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Abstract

We prove the existence of topological rings in (0,2) theories containing
non-anomalous left-moving U(1) currents by which they may be twisted.
While the twisted models are not topological, their ground operators form
a ring under non-singular OPE which reduces to the (a,c) or (c,c) ring
at (2,2) points and to a classical sheaf cohomology ring at large radius,
defining a quantum sheaf cohomology away from these special loci. In
the special case of Calabi–Yau compactifications, these rings are shown to
exist globally on the moduli space if the rank of the holomorphic bundle
is less than eight.

1 Introduction

N=(2,2) sigma models provide a beautiful and well-padded playground in
which to study the quantum geometry of spacetime.1 Among their most

e-print archive: http://lanl.arXiv.org/abs/hep-th/0506263
†Dedicated to the memory of Rudolf Schrimpff.
1For an absurdly partial list of reference see [1–6] and references therein.
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remarkable toys are their chiral rings, which reduce to the classical
cohomology rings of the target in the large volume limit, defining a quantum
cohomology ring at finite radius where worldsheet instanton corrects
the classical result [7, 8].

Since generic (2,2) models may be smoothly deformed into (0,2) models,
it is natural to wonder if there is a (0,2) generalization of the quantum coho-
mology ring, which reduces to the finite-dimensional (a,c) ring, on the (2,2)
locus.2 At first glance this seems unlikely, since the space of chiral operators
is infinite dimensional in the absence of left-moving supersymmetry. More-
over, while (2,2) supersymmetry ensures the non-singularity of the OPEs of
(a,c) chiral operators (from which topological invariance of their correlators
follows), general right-chiral operators in (0,2) models have singular (and
thus metric-dependent) OPEs. Finally, worldsheet instanton effects can be
much more dangerous and uncontrolled than in the more well-understood
(2,2) models – indeed, until recently [12–14], it was widely believed that
most (0,2) models were destabilized by instantons and could not be defined
non-perturbatively [15, 16]. On the other hand, finite-dimensional appar-
ently topological rings have been identified in several (0,2) theories, both by
mirror symmetry [17] and through explicit construction in certain exactly
solved (0,2) models [18]. The problem is thus not if they exist, but when.

Classical geometry provides a hint in the case of (0,2) NLSMs on holo-
morphic vector bundles over Kähler targets, V → X, where the right-moving
supercharge maps to the Dolbeault operator on X twisted in the bundle V to
which the left-moving fermions couple. In these models, while the cohomol-
ogy of the right-moving supercharge is in general infinite dimensional (and is
related to the elliptic cohomology of X), H∗(X, ∧∗V) forms a finite dimen-
sional sub-algebra. When V is a smooth deformation of TX , this is a smooth
deformation of the de Rham cohomology ring of X, and the usual trace,
given by integration over X, is maintained. For more general V, integration
on X provides a natural trace if ∧topV = K∗

X , where KX is the canonical
bundle over X; the existence of a trace makes our ring a Frobenius ring.
Suggestively, ∧topV = K∗

X implies the preservation of a left-moving U(1)
current algebra on the worldsheet; if the (0,2) theory is a deformation of a
(2,2) theory by an element of H1(X, End(TX)), this U(1) is the unbroken
left-moving R-symmetry. It is thus natural to suppose that the ring of oper-
ators which computes the de Rham cohomology in the classical limit of a
(2,2) model persists as a ring away from (2,2) loci.

In this article, we prove the existence of finite-dimensional topological
rings in (0,2) theories containing conserved left-moving U(1) currents. While

2For background on (0,2) models, see e.g. [9, 11].
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the A and B twists are only quasi-topological away from (2,2) loci, their
ground rings are fully topological on open sets in the (0,2) moduli space
and sometimes globally, reducing to the (a,c) and (c,c) rings at (2,2) loci
and to classical sheaf cohomology rings at large radius. They thus define a
quantum deformation of sheaf cohomology.

Our argument begins by defining the set of (a,c) and (c,c) operators away
from (2,2) loci. The familiar definition of the (a,c) and (c,c) operators as the
cohomology of left- and right-moving supercharges clearly does not general-
ize. Happily, a familiar stratagem from Hodge theory suggests a natural def-
inition which does generalize: since, at the (2,2) point, {Q†, Q} = L0 − 1

2J0

and Q2 = 0, where Q is the left-moving supercharge of the (2,2) point, the
kernel of L0 − 1

2J0 is in one-to-one correspondence with cohomology classes
of Q. We thus focus attention on the set of states satisfying Δ = ±1

2q within
right-moving Q-cohomology, to which we refer as the A and B operators.

We then prove that the OPE of these operators is non-singular on open
patches of the bundle moduli space, and globally under certain conditions.
The argument is quite simple. First, quantization of worldsheet spin ensures
that the left- and right-moving conformal dimensions vary in lock step as
we vary bundle moduli,3 i.e. Δ − Δ = n ∈ Z (we will see that the spins
are always integer in the twisted models we work with). As a result, the
holomorphic (i.e. left-moving) dimension of a right-chiral operator in a
completely generic (0,2) model is bounded from below despite the absence
of a left-moving BPS bound. By working around special points in moduli
space where quantum corrections may be controlled, e.g. (2,2) loci or large
radius, we will be able to forbid singular terms in the OPEs of A or B ring
operator for finite motions in moduli space, ensuring that their correlators
are independent of insertion points and that the A and B rings close under
OPE. Local results in hand, the left-moving U(1) current algebra provides
global statements: in the case of (0,2) CFTs with bundles of rank less than
8, unitarity will actually forbid the appearance of singular terms globally on
the moduli space; when the rank is 8 or greater, it puts powerful constraints
on the form such operators must take.

It is important to emphasize that these arguments rely on (0,2) supersym-
metry and the existence of a (possibly anomalous) left-moving U(1) current
algebra, but not on sigma model perturbation theory – they are exact to all
orders and non-perturbatively in the sigma model coupling. In particular,

3We will assume throughout that the spectrum varies smoothly as we vary bundle
moduli – importantly, this is the case at generic points in the moduli space of good string
compactifications. At branch points of the moduli space, the story is modified, as we shall
discuss below.



660 ALLAN ADAMS ET AL.

these rings are not violated by worldsheet instantons. This fits nicely with
conjectures for the quantum cohomology of (0,2) models derived via mir-
ror symmetry [17], in which both perturbative and worldsheet instanton
contributions respected the ring structure of the A and B models.

We begin in Section 2 with a review of the salient features of N = 2 chiral
rings in A and B twisted (2,2) models. In Section 3, we define the A and B
twists of (0,2) theories and use the results of Section 2 to identify two subsets
of the right-chiral ring, which are natural generalizations of the (a,c) and
(c,c) operators. In Section 4, we identify necessary and sufficient conditions
for these operators to form sub-rings of the (0,2) right-chiral ring, both in
the neighborhood of large-radius or (2,2) loci and globally on the bundle
moduli space, for both conformal and massive models. Section 5 discusses
some examples of these (0,2) rings in models of philosophical and perhaps
phenomenological interest. We close in Section 6 with an interpretive dance.

2 Chiral rings in (2,2) models

We begin our study of chiral rings in (0,2) models by reviewing the special
case of (2,2) models in which, after twisting, the A and B model rings may be
identified with the cohomology of right- and left-moving scalar supercharges.
This is not meant to be a self-contained introduction to N = 2 rings in (2,2)
theories, for which we direct the interested reader to the very beautiful
original work of Lerche et al. [7] or the discussion in [19], but simply a
review of the salient features emphasizing points that will be useful in what
follows.

2.1 (2,2) Supersymmetry

The generators of the (2,2) superconformal algebra include left- and right-
moving supercharges Q and Q charged under left- and right-moving U(1)
R-currents J and J , as well as holomorphic and antiholomorphic stress ten-
sors T (z) and T (z). For simplicity, we focus on the right-moving symmetry
algebra; the left-moving sector is identical. The commutators of the right-
moving algebra include

Q
2 = Q

†2 = 0, {Q,Q
†} = 2i∂z, [J,Q] = Q, [J,Q

†] = −Q
†
.

Expanding in modes, the right-moving supercommutator may be written,

{G(r), G
†
(s)} = 2L(r+s) − (r − s)J (r+s) +

c

3

(
r2 − 1

4

)
δr+s,0,
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where c is the right-moving central charge, leading to a BPS bound,

Δ ≥ 1
2
q.

Operators saturate this right-moving BPS bound iff they are chiral primary,
i.e. iff they satisfy Q

†O = 0; as a result, any product of chiral operators
is again chiral. Similarly, operators satisfying QO = 0 saturate the BPS
bound with opposite sign, i.e. Δ ≥ 1

2 |q|. Identical considerations apply
to the left-moving sector. Operators which are both left- and right-BPS
form a particularly interesting set of operators; up to complex conjugation,
there are two distinct sets, the left-chiral–right-chiral (c,c) operators and the
left-anti-chiral–right-chiral (a,c) operators. Since the product of two chiral
operators is again chiral, the (c,c) and (a,c) operators form rings, which
have many beautiful properties which are lovingly explored elsewhere (see
e.g. [20]).

2.2 The twisted models

Twisting allows us to identify a consistent truncation of an N = 2 theory
to its chiral ring. Consider again the right-moving N = 2. Instead of orga-
nizing operators into representations of the Euclidean Lorentz symmetry,
U(1)E, we work in representations of the diagonal subgroup of Lorentz and
R symmetries, U(1)E × U(1)R. This has the effect of labelling operators not
by their dimension, Δ, but by their dimension minus half their R-charge,
h = Δ − 1

2q; this is the dimension you would measure with a “twisted” stress
tensor, T

t = T − 1
2∂zJ . Since the chiral operators have twisted dimension

zero, the chiral ring of the untwisted theory becomes the ground ring of the
twisted theory, a useful simplification.

By the same token, the chiral supercharge Q
† has twisted dimension zero

and transforms under T
t as a scalar; we may thus consistently truncate

the theory by restricting to its cohomology. Working in Q
†-cohomology

restricts us to the ground ring of the twisted model, i.e. to the chiral ring of
the untwisted theory. We could, of course, have chosen to twist by +1

2∂zJ ,
isolating the anti-chiral ring – however, these twists are related by complex
conjugation, and thus give isomorphic rings.

So far we have been discussing only the right-moving symmetry algebra;
in (2,2) models, identical considerations obtain for the left-movers. We now
have two inequivalent choices for the currents by which to twist, JR ∓ JL.
In general these give non-isomorphic models: the ground ring of the (−)
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twisted “A” model is the (a,c) ring of the untwisted (2,2) theory, whereas
the ground ring of the (+) twisted “B” model is the (c,c) ring.

In the special case of NLSMs, twisting has a nice geometric meaning.
In addition to scalars φi coordinatizing the target space, X, (2,2) NLSMs
contain right- and left- moving fermions coupling to the tangent bundle,
ρi and λi, a right mover coupling to the complex conjugate of the tangent
bundle, and a left-moving fermion coupling to the cotangent bundle, λa, i.e.4

λi ∈ Γ
(√

KΣ ⊗ φ∗TX

)
, ρi ∈ Γ

(√
KΣ ⊗ φ∗TX

)
,

λi ∈ Γ (KΣ ⊗ φ∗T ∗
X) , ρı ∈ Γ

(√
KΣ ⊗ φ∗TX

)
.

Twisting reorganizes these fermions into representations of the twisted
Lorentz algebra; for example, in the A twist,

λi ∈ Γ (φ∗TX) , ρi ∈ Γ
(
KΣ ⊗ φ∗TX

)
,

λi ∈ Γ
(√

KΣ ⊗ φ∗T ∗
X

)
, ρı ∈ Γ

(
φ∗TX

)
.

Operators in the twisted theory are mapped to form in the target space,
with left- and right-moving fermion number giving holomorphic and anti-
holomorphic grading, i.e.

Op,q ←→ Ωp,q(X).

Moreover, since the supercharges act as, e.g. Q
† ∼ ρı δ

δφı , they push forward
to the Dolbeault operators of the target space,

Q
† ←→ ∂.

The cohomology of the supercharges in the A twisted theory thus maps to
the Dolbeault cohomology of the target,

[Op,q] ←→ Hp,q(X).

The (a,c) ring is thus the Dolbeault cohomology ring of the target.

Of course, everything we have just said was classical – what of quan-
tum corrections in the NLSM? N = 2 forbids any perturbative corrections;
however, instanton effects may well modify the classical correlation func-
tions. The instanton-corrected correlators of the twisted model thus define
a quantum version of the Dolbeault cohomology, reducing to the classical

4This churlish notation differs from standard (2,2) notation in treating left- and right-
moving fermions asymmetrically; while this obscures the full (2,2) supersymmetry, it will
prove convenient in our study of intrinsically (0,2) models below.
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cohomology theory in the large-radius limit, where worldsheet instanton
contributions vanish.

3 The A and B operators in (0,2) theories

Our aim is to identify topological rings in (0,2) models which deform to the
(a,c) and (c,c) rings at (2,2) loci. As such, it is useful to observe that, since
the definition of the A and B twists makes no reference to supersymmetry
but only to non-anomalous left- and right-moving U(1) currents by which to
deform the Lorentz generators, any (0,2) model with a good left-moving U(1)
current admits the A (and, if c1(X) = c1(V) = 0, B) twist as defined above.

Of course, the (a,c) and (c,c) operators of (2,2) theories are convention-
ally defined as those annihilated by the appropriate right- and left-moving
supercharges, as reviewed above; in the twisted models, they correspond to
the cohomology of the left- and right-moving scalar supercharges. This def-
inition clearly does not generalize to (0,2) models, in which the left-moving
supercharges are entirely absent, leaving us with a single right-moving scalar
supercharge whose cohomology is the infinite dimensional space of right-
chiral operators – while a beautiful mathematical object in its own right,
related to the elliptic cohomology of X, this is not the ring we are looking
for.5

There is, however, an alternate definition of the (a,c) and (c,c) operators
which does generalize, as mentioned above. The basic strategy is to pullback
to the worldsheet the usual Hodge Theory relation between the Dolbeault
(or sheaf) cohomology, Hp(X, ∧qT ∗

X), and the zero eigenspace of the ellip-
tic operator ∂

†
∂ + ∂∂

†, i.e. the set of harmonic (p, q)-forms: since (after
twisting) Q†2 = 0 and {Q†, Q} = Lt

0, states of Lt
0 = 0 are in one-to-one cor-

respondence with Q†-cohomology classes. We may thus define the set of (a,c)
and (c,c) operators in twisted (2,2) theories as the subset of Q

†-cohomology
satisfying h = Δ − 1

2 |q| = 0. While equivalent to the conventional definition
of (a,c) and (c,c) operators at (2,2) points, this definition generalizes natu-
rally to any (0,2) model with a conserved left-moving U(1) by which we can

5In fact, while this work was being completed, two preprints addressing precisely this
topic appeared on the arXiv [21, 22]; in particular, both texts seek to provide a physical
interpretation of the relatively well-developed mathematical theory of chiral de Rham
operators in terms of the full Q

†
-cohomology in the A-twist of (2,2) model or half-twist of

a (0,1) or (0,2) theory, respectively. Our interest differs from these extremely interesting
papers both in studying finite-dimensional sub-rings sharing many of the properties of
the familiar (a,c) or (c,c) ring, and in studying (0,2) models with left-moving fermions
coupling to interesting vector bundles.
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twist the left-movers.6 Quantum mechanically, while these operators clearly
form a subspace, it is not entirely obvious that they form a subring. Proving
that will be the task of the following section; the task of the remainder of this
section will be to make our definition precise. We begin by reviewing some
details of (0,2) non-linear sigma models, which will be our main examples
throughout.

3.1 The σ-model

While our basic results will obtain for all suitably well-behaved (0,2) CFTs,
we will use (0,2) NLSMs as the basic example throughout; it will thus be
helpful in what follows to describe these models in some detail, making
explicit use of the supersymmetry generator which will become the scalar
supercharge after twisting.

Our generic example will be the non-linear σ-model on a rank-r holomor-
phic bundle over a Kähler manifold, V → X. Anomaly cancellation requires
c2(V) = c2(TX) and c1(V) = c1(TX); as mentioned above and discussed in
some detail below, we will actually require slightly stronger constraint,

∧rV = K∗
X .

This ensures the existence of a natural inner product on H∗(X, ∧∗V).

The fields of the NLSM include coordinates φi on X, their right-moving
fermionic superpartners ρi which couple to the tangent bundle TX , and left-
moving fermions λa (plus their auxiliary superpartners, la) which couple to
the holomorphic vector bundle V,

λa ∈ Γ
(√

KΣ ⊗ φ∗V
)
, ρi ∈ Γ

(√
KΣ ⊗ φ∗TX

)
,

λa ∈ Γ
(√

KΣ ⊗ φ∗V∗
)
, ρı ∈ Γ

(√
KΣ ⊗ φ∗TX

)
,

and mix under the right-moving supersymmetry, Q
†, as

δφı = ρı, δφi = 0,

δρı = 0, δρi = ∂zφ
i, (3.1)

δλa = la, δλa = 0,

δla = 0, δla = Dzλ
a + F a

bij(φ)λbρiρj,

6In what we hope will be a forgivable abuse of terminology, we will refer to these as
the A and B operators, and the rings which they may (or may not) form as the A and B
rings.
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where F a
bij = −Aa

bi,j is the curvature form of V and

Dzλ
a = ∂zλ

a + Aa
bi(φ)∂zφ

iλb

is the covariant derivative.7 The action can then be written as

S =
∫

d2z {Q
†
, χ} + Sω, (3.3)

where

χ = gıj(φ)∂zφ
ıρj + λal

a (3.4)

and

Sω =
1
2

∫
d2z gıj(φ)(∂zφ

ı∂zφ
j − ∂zφ

ı∂zφ
j) + i

∫
φ∗B (3.5)

is (i times) the pullback of the complexified Kähler form, B + iω. (To avoid
the concomitant complexities, we take the 2-form, B, to be closed.) In its
full component glory, then,

S =
∫

d2z
1
2
gıj(φ)(∂zφ

ı∂zφ
j + ∂zφ

j∂zφ
ı) − gıj(φ)ρj

(
δı
k
∂z + Γı

kl
(φ)∂zφ

l
)

ρk

+ λaDzλ
a + F a

bij(φ)λaλ
bρiρj + lal

a + i

∫
φ∗B. (3.6)

Classically, this model possesses a right-moving R-symmetry and a left-
moving flavor symmetry forming a U(1)R × U(1)L global symmetry group
under which ρi and ρı have charges (±1, 0), λa and λa have charges (0,±1),
and la and la have charges (±1,±1). Classically, then, we may shift the spins
of all fields by a linear combination of their charges; in the model twisted

7The second supersymmetry, Q, is

δ̃φi = ρi, δ̃λa = la + Aa
biλ

bρi,

δ̃ρi = 0, δ̃la = −Aa
bil

bρi, (3.2)

δ̃φı = 0, δ̃λa = 0,

δ̃ρı = ∂zφı, δ̃la = ∂zλa.

The supersymmetry algebra is satisfied, provided the (2,0) part of the curvature vanishes:

Aa
b[i,j] − Aa

c[iA
c
bj] = 0.

Note that we have introduced a shift in the definition of the la, so as to make all of the Q
†

supersymmetry variations gauge-covariant. This greatly simplifies many formulæ in the
twisted model. In the untwisted model, one might prefer a more symmetrical choice.
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by J = (1 − 2s)JL + (2s − 1)JR, the “fermions” transform as

λa ∈ Γ
(
K

(1−s)
Σ ⊗ φ∗V

)
, ρi ∈ Γ

(
K

s
Σ ⊗ φ∗TX

)
, (3.7)

λa ∈ Γ (Ks
Σ ⊗ φ∗V∗), ρı ∈ Γ

(
K

(1−s)
Σ ⊗ φ∗TX

)
.

Here, s and s label the spin of the left- and right-moving fermions; the
untwisted theory has s = s = 1

2 . The auxiliary bosonic fields transform as

la ∈ Γ
(
K

(1−s)
Σ ⊗ K

s
Σ ⊗ φ∗V

)
, la ∈ Γ

(
Ks

Σ ⊗ K
(1−s)
Σ ⊗ φ∗V∗

)
. (3.8)

Quantum mechanically, these U(1) symmetries are anomalous with the
charge-violation on a genus-g surface given by:

δqL = (1 − g)(1 − 2s)r + φ∗c1(V)

δqR = (1 − g)(2s − 1)d + φ∗c1(TX).

In the untwisted (s = s = 1
2) model, the first terms vanish. To ensure that

the twisted model has a non-anomalous Lorentz symmetry, we should twist
only by a non-anomalous combination of global currents.8 Since, in the mod-
els we consider, c1(TX)=c1(V), the current JR − JL is always non-anoma-
lous, allowing us to twist by this U(1) to obtain the s = s = 1 A-model, in
which the fermions transform as

λa ∈ Γ (φ∗V), ρi ∈ Γ
(
KΣ ⊗ φ∗TX

)
, (3.9)

λa ∈ Γ (KΣ ⊗ φ∗V∗), ρı ∈ Γ (φ∗T ∗
X).

If c1(TX)=c1(V) = 0, i.e. X is Calabi–Yau, JR and JL are separately non-
anomalous and other twists are possible. For instance, the s = 0, s = 1
B-model involves twisting by JL + JR, while the s = 1

2 , s = 1 half-twisted
model involves twisting by JR alone.9

Even in the non-Calabi–Yau case, we might be tempted to consider these
other twists or relax the condition ∧rV = K∗

X . In doing so, however, we
pay a price (in addition to giving up the existence of a trace on the algebra,
as discussed below): while the local physics of these more general theories
looks fairly familiar in σ-model perturbation theory, the U(1) by which
we twist is almost invariably violated by worldsheet instantons, changing

8While we require the twisted Lorentz symmetry to be non-anomalous, the global
symmetry may, and generally will, pick up an anomaly after twisting.

9Note that the difference between the various twisted models is less dramatic in (0,2)
than in (2,2) theories – in particular, all models are subject to worldsheet instanton
corrections. That said, exchanging the roles of λa and λa while reversing the sign of JL

(and changing the la-dependence of (3.2)(3.1), which is trivial on-shell) maps A(X, V) into
B(X, V∗), imposing interesting constraints on the form of instanton corrections.
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the physics radically.10 Consider, for instance, the P
1 model, with V = 0,

discussed in [22]. In σ-model perturbation theory, there is a rich spectrum
of operators in the Q

†-cohomology (provided one does not restrict oneself
to scaling dimension zero). However, worldsheet instantons correct the Q

†-
action in such a way that all the operators pair up, and the Q

†-cohomology
of the exact theory is empty.

Aside from the existence of other twists, there is another distinction
between the Calabi–Yau case and more general “massive” σ-models with
c1 �= 0 which will be very important for us below. At the classical level,
both are conformally invariant: Tzz = 0 and the other components of the
stress tensor (for the A-model),

Tzz = −gij(φ)∂zφ
i∂zφ

j − λaDzλ
a (3.10)

Tzz = −gij(φ)∂zφ
i∂zφ

j + gij(φ)ρi(∂zρ
j + Γj

kl
∂zφ

kρl),

satisfy

[Q†
, Tzz] = −laDzλ

a +
(
−gij

(
∂zρ

j + Γj

kl
∂zφ

kρl
)

+ F a
bijλaλ

bρj
)

∂zφ
i

= 0 on-shell (3.11)

Tzz = {Q
†
,−gijρ

i∂zφ
j}.

Thus Tzz = 0 in Q
†-cohomology, whereas Tzz descends to an operator on the

Q
†-cohomology.

The fact that Tzz is not Q
†-exact, even classically, means that the (0,2)

A-model is a 2D conformal field theory, rather than a 2D topological field
theory. Our interest in the ground ring is that it forms a “topological sub-
sector” of this conformal field theory.

Quantum mechanically, the conformal structure is violated by the one-
loop β-function. Renormalization adds to the action a term of the form

Δχ1−loop = κ1 Rıj∂zφ
ıρj + κ2 gıjF a

bıjλal
b

for some divergent constants κ1,2 (with a concomitant shift of Sω by the
pullback of the Ricci form). In the Calabi–Yau case, we can make the

10On a flat worldsheet, the theory, 3.6, suffers from a σ-model anomaly, unless

ch2(V) − ch2(TX) = 0.

On a curved worldsheet, there is an additional contribution the anomaly 4-form,
1
2
c1(Σ)

(
(2s − 1)c1(V) − (2s − 1)c1(TX)

)
.

The untwisted theory (s = s = 1/2) is non-anomalous, but twisted theories are only sen-
sible when this quantity vanishes.
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conformal anomaly vanish by choosing the Ricci-flat metric and a solution
to the Uhlenbeck–Yau equation, gıjF a

bıj = 0. In the “massive models”,
however, conformal invariance is necessarily lost, and there is non-trivial
RG running. It is, however, Q

†-trivial, and so does not affect the correlation
functions of operators in the Q

†-cohomology.11 More precisely, Tzz, while no-
longer vanishing, remains Q

†-exact,

Tzz ∝ {Q
†
, ΔGzz}

and Tzz remains Q
†-exact, so, on the level of the Q

†-cohomology, we are
in almost as good shape as before. However, there is a fly in the oint-
ment. Back in equation (3.11), we noted that, classically, [Q†

, Tzz] closed
onto the equations of motion. In the massive A-model, this fails quantum
mechanically:

[Q†
, Tzz] = ∂zV �= 0, (3.12)

where V = Rıj∂zφ
jρı + . . . and its derivative does not vanish by the equa-

tions of motion. As a result, general changes of holomorphic coordinate
do not preserve Q

†-cohomology classes, so the A-model is not conformal,
though conservation of the stress tensor, ∂zTzz = −∂zTzz, does ensure that
the left-moving stress tensor is holomorphic up to Q

†-trivial terms,
∂zTzz ∼ 0.

Fortunately, our arguments do not depend on full conformal invariance;
as we shall see in the following section, all we really need is that holomor-
phic scaling dimension and momentum remain good quantum numbers in
Q

†-cohomology, i.e. that L0 and L−1 commute12 with Q
†. This is eas-

ily verified. For example, equation (3.12) and the holomorphy of Tzz imply
[Q†

, L−1] = 0. Similarly, since Q
† is by construction spinless after twisting,

0 = [S, Q
†] = i[L0, Q

†] − i[L0, Q
†] = i[L0, Q

†],

as L0 is a Q
†-commutator (since Tzz is). L0 thus preserves cohomology class.

This is enough for our purposes.

Summing up the last two paragraphs, the massive A-model is a holomor-
phic field theory invariant under global dilatations and translations, though

11In perturbation theory, that statement was precisely correct. At the level of world-
sheet instantons, the result is to trade the exponential of the pullback of the Kähler form
for the dimensionful scale, via dimensional transmutation.

12Since ∂zTzz is non-zero, Tzz is not holomorphic so it does not make sense to speak
of its Laurent coefficients, Ln. However, since Tzz is Q

†
-exact, so is the non-holomorphic

dependence of Tzz. Thus, it does make sense to talk about the Laurent coefficients, Ln,
when working modulo Q

†
-exact operators.
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not general holomorphic coordinate transformations. As we shall see, this
provides just enough control to ensure the existence of the A and B rings
in massive (0,2) models, at least in open balls around special points in the
moduli space. We will return to this subtlety in our discussion of massive
(0,2) models in the following section; for now, we will restrict attention to
models which were already conformal before twisting.

3.2 Bundle moduli

It is instructive to work out the “integrated vertex operators” which rep-
resent infinitesimal deformations of the moduli of the bundle of our (0,2)
σ-model. Infinitesimal deformations of the holomorphic structure of the vec-
tor bundle, V, correspond to elements h ∈ H1(X, EndV). Explicitly, these
are ha

bı(φ), which are ∂-closed and traceless,

ha
b[ı,j] = δb

ah
a
bı = 0

modulo those which are ∂-exact. We can write a vertex operator

V = [ha
bı∂zφ

ı + ha
bı;jρ

jρı]λaλ
b + ha

bıρ
ıλal

b, (3.13)

where
ha

bı;j = ha
bı,j + Aa

cjh
c
bı − hcıaAc

bj .

This represents a deformation of holomorphic structure of V, which – when
referred to the original basis of local sections, λa – adds a (0,1) component
to the connection, while preserving the fact that the curvature is of type
(1,1) and preserving its trace. The second term in (3.13), involving the
auxiliary field la, was added for convenience; it vanishes on-shell. If we
demand that the curvature of the deformed bundle satisfy the Uhlenbeck–
Yau equation, we should choose a harmonic representative, gıjha

bı;j = 0, for
this cohomology class.

A short computation shows that

[Q†
, V ] = ∂z(ha

bıρ
ıλaλ

b) + · · ·
where · · · are terms proportional to

∂zλa − Ac
ajλc∂zφ

j − F c
ajk

λcρ
jρk

and to la, both of which vanish on-shell. So
∫

d2z V is a Q
†-invariant defor-

mation of the σ-model.

As with deformations of the holomorphic structure of V, infinitesimal
deformations of the complex structure can be viewed as deformations of the
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∂ operator on X, which preserve ∂
2 = {∂, ∂} = 0. Such a deformation can

be written as ∂ → ∂ + dφı hı
j∂j , where hı

j(φ) ∈ H1(X, TX).

The vertex operator which implements this is somewhat lengthy to write
down in full. It can most succinctly be written as

V = δ̃U, where U = hk
j(gıj∂zφ

ı − F a
bjmlaλ

bρm)ρk, (3.14)

where we have used the second supersymmetry, (3.2). By construction,
we have {Q

†
, V } = ∂zU + · · · , where “· · · ” are terms which vanish by the

equations of motion.

Finally, deformations of the complexified Kähler structure represent
another set of Q

†-invariant deformations of the action which are even eas-
ier to understand. As we have seen the dependence of the action (3.3) on
the complexified Kähler class is given, up to Q

†-trivial terms, by Sω (3.5).
Shifting B + iω by a complex, closed (1,1)-form, b, shifts S by i

∫
φ∗b.

In the (2,2) case, A-model correlation functions are independent of the
complex structure moduli, whereas B-model correlators, which do not receive
worldsheet instanton corrections, are independent of the Kähler moduli. In
the (0,2) context, the story is, a priori, more complicated: to begin, we
have a third class of moduli, the deformations of the holomorphic vector
bundle, V, on which correlators may depend; more troublingly, both A and
B twisted models now receive instanton corrections, and thus depend on
both Kähler and complex structure moduli, as well as the bundle moduli.
One powerful constraint, that we can see from the explicit construction of
the deformations, is that the dependence on these moduli is holomorphic.
Further restrictions arise for (0,2) models in which V is a deformation of
the tangent bundle, as they must reproduce the familiar results at the (2,2)
locus. However, away from such loci, or in general (0,2) theories without
(2,2) loci on their moduli spaces, simplifications appear few and far between.

That said, explicit computations often reveal that the most general pos-
sible dependence on the moduli does not, in fact, arise. Rather, one finds
intriguing hints of various “non-renormalization” theorems ensuring that the
ring relations remain independent of certain moduli. The full implications
of these observation are, however, beyond the scope of the present article.

3.3 Right-chiral ground states in (0,2) models

Operators in the twisted theory are mapped to bundle-valued forms in the
target space. We will drop the auxiliary fields to simplify the notation, as
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they would not contribute to correlation functions at non-coincident points,
their propagators being trivial.

Since our single scalar supercharge acts as Q
† ∼ ρı δ

δφı , operators in Q
†-

cohomology take the form

Oı1···ıpρ
ı1 · · · ρıp

with

Oı1···ıp = Oı1···ıp(φ, ∂zφ, ∂2
zφ, . . . ; φ, ∂zφ, ∂2

zφ, . . . ; λa, ∂zλ
a, . . . ; λa, ∂zλa, . . .),

where we have taken the liberty of using the equations of motion for ρı

to trade z-derivatives of ρı for the other fields and their derivatives. Q
†-

closedness implies holomorphy in (the constant mode of) φ, but is otherwise
not very contraining.

Restricting to operators with Lt
0 = 0 simplifies this structure dramati-

cally: since ∂k
z φ, ∂k

z φ and λa all contribute positively to the (twisted) dimen-
sion, operators of dimension h = 0 take the beautiful simple form

Op,q ∼ Oı1···ıp;a1···aq(φ)ρı1 · · · ρıpλa1 · · ·λaq .

Modding out by Q
†-trivial operators, these are in one-to-one correspondence

with elements of the sheaf cohomology,

Op,q ∈ Hp(X, ∧qV∗).

Serre duality then provides a trace on the ring iff the dualizing sheaf ∧rV ⊗
KX is trivial:

Hp(X, ∧qV∗) = Hd−p(X, ∧r−qV∗ ⊗ ∧rV ⊗ KX)∗ = Hd−p(X, ∧r−qV∗)∗.
(3.15)

Of course, ∧rV ≡ K∗
X implies c1(TX) = c1(V), which was already required to

have a non-anomalous left-moving U(1) by which to twist; it is pleasing that
this slightly stronger condition also guarantees (classically) the existence of
a trace on our ring.

3.4 Correlators of Q†-cohomology classes in the twisted models

Correlators of right-chiral operators in the twisted model satisfy several very
important properties which will be crucial in what follows. First, since the
twisted vacua are annihilated by the supercharges, correlators including an
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insertion of a Q
†-commutator vanish,

〈O1...{Q
†
, M}...Os〉 = 0.

Since the right-moving stress tensor is trivial in Q
†-cohomology,

T = {Q
†
, G}, correlators of Q

†-chiral operator with insertions of the stress
tensor automatically vanish,

〈
T

∏
i

O(zi, zi)
〉

=
〈

{Q
†
, G}

∏
i

O(zi, zi)
〉

= 0.

Correlators of Q
†-chiral operators are thus completely independent of z,

depending only holomorphically on their insertion points on the worldsheet,
〈 ∏

i

O(zi, zi)
〉

=
〈 ∏

i

O(zi)
〉

.

Scaling invariance and conservation of the left-moving U(1) thus ensure that
the OPE of two Q

†-chiral operators takes the form

Oa(z)Ob(0) =
∑

qc=qa+qb

fabc

zha+hb−hc
Oc(0), (3.16)

where Oc is necessarily Q
†-chiral. Now suppose one could show that there

existed a subset of the Q
†-cohomology whose OPEs were completely non-

singular,

Oa(z)Ob(0) =
∑

qc=qa+qb

fabcOc(0) + O(z).

On good physical grounds, we do not expect the correlation function to
diverge as z → ∞, so it can be extended analytically to the Riemann sphere.
Since the only holomorphic function on a compact Riemann surface without
a pole is the constant function, correlators of such magical operators would
be completely independent of insertion points, and thus of the worldsheet
metric, forming an extremely simple topological ring,

OaOb = fabcOc.

As we shall see in the following section, under very mild conditions, the
ground operators of A and B twisted (0,2) models introduced above sat-
isfy precisely such a condition, their non-singular OPEs providing a ring
structure and ensuring the topological character of their correlators. Let us
prove it.
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4 A and B rings in (0,2) models

As we shall see, (0,2) superconformal symmetry together with a left-moving
U(1) current algebra satisfying simple conditions will suffice to ensure the
existence of rings (in fact, finite dimensional algebras) of topological opera-
tors closing under non-singular OPE and forming the ground rings of the A
and B twisted models. We begin by considering deformations of (2,2) mod-
els, then generalize to intrinsically (0,2) SCFTs, and finally address massive
(0,2) models.

4.1 Local results for (0,2) deformations of (2,2) models

Let us begin with a flanking maneuver. Consider the (c,c) ring of a (2,2)
SCFT. Left and right chirality ensures that these operators saturate both
left and right twisted BPS bounds, h = 0 and h = 0. Note that worldsheet
conformal invariance implies that the twisted worldsheet spin is quantized,
h − h = s ∈ Z.

Now deform this theory by a marginal operator which preserves both (0,2)
and the left-moving U(1) R-current, i.e. a dimension (1,1) operator with
R-charge (0,2) (in the case of an NLSM, this would correspond to an element
of H1(X, End(TX)) of the form discussed in the previous section). Denote by
α the deformation parameter. We make the (quite reasonable) assumption
that the spectrum varies smoothly under this marginal deformation, i.e.
that we do not begin with or approach a singular CFT.

Since this deformation preserves worldsheet conformal invariance, h(α) −
h(α) = s continues to hold in the deformed theory. This allows us to trans-
late the antiholomorphic BPS bound into an effective bound on the holomor-
phic weights. Explicitly, since the dimensions and spin of operators remain
well-defined and vary smoothly under our deformation, the left-moving con-
formal dimension of every operator in the theory is pegged to vary in lock-
step with its right-moving conformal dimension,

δαh = δαh.

The unbroken anitholomorphic BPS bound h(α) ≥ 0 thus translates into a
bound on the holomorphic dimension away from the (2,2) locus,

h(α) = h(α) + s ≥ s ∈ Z.

In other words, the holomorphic weight of every operator is bounded by the
amount by which the operator failed to saturate the antiholomorphic BPS
bound in the undeformed theory. In particular, the holomorphic weight of
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a right-chiral operator cannot decrease as we turn on the deformation – and
all this despite the absence of any left-moving supersymmetry!

This bears repeating. The deformed theory does not have a holomor-
phic BPS bound, and there will, in general, exist operators with h(α) < 0.
However, since the conformal invariance implies that h(α) − h(α) = s ∈ Z,
operators which were right-chiral at the (2,2) point (e.g. the (a,c) or (c,c)
operators) continue to satisfy h(α) ≥ 0 even away from the (2,2) locus. By
the same token, operators which were not right-chiral at the (2,2) locus may
flow down, keeping h(α) − h(α) = s fixed, until they saturate the right-BPS
bound; this puts a bound on the amount by which the holomorphic weight
can flow, h(α) ≥ s; we shall return to this possibility below.

First, though, let us study the consequences of this bound on OPEs of
A-model groundstates. Let {Oa} be the subset of Q

†-cohomology with holo-
morphic weight ha = 0, forming the groundstates of the A-model; by the
above arguments, these operators continue to satisfy h(α) = 0 away from
the (2,2) locus. Conformal invariance and left-moving U(1) conservation
thus imply

Oa(z)Ob(0) =
∑

qc=qa+qb

fabc

zha(α)+hb(α)−hc(α) Mc(0)

=
∑

qc=qa+qb

fabc

z−hc(α) Mc(0).

Note that Mc does not, in general, obey hc = 0, i.e. the OPE does not,
in general, close on the ground operators within Q

†-cohomology. However,
as discussed at the end of the last section, to ensure that the correlators of
A and B operators remain completely independent of insertion point and
continue to define a topological ring, it is sufficient to show that their OPEs
remain non-singular away from the (2,2) loci.

When, then, can singular terms arise? The appearance of poles in the
OPE requires the existence of a right-chiral operator with

hc(α) < 0,

i.e. the ring relations can only become singular if there exists a right chiral
operator violating the erstwhile left-moving BPS bound. By the above, this
operator must have flowed from an operator which was not right-chiral at
the (2,2) locus – otherwise it would continue to respect the left-moving BPS
bound away from (2,2) locus, hc(α) ≥ 0.

By quantization of worldsheet spin and continuity of the spectrum under
marginal deformations, this operator can only have entered the right-chiral
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ring after a finite deformation away from the (2,2) locus. This ensures that
the OPEs of ground ring elements remain closed and non-singular in at least
an open neighborhood of the (2,2) locus, proving that the twisted ground-
ring exists, as a topological ring, even away from (2,2) loci.

In fact, this argument gives us much more. In an arbitrary (0,2) σ-model,
the engineering dimensions of all the operators in the twisted theory are
non-negative. To find a “dangerous” operator, with (h(α), h(α)) = (−|s|, 0),
we need to start with an operator with non-negative engineering dimen-
sion, (h(α), h(α)) = (h, h + |s|), which picks up a large negative anomalous
dimension under RG flow. That clearly can not happen while the σ-model
remains weakly coupled. Remarkably, even far from weak coupling, there
are constraints, to which we now turn.

4.2 Global results for (0,2) SCFTs

If the (0,2) model was superconformal before twisting, then unitarity of the
untwisted model provides further powerful constraints. The stress tensor of
a unitary (0,2) SCFT with a r left-moving fermions counted by a left-moving
U(1) current algebra can be put in Sugawara form,

T = T ′ +
1
2r

: J2(q) : .

Since T ′ is the stress tensor of the (unitary!) coset conformal field theory,
its spectrum of conformal weights is non-negative. Thus, we have a bound
relating the U(1) charge and the (untwisted) dimension,

Δ ≥ q2

2r
. (4.1)

Now twist. In the A-model (B-model), the conformal weights are:

h = Δ ∓ 1
2
q,

h = Δ +
1
2
q.

We are interested in operators with h = 0, i.e. Δ = 1
2q. At the same time,

we wish to drive h = Δ ∓ 1
2q sufficiently negative. But (4.1) implies

h ≥ q2

2r
∓ q

2
=

q(q ∓ r)
2r

.

The RHS is minimized for q = ∓r/2, so we have the bound

h ≥ −r

8
.
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To get a pole, we need h = s ∈ Z < 0; this requires r ≥ 8. For r < 8, unitarity
of the untwisted theory forbids a large negative anomalous dimension, even
if the σ-model is strongly coupled. Thus, in the absence of any candidate
“dangerous” operators, the ground ring must persist even deep into the (0,2)
moduli space.

4.3 Massive (0,2) theories

As we have seen at the end of Section 3.1, in A-models for “massive” (0,2)
theories, Tzz and Tzz are Q

†-exact, whereas L0 and L−1 are Q
†-closed,

ensuring that, for fixed but arbitrary metric, these A-models are holo-
morphic field theories invariant under global dilitations and translations.
Operators in Q

†-cohomology thus carry well-defined holomorphic scaling
dimensions and spin, and are invariant under translations of their insertion
points.

This is just enough to apply the arguments of the previous subsections to
A-twisted massive models. It is simple to verify that the OPEs of spinless
operators are again non-singular in the neighborhood or large-radius or (2,2)
points, and that their correlators are regular at worldsheet infinity. Again,
operators can flow down and enter the ring in pairs, but this can only happen
after some finite bundle deformation.

More explicitly, to define

〈O1(z1) · · · On(zn)〉,

we need to specify a metric; for simplicity, we will use the round metric on
the sphere,

ds2 =
4|dz|2

(1 + |z|2/R2)2
. (4.2)

As we have argued, correlation functions of ground ring operators are both
holomorphic13 and invariant under dilatations, and thus independent of the
parameter R in the round metric (4.2). As before, we need to investigate
the possibility of poles as zi → zj .

The massive model has a dimensionful scale, Λ, and we have a dimen-
sionless parameter, ε = RΛ at our disposal. At finite ε, we need to use the

13Since we are using the round metric, they are also invariant under SO(3) rotations
of the sphere – recall that the ground ring operators are spinless – so they inherit an
accidental PSL(2, C) symmetry.
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curved-space Green’s functions associated to the metric (4.2), rather than
the flat space ones. But all we are interested in is whether there is a pole
as zi → zj . This is entirely governed by the operator product expansion of
Oi and Oj . Again, the danger is that there exists a Q

†-invariant operator of
spin N , with large negative anomalous dimension, which might contribute
a singular term to the OPE. But, for small enough ε, the theory is weakly
coupled, and the anomalous dimensions are all small. Hence, there can be no
such singular contribution to the correlation function. Since it is a globally
holomorphic function on the sphere, it must be a constant.

5 Examples

While (0,2) ground rings have previously not been systematically investi-
gated, special cases have cropped up in the literature. Here, we review
two examples where the rings have been explicitly constructed, providing
concrete examples of the abstract structures discussed above.

5.1 Explicitly solvable conformal models

Much work has gone into the exact solution of various (0,2) models, focusing
largely on Landau–Ginsburg orbifolds and their deformations [18, 23, 25].
In these cases, the ring structure may be extracted by inspection. In a
remarkable paper, Blumenhagen, Schimmrigk and Wißkirchen (BSW) did
precisely this, identifying chiral sub-rings in a series of (0, 2) deformation
of Gepner models [18]. Notably, their construction relies crucially on the
existence of a left-moving U(1) current; in retrospect, we may twist by this
U(1) and check that the resulting ground ring is precisely the ring they
identify. The interpretation as the cohomology ring Hp(X, ∧qV ) was also
pointed out.

Consider, for example, their “(80,0) model”, a deformed 3 ⊗ 5 Gepner
model with a spacetime SO(10) gauge group, whose geometric phase corres-
ponds to a rank four bundle over a complete intersection in the weighted pro-
jective space WP(1,1,1,1,2,2) (the familiar two-parameter Calabi–Yau
“Example 2” from ref. [20], also studied for example in ref. [24]). BSW
explicitly checked for the existence of the ring by calculating the massless
Yukawa couplings with the SO(10) representation structure 〈10 · 16 · 16〉
that define the B-ring. The corresponding vertex operators saturate
the chiral bound Δ ≥ 1

2 |q|. The complete ring structure is given in
table 1.
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Table 1: Nonvanishing ring relations for the (80,0) B-model ground-ring.
Kn and K̃n transform in the 10 of SO(10) and ξa and ξ̃a in the 16; κ is
a numerical constant. Where a K̃ appears in the left-hand column, the K̃

relation is the same as that for K but with ξ5, ξ6, ξ7 replaced with their ξ̃
counterparts (adapted from [18]).

K1 〈K1ξ1ξ2〉 = 1 〈K1ξ2ξ3〉 = 1 〈K1ξ3ξ4〉 = 1

K2 〈K2ξ1ξ1〉 = 1 〈K2ξ1ξ3〉 = 1 〈K2ξ2ξ2〉 = κ2 〈K2ξ2ξ3〉 = κ

〈K2ξ3ξ3〉 = 1 〈K2ξ3ξ4〉 = κ 〈K2ξ4ξ4〉 = κ2

K3/K̃3 〈K3ξ1ξ5〉 = 1 〈K3ξ1ξ6〉 = 1 〈K3ξ2ξ6〉 = κ 〈K3ξ3ξ6〉 = 1

〈K3ξ3ξ7〉 = κ

K4/K̃4 〈K4ξ1ξ7〉 = 1 〈K4ξ2ξ5〉 = 1 〈K4ξ2ξ6〉 = 1 〈K4ξ3ξ7〉 = 1

〈K4ξ4ξ6〉 = 1

K5/K̃5 〈K5ξ1ξ6〉 = 1 〈K5ξ2ξ6〉 = κ 〈K5ξ2ξ7〉 = κ2 〈K5ξ3ξ5〉 = 1

〈K5ξ3ξ6〉 = 1 〈K5ξ3ξ7〉 = κ 〈K5ξ4ξ6〉 = κ 〈K5ξ4ξ7〉 = κ2

K6/K̃6 〈K6ξ3ξ6〉 = κ 〈K6ξ4ξ7〉 = κ3

BSW also checked that this ring agreed with the coordinate ring derived
from the superpotential of the associated gauged linear sigma model, i.e.

R =
C[Φi]

{Ja(Φi) = 0} ,

where the W(0,2) =
∫

dθ ΓaJa(Φi) is the (0,2) superpotential. Since Ja = ∂aW
at (2,2) loci, this matches the usual B-ring at (2,2)-points; at generic points,
this is precisely the B ring of the (80,0) (0,2) theory.

The sufficiently curious reader might find it entertaining to return to the
literature on exactly solved (0,2) models and identify a slew of topological
ground rings; these might turn out to be very handy in the study of (0,2)
mirror symmetry.

5.2 Mirror symmetry and a massive model

The worldsheet construction of mirror symmetry of (0,2) models [17]14

also provides strong evidence for the existence of these (0,2) rings in both

14See also e.g. refs. [26–28] for alternate approaches to (0,2) avatars of mirror symmetry.
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conformal and massive models – more precisely, mirror symmetry has led
to the prediction of such rings in numerous systems. The most well-studied
example involves the deformation of the tangent bundle of P

1 × P
1, a massive

(0,2) model whose A ring was computed via mirror symmetry in [17] and
checked via direct computation of the intersection form on the associated
instanton moduli space by Katz and Sharpe [29] (see also ref. [30]).

The basic strategy of ref. [17] involved the extension of Morrison-Plesser/
Hori–Vafa [31,32] worldsheet dualization techniques to construct dual pairs
of (0,2) models related by the mirror automorphism, J ↔ −J and Q ↔ Q†,
with the mirror superpotential effectively summing the instantons of the
original σ-model. The ring derived from the mirror superpotential was thus
interpreted as the mirror of a quantum cohomology of the original σ-model.

In the case of T [P1 × P
1], the resulting ring relations turn out to be15

X̃2 = exp(it2), X2 − (ε1 − ε2)XX̃ = exp(it1),

where t1 and t2 are the Kähler parameters of the two P
1s, whereas ε1 and

ε2 parametrize certain elements in H1(X, End(TX)), the bundle moduli.
Notice that the latter parameters need not be perturbatively small.

Katz and Sharpe checked this argument by explicitly computing the coho-
mology products this ring was expected to reproduce [29], roughly generaliz-
ing the Gromov–Witten counting of rational curves to the (0,2) context and
reducing the problem to precise computations in sheaf cohomology on the
instanton moduli space. Explicitly, since the anomaly ensures that each cor-
relation function receives corrections from only specific worldsheet instanton
sectors, by computing the appropriate intersection numbers on the instanton
moduli space, Katz and Sharpe, in a remarkable and powerful computation,
constructed by hand the two- and four-point functions16 of the generators of
the ground ring, finding precise agreement with the ring relations predicted
in ref. [17].

With one important caveat – ref. [29] computed the intersection form
on the moduli space of instantons with 2 or 4 marked points, but could
not ensure that the associated A-model correlators were independent of the
positions of the marked points. Importantly, the results presented above
imply that the OPE of A ring operators is non-singular, ensuring that these
correlators are in fact independent of the insertion points. The results of
ref. [29] are thus in precise agreement with ref. [17].

15Using the notation of ref. [29].
16Including, more recently, even the coefficients [33].
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6 The reservations at the end of the article

In this paper, we have verified the existence of topological ground rings in A
and B twisted (0,2) models in open balls around classical points in the mod-
uli space, and globally under relatively generic assumptions, generalizing
the quantum cohomology rings of (2,2) theories to the sheaf-cohomological
context more natural to heterotic compactifications. The key ingredient we
needed was a left-moving U(1) global symmetry by which to twist – in par-
ticular, we did not require the theory to be a deformation of a (2,2) model,
nor even that it be geometrical: all arguments obtain at the level of the CFT,
and thus cannot be destabilized by worldsheet instantons in the special case
of non-linear σ-models.

It is quite remarkable that the topological rings of (2,2) theories persist
as rings in (0,2) models under such mild constraints. This leads to a host of
natural questions. What is the geometry of the malevolent operators which
may destroy the ring when rk(V) ≥ 8 – are they related to conifolds, where
the chiral ring also degenerates badly, or perhaps to some small heterotic
instanton transition? How are “bundle flops” realized in the chiral ring?
What are the generalizations of the periods, physically and mathematically?
In the case of massive models, can we make any global statements, or nail
down the smooth behavior at infinity of A-model OPEs? These and other
questions we leave to future work.
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