometer to write down a torus, one might end up with the complex curve 

^o + xi + x2 - ty XQX1X2 = 0, (2.5) 

in P2. Now the complex structure is governed by ij> up to the equivalence 

^cw,   </"->-^r|, (2-6) 

where LJ = exp(27ri/3). 
Now, if i/) 7^ 1, or equivalent, then this elliptic curve is smooth and is just 

as good as description of a 2-torus as that given earlier and one may deduce 
a finite value of r corresponding to a given value of ip. It might therefore 
appear that r = Too corresponds to if; = 1. This is not literally true however. 
When 1/1 = 1, (2.5) factorizes into 

(XQ + xi + xi)(xo + uxi + U2
XI)(XQ + UJ

2
XI + UJXI) = 0. (2.7) 

Now each of the three factors in (2.7) is a linear hyperplane in P2 and is 
therefore a sphere. Each pair of spheres touch each other once. Thus we 
have a ring of three 2-spheres. 

This picture of the degenerated torus thus corresponds to pinching down 
three parallel 1-cycles. This is quite different to the differential geometer's 
answer above. The dimension of the torus hasn't changed at all in the 
algebraic geometers picture — only a finite number of 1-cycles have been 
shrunk down. In the differential geometer's picture all the 1-cycles in a 
given class were shrunk down to zero size. 

The degeneration of the torus given by (2.7) is known as a "semi-stable" 
degeneration. The general idea of a semi-stable degeneration is to write 
down a fibration 

TT : «r -> A, (2.8) 

where & is a smooth algebraic variety of dimension one greater than that 
required and A is some open subset of the complex t-plane. The variety of 
interest will then be the fibre 7r~1(t) which will be smooth everywhere except 
at t = 0 which will correspond to the degenerated space. 

That is, a semi-stable degeneration of an elliptic curve corresponds to the 
possible singular fibres of an elliptic fibration of a complex surface1. These 
were classified by Kodaira and have appeared frequently in the context of 
F-theory, see, for example, [3,6]. 

^ne can also demand that the central fibre, TT  ^O), be a reduced divisor by allowing 
for suitable base changes. See [10] for more details. 
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The semi-stable degeneration is not particularly satisfactory for our pur- 
poses as the answer is not unique. The idea of a "stable" degeneration is to 
find the "most generic" semi-stable degeneration and deem it more funda- 
mental than the others. In the case of elliptic curves, the natural degenera- 
tion to choose is the one in which precisely one cycle has been shrunk down. 
See, for example, chapter one of [10] for an explanation of this together with 
the relevant references. 

We have seen in this section that there are two natural models for a 
degeneration of a torus. To the metrically minded, the torus shrinks itself 
onto a circle. To the algebraically minded, the degeneration is less severe 
and consists of just one cycle in the torus shrinking to a point. 

3    M-Theory 

The purpose of this section is to fulfill the promise made in [11] that the ten- 
dimensional heterotic string can be understood as M-theory on a squashed 
K3 surface. This will be consistent with the Hofava-Witten picture [7] in 
that this squashed K3 surface will be a finite line segment, 1 (i.e., S1/Z2). 
The general principles of this calculation were outlined in [3]. The Hofava- 
Witten picture or squashed K3 surface has also appeared in discussions of 
M(atrix) theory — see, for example, [12,13]. 

Our method will be that of the differential geometer who uses a metric 
on the K3 surface to analyze the exact way in which it degenerates. We will 
only consider the E$ x Es heterotic string here. There appears to be no ob- 
vious obstacle in applying this technique to the Spin(32)/Z2 heterotic string 
although it will be technically harder. If an answer for the Spin(32)/Z2 het- 
erotic string could be found it would be very interesting given the equivalence 
of the strongly-coupled Spin(32)/Z2 heterotic string to the type I string in 
ten dimensions. 

Let us consider the heterotic string on the four-torus. We will decom- 
pactify as follows. Firstly switch off all the Wilson lines to give an .Eg x Es 
gauge symmetry. Then set the JB-field to zero and make the T4 be given 
by a product of four orthogonal circles of radius ^/a^ for i = 1,... , 4. We 
may treat all four directions on an equal footing by letting all four radii be 
equal. We should have in mind then that we are going to ultimately set 
ai = #2 = Ois = (Xj. Having said that, in order to present the construction 
it will be easiest if we allow the notation to distinguish between the various 
G^'s. We therefore treat the c^'s as independent for most of the time. To 
decompactify we let ai —>• oo. What does all this do to the K3 surface of the 
dual type IIA string? 

We may answer this question given the explicit form of the map between 
the heterotic string's four-torus and the type IIA string's K3 surface [14]. 
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Most of the manipulations we will perform are explained at length in [6] (in 
particular, section 5.6) and so we will be brief here. Recall that the moduli 
space of both the K3 surface and the four-torus in question is given by 

^ = O(r4,2o)\ 0(4,20)/(O(4) x 0(20)), (3.1) 

which may be interpreted as the Grassmannian of space-like 4-planes, 11, 
within M4,20, divided by the isometrics of the even unimodular lattice F^o C 
M4'20. 

To achieve the E& x Eg gauge symmetry we decompose 

'^,20 = ^0^0^,4, (3.2) 

and impose that 11 is orthogonal to Fg ©Fg. This produces two Eg quotient 
singularities in the K3 surface. Let w1,... ,iy4 be four null vectors in M4,4 

and let tuj,... ,w;| be their duals. Together they generate r4)4. Let 11 be 
given by the span of the vectors 

w* + ]r^V, (3.3) 

for some matrix ip.   One may then show (cf. section 5.6 of [6]) that the 
desired location in moduli space is given by 

v = 
/oi    0 0 0\ 

0 G!2 0 0 
0     0 as 0 

\0     0 0 014/ 

(3.4) 

for cti —> 00. 
For the degeneration we wish to perform, we are free to decompose fur- 

ther 

r4,4 = r2,2©r2,2, (3.5) 

and assert that 11 is spanned by two space-like 2-planes, £1 and V, each of 
which is a subspace of r2)2 ®i R In terms of the K3 surface this amounts 
to asserting that we have an algebraic K3 surface whose complex structure 
is determined by fi and whose Kahler form and U-field is given by U. The 
24 elements of the cohomology of the K3 surface can be divided into three 
sets: 

1. The 16 classes corresponding to the cycles shrunk to zero size to pro- 
duce the two Eg singularities and hence the Eg x Eg gauge symmetry. 
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2. The four classes spanning ^,2 giving the "quantum Picard lattice" 
which is the classical Picard lattice plus r^i generated by H0 and i/4. 
Thus the Picard lattice is IYI. 

3. The remaining transcendental lattice of 2-cycles given by T2J2- 

The fact that the Picard lattice is Fi^ is sufficient to show that the K3 surface 
is an elliptic fibration with a unique section. The two Eg singularities can be 
exhibited as two 11* fibres in Kodaira's notation. Generically we have four 
Ii fibres elsewhere. 

Now we have the upper-left matrix (^ £ ) of (3.4) controlling the Kahler 

form of the K3 surface and the lower-right submatrix (^f £ ) controlling the 
complex structure of the K3 surface. Thus, in the c^ —> oo limit, both the 
Kahler form and the complex structure of the K3 surface will degenerate. 
Note that the choice of ip in (3.4) sets the B-field on the K3 surface to zero. 

We will begin by focusing on the Kahler moduli. Let us begin by associ- 
ating the classes generated by H0 and H4 to wl and wl. The Picard lattice 
of the K3 surface is generated by the class of the section and the class of the 
generic fibre. The section is a rational curve and it thus has self-intersection 
—2. Let us call this class C and associate it to the class w^ — w2. The generic 
elliptic fibre we denote E and associate it to w2. It can be shown [6] that 
the Kahler form is then given by 

That is, we have 

J = y2^W2 + u~w' (3-6) 

Vol(K3) = J. J = ai 

Area(C) = J.C=J^+   I"1"2 

2a2     V    2 (3-7) 

The units are those set by the string tension (i.e., the length is set by VG/). 

In the limit we require we put a2 = ai and let ai go to infinity. This 
produces the following behaviors 

Vol(K3) - ai 

Area(C) - ai (3.8) 

Area(£;) - 1. 

That is, the area of the section of the fibration (i.e., the base) grows while 
the area of the fibre remains fixed. 
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Now we consider the complex structure degeneration. We need to un- 
derstand how both the elliptic fibre and the section deform as as and 0:4 are 
taken to infinity. We will need to use our knowledge of the bad fibres in the 
elliptic fibration to achieve this goal. At two points in the base we have type 
II* fibres, blown-down to produce the E& singularities in the K3 surface, and 
at four other points we have Ii fibres. The relative locations of these fibres 
move as the complex structure is varied. 

One method, as explained in [3], is to attempt to analyze the metric on 
the section in terms of deficit angles around the location of the bad fibres. 
As shown in [15], if the discriminant of the elliptic curve vanishes to order N 
at a bad fibre, then asymptotically one has a deficit angle of NTT/G around 
a bad fibre. One can then try to model the section in terms of curvature 
localized around the locations of the bad fibres. This method is somewhat 
difficult to use to obtain a quantitative picture of the K3 degeneration in the 
form we require as it does not lend itself easily to a description in terms of 
the moduli space we are using. 

Instead we will look at the periods of the holomorphic 2-form, fi. The 
integral of fi over a transcendental 2-cycle (i.e., a 2-cycle that is not homol- 
ogous to a holomorphic curve) will be generically nonzero. One may fix a 
hyperkahler (and thus Ricci-flat) metric on the K3 surface while changing 
the complex structure to turn fi into a (suitably normalized) Kahler form. 
At the same time, if the transcendental cycles are suitably chosen, they will 
become holomorphic curves. Thus, these periods measure the areas of the 
transcendental cycles. The suitable transcendental 2-cycles required are the 
ones whose areas are minimized within a given homology class. These are 
the "supersymmetric cycles" as discussed in the 3-fold case in [16]. (These 
object were also discussed in the K3 case in [17].) Knowing these areas will 
allow us to see how the section and fibre degenerate in the limit we require. 

The idea will be to analyze these periods in a way very analogous to the 
above discussion of the areas of the algebraic cycles. This will allow us to 
find a symmetry which interchanges various 2-cycles together with the roles 
of ai, 0^2, and a^. 

What are the transcendental 2-cycles in our elliptic fibration? The final 
answer is fairly simple and has been encountered before in the context of 
string theory — see, for example, [18]. Technically speaking, for an elliptic 
fibration TT : S -» B, the cohomology of S is given by the Leray spectral 
sequence (see, for example, [19]). Since the fibration has singularities we 
need to be even more technical and use higher direct image sheaves (see, 
for example, [20]). Using the fact that the spectral sequence degenerates at 
i?2) we have that the second cohomology of our K3 surface is given by the 
expression 

tf2(S, Z) = H0(£, i?27r*Z) 0 H^B, R1
TT*Z) 0 H2(B, 7r*Z). (3.9) 
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Roughly speaking, these objects are not as fearsome as they may first appear. 
Homologically speaking (i.e., taking the 2-cycle dual to the 2-form), the first 
term on the right-hand side of (3.9) represents monodromy-invariant 2-cycles 
in the fibre together with other 2-cycles coming from reducible bad fibres. 
The only monodromy-invariant 2-cycle in the fibre is, of course, the elliptic 
fibre itself. The last term represents the section, C. All the 2-cycles in the 
first and final term are algebraic. Any transcendental cycles must be in the 
term#1(.B,i?17r*Z). 

Again, roughly speaking, the term liirl(.B,.R17r*Z) consists of elements 
dual to 2-cycles built by transporting 1-cycles in the fibre along non-contract- 
able 1-chains in the base. Algebraic 2-cycles in this term correspond to 
elements of the Mordell-Weil group of the fibration (see, for example, [21]). 
In our case this group is trivial and so the term ^(B^R^TT^Z) corresponds 
purely to our desired transcendental 2-cycles. 

As mentioned earlier, the transcendental lattice is isomorphic to r2,2- 
We thus need to build four 2-cycles by transporting 1-cycles in the fibre over 
1-chains in the base which generate this lattice. 

The first attempt is to take a 1-cycle in the fibre and go around a circle 
in the base. If this circle can be smoothly contracted then clearly such a 
constructed 2-cycle will be homologically trivial. Thus the circle must go 
around locations of more than one bad fibre. In this case however, the 1- 
cycle will usually have monodromy and will not be returned to itself. This 
method will only work if we can find a collection of bad fibres such that a 
loop around this collection has no monodromy on 1-cycles in the fibre. To 
avoid the produced 2-cycle being homologically trivial we also demand that 
the monodromy individually around each component bad fibre be nontrivial. 

Such a path is given by 70 in figure 1. To see this note that a rational 
elliptic surface may be constructed by taking an elliptic fibration over P1 

where the bad fibres are given by a single type 11* fibre and two type Ii 
fibres. One may then take two rational elliptic surfaces, remove an elliptic 
curve from each (corresponding to the anticanonical divisor) and glue the 
two surfaces together along these missing curves to produce a degenerate 
K3 surface. This is the stable degeneration of the K3 surface which will be 
considered in more detail in the next section. For now however we just need 
to note that 70 is the circle that divides the bad fibres into the two sets that 
can each produce a rational elliptic surface. The fact that these sets of bad 
fibres can produce a good elliptic surface by themselves must mean that the 
monodromy around them is trivial. 

Either of the 1-cycles that generate Hi of the fibre may be transported 
around 70 and each give a 2-torus. Thus we have produced two transcen- 
dental 2-tori. Let us call these tori <?i and £2- 
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Figure 1: One-chains producing transcendental 2-cycles. 

The other two 2-cycles must be built differently. Consider two Ii loca- 
tions in the base brought together so that they coalesce and produce an I2 
fibre. This fibre must be blown-up to produce a smooth elliptic surface. 
This blow-up produces a new rational curve. Since the total cohomology of 
the surface cannot have changed during this process, there must have been 
a transcendental 2-sphere which shrank down to zero size as the two Ii loca- 
tions approached each other. It is easy to see how to make such a 2-sphere. 
An Ii fibre is exactly the stable degeneration of a 2-torus discussed in section 
2 in which one 1-cycle of the fibre shrinks down to zero size. In our case we 
have two Ii fibres in which the same cycle shrinks (otherwise they would not 
coalesce to form an I2 fibre). The 2-sphere can therefore be built as parallel 
lines of "latitude" on the 2-sphere given by this 1-cycle in the fibre which 
shrinks down to zero at the north and south poles. We show this in figure 2. 

We may thus associate a transcendental 2-sphere to the path between two 
Ii fibres that would produce a type I2 fibre if they were to coalesce. This 
need not be the case for any pair of type Ii fibres however. Consider the 
upper pair of Ii fibres in figure 1. We know that these two fibres, together 
with the upper II* fibre can produce a rational elliptic surface. The elliptic 
surface produced by a II* fibre and a type I2 fibre would have Picard number 
11 (one from the section, one from the generic fibre, eight more from the II* 
fibre and one more from the I2 fibre).  As the rational elliptic surface has 
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Figure 2: Building a transcendental 2-sphere. 

Picard number 10 this is impossible. Each of these type Ii fibres contracts 
a different circle in the fibre. The same is true for the lower pair of Ii fibres. 

It is not hard to convince oneself that the only way to produce the desired 
result is to generate two 2-spheres by using the paths shown as 71 and 72 in 
figure 1. Let us call these 2-cycles ^1 and ^2 respectively. One may show 
that the intersection numbers are given by 

<5i • &j 0 

"IJ (3.10) 

&i ' &j — —zdj 13-> 

thus generating 172,2 as desired. 
As we saw earlier, the 2-torus, J5, together with the 2-sphere, C, generate 

the Picard lattice, F^i. In addition we now see that the 2-torus, <£i, together 
with the 2-sphere, ^i, generate another F^i while <§2 and ^2 generate a third 

ri,i. 
We have now given an explicit construction of the lattice F^ in (3.2) as 

r^ = ^,10^,10^,10^,1. (3.11) 

The first F^i term can be associated to the quantum, HQ and #4, part 
of the homology. The second term is the Picard lattice and the third and 
fourth terms are generated by the transcendental cycles {^i, A} and {^25 ^2} 
respectively. The parameters ai,a2,a3, and a^ can also be associated to 
each of the four terms in (3.11). Thus by setting these parameters equal, 
there will be a symmetry of the K3 surface that interchanges these sets. That 
is, fixing a hyperkahler metric on the K3 surface, but allowing the complex 
structure to vary, we may take any of these other three F^i lattices to be 
the Picard lattice. 



138 M-THEORY VERSUS F-THEORY PICTURES ... 

Since we set 0^2 = as = 0:4 any statement about the areas of the 2-cycles 
C and E must also be true about the 2-cycles Si and %. That is from (3.8), 
in our limit, 

Aiea(*S)~«i (312) 

Area(^) ~ 1, v      ' 

for i = 1 or 2. 
We now want to know how to relate the areas of the supersymmet- 

ric cycles to the lengths of the 1-cycles we have drawn in figure 1. Since 
7ri(K3) = 0, we have that i?2(K3) = 7r2(K3). To build a supersymmetric 
cycle we can therefore continuously shrink the transcendental cycles we have 
built above. We will take it as being intuitively clear that the resulting min- 
imal area will be proportional to the product of the shortest possible 1-cycle 
in the fibre and shortest possible 1-chain in the base in the right class2. 

That is, up to factors which we are ignoring, the area of a 2-cycle gen- 
erated by transporting a 1-cycle in the fibre over a one-chain in the base is 
given by a product of the length of the 1-cycle in the fibre times the length 
of the one-chain in the base. The only way to achieve all the areas to be the 
desired size is to make both cycles in the generic fibre of length order one 
and the chains in the base to satisfy 

Length(7o) ~ 1 

Length(7i) ~ ai (3.13) 

Length(72) ~ ai. 

In the above we assume each chain above is some kind of "geodesic" of 
shortest possible length in its class. The only way to achieve this is to 
stretch figure 1 into a long vertical sausage of length ai. 

The picture as ai —> 00 is therefore of a K3 surface which is stretching 
out in one direction but remaining fixed in the other three directions. When 
written as an elliptic fibration, the generic fibre remains fixed in size but the 
section (or base) elongates in one direction. 

Therefore if we take an Es x E$ heterotic string on a four-torus and 
allow the four-torus to dilate equally in all four directions, the dual type IIA 
string is compactified on a space which is only large in one dimension. It is 
interesting to compare this with the calculation in [23] which showed that if 
the type IIA string's K3 surface is dilated in all four directions equally, then 
the heterotic four-torus expands in only one direction, leaving a fixed three- 
torus. This latter correspondence was used to show that M-theory on a K3 

2We are not being particularly rigorous here. One might be able to construct the 
supersymmetric cycles explicitly along the lines of [22] and then tie it to our construction 
but we will not attempt this here. I thank D. Morrison for pointing this out to me. 
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surface is dual to the heterotic string on a three-torus. Our case is somewhat 
different as we wish to consider the final dual pair in ten dimensions rather 
than seven. 

Let us denote the ten-dimensional heterotic dilaton by AH,IO 
and the ten- 

dimensional type II dilaton by An,io- Similarly, the six-dimensional dilatons 
are given by AH,6 and An^, respectively. We also have metrics gu and 511 by 
which lengths are measured. We need to be a little careful in the following 
argument to keep track of the string scale correctly. We use L to denote the 
natural type IIA scale. That is, our K3 surface above will be of length L in 
three directions. Now we have 

AH,IO = VO1H(T
4
)A^6 ~ a?A|i6, (3.14) 

and 

A?i,io = Voln(K3)A&>6 ~ aiL
3X2

Ilfi. (3.15) 

Heterotic - type II duality however dictates that 

AH,6 = Xu% (3-16) 

and so 

a3L3 

AH,io ~ T5—• (3-17) 
AII,10 

This shows that as c*i —> oo, the only way that we may maintain a finite 
coupling for the ten-dimensional heterotic string is to let the type IIA string 
become infinitely coupled — that is, we require M-theory. Now, as shown 
in [23], the metric in M-theory is scaled with respect to the type IIA string 
according to 

_2 

9M = SIIAIIV (3-18) 

Therefore, as An^o -> oo M-theory lengths are infinitely shorter than type 
II lengths. This means that whereas the type IIA string's K3 surface was 
expanding in one direction, the M-theory K3 surface will actually shrink in 
the three dimensions. The resulting shape is therefore a line segment which 
we denote 1. This is the "squashed K3 surface" of [11]. To be precise, put 

* = aiAnJ0, (3.19) 

as the length of the 71 and 72 lines in M-theory units, i.e., the length of 

the squashed K3 surface as measured by M-theory. We also put L = Afj 10. 
Thus we obtain 

ALo-^3- (3-20) 
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This is in complete agreement with the Hofava-Witten picture [7] which 
uses quite different logic and describes 1 as S1 /Z2. 

Note that the remnants of the E$ structure in the original K3 surface 
have been squeezed down to points. Thus the geometry of this structure 
has been lost completely. M-theory itself must therefore just assert that an 
E$ Yang-Mills theory lives at each of the ends of the line segment without 
giving it a geometrical manifestation. In [7] the existence of the E$'s was 
shown by anomaly arguments. 

4    F-Theory 

The degeneration of the K3 surface in the previous section was clearly anal- 
ogous to the degeneration in section 2 of the 2-torus which collapsed onto 
a circle. That is, every 1-cycle in a given class is shrunk down to zero size 
resulting in a dimension change from two to one. 

In this section we will pursue the algebraic geometer's "stable degenera- 
tion" analogous to just shrinking down one cycle of the two-torus. This was 
proposed in [4] and then explained at length in [24]. We will not repeat that 
description here but just emphasize certain points. We thus refer the reader 
to section 3 of [24] for details regarding some of the discussion below. 

The first stage of the decompactification in the previous section consisted 
of stretching the Kahler form so that the section of the K3 surface had an 
area much greater than the elliptic fibre. We do the same for F-theory. In 
fact this may be taken as the defining step that takes the type IIA string to 
F-theory. Again, as in M-theory, one may speculate that F-theory may exist 
in its own right, rather than just being a limit of string theory. Again we 
will not pursue such a line of reasoning here (and it seems less likely than 
for M-theory). 

The F-theory statement is therefore an eight-dimensional one in which 
one asserts that F-theory on a K3 surface is dual to the heterotic string on T2 

[25]. In contrast to the previous section, this T2 will not be decompactified. 
What we can do however is to ask what happens when this T2 becomes very 
large. This produces the stable degeneration for the F-theory K3 surface. 

This may appear to be quite a subtle point as to whether we consider the 
T2 as being decompactified or whether we consider it to be taken to be very 
large. What is clear however is that it does lead to quite different pictures. 
For example, the complex structure of this T2 remains as a modulus if we 
merely take the T2 to be large. If we decompactify, this modulus is lost as 
M2 has no complex deformation. 

The complex degeneration of the K3 surface we require therefore is one 
that preserves more geometric structure than the one considered in section 
3.   By analogy with the 2-torus of section 2 it is clear what we may do. 
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We saw in section 3 that the periods associated to the line 70 of figure 1 
were very small relative to the periods associated to those of 71 and 72. The 
M-theory picture of this was to shrink all the cycles in the class of 70 down 
to zero size. This squeezed the 2-sphere in figure 1 down to a line segment. 
Such a procedure was forced upon us if we wished to respect the Ricci-flat 
metric — i.e., the hyperkahler structure. 

Figure 3: The stable degeneration of an elliptic K3. 

If we forget about metrics, we are free to shrink the single cycle 70 
down to zero size producing figure 3. This changes the base of the elliptic 
fibration from a single P1 to two P^s intersecting at a point. Therefore, the 
K3 surface itself degenerates into two rational elliptic surfaces intersecting 
along an elliptic curve. This latter elliptic curve is the fibre over the point of 
intersection of the two base P^s. This is the stable degeneration of [4,24] and 
is clearly the analogue of the stable degeneration of the 2-torus in section 2. 

It is striking to see just how different the two pictures of the degen- 
eration are. The M-theory degeneration consisted of a line segment with 
little structure. The F-theory degeneration consists of two rational elliptic 
surfaces. Again, we should emphasize that the F-theory picture is not a 
complete decompactification. The complex structure of the T2 remains as a 
modulus. In fact, as explained in [4,24] the modulus of the T2 on which the 
E$ x E$ heterotic string is compactified is exactly the modulus of the elliptic 
curve which is the intersection of the two rational elliptic surfaces on the 
F-theory side. This elliptic curve, which we will call JE*, is the fibre over the 
point of intersection over the two P^s in figure 3. Note also that while the 
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E$ structures were squeezed out of geometry in M-theory, they are still very 
much present in the F-theory degeneration in the rational elliptic surfaces. 

In order to compactify the E& x E& heterotic string on T2, we need to 
choose an instanton background for each of the two jKg's on the 2-torus. The 
moduli space of such objects is (up to some subtleties of S'-equivalence) the 
same as the moduli space of semi-stable holomorphic bundles with structure 
group given by the complex group E$. It was explained in [4] (see also 
the appendix of [26]) that such bundles could be built from E$ del Pezzo 
surfaces and that the moduli space of such del Pezzo surfaces yielded the 
desired moduli space. 

In our case we have rational elliptic surfaces representing the ^-bundles 
rather than del Pezzo surfaces. This is not much of a problem however. A 
rational elliptic surface can be written as an E$ del Pezzo surface blown up 
at one point. Indeed, the model of the stable degeneration of the K3 surface 
in question can be flopped so as to replace the rational elliptic surfaces with 
Es del Pezzo surfaces3. 

5    M-theory from F-theory 

We have two pictures of the E$ x E$ heterotic string on an elliptic curve, E*. 
The F-theory picture, in the large E* limit, is that of the stable degeneration 
in figure 3 where E* is the fibre (at least as far as complex structure is 
concerned) over the point of intersection of the two base P^s. The M-theory 
picture is a compactification on 1 x E*. It is clear how to produce the M- 
theory picture from the limiting F-theory picture — simply squeeze the base 
P1^ in figure 3 to produce I. That is, modify figure 3 so that all of the 
cycles in the class 70 shrink to zero size rather that just one. 

This should allow the M-theory picture of any F-theory compactification 
to be constructed. We will illustrate this procedure here by considering 
point-like .Es-mstantons from the E$ x Es heterotic string compactified on 
a K3 surface. 

In order to compactify the Es x Eg heterotic string on a K3 surface one 
requires two Eg-instanton backgrounds on the K3 surface in order to com- 
pactify the gauge degrees of freedom of the heterotic string. In the simplest 
case, 24 instantons are required to cancel anomalies. These instantons have 
a moduli space and lead to moduli in the string compactification. These 
moduli live in hypermultiplets of the uncompactified six-dimensional theory. 

3Actually the construction of [4] can be modified so that it uses the rational elliptic 
surface directly. In this case the spectral data is built from intersections of elements of 
the Mordell-Weil group of the rational elliptic curve with E*. This construction produces 
a rather direct picture of the vector bundle data in the stable degeneration and should be 
studied further. 
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The branch of the moduli space consisting of such variations is convention- 
ally called the "Higgs" branch. It was shown in [8, 9] that if one of these 
instantons becomes point-like in the K3 surface then new massless moduli 
may appear leading to a phase transition. These moduli are in tensor mul- 
tiplets of the six-dimensional field theory and form the "Coulomb branch". 

The approach used in [8, 9] was based on M-theory compactified on 
XxK3. This is the picture we wish to "derive". An alternative picture 
was given in [3,27] based on F-theory. This is the picture we will take as 
the starting point and which we now review briefly. We refer to [6] for an 
pedagogical description. 

Consider F-theory on a Calabi-Yau threefold, X, which is an elliptic 
fibration over a Hirzebruch surface Fn. Let / denote a generic P1-fibre of 
the Hirzebruch surface and let Co denote the section with self-intersection 
—n. Restricting the elliptic fibration to any / produces a K3 surface. Thus 
X is also a K3-fibration over P1. 

Unbroken nonabelian gauge groups can be generated by curves of certain 
fibres within Fn and perturbative gauge symmetries arise from sections of 
Fn (or multi-sections for higher-level symmetries). We may model all 24 
instantons as being small by forcing an E$ x E$ unbroken gauge symmetry 
which is produced by two sections of II* fibres in Fn. When this is done, 
the geometry allows one to blow-up the base Fn while keeping the elliptic 
fibration Calabi-Yau. This corresponds to the phase transition produced by 
the small j^s-instantons. 

This precise geometry of such a transition is shown in figure 4. In this di- 
agram complex dimensions are drawn as real, i.e., complex curves are drawn 
as real curves. The horizontal lines and curves denote complex curves of 
singular fibres of the Kodaira type as indicated. The vertical lines represent 
P1-fibres, /, of the Hirzebruch surface (over which the elliptic fibre is gener- 
ically smooth). Figure 4a shows two point-like instantons — one in one E$ 
and one in the other Eg, each represented in F-theory by collisions of curves 
of II* fibres with curves of Ii as shown. Such a collision can be blown up 
yielding the transition into the Coulomb branch. This is done for the bottom 
jEg-instanton in figure 4b. This produces a new curve in the base. The effect 
of this is to replace the /-line that had passed through the location of the 
instanton by two P^s intersecting transversely. If we just blow up a little 
bit, the new P1 that passes through the former location of the instanton will 
be small while the other P1 will be only slightly smaller than the generic 
/-line. 

One may increase the size of the blow-up by changing the relative sizes 
of the two P^s. Note that by homology arguments the total area of the 
these two P^s is fixed and equal to the area of the generic /-line. The larger 
blow-up is shown in figure 4c. We cannot increase the size of the blow-up 
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Figure 4: The F-theory picture of moving point-like .Eg-instantons. 

indefinitely — eventually the original P1 will shrink down to zero size. This 
is shown in figure 4d and corresponds to the point-like instanton having 
moved from one E% to the other. 

Each /-line represents the base of an elliptic K3 surface on which the F- 
theory is compactified. We know however that we can turn such a K3 surface 
into the M-theory picture by squashing this P1 down to a line segment. To 
be exact, we should first go to the stable degeneration, which picks out a 
special T2 fibre in the elliptic fibration, which we called JE*. Then we squash 
the P1 down completely to reproduce M-theory on X x E* for each /-line. 

When we go to the stable degeneration, i£* will vary as a move around the 
base P1 of the Hirzebruch surface. The geometry of the stable degeneration 
was discussed in [24]. The result is that E* acts as the elliptic fibre of a K3 
surface as we move over the base P1. This means that globally the picture 
becomes M-theory compactified on XxK3. 

This is the story for the generic /-lines at least. We should also worry 
about the special fibres in figures 4b and 4c which have become two P^s. 
What happens to these as we go to the M-theory limit? 

Actually, squashing these two P1 's is exactly the same as squashing the 
stable degeneration picture of the K3 surface. The equivalence between the 
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geometry of stable degenerations and point-like instantons was discussed 
in [24]. We are thus considering the same degeneration as at the start of this 
section. That is, each P1 squashes down to a line and then these two lines 
are joined end-to-end to form a longer line. This longer line will be the same 
length as the generic J's produced by generic /-lines. It is important to note 
however that the point where these two lines join is significant. As we vary 
the size of the blow-up, this point will move up and down the resulting line 
1. 

X 

Figure 5: Squashing /-lines into X-lines. 

This process of moving from F-theory to M-theory is shown in figure 5. 
The vertical complex /-lines in the picture in F-theory are squeezed into real 
line segments of the form 1. The reducible fibres corresponding to blow-ups 
induced by point-like instantons result in a point being marked within the 
relevant line segments. 

The result then is that figure 4, in the M-theory limit, will be an (1 x 
i3*)-bundle over P1, except at the image of the locations of the point-like 
instantons in the base P1 where the 1 will have a special marked point. It 
is easy to see how to match this up to the picture of [8,9]. This special 
"marked point" on 1 is the location of a u5-brane". The transition shown 
in figure 4 turns into a picture of a 5-brane moving from one end of 1 to the 
other end. 

Note that in our description we have only specified the location of the 
5-brane over the base P1 and not as a point in the K3 surface. To fix a point 
in the K3 surface we need to further localize the 5-brane to a point in the 
jE^-fibre. This degree of freedom is a hypermultiplet degree of freedom and 
is of the type usually "missed" by F-theory. See [4] for further discussion of 
these extra moduli in the hypermultiplets. 

We see then that the F-theory picture of point-like instantons can be 
mapped in a very direct fashion to the M-theory picture. 
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