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Abstract

We address some aspects of four-dimensional chiral N = 1 supersym-
metric theories on which the scalar manifold is described by Kähler
geometry and can further be viewed as Kähler–Ricci soliton generating
a one-parameter family of Kähler geometries. All couplings and solu-
tions, namely the BPS domain walls and their supersymmetric Lorentz
invariant vacua turn out to be evolved with respect to the flow parameter
related to the soliton. Two models are discussed, namely N = 1 theory
on Kähler–Einstein manifold and U(n) symmetric Kähler–Ricci soliton
with positive definite metric. In the first case, we find that the evolution
of the soliton causes topological change and correspondingly, modifies the
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Morse index of the nondegenerate vacua realized in the parity trans-
formation of the Hessian matrix of the scalar potential after hitting
singularity, which is natural in the global theory and for nondegener-
ate Minkowskian vacua of the local theory. However, such situation is
not trivial in anti de Sitter vacua. In an explicit model, we find that
this geometric (Kähler–Ricci) flow can also change the index of the
vacuum before and after singularity. Finally in the second case, since
around the origin the metric is diffeomorphic to lCPn−1, we have to
consider it in the asymptotic region. Our analysis shows that no index
modification of vacua is present in both global and local theories.

1 Introduction

Geometric evolution equation which is called Ricci flow equation introduced
by Hamilton in [1] has been prominently studied by mathematicians due
to its achievement in solving famous three-dimensional puzzles, namely
Poincaré and Thurston’s geometrization conjectures [2].1 Moreover, in higher
dimensional manifold, particularly in compact Kähler manifold with the first
Chern class c1 = 0 or c1 < 0, one can then reprove the well-known Calabi
conjecture using the so called Kähler–Ricci flow equation [6]. Several authors
have studied to construct a soliton of the Kähler–Ricci flow with U(n) sym-
metry [7–9]. Such a solution is one of our interest and related to the subject
of this paper.

In the physical context, this Kähler–Ricci flow can be regarded as a one-
loop approximation to the physical renormalization group equation of two-
dimensional theories at quantum level. For example, some authors have
discussed it in the context of Wilsonian renormalization group coming from
N = 2 supersymmetry in two and three dimensions [10, 11].2 However this
is not the case in higher dimension, particularly in four dimensions.

The purpose of this paper is to study the nature of chiral N = 1 super-
symmetric theories in four dimensions together with its solutions, when the
scalar manifold described by the Kähler manifold is no longer static. In the
sense that it is a Kähler–Ricci soliton generating a one-parameter family of
Kähler manifolds which evolves with respect to a parameter, say τ . This fur-
ther imply that all couplings such as scalar potential, fermion mass matrix,
and gravitino mass do have evolution with respect to the flow parameter τ .

1For a detailed and comprehensive proof of these conjectures is given in [3–5].
2We thank M. Nitta for informing us these papers.
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Particularly in local theory such deformation happens in its solitonic
solution, like BPS domain walls that have residual supersymmetry. This
can be easily seen because all quantities such as warped factor, BPS equa-
tions, and the beta function of field theory in the context of anti de Sitter
(AdS)/conformal field theory (CFT) correspondence (for a review, see for
example [12]) do depend on τ . In this paper, we carry out the analysis
on critical points of the scalar potential describing Lorentz invariant vacua
on which the BPS equations and the beta function vanish. The first step
is to consider the second-order analysis using Hessian matrix of the scalar
potential which gives the index of the vacua. The next step is to perform
a first-order analysis of the beta function for verifying the existence of an
AdS vacuum which corresponds to a CFT in three dimensions. We realize
our analysis into two models as follows.

In the first model we have a global and local N = 1 supersymmetric theo-
ries on the soliton where the initial manifold is Kähler–Einstein whose “cos-
mological constant” is chosen, for example, to be positive, namely Λ > 0.
By taking τ ≥ 0 the flow turns out to be collapsed to a point at τ = 1/2Λ
and correspondingly, both global and local N = 1 theories blow up. Further-
more, this geometric flow interpolates between two different theories which
are disconnected by the singularity at τ = 1/2Λ, namely N = 1 theories on
Kähler–Einstein manifold with Λ > 0 in the interval 0 ≤ τ < 1/2Λ, while
for τ > 1/2Λ it becomes N = 1 theories on Kähler–Einstein manifold with
Λ < 0 and opposite metric signature which yields a theory with wrong-sign
kinetic terms and therefore, might be considered as “ghosts” at the quantum
level.3

Consequently, in global N = 1 chiral theory such evolution of
Kähler–Einstein soliton results in the deformation of the supersymmetric
Minkowskian vacua which can be immediately observed from the parity
transformation of the Hessian matrix of the scalar potential that changes
the index of the vacua if they are nondegenerate. In local theory, we get
the same situation for nondegenerate Minkowskian vacua. These happen
because only the geometric (Kähler–Ricci) flow affects the index of the vacua
in the second-order analysis.

In AdS ground states we have however a different situation. In this case
both the geometric flow and the coupling quantities such as the holomorphic
superpotential and the fermionic mass do play a role in determining the
index of the vacua. Therefore, we have to enforce certain conditions on
the Hessian matrix of the scalar potential in order to obtain the parity
transformation. In addition, there is a possibility of having a condition

3This aspect will be addressed elsewhere.
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where the degeneracy of the vacua can also be modified by the Kähler–Ricci
flow. For example, in lCP1 model with linear superpotential, we find that this
geometric flow transforms a nondegenerate vacuum to a degenerate vacuum
and vice versa with respect to τ before and after singular point at τ = 1/4.
In this model, degenerate vacuum possibly could not exist particularly in
the infrared (IR) (low energy scale) region.

Now we turn to consider the second model, namely N = 1 theories on
U(n) invariant Kähler–Ricci soliton constructed over line bundle of lCPn−1

with positive definite metric for τ ≥ 0 [9]. Near the origin, the soliton turns
to the Kähler–Einstein manifold, namely lCPn−1. Hence, we have to analyze
its behavior in the asymptotic region. By taking Λ > 0 case, we find that the
soliton collapses into a Kähler cone at τ = 1/2Λ which is singular. Moreover,
the soliton is asymptotically dominated by the cone metric which is positive
definite for all τ ≥ 0. As a result the vacuum is static, or in other words it
does not depend on τ . Therefore, no parity transformation of the Hessian
matrix and no other vacuum modification caused by the geometric flow exist.

The organization of this paper is as follows. In Section 2 we introduce the
notion of Kähler–Ricci flow equation with its solutions. Section 3 consists
of two part discussions about the global and local N = 1 supersymmetry on
general Kähler–Ricci soliton. Then, we construct BPS domain wall solutions
in Section 4. In Section 5 we discuss the behavior of the supersymmetric
Lorentz invariant vacua on Kähler–Einstein manifold and gives an explicit
model. Section 6 provides a review of U(n) symmetric Kähler–Ricci soliton
together with our analysis on its vacua. We finally conclude our results in
Section 7.

2 Evolution equation: Kähler–Ricci flow

This section is devoted to give a background about Ricci flow defined on a
complex manifold endowed with Kähler metric which is called Kähler–Ricci
flow. A remarkable fact is that the solution of this Kähler–Ricci flow remains
Kähler as demanded by N = 1 supersymmetry. There are some excellent
references on this subject for interested reader, for example, in [7–9].4 We
collect some evolution equations of Riemann curvature, Ricci tensor, and
Ricci scalar in Appendix C.

A Kähler manifold (M, g(τ)) is a Kähler–Ricci soliton if it satisfies
∂gij̄

∂τ
(z, z̄; τ) = −2Rij̄(z, z̄; τ), 0 ≤ τ < T, (2.1)

4We also recommend [13] for a detailed look on Ricci flow.
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where (z, z̄) ∈ M. Furthermore, the flow g(τ) has the form

g(τ) = σ(τ)ψ∗
τ (g(0)), 0 ≤ τ < T, (2.2)

with σ(τ) ≡ (1 − 2Λτ), the map ψτ is a diffeomorphism, and g(0) is the
initial metric at τ = 0 which fulfills the following identity

−2Rij̄(0) = ∇iYj̄(0) + ∇̄j̄Yi(0) − 2Λgij̄(0), (2.3)

for some real constant Λ and some holomorphic vector fields5

Y (0) = Y i(z, 0)∂i + Y ī(z̄, 0)∂̄ī, (2.4)

on M where i, j = 1, . . . ,dim lC(M). The vector field Y (0) is related to a
τ -dependent vector field X(τ) by

X(τ) =
1

σ(τ)
Y (0), (2.5)

which generates a family of diffeomorphisms ψτ and satisfies the following
equation

∂ẑi

∂τ
= Xi(ẑ, τ),

∂ ˆ̄z ī

∂τ
= X ī(ˆ̄z, τ), (2.6)

with
ẑ ≡ ψτ (z). (2.7)

2.1 Kähler–Einstein manifold

We turn to consider the case where Y (0) vanishes. In this case, the initial
metric is Kähler–Einstein

Rij̄(0) = Λ gij̄(0), (2.8)

for some constants Λ ∈ IR. Taking

gij̄(τ) = ρ(τ) gij̄(0), (2.9)

and then from the definition of Ricci tensor, one finds that

Rij̄(τ) = Rij̄(0) = Λ gij̄(0). (2.10)

So the solution of (2.1) can be obtained as

gij̄(τ) = (1 − 2Λτ) gij̄(0), (2.11)

with ρ(τ) = σ(τ) = (1 − 2Λτ). Moreover, the Kähler potential has the form

K(τ) = (1 − 2Λτ) K(0). (2.12)

5Holomorphicity of Y (0) follows from the fact that the complex structure J on M
satisfies ψ∗

τ (J) = J .
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If we take the Kähler–Ricci flow (2.1) to evolve for τ ≥ 0, then for the case
Λ < 0 the metric (2.11) is smoothly expanded and no collapsing flow exists.
On the other hand, in the case Λ > 0 it collapses to a point at τ = 1/2Λ,
but reappear for τ > 1/2Λ which is diffeomorphic to a manifold with Λ < 0
and its metric signature is opposite with the initial metric defined in (2.8).6

Note that in both cases the flow also becomes singular as τ → +∞. In
addition, if the initial metric is Ricci flat, namely Λ = 0, then it is clear that
the metric does not change under (2.1).

2.2 Gradient Kähler–Ricci soliton

Now let us discuss the Y (0) 
= 0 case. Our particular interest is the case
where the holomorphic vector field (2.5) can also be written as

Y i(0) = gij̄ ∂̄j̄P (z, z̄) (2.13)

for some real functions P (z, z̄) on M. Thus, we say that g(τ) is a gradient
Kähler–Ricci soliton [7, 8]. In this case, in general, there are three possible
solutions. For Λ > 0 we have a shrinking gradient Kähler–Ricci soliton,
whereas the soliton is an expanding gradient Kähler–Ricci soliton for Λ < 0.
The case where Λ = 0 is a steady gradient Kähler–Ricci soliton. In fact, on
any compact Kähler manifold, a gradient steady or expanding Kähler–Ricci
soliton is necessarily a Kähler–Einstein manifold because the real function
P (z, z̄) is just a constant [3]. We give an explicit construction of these
expanding and shrinking Kähler–Ricci solitons in Section 6.

3 N = 1 supersymmetric theory on Kähler–Ricci soliton

In this section we discuss N = 1 supersymmetric theory in four dimensions
whose nonlinear σ-model describing a Kähler geometry7 (M, g(τ)) satisfies
one-parameter Kähler–Ricci flow equation (2.1). This equation tells us that
the dynamics of the metric gij̄ with respect to τ is determined by the Ricci
tensor Rij̄ . Thus, it follows that the N = 1 theory is deformed with respect
to τ as discussed in the following. We divide the discussion into two parts.
In the first part we construct a global N = 1 chiral supersymmetry as a
toy model. Then, in the second part we extend the construction to a local

6See discussion in Sections 5.1 and 5.2.
7Note that in four dimensional global N = 1 supersymmetry the scalar manifold M is

Kähler, whereas local N = 1 supersymmetry demands that the scalar manifold M has to
be Hodge–Kähler [14,15], see the next subsection.
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supersymmetry, namely N = 1 chiral supergravity which corresponds to our
analysis for the most part of this paper.

3.1 Global N = 1 chiral supersymmetry

First of all, let us focus on the properties of the deformed global N = 1 chiral
supersymmetric theory in four dimensions. The spectrum of the theory con-
sists of a spin-1

2 fermion χi and a complex scalar zi with i, j = 1, . . . , nc. As
mentioned above, the complex scalars (z̄ ī, zi) parameterize a Kähler geome-
try (M, g(τ)). The construction of the global N = 1 theory on Kähler–Ricci
soliton is as follows. First, we consider the chiral Lagrangian in (for a ped-
agogical review of N = 1 supersymmetry, see for example [14]), say L0

global,
where the metric of the scalar manifold is static. Then, replacing all geo-
metric quantities such as the metric gij̄(0) by the soliton gij̄(τ), the on-shell
N = 1 chiral Lagrangian can be written down up to 4-fermion term as

Lglobal = gij̄(τ) ∂μzi∂μz̄j̄ − i
2
gij̄(τ)

(
χ̄iγμ∂μχj̄ + χ̄j̄γμ∂μχi

)

+ Mij(τ)χ̄iχj + M̄īj̄(τ) χ̄īχj̄ − V (τ), (3.1)

where the scalar potential has the form

V (z, z̄; τ) = gij̄(τ) ∂iW ∂̄j̄W̄ , (3.2)

with W ≡ W (z). The metric gij̄(τ) ≡ ∂i∂̄j̄K(τ) is the solution of (2.1),
where the real function K(τ) is a Kähler potential. Fermionic mass-like
quantity Mij(τ) is then given by

Mij(τ) ≡ ∇i∂jW = ∂i∂jW − Γk
ij(τ) ∂kW. (3.3)

and it is related to the first derivative of the scalar potential (3.2) with
respect to (z, z̄)

∂iV = gjl̄(τ)Mij(τ) ∂̄l̄W̄ ,

∂īV = gj̄l(τ)M̄īj̄(τ)∂lW. (3.4)

The supersymmetry transformation of the fields up to 3-fermion terms leav-
ing the Lagrangian invariant (3.1) are

δzi = χ̄iε1,

δχi = i∂μziγμε1 + gij̄(τ)∂̄j̄W̄ ε1. (3.5)

Since the evolution of the metric gij̄(τ) is determined by the Ricci tensor
Rij̄(τ), one can directly see that the dynamics of the scalar potential (3.2)
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and the fermionic mass (3.3) has a similar behavior with respect to τ , namely

∂V (τ)
∂τ

= 2Rij̄(τ) ∂iW ∂̄j̄W̄ ,

∂Mij(τ)
∂τ

= 2gkl̄(τ)∇iRjl̄(τ) ∂kW, (3.6)

where Rij̄ ≡ gil̄gkj̄Rkl̄.

To make the above formula clearer, we now turn to discuss an exam-
ple where the initial geometry (at τ = 0) is Kähler–Einstein manifold, as
discussed in section 2. This follows that the equations in (3.6) are simpli-
fied into

∂V (τ)
∂τ

= 2Λ σ(τ)−2 gij̄(0) ∂iW ∂̄j̄W̄ = 2Λ σ(τ)−2 V (0),

∂Mij(τ)
∂τ

= 0. (3.7)

The first equation in (3.7) has the solution

V (τ) = σ(τ)−1 V (0), (3.8)

whereas the second equation tells us that the fermion mass matrix Mij(τ)
does not depend on τ . As the flow (2.11) deforms for τ ≥ 0, the Lagrangian
(3.1) can be smoothly defined and there is no singularity for the case Λ < 0.
This follows that in this case we have a well-defined theory as the Kähler
geometry changed with respect to τ . However, in the case Λ > 0 since the
flow (2.11) shrinks to a point at τ = 1/2Λ the scalar potential (3.8) becomes
singular and the Lagrangian (3.1) diverges. Moreover, as mentioned above
for τ > 1/2Λ, the flow evolves again and it is related to another N = 1
global theory on a Kähler–Einstein manifold with Λ < 0 and different metric
signature.

To be precise, let M0 be the initial geometry which is Kähler–Einstein
manifold with Λ > 0 whose metric gij̄(0) is positive definite. Next, we cast
(2.10) to the following form

Rij̄(τ) = Λ̂(τ) gij̄(τ), (3.9)

where

Λ̂(τ) ≡ σ(τ)−1Λ,

gij̄(τ) ≡ σ(τ) gij̄(0). (3.10)

In the interval 0 ≤ τ < 1/2Λ, the solution is diffeomorphic to the initial
geometry. However, for τ > 1/2Λ we have a Kähler–Einstein geometry M̂0

with a negative definite metric gij̄(τ) and Λ̂(τ) < 0. As mentioned in the
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introduction, such a metric produces a theory with wrong-sign kinetic terms
and could be interpreted as ghosts.

Similar result can also be achieved for the case where the initial geome-
try is a Kähler–Einstein geometry with indefinite metric where Λ > 0 [16].
Then, we have also an indefinite Kähler–Einstein metric but with Λ̂ < 0 for
τ > 1/2Λ.

3.2 N = 1 chiral supergravity

In this subsection, we generalize the previous result to a local N = 1 super-
symmetry. In four dimensions the spectrum of a generic chiral N = 1 super-
gravity theory consists of a gravitational multiplet and nc chiral multiplets.
These multiplets are decomposed of the following component fields:

• A gravitational multiplet

(gμν , ψ
1
μ), μ = 0, . . . , 3. (3.11)

This multiplet consist of the graviton gμν and a gravitino ψ1
μ. For the

gravitino ψ1
μ, ψ1μ and the upper or lower index denotes left or right

chirality, respectively.
• nc chiral multiplets

(zi, χi), i = 1, . . . , nc. (3.12)

Each chiral multiplet consist of a spin-1
2 fermion χi and a complex

scalar zi.

Local supersymmetry further requires the scalar manifold M spanned by the
complex scalars (z̄ ī, zi) to be a Hodge–Kähler manifold with an additional
U(1)-connection

Q ≡ − 1
M2

P

(
Ki dzi − Kī dz̄ ī

)
, (3.13)

where Ki ≡ ∂iK and the metric gij̄ = ∂i∂̄j̄K where the Kähler potential K
is an arbitrary real function [14, 15]. In our case since gij̄ is the solution of
(2.1), then K and Q must be τ -dependent.

Similar as in the global case, we first consider the chiral theory studied
in [14,15]. Then, by employing the same procedure the N = 1 supergravity
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Lagrangian up to four-fermions terms on Kähler–Ricci soliton has the
following form

Llocal = −M2
P

2
R + gij̄(τ)∂μzi∂μz̄ ī +

εμνλσ

√
−h

(
ψ̄1

μγσ∇̃νψ1λ − ψ̄1μγσ∇̃νψ
1
λ

)

− i
2
gij̄(τ)

(
χ̄iγμ∇μχj̄ + χ̄j̄γμ∇μχi

)

− gij̄(τ)
(
ψ̄1νγ

μγνχi∂μz̄j̄ + ψ̄1
νγ

μγνχj̄∂μzi
)

+ L(τ) ψ̄1
μγμνψ1

ν + L̄(τ) ψ̄1μγμνψ1ν + igij̄(τ)

×
(
N̄ j̄(τ)χ̄iγμψ1

μ + N i(τ)χ̄j̄γμψ1μ

)

+ Mij(τ)χ̄iχj + M̄īj̄(τ) χ̄īχj̄ − V(τ), (3.14)

where h ≡ det(gμν) and L(τ)(L̄(τ)) can be written in terms of an (anti)-
holomorphic superpotential function of W (z)(W̄ (z̄)),

L(τ) = eK(τ)/2M2
P W (z),

L̄(τ) = eK(τ)/2M2
P W̄ (z̄), (3.15)

with K(τ) is a Kähler potential of the chiral multiplets, and the quantities
N i(τ),Mij(τ) are given by:

N i(τ) = gij̄(τ)∇̄j̄L̄(τ),

Mij(τ) =
1
2
∇i∇jL(τ). (3.16)

On the other hand, the N = 1 scalar potential can be expressed in terms of
L(L̄) as

V(τ) = gij̄(τ)∇iL(τ) ∇̄j̄L̄(τ) − 3
M2

P

L(τ)L̄(τ), (3.17)

where ∇iL(τ) = ∂iL(τ) + 1
2M2

P
Ki(τ) L(τ). Then the first derivative of V(τ)

with respect to (z̄ ī, zi) are of the form

∂īV =
1
2
Mkj(τ)N j(τ) − 1

M2
P

Nk(τ)L̄(τ),

∂īV =
1
2
M̄k̄j̄(τ)N̄ j̄(τ) − 1

M2
P

N̄k̄(τ)L(τ). (3.18)
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The supersymmetry transformation laws up to 3-fermion terms leaving
invariant (3.14) are:

δψ1μ = MP

(
D̃με1 +

i
2
L(τ) γμ ε1

)
,

δχi = i∂μziγμε1 + N i(τ)ε1, (3.19)

δea
μ = − 1

MP
(iψ̄1μγaε1 + iψ̄1μγaε1),

δzi = χ̄iε1,

where D̃με1 = ∂με1 − 1
4γab ωab

μ ε1 + i
2Qμ(τ)ε1, and Qμ(τ) is a U(1)-connection

which is the first derivative of the Kähler potential K(τ) with respect to xμ.
Here, we have defined ε1 ≡ ε1(x, τ). Furthermore the evolution of the cou-
pling quantities beside the metric gij̄(τ) in (3.14) are given by

∂L(τ)
∂τ

=
Kτ (τ)
2M2

P

L(τ),

∂N i(τ)
∂τ

= 2Ri
j(τ)N j(τ) +

Kτ (τ)
2M2

P

N i(τ) + gij̄(τ)
Kj̄τ (τ)

M2
P

L̄(τ),

∂V(τ)
∂τ

=
∂N i(τ)

∂τ
Ni(τ) +

∂Ni(τ)
∂τ

N i(τ) − 3Kτ (τ)
M2

P

|L(τ)|2, (3.20)

∂Mij(τ)
∂τ

= −Rjl̄(τ)∇iN̄
l̄(τ)

+
1
2
gjl̄(τ)

(
∂i

∂N̄ l̄(τ)
∂τ

+
Kiτ (τ)
2M2

P

N̄ l̄(τ) +
Ki(τ)
2M2

P

∂N̄ l̄(τ)
∂τ

)
.

Similar as in the global case, we finally take an example where the initial
metric is Kähler–Einstein. In this case the metric evolves with respect to τ
as in (2.11) and the U(1)-connection takes the form

Q(τ) ≡ −σ(τ)
M2

P

(
∂iK(0)dzi − ∂̄īK(0)dz̄ ī

)
, (3.21)

since the Kähler potential is given by (2.12). Taking τ ≥ 0, the theory is
well defined for Λ < 0, while for Λ > 0 it becomes singular at τ = 1/2Λ. In
the latter case, namely Λ > 0 case, the N = 1 local theory is changed and
the shape of the scalar manifold is a Kähler–Einstein manifold with Λ < 0
and moreover, the metric signature has opposite sign. Thus, we have a grav-
itational multiplet coupled to chiral multiplets which might be considered
as ghosts.
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4 Deformation of N = 1 supergravity BPS domain walls

Here, we turn our attention to discuss a ground state which breaks Lorentz
invariance partially and preserves half of the supersymmetry of the parental
theory, namely the BPS domain wall in N = 1 supergravity. This type of
solution was firstly discovered in [17]. Interested reader can further consult
[18] for an excellent review of this subject. In this section some conventions
follow rather closely to [19,20].

The first step is to take the ansatz metric as

ds2 = a2(u, τ) ην λ dxν dxλ − du2, (4.1)

where ν, λ = 0, 1, 2, ην λ is a three-dimensional Minkowskian metric, and
then the corresponding Ricci scalar has the form

R = 6

[(
a′

a

)′
+ 2
(

a′

a

)2
]
, (4.2)

where a′ ≡ ∂a/∂u. Here, a(u, τ) is the warped factor assumed to be τ depen-
dent. For the shake of simplicity we set ψ1μ = χi = 0 on the background
(4.1) and then, the supersymmetry transformation (3.19) becomes

1
MP

δψ1u = Du ε1 + L(τ)γuε1 +
i
2
Qu(τ) ε1,

1
MP

δψ1ν = ∂ν ε1 +
1
2
γν

(
−a′

a
γ3ε1 + ieK(τ)/2M2

P Wε1
)

+
i
2
Qν(τ) ε1, (4.3)

δχi = i∂μzi γμε1 + N i(τ)ε1.

Furthermore, all supersymmetric variations (4.3) vanish in order to have
residual supersymmetry on the ground states. We then simply assign that ε1
and zi depend on both u and τ . Thus, the first equation in (4.3) shows that ε1
indeed depends on u, while the second equation gives a projection equation

a′

a
γ3ε1 = iL(τ)ε1, (4.4)

which further gives

a′

a
= ± |L(τ)|. (4.5)

Thus, equation (4.5) shows that the warped factor a is indeed τ -dependent,
which is consistent with our ansatz (4.1). Introducing a real function W(τ) ≡
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|L(τ)|, the third equation in (4.3) results in a set of BPS equations

zi′ = ∓2gij̄(τ)∂̄j̄W(τ),

z̄ ī′ = ∓2gjī(τ)∂jW(τ), (4.6)

describing gradient flows. It is important to note that using (4.6) it can
be shown that (4.5) is a monotonic decreasing function and corresponds to
the c -function in the holographic correspondence [21]. Moreover, in the
context of CFT the supersymmetric flows which is relevant for our analysis
are described by a beta function

βi ≡ a
dzi

da
= −2gij̄(τ)

∂̄j̄W
W , (4.7)

together with its complex conjugate, after employing (4.5) and (4.6). In this
description the scalar fields play a role as coupling constants and the warp
factor a can be viewed as an energy scale [21,22].

In the analysis it is convenient that the potential (3.17) can be shaped
into

V(z, z̄; τ) = 4 gij̄ ∂iW ∂̄j̄W − 3
M2

P

W2, (4.8)

whose first derivative with respect to (z, z̄) is given by a set of the following
equation

∂iV = 4 gjk̄ ∇i∂jW ∂̄k̄W + 4 gjk̄ ∂jW ∂i∂̄k̄W − 6
M2

P

W ∂iW,

∂̄īV = 4 gjk̄ ∇̄ī∂̄k̄W ∂jW + 4 gjk̄ ∂̄k̄W ∂̄ī∂jW − 6
M2

P

W ∂̄īW, (4.9)

where ∇i∂jW = ∂i∂jW − Γk
ij∂kW. Note that as mentioned in the preceding

section, it is possible that the theory becomes unphysical in the sense that it
has wrong-sign kinetic term for finite τ . For example, it happens when the
flow described by (2.11) for Λ > 0 and τ > 1/2Λ. So, we have BPS domain
walls whose dynamics described by the warped factor a(u, τ) are controlled
by ghosts.

Now let us turn to consider the gradient flow equation (4.6) and the first
derivative of the scalar potential (4.9). Critical points of (4.6) are deter-
mined by

∂iW(τ) = ∂̄īW(τ) = 0, (4.10)

which leads to
∂iV = ∂̄īV = 0. (4.11)

It turns out that the critical points of W(τ) are related to the Lorentz
invariant vacua described by the N = 1 scalar potential V (z, z̄; τ). Moreover,



230 BOBBY E. GUNARA AND FREDDY P. ZEN

the existence of such points can be checked by the beta function (4.7), which
means that these could be in the ultraviolet (UV) region if a → ∞ or in the
infrared (IR) region if a → 0. These aspects will be addressed in Section 5
and Section 6.

5 Supersymmetric vacua on Kähler–Einstein manifold

The aim of this section is to present analysis of deformation of supersym-
metric Lorentz invariant ground states on the Kähler–Ricci flow when the
initial geometry is Kähler–Einstein geometry. As mentioned above, these
vacua correspond to critical points of (4.6). In particular, our interest is
the AdS vacua which correspond to the CFT. Our analysis here is in the
context of the Morse theory [23]8 and the Morse–Bott theory [25,26], and in
addition, applying the RG flow analysis to check the existence of such vacua.
We organize this section into two parts. First, we perform the analysis to
the vacua of the global N = 1 theory. Then we generalize it to the local
N = 1 theory which are related to the BPS domain wall solutions. We leave
the proof of some theorems here in Appendix B.

5.1 Global supersymmetric case

Let us first investigate some properties of supersymmetric Lorentz invariant
ground states of the theory where all fermions and ∂μzi are set to be zero.9

In a smooth region, i.e. there is no collapsing flow, at the ground state
p0 ≡ (z0, z̄0) we find that supersymmetric conditions

∂iW (z0) = ∂̄īW̄ (z̄0) = 0, (5.1)

imply the set of equation in (3.4) and supersymmetry transformation (3.5)
to be vanished. In other words, critical point of holomorphic superpotential
W (z) defines a vacuum of the theory and z0 does not depend on τ . Thus,
the vacuum is fixed in this case. Moreover, it is easy to see from (3.6) that
at the vacua the scalar potential and the mass matrix of fermions do not
change with respect to τ . So in order to characterize the ground states,
we have to consider the second-order derivative of the scalar potential (3.2)

8An excellent background of Morse theory is also given, for example, in [24].
9For the rest of the paper we refer Lorentz invariant vacuum as vacuum or ground

state.
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with respect to (z, z̄) called Hessian matrix evaluated at p0, whose nonzero
component has the form

∂i∂̄j̄V (p0, τ) = σ(τ)−1glk̄(p0; 0)∂i∂jW (z0) ∂̄k̄∂̄j̄W̄ (z̄0), (5.2)

where glk̄(0) is a Kähler–Einstein metric and we have assumed here that
glk̄(p0, 0) is invertible. Then (5.2) leads to the following statements:

Lemma 5.1. The scalar potential V (τ) is a Morse function if and only if
the superpotential W (z) has no degenerate critical points.

We want to mention here that the above lemma implies that the super-
potential is at least general quadratic function, namely, W (z) = aij(z −
z0)i(z − z0)j , where the matrix coupling (aij) is invertible.10 Correspond-
ingly, all eigenvalues of the fermion mass matrix (3.3) evaluated at p0 are
nonzero. For the rest of the paper, if V (τ) is a Morse function, then we name
it the Morse potential. Furthermore, we have the following consequence.

Corollary 5.2. All supersymmetric ground states of the Morse potential
V (τ) are nondegenerate (isolated).

Therefore, since V (τ) is a Morse function we can assign any supersymmetric
vacuum by Morse index describing the number of negative eigenvalue of the
Hessian matrix (5.2).11 Looking at (5.2), we find that for τ ≥ 0 and Λ > 0

∂i∂̄j̄V (p0, τ > 1/2Λ) = −∂i∂̄j̄V (p0, τ < 1/2Λ), (5.3)

which shows the existence of parity transformation of the Hessian matrix
at p0 caused by the metric (2.11) mapping the Morse index from, say λ, to
another Morse index 2nc − λ. So, we can write our main result of global
supersymmetric vacua on Kähler–Einstein manifold as follows.

Theorem 5.3. If p0 is an isolated supersymmetric vacuum of the Morse
index λ, then there exist a parity transformation of the matrix (5.2) that
changes the index λ to another Morse index (2nc − λ) due to the deformation
of Kähler–Einstein manifold. Furthermore, around p0 we can introduce real

10For constant and linear superpotential, we have degenerate supersymmetric vacua of
the global theory in the sense that they are trivial in the second-order analysis. On the
other side, all nonsupersymmetric vacua are degenerate in this global case.

11These negative eigenvalues describe the unstable directions of a vacuum.
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local coordinates Xp(τ) = |σ(τ)|−1/2Xp(0) with p = 1, . . . , 2nc such that

V (τ) = ε(σ)
(

− X2
1 (τ) − · · · − X2

λ(τ) + X2
λ+1(τ) + · · · + X2

2nc
(τ)
)
, (5.4)

where

ε(σ) =

{
1 if 0 ≤ τ < 1/2Λ,

−1 if τ > 1/2Λ,
(5.5)

with Λ > 0 for τ ≥ 0.

Note that for Λ < 0, the factor σ(τ) ≡ (1 − 2Λτ) > 0, and in this case we
have only ε(σ) = 1 for τ ≥ 0. Similar result can also be obtained for static
case, namely, for Λ = 0 or the Calabi-Yau manifold.

Let us start to discuss Theorem 5.3 by taking the example discussed in the
previous section where the initial geometry is a Kähler–Einstein geometry
M0 with positive definite metric and Λ > 0. Looking at (3.9), we find that
the flow gives the same shape as the initial geometry M0 for 0 ≤ τ < 1/2Λ,
while for τ > 1/2Λ the flow turns into a Kähler–Einstein geometry M̂0 with
negative definite metric and Λ̂ < 0. Therefore, this geometrical deformation
causes the parity transformation of the matrix (5.2) that changes the index
λ for τ < 1/2Λ to (2nc − λ) for τ > 1/2Λ of the same ground state.

5.2 Local supersymmetric case

Similar as preceding subsection we consider here the smooth region where
the geometric flow does not vanish. Our interest here is to study supersym-
metric vacuum p0 ≡ (z0, z̄0) in local case which demands that

∂iW(p0; τ) = 0 ⇒ ∂iW (z0) + σ(τ)
Ki(p0; 0)

M2
P

W (z0) = 0, (5.6)

has to hold and correspondingly, both BPS equations in (4.6) and the beta
function (4.7) vanish. Then the τ -dependent scalar potential (3.17) becomes

V(p0; τ) = − 3
M2

P

eσ(τ)K(p0;0)/M2
P |W (z0)|2 = − 3

M2
P

W2(p0; τ), (5.7)

which is zero or negative definite standing for cosmological constant of the
spacetime on which the Ricci scalar (4.2) has the form

R = 12 W2(p0; τ), (5.8)

since (a′/a)′(p0) = 0. Hence, the warped factor a(u, τ) is simply

a(u, τ) = a0(τ) exp
[

± W(p0; τ)u
]
. (5.9)
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Furthermore, the Hessian matrix of the scalar potential (3.17) in this case
is given by

∂i∂jV(p0; τ) = − 1
M2

P

Mij(p0; τ)L̄(p0; τ),

∂̄ī∂̄j̄V(p0; τ) = − 1
M2

P

M̄īj̄(p0; τ)L(p0; τ), (5.10)

∂i∂̄j̄V(p0; τ) = σ(τ)−1gkl̄(p0; 0)Mik(p0; τ)M̄l̄j̄(p0; τ)

− 2σ(τ)
M4

P

gij̄(p0; 0)W2(p0; τ),

where

Mij(p0; τ) = eσ(τ)K(p0;0)/2M2
P

×
(
∂i∂jW (z0) +

σ(τ)
M2

P

Kij(p0; 0)W (z0) +
σ(τ)
M2

P

Kj(p0; 0)∂iW (z0)
)

,

(5.11)

and we have assumed that glk̄(p0, 0) is invertible. As mentioned in the
previous subsection, the Morse index of a vacua is given by the negative
eigenvalues of (5.10) describing unstable directions. Along these directions,
the gradient flows provided by (4.6) are unstable and therefore, we have
unstable walls in the context of dynamical system. On the other side, we
obtain a stable solution along stable direction described by the positive
eigenvalues of (5.10). Finally, to check the existence of such vacua in the
IR and UV regions, we need to consider a first-order expansion of the beta
function (4.7) at p0 provided by

U ≡ −
(

∂jβ
i ∂j β̄

ī

∂̄j̄β
i ∂̄j̄ β̄

ī

)
(p0; τ), (5.12)

where

∂jβ
i(p0; τ) = −2σ(τ)−1gik̄(p0; 0)

∂j ∂̄k̄W(p0; τ)
W(p0; τ)

= − 1
M2

P

δi
j ,

∂̄j̄β
i(p0; τ) = −2σ(τ)−1gik̄(p0; 0)

∂̄j̄ ∂̄k̄W(p0; τ)
W(p0; τ)

, (5.13)

and the rests are their complex conjugate. In order to have a vacuum in
the UV region, at least one eigenvalue of the matrix (5.12) must be positive,
because the RG flow departs the region in this direction. On the other
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side, in the IR region the RG flow approaches a vacuum in the direction of
negative eigenvalue of (5.12). In the following, we consider two cases, namely
the Morse theory analysis for nondegenerate vacua and then, degenerate
vacua using Morse–Bott theory.

Let us first discuss the case in which the scalar potential (3.17) is Morse
potential. For W (z0) = 0, the ground states are flat Minkowskian spacetime
and we regain the condition (5.1), which means that p0 is fixed and does not
evolve with respect to τ . Additionally, the warped factor equals a0(τ) and
can be rescaled by coordinate redefinition. In this case, the only nonzero
coupling is the fermionic mass matrix defined in (3.16) which deforms with
respect to τ as one can directly see from (5.11). This follows that the non
zero components of the Hessian (5.10) are

∂i∂̄j̄V(p0; τ) = eσ(τ)K(p0;0)/M2
P σ(τ)−1glk̄(p0; 0) ∂i∂lW (z0) ∂̄k̄∂̄j̄W̄ (z̄0),

(5.14)
which means that the nondegeneracy of the vacua is determined by the
holomorphic superpotential W (z). Moreover, the property of the vacua does
not change if we set MP → +∞, so the analysis is similar to the global case.
In other words, they have the same properties as in the second-order analysis
for W (z0) = 0. Then, in this case the holomorphic superpotential W (z) has
at least general quadratic form discussed in the preceding subsection. Note
that in this case the matrix (5.12) is meaningless because these are not
related to the CFT in three dimensions and, additionally, it diverges.

The other case, namely W (z0) 
= 0, is curved symmetric spacetime with
negative cosmological constant, called AdS. In this case, the vacuum p0
depends on τ if Kj(p0; 0) 
= 0, which means that our ground state p0(τ)
and, moreover, all couplings (3.15) to (3.17) do deform with respect to τ .12

In addition, we assume that the sign of the initial metric evaluated at
p0(τ), namely gij̄(p0(τ); 0), is unchanged and well defined for τ ≥ 0 but not
at the singular flow. Then from (5.9) we can choose, for example, a model
with positive sign where for finite τ , the UV region can be defined around
u → +∞ and a → +∞. Additionally, the IR region in this case is around
u → −∞ and a → 0.

Unlike Minkowskian cases, in AdS vacua we cannot trivially observe geo-
metrical change of the vacua after the metric (2.11) hits the singularity at
τ = 1/2Λ with Λ > 0 indicated by the parity transformation of the Hessian
matrix (5.10). Therefore, one has to enforce additional conditions in order to

12Since the vacua depend on τ , so the metric (2.11) may change the nature of the
vacua. Therefore, such vacua are dynamical with respect to τ .
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achieve such particular situation. The next step is to analyze the eigenvalues
of the matrix (5.12) whether such vacua exist in the UV and IR regions.

Before coming to the result described by the theorem below, let us define
some quantities related to the Hessian matrix (5.10) in the following:

Vij(p0(τ); τ) ≡ −ε(σ)
M2

P

Mij(p0(τ); τ)L̄(p0(τ); τ), (5.15)

Vij̄(p0(τ); τ) ≡ |σ(τ)|−1gkl̄(p0(τ); 0)Mik(p0(τ); τ)M̄l̄j̄(p0(τ); τ)

− 2|σ(τ)|
M4

P

gij̄(p0(τ); 0)W2(p0(τ); τ),

where ε(σ) is given in (5.5). Particular result in a nondegenerate AdS case
where the parity transformation of the Hessian matrix (5.10) is manifest can
then be written as follows.

Theorem 5.4. Let V(τ) be a Morse potential and p0(τ) = q0 be an isolated
AdS ground state of the Morse index λ for 0 ≤ τ < 1/2Λ with Λ > 0. Then,
there are real local coordinates Yp(τ) around q0 with p = 1, . . . , 2nc such that

V(τ) = V(q0; τ) − Y 2
1 (τ) − · · · − Y 2

λ (τ) + Y 2
λ+1(τ) + · · · + Y 2

2nc
(τ). (5.16)

Suppose that for all i, j = 1, . . . , nc the following inequalities

Re
(
Vij(p0(τ); τ)

)
> 0, Im

(
Vij(p0(τ); τ)

)
> 0,

Re
(
Vij̄(p0(τ); τ)

)
> 0, Im

(
Vij̄(p0(τ); τ)

)
> 0, (5.17)

hold for τ ≥ 0 and τ 
= 1/2Λ. Let p0(τ) = q̂0 be another isolated vacuum for
τ > 1/2Λ and both (q0, q̂0) exist in the UV or IR regions. Then, Kähler–
Ricci flow causes a parity transformation of the Hessian matrix (5.10), that
maps q0 of the index λ to q̂0 of the index (2nc − λ) such that around q̂0 real
local coordinates Ŷp(τ) 
= Yp(τ) exist and

V(τ) = V(q̂0; τ) + Ŷ 2
1 (τ) + · · · + Ŷ 2

λ (τ) − Ŷ 2
λ+1(τ) − · · · − Ŷ 2

2nc
(τ), (5.18)

for τ > 1/2Λ.

Our comments of the above theorem are in order. Firstly, in general
q0 
= q̂0 and they are called parity pair of the vacua in the sense that q0 has
λ negative eigenvalues of the Hessian matrix (5.10), while 2nc − λ negative
eigenvalues belong to q̂0 caused by the geometric flow (2.11) after passing
the singularity at τ = 1/2Λ. On the other side, if the inequalities (5.17) do
not hold, then q0 and q̂0 would have the same index λ.

Secondly, we can reconsider the case discussed in the global case where the
initial geometry is taken to be a Kähler–Einstein geometry M0 with positive
definite metric and Λ > 0. However, in the dynamical AdS case since p0(τ),
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the holomorphic superpotential W (z0(τ)) together with the fermion mass
matrix (5.11) also control the properties of the ground states in the second-
order analysis described by (5.10). In other words, there are two aspects
that play a role in the second-order analysis of vacua, namely the Kähler–
Ricci flow (2.11) and the dynamics of coupling quantities which depend both
on the form of the superpotential and the geometry. Note that gij̄(p0(τ); 0)
remains positive definite for τ ≥ 0 in this case.

Thirdly, the inequalities (5.17) mean that all components of the matrix
(5.10) have at least to change the sign as the Kähler–Einstein geometry
evolves. This can be easily seen in a special case where

Mij(p0(τ); τ) = 0, (5.19)

holds for τ ≥ 0 and τ 
= 1/2Λ. Consequently, we have a theory in which all
spin-1

2 fermionic are massless. Then the Hessian matrix (5.10) has simple
diagonal form

∂i∂̄j̄V(p0(τ); τ) = −2σ(τ)
M4

P

gij̄(p0(τ); 0)W2(p0(τ); τ). (5.20)

Hence, in this case, the condition (5.17) can be simplified by stating that
the sign of gij̄(p0(τ); 0) is fixed with respect to τ in order the parity to be
revealed. In Λ > 0 case, we have Morse index 2nc for τ < 1/2Λ and then,
it changes to 0 for τ > 1/2Λ. In other words, we have unstable walls for
τ < 1/2Λ, which become stable after hitting the singularity at τ = 1/2Λ.
Such situation, however, does not occur in Λ < 0 case and the index is still
2nc for τ ≥ 0.

Furthermore, the condition (5.19) also leads to

∂i∂jW(p0(τ); τ) = 0. (5.21)

Then, the matrix (5.12) becomes simply

U =
1

M2
P

⎛
⎝

δi
j 0

0 δī
j̄

⎞
⎠ , (5.22)

which shows that these vacua only live in the UV region.

On the other hand, it is also of interest to consider a case where the ground
states are determined by the critical points of the holomorphic superpoten-
tial W (z), i.e., equation (5.1) is fulfilled. Then the U(1)-connection (3.21)
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evaluated at p0 vanishes in all order analysis.13 In other words, the super-
symmetric condition (5.6) reduces to

∂iW (z0) = 0, W (z0) 
= 0, (5.23)

In this case, the ground state p0 is coming from the critical points of W (z)
fixed with respect to τ . So, the second-order properties of vacua described
by (5.10) are fully controlled by the geometric flow and the parity transfor-
mation appears if the condition (5.17) is also fulfilled.

We finally put some remarks for the case of Morse potential. In dynamical
AdS vacua if the condition (5.17) is not satisfied, then the parity does not
emerge but the deformation of the vacua still exists due to the Kähler–Ricci
flow. These vacua admit the same Morse index λ, see the above example
for Λ < 0 and τ ≥ 0. Similar things happen for the static case. In addition,
since the scalar potential (3.17) is a Morse potential, then it is impossible
to have a degenerate vacuum. Therefore, any vacuum does not deform to
another vacuum with different Morse index in 0 ≤ τ < 1/2Λ with Λ > 0.
Thus, no index modification of the vacua exists in the interval.

Now we turn to consider when the ground states are degenerate. This
can occur if the Hessian matrix (5.10) has m zero eigenvalues with m ≤ 2nc.
Therefore, the vacua can be viewed as m-dimensional submanifold of the
Kähler–Einstein manifold. For the case at hand, the scalar potential (3.17)
is a Morse–Bott function (or Morse–Bott potential), which is a generalization
of a Morse function. If the vacua are Minkowskian, then the superpotential
W (z) must be constant or take a linear form as discussed in Section 5.1
since the other forms are excluded. Thus, we have m = 2nc and the vacuum
manifold could then be the Kähler–Einstein manifold M0 or M̂0 depending
on τ and no parity transformation of the matrix (5.10) caused by the flow
(2.11) appears in this model. Note that in the model at hand we also have
singular (5.12) because it is undefined for ∂i∂jW(p0(τ); τ) = W(p0(τ); τ) =
0. Hence, this means that the three-dimensional CFT does not exist and we
do not have the correspondence in the Minkowskian ground states.

In AdS vacua our construction is as follows. Let S be an m-dimensional
vacuum submanifold of a Kähler–Einstein geometry M0.14 Then at any
p0 ∈ S we can split the tangent space Tp0M0 as

Tp0M0 = Tp0S ⊕ Np0S, (5.24)

13This case has been considered in reference [20] for model with a chiral multiplet.
14We could also consider M0 as a set of a disjoint union of some connected smooth

manifolds with finite dimension, see, for example, [25, 26].
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where Tp0S is the tangent space of S and Np0S is the normal space of S.
Moreover, the Hessian matrix (5.10) is nondegenerate in the normal direction
to S.

Unlike the previous case, since the scalar potential is Morse–Bott poten-
tial, thus we have a rich and complicated structure of vacua, particularly
in the dynamical case. In the following we list some possibilities. The first
possibility is a similar situation as in Theorem 5.4 which can be written
down in the following statements.

Theorem 5.5. Let V(τ) be Morse–Bott potential. At any degenerate AdS
vacuum q0 ∈ S where S is an m-dimensional vacuum submanifold of a
Kähler–Einstein geometry M0, then, in the direction of Nq0S we can write
the scalar potential (3.17) as

V(τ) = V(S; τ) − Y 2
1 (τ) − · · · − Y 2

λ (τ) + Y 2
λ+1(τ) + · · · + Y 2

2nc−m(τ),
(5.25)

for 0 ≤ τ < 1/2Λ with Λ > 0. Suppose that there exists another m-
dimensional vacuum submanifold Ŝ of a Kähler–Einstein geometry M̂0 for
τ > 1/2Λ, the inequalities (5.17) are satisfied, and both submanifolds (S, Ŝ)
live in the UV or IR regions. Therefore, the deformation of M0 via Kähler–
Ricci flow causes a parity transformation of the Hessian matrix (5.10) that
changes q0 ∈ S to q̂0 ∈ Ŝ such that in the direction of Nq̂0Ŝ the scalar poten-
tial (3.17) has the form

V(τ) = V(Ŝ; τ) + Ŷ 2
1 (τ) + · · · + Ŷ 2

λ (τ) − Ŷ 2
λ+1(τ) − · · · − Ŷ 2

2nc−m(τ),
(5.26)

for τ > 1/2Λ with Ŷp(τ) 
= Yp(τ), where p = 1, . . . , 2nc − m.

This theorem implies that each q0 ∈ S ⊆ M0 has the same index λ for
0 ≤ τ < 1/2Λ. In other words, S is a vacuum submanifold of the index λ.
Moreover, since the ground states are τ -dependent, i.e., p0(τ), and if the
Hessian matrix (5.10) is changed in sign after passing the singular point,
then the submanifold S deforms to the submanifold Ŝ ⊆ M̂0 of the index
(2nc − λ) for τ > 1/2Λ. Both S and Ŝ are called parity pair for similar
reason as in the nondegenerate case, namely Ŝ of the index (2nc − λ) has
the same dimension as S and exists after the geometric flow (2.11) hits the
singularity which splits M0 and M̂0.

On the other side, in the static case where the U(1)-connection evaluated
at p0 is zero, the vacuum submanifold S stays fixed, which means that it
does not change with respect to τ . In other words, we have S = Ŝ, but its
index could change due to Kähler–Ricci flow.
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The last possible situation is as follows.

Theorem 5.6. Suppose V(τ) is a Morse–Bott potential and the conditions
(5.17) do not hold. Let S be an m-dimensional vacuum submanifold of M0
with index λ in 0 ≤ τ < τ0 and τ0 < 1/2Λ. Then we have the following cases.
S deforms to

1. an n-dimensional vacuum submanifold S1 ⊆ M0 of the index λ1 in
τ0 ≤ τ < 1/2Λ. If n 
= m, then the index λ1 ∈ {0, . . . , 2nc − n}. How-
ever, if n = m, then λ1 
= λ and λ1 ∈ {0, . . . , 2nc − n}.

2. an n1-dimensional vacuum submanifold Ŝ1 ⊆ M̂0 of the index λ2 in
τ > 1/2Λ. If n1 
= m, then we have λ2 ∈ {0, . . . , 2nc − n1}. But, if
n1 = m, then λ2 
= 2nc − λ and λ2 ∈ {0, . . . , 2nc − n1}.

Furthermore, S1 and Ŝ1 are not the parity pair. All S, S1, and Ŝ1 may exist
in the UV or IR regions.

This leads to a result that both the dimension and the index of the vacuum
manifold may also be changed before or after the singularity, which is not
related to the case stated in Theorem 5.5. For example, there is a situation
where a nondegenerate vacuum changes to another degenerate vacuum as
τ runs before or after singularity. We give an example of this situation,
namely lCP 1 model with linear superpotential, in the next subsection.

5.3 A model with linear superpotential

In this subsection, we discuss a lCPnc model with linear superpotential in
order to make the statements in the previous subsection clearer. For the
model at hand, the second-order derivative of the superpotential equals zero,
so some difficulties have been reduced.

Let us start by considering a superpotential W (z) which takes linear
form as

W (z) = a0 + ai z
i, (5.27)

where the constants a0, ai ∈ IR. Moreover, the scalar manifold is chosen to
be lCPnc whose Kähler potential has the form

K(z, z̄; 0) = ln(1 + ziz̄ ī), (5.28)

where zi is the standard Fubini–Study coordinates of lCPnc . In the model,
the metric is positive definite with the constant Λ = nc + 1 > 0. Then the
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Kähler–Ricci flow implies that the τ -dependent Kähler potential is given by

K(z, z̄; τ) = σ(τ) ln(1 + ziz̄ ī), (5.29)

and the modified constant is Λ̂(τ) ≡ (nc + 1)/σ(τ). So, in the interval 0 ≤
τ < 1/2(nc + 1) the flow is diffeomorphic to lCPnc , but for τ > 1/2(nc + 1)
it becomes ̂lCPnc on which the resulting metric is negative definite with the
constant Λ̂ < 0.

As previously mentioned, this model has degenerate ground states in the
global supersymmetric theory, but in a local supersymmetry it is still non-
trivial. In local case, the supersymmetric condition (5.6) is given by

ai +
σ(τ) z̄ ī

M2
P (1 + zkz̄k̄)

(a0 + aj zj) = 0. (5.30)

It is easy to see that for the static case, zi = 0 is a vacuum by demanding
ai = 0. Furthermore, the Hessian matrix (5.10) becomes simply diagonal
matrix whose nonzero elements are

∂i∂̄j̄V(p0; τ) = −2σ(τ)
M4

P

δij̄ |a0|2. (5.31)

Thus we have an isolated AdS spacetime for a0 
= 0 representing unstable
walls whose Morse index is 2nc for 0 ≤ τ < 1/2(nc + 1). Then it changes to
0 for τ > 1/2(nc + 1) describing stable walls as the geometry evolves with
respect to the Kähler–Ricci equation. Such vacua exist in the UV region
since we have (5.22). On the other hand, the ground states turn out to
be degenerate Minkowskian spacetime if a0 = 0 for any zi. Therefore, the
vacuum manifold is lCPnc for 0 ≤ τ < 1/2(nc + 1) and then becomes ̂lCPnc

for τ > 1/2(nc + 1).

In nonstatic case, it is convenient to take nc = 1 case. So the ground state
is chosen to be

z0 = (x0 + iy0), (5.32)

where x0, y0 ∈ IR. In this case, the condition (5.30) results in

x0(τ) =
1

2(σ(τ) + M2
P )

⎡
⎣−σ(τ)a0

a1
±
((

σ(τ)a0

a1

)2

− 4M2
P (σ(τ) + M2

P )

)1/2
⎤
⎦,

y0(τ) = 0, (5.33)
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with a1 
= 0. Then, in order to obtain a well-defined theory, the parameter
τ must fulfill the following inequalities,

τ ≤ 1
4

− M2
P

2

(
a1

a0

)2
⎡
⎣1 +

(
1 +
(

a0

a1

)2
)1/2
⎤
⎦,

τ ≥ 1
4

+
M2

P

2

(
a1

a0

)2
⎡
⎣−1 +

(
1 +
(

a0

a1

)2
)1/2
⎤
⎦, (5.34)

before and after singular point τ = 1/4. The eigenvalues of the Hessian
matrix (5.10) in this case have the form

λV
1,2(τ) =

2|σ(τ)|
M4

P

(
1 + x2

0
)−2+σ(τ)/M2

P

(
−2ε(σ)

[
(a0 + a1x0)2

− 1
2
(a1 − a0x0)2 x2

0

]
±
∣∣(a0 + a1x0)(a1 − a0x0)x0

∣∣
)

, (5.35)

where ε(σ) is given by (5.5) with Λ = 2. Moreover, the existence of a vacuum
can be checked by (5.12) whose eigenvalues are

λU
1,2(τ) =

1
M2

P

(
1 ±
∣∣∣∣
x0(a1 − a0x0)
(a0 + a1x0)

∣∣∣∣
)

. (5.36)

Let us simplify the model in which both a0 and a1 are positive and a0 � a1.
For τ � 1

4 − a1M2
P

2a0
we have ε(σ) = 1, and then local minimum occurs in

− a0M
2
P

8a1
√

2
< τ � 1

4
− a1M

2
P

2a0
, (5.37)

while local maximum exists in

τ < −a0M
2
P

8a1
. (5.38)

Additionally, saddle arises between

−a0M
2
P

8a1
< τ < − a0M

2
P

8a1
√

2
. (5.39)

Also, it is possible to have intrinsic degenerate vacua15 if

(a0 + a1x0)2 = (a1 − a0x0)2 x2
0 (5.40)

holds, which occurs around

τ ≈ −a0M
2
P

8a1
, (5.41)

15Intrinsic means that these degenerate vacua are coming from degenerate critical
points of W [20].
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whereas the other degeneracy needs

4(a0 + a1x0)2 = (a1 − a0x0)2 x2
0 (5.42)

and takes place near

τ ≈ − a0M
2
P

8a1
√

2
. (5.43)

These mean that a nondegenerate ground state can be changed into another
degenerate ground state by Kähler–Ricci flow far before singularity at τ =
1/4. In other words, this situation occurs without geometrical change and
further shows that the scalar potential of the model is Morse–Bott potential.
Then, the analysis using (5.36) shows that all vacua may exist in the UV
region because it has at least one positive eigenvalue that ensures the RG
flows depart the region. However, in the IR region, local maximum and
intrinsic degenerate vacua do not exist and therefore, no RG flows approach
the vacua.

In τ � 1
4 + a1M2

P
2a0

we get ε(σ) = −1, which leads to the fact that this model
admits parity transformation of the Hessian matrix (5.10). Then, the fol-
lowing interval

1
4

+
a1M

2
P

2a0
� τ <

a0M
2
P

8a1
√

2
(5.44)

shows the existence of local maximum, whereas

τ >
a0M

2
P

8a1
(5.45)

is for local minimum. Next, saddle exists for

a0M
2
P

8a1
√

2
< τ <

a0M
2
P

8a1
, (5.46)

while intrinsic degenerate vacua occur near

τ ≈ a0M
2
P

8a1
, (5.47)

and the other degenerate vacua arise around

τ ≈ a0M
2
P

8a1
√

2
. (5.48)

Similar as in the previous case, in the UV region we have all possibilities of
the vacua, but local minimum and intrinsic degenerate vacua are forbidden
in the IR region.
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6 Supersymmetric vacua on gradient Kähler–Ricci soliton

In this section we consider the deformation of the supersymmetric vacua on
U(nc) symmetric gradient Kähler–Ricci soliton on line bundles over lCPnc−1.
The organization of this section is the following: In the first part, we review
the construction of the gradient Kähler–Ricci soliton on line bundles over
lCPnc−1 studied in [9]. The second part is to provide an analysis of the
supersymmetric ground states in N = 1 theory.

6.1 Rotationally symmetric gradient Kähler–Ricci soliton

First of all, let us first construct a Kähler metric on lCnc\{0} as follows. We
define the initial Kähler potential, i.e., at τ = 0,

K(z, z̄, 0) = φ(u), (6.1)

where
u ≡ 2 ln(δij̄z

iz̄j̄) = 2 ln |z|2, (6.2)
on lCnc\{0}. So our ansatz (6.1) has U(nc) symmetric. Secondly, we simplify
the case by taking the vector field Y i(0) to be holomorphic and linear16

Y i(0) = μzi, (6.3)

where μ ∈ IR. Moreover, the Kähler potential (6.1) implies that the metric
and its inverse have to be

g(0) = gij̄(0) dzi dz̄j̄ =
[
2e−u/2φu δij̄ + 4e−u

(
φuu − 1

2
φu

)
z̄ ī zj

]
dzi dz̄j̄ ,

g−1(0) = gj̄i(0) ∂̄j̄ ∂i =
eu/2

2φu

[
δj̄i − e−u/2 φuu − (1/2)φu

φuu
z̄j̄zi

]
∂̄j̄ ∂i, (6.4)

where φu ≡ dφ
du and φuu ≡ d2φ

du2 . Since the metric (6.4) is positive definite in
this case, we have then the inequalities

φu > 0, φuu > 0. (6.5)

Inserting (6.3) and (6.4) into (2.3) results in

2(nc + 1)
φu

(
φuu − 1

2
φu

)
+

4
φu

(
−
(

φuu − 1
2
φu

)
+

d

du

(
φuu − 1

2
φu

))

− 4
φuφuu

(
φuu − 1

2
φu

)
d

du

(
φuu − 1

2
φu

)
+ 4Λφu − 8μ φuu

= A0e(1−nc)u/2, (6.6)

16This vector field can be derived from the real function P (z, z̄) in (2.13) [7–9].
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where A0 is an arbitrary constant. Now defining Φ ≡ φu and then writing
Φu = F (Φ) yields

dF

dΦ
+
(

nc − 1
Φ

− 4μ

)
F −
(nc

2
− 2ΛΦ

)
=

A0

Φ
e(1−nc)u/2. (6.7)

For the sake of simplicity, we consider the case where the right hand side of
(6.7) vanishes by taking A0 = 0, so that the solution of (6.7) takes the form

Φu = F (Φ) = A1
e4μΦ

Φnc−1 +
Λ
2μ

Φ +
2(Λ − μ)
(4μ)nc+1

nc−1∑
j=0

nc!
j!

(4μ)j Φj+1−nc , (6.8)

where A1 is also an arbitrary constant. For the case at hand, the Kähler–
Einstein solution of (6.7), namely the μ = 0 case, is excluded.

To construct the soliton, let us first recall the flow vector Xi(τ) defined
in (2.5). From (6.3), we have

Xi(τ) =
μ

σ(τ)
zi, (6.9)

which induces the diffeomorphisms

ẑ ≡ ψτ (z) = σ(τ)−μ/2Λz. (6.10)

Thus, the complete τ -dependent Kähler–Ricci soliton defined on lCnc\{0} is

g(z, z̄; τ) = σ(τ)1−μ/Λgij̄

(
σ(τ)−μ/2Λz

)
dzi dz̄j̄ . (6.11)

Now we are ready to discuss the construction of the gradient Kähler–Ricci
soliton on line bundles over lCPnc−1. First of all, the metric (6.4) is nontriv-
ial U(nc)-invariant gradient Kähler–Ricci metric defined on ( lCnc\{0})/Z�,
where Z� acting on lCnc\{0} by z �→ e2πi/�z with � is a positive integer and
� 
= 0. Thus, we replace the coordinates z using the above analysis by new
coordinates which can be viewed as holomorphic polynomial of order �, i.e.,

ξ ≡ z�, (6.12)

that parameterize ( lCnc\{0})/Z�. Then we construct a negative line bun-
dle over lCPnc−1, denoting by L−�, by gluing lCPnc−1 into ( lCnc\{0})/Z� at
ξ = 0.17 This leads that one has to add lCPnc−1 at ξ = 0 and analyze (6.8)

17We do not consider L� for � > 0 here because there is no complete gradient Kähler–
Ricci soliton on it.
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near ξ = 0. In this case, it is convenient to cast the initial metric (6.4) into
the following form

g(0) = Φ gFS + Φv dw dw̄, (6.13)

where gFS is the standard Fubini–Study metric of lCPnc−1

gFS =
(

δab̄

1 + ζcζ̄ c̄
− ζbζ̄ ā

(1 + ζcζ̄ c̄)2

)
dζa dζ̄ b̄, (6.14)

with ζa ≡ ξa/ξnc , ζnc = 1 and a, b, c = 1, . . . , nc − 1. Moreover, w ≡ w(ξ, ξ̄)
is a nonholomorphic coordinate and here v ≡ 2 ln |ξ|2. So, to obtain lCPnc−1

at ξ = 0, one has to take

lim
v→−∞

Φ(v) = a > 0, F (a) = 0,
dF

dΦ
(a) > 0 (6.15)

with

a =
1

4Λ
(nc − �). (6.16)

For Λ < 0 case, we have � > nc, whereas the Λ > 0 case demands 0 < � <
nc.18

Let us consider the behavior of the gradient Kähler–Ricci soliton defined
on L−� in the asymptotic region |ξ| → +∞. We take a case where Φ becomes
larger as v → +∞ such that the exponential term in (6.8) suppresses to zero
and the dominant term is the linear term Λ

2μΦ. The inequalities (6.5) further
restricts that we only have two possible solutions as follows. The first case
is when Λ < 0 and μ < 0. Then (6.8) may be written down in the form

Φv =
Λ
2μ

Φ + G

(
1
Φ

)
. (6.17)

Rewriting (6.17) in terms of Ψ = 1/Φ results in

Φ = eΛv/2μB
(
e−Λv/2μ

)
, (6.18)

18In [9] for Λ < 0 case the metric (6.11) becomes asymptotically cone-like expanding
soliton, while in the case of Λ > 0 it turns out to be cone-like shrinking soliton in the
asymptotic region.
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for large v, where B is smooth and B(0) > 0. Thus, the Kähler–Ricci soliton
(6.11) becomes

g(ξ, ξ̄; τ) = 2

[
|ξ|−2+2Λ/μ B

(
σ(τ)|ξ|−2Λ/μ

)
δij̄

+

{(
Λ
μ

− 1
)

|ξ|2Λ/μB
(
σ(τ)|ξ|−2Λ/μ

)

− σ(τ)
Λ
μ

Ḃ
(
σ(τ)|ξ|−2Λ/μ

)}
|ξ|−4ξ̄ ī ξj

]
dξi dξ̄j̄ , (6.19)

with ξ ∈ L−�. It is easy to see that the soliton (6.19) collapses to a cone
metric at τ = 1

2Λ < 0

g(ξ, ξ̄; 1/2Λ) = B(0) gcone(ξ, ξ̄), (6.20)

where

gcone(ξ, ξ̄) = |ξ|−2+2Λ/μ

(
δij̄ +

(
Λ
μ

− 1
)

|ξ|−2ξ̄ ī ξj

)
dξi dξ̄j̄ , (6.21)

and then expands smoothly for τ ≥ 0.

Now we consider the second case where Λ > 0 and μ > 0. In this case,
as Φ becomes larger as v → +∞, the exponential term becomes dominant
and then it is difficult to define Φ in this region. To get rid of it, one has
to set A1 = 0, which further implies that the dominant term is again the
linear term Λ

2μΦ > 0. Then, we may write (6.8) into (6.17), which leads to
a similar equation like (6.18). After some computation, we get

g(ξ, ξ̄; τ) = 2

[
|ξ|−2+2Λ/μ D

(
σ(τ)|ξ|−2Λ/μ

)
δij̄

+

{(
Λ
μ

− 1
)

|ξ|2Λ/μD
(
σ(τ)|ξ|−2Λ/μ

)

− σ(τ)
Λ
μ

Ḋ
(
σ(τ)|ξ|−2Λ/μ

)}
|ξ|−4ξ̄ ī ξj

]
dξi dξ̄j̄ , (6.22)

for large |ξ|, where D is a smooth function and D(0) > 0 with ξ ∈ L−�.
Therefore, the metric (6.22) converges to a cone metric (6.21) at τ = 1

2Λ > 0
and evolves smoothly for τ > 1

2Λ .
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6.2 Vacuum structure of N = 1 theory

First of all, we recall some properties of Minkowskian ground states of the
local theory discussed in (5.2) since the second-order analysis is similar to the
global case by setting MP → +∞. As pointed out before, a flat Minkowskian
vacuum p̃0 ≡ (ξ0, ξ̄0) requires

W (ξ0) = ∂iW (ξ0) = 0, (6.23)

together with their complex conjugate for all i = 1, . . . , nc. Again, we obtain
here a static Minkowskian vacuum which is defined by the critical points
of the holomorphic superpotential. The nonzero component of the Hessian
matrix of the scalar potential (3.17) is given by

∂i∂̄j̄V(p̃0; τ) = eK(p̃0;τ)/M2
P glk̄(p̃0; τ) ∂i∂lW (ξ0) ∂̄k̄∂̄j̄W̄ (ξ̄0), (6.24)

where K(τ) and glk̄(τ) are the Kähler potential and the inverse of the metric
(6.11), respectively, with vanishing scalar potential. We first assume that
the scalar potential (3.17) is a Morse potential, so the holomorphic superpo-
tential has at least quadratic form with invertible Hessian matrix discussed
in Section 5.1. Near ξ = 0, the analysis is the same as in Section 5 since we
have lCPnc−1, which is a Kähler–Einstein manifold. Therefore, our interest
is to consider in asymptotic region |ξ| → +∞.

For the case at hand, we take the case for τ ≥ 0. So, in Λ < 0 case no
collapsing point exists and the soliton expands smoothly, described by (6.19),
whose U(1)-connection and Kähler potential of the theory are given by

Q(ξ, ξ̄; τ) = − i
M2

P

|ξ|−2+2Λ/μ B
(
σ(τ)|ξ|−2Λ/μ

) [
ξ̄ ī dξi − ξi dξ̄ ī

]
,

K(ξ, ξ̄; τ) =
∫

eΛv/2μB
(
σ(τ)e−Λv/2μ

)
dv + c, (6.25)

respectively, where v ≡ 2 ln |ξ|2 and c is a real constant. Since B is smooth
function and, in general, positive definite as demanded by the inequalities
(6.5), then it is well defined and does not have other singular point, namely,
for τ = τ0 ≥ 0 such that

B
(
σ(τ0)|ξ|−2Λ/μ

)
= Ḃ
(
σ(τ0)|ξ|−2Λ/μ

)
= 0. (6.26)
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This can be restated that it is impossible to have τ0 ≥ 0 at which the soliton
(6.19) collapses to a point. On the other hand, in Λ > 0 case, the soliton
(6.22) converges to a cone metric at τ = 1/2Λ which is singular manifold
because the diffeomorphism (6.10) diverges. The function D should have
the same behavior as B, i.e., it does not satisfy (6.26) for τ ≥ 0. Moreover,
since |ξ| → +∞, and then, in order to achieve a consistent picture we have
to take |ξ| � τ for any finite τ . Therefore, the solitons (6.19) and (6.22) can
be expanded as

g(ξ, ξ̄; τ) = gcone(ξ, ξ̄) + O(ξ, ξ̄; τ), (6.27)

where O(ξ, ξ̄; τ) is higher order terms which are very small compared to
gcone(ξ, ξ̄) given in (6.21). Hence, in both cases the solitons are invertible,
positive definite, and correspondingly, we have well-defined theory for all
τ ≥ 0. Further analysis confirms that there is no parity transformation of
the Hessian matrix of (3.17) that changes the Morse index of Minkowskian
ground states.

Now we turn our attention to discuss nondegenerate AdS vacuum. In this
case, supersymmetry further requires

∂iW (ξ0) +
2

M2
P

|ξ0|−2+2Λ/μ B
(
σ(τ)|ξ0|−2Λ/μ

)
ξ̄ ī
0 W (ξ0) = 0 (6.28)

for Λ < 0, which follows that the ground state also depends on τ , namely
p̃0(τ) with non zero scalar potential

V(p̃0; τ) = − 3
M2

P

eK(p̃0;τ)/M2
P |W (ξ0)|2, (6.29)

where the Kähler potential K(τ) is given in (6.25), while for Λ > 0 the
function B is replaced by D. However, in the case at hand, since we have
cone dominating metric, only static AdS vacuum leads the term in (6.28)
and further,

B
(
σ(τ)|ξ|−2Λ/μ

)
≈ B(0),

K(ξ, ξ̄; τ) ≈ B(0)
2μ

Λ
|ξ|2Λ/μ + c, (6.30)

for any ξ in this asymptotic region. In addition, it is impossible to find a
vacuum p̃0 defined by the critical points of W (z) as in the Kähler–Einstein
case in which the U(1)-connection in (6.25) evaluated at p̃0 vanishes.

For degenerate cases, both Minkowskian and AdS vacua reach the same
results, namely the parity transformation of the Hessian matrix of (3.17)
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caused by the soliton does not emerge because the static cone metric gcone
(ξ, ξ̄) is the leading term. Hence, we obtain similar results as in the previous
case.

Similar as in the preceding section, the next step is to check the existence
of such AdS vacua using (5.12) describing the first-order expansion of the
beta function (4.7). For example, in the model where all spin-1

2 fermions
are massless, all AdS vacua live in the UV region because all the eigen-
values of (5.12) are positive. Moreover, such a model admits only unsta-
ble walls because only negative eigenvalues of the Hessian matrix of (3.17)
survive.

Finally, we conclude all results by the following theorem.

Theorem 6.1. Consider N = 1 chiral supersymmetry on U(nc) symmetric
Kähler–Ricci soliton (6.11) in asymptotic region satisfying (6.27). Suppose
there exists an m-dimensional vacuum manifold S of the theory with the
index λ in the IR or UV regions. Then, in the normal direction of S, we
can introduce real local coordinates Xp(τ) ≈ Xp with p = 1, . . . , 2nc − m for
all Λ and finite τ such that

V(τ) = V(S) − X2
1 − · · · − X2

λ + X2
λ+1 + · · · + X2

2nc−m. (6.31)

Thus, no parity transformation of the Hessian matrix of (4.8) emerges caused
by the Kähler–Ricci soliton in the region.

7 Conclusions

So far we have discussed the properties of four-dimensional chiral N = 1
supersymmetry on Kähler–Ricci flow satisfying (2.1). Both in global and
local theories, all couplings deform with respect to the parameter τ which is
related to the dynamics of the Kähler metric. Then, flat BPS domain walls
of N = 1 supergravity have been constructed where the warped factor (4.5)
and the supersymmetric flows are described by the BPS equations (4.6) and
the beta function (4.7) is controlled by the holomorphic superpotential W (z)
and the geometric flow (2.1).

We have considered the case where the initial manifold is Kähler–Einstein
with Λ > 0. In particular, in the interval τ ≥ 0, the flow collapses to a point
at τ = 1/2Λ and both N = 1 theories diverge. Such singularity disjoints
two different theories, namely in 0 ≤ τ < 1/2Λ we have N = 1 theories on a
Kähler–Einstein manifold with Λ > 0, whereas for τ > 1/2Λ the case turns
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out to be N = 1 theories on another Kähler–Einstein manifold with Λ < 0
and opposite metric signature. In the latter model we have wrong-sign
kinetic term which might be considered as ghosts.

In global theory, such geometrical deformation affects the vacua, which
can be directly seen from the parity transformation of the Hessian matrix
(5.2) that changes the Morse index of the vacua if they are nondegenerate.
The same conclusion is achieved for nondegenerate Minkowskian vacua in
the local theory. These are written in Theorem 5.3.

In AdS vacua, it is not trivial to observe directly such phenomenon since
both the geometric flow (2.1) and the coupling quantities such as the holo-
morphic superpotential W (z) and the fermionic mass in (3.16) generally
determine the properties of the vacua in the second-order analysis. There-
fore, we had to impose the conditions (5.17) in order for the parity trans-
formation to be revealed in both the nondegenerate and degenerate cases
described by Theorem 5.4 and Theorem 5.5, respectively. Particularly in the
degenerate case we had another possibility that the Kähler–Ricci flow could
also change an n-dimensional vacuum manifold to another m-dimensional
vacuum manifold with n 
= m as mentioned in Theorem 5.6. Finally, we
have employed the RG flow analysis to verify the existence of the vacua
since they correspond to the three dimensional CFT.

Then, we gave an explicit model, namely, the lCPnc model with linear
superpotential W (z) = a0 + ai z

i. In the model, we obtain a static vacuum
zi = 0 with ai = 0. For a0 
= 0, the vacuum is an isolated AdS spacetime of
the index 2nc describing unstable walls for 0 ≤ τ < 1/2(nc + 1). In the inter-
val τ > 1/2(nc + 1), the index then changes to 0 and it corresponds to stable
walls. All of them live in the UV region ensured by (5.22). On the other
side, taking a0 = 0 for any zi the vacua become degenerate Minkowskian
spacetime. Hence, the vacuum manifold is lCPnc for 0 ≤ τ < 1/2(nc + 1)
and then turns into ̂lCPnc for τ > 1/2(nc + 1).

For dynamical AdS vacua, we easily take nc = 1. Before singularity,
namely τ < 1/4, there are local minimum, local maximum, saddle, and
degenerate vacua living in the UV region given by (5.37) to (5.43), whereas
in the IR region we have only local minimum, saddle, and nonintrinsic degen-
erate vacua. This evidence shows that the Kähler–Ricci flow indeed plays a
role in changing the dimension and the index of the vacua consistent with
the first point in Theorem 5.6. Similar phenomenon happens after singu-
larity, namely τ > 1/4. The UV region allows all possibilities of vacua,
but in the IR region there are only local maximum, saddle, and again,
nonintrinsic degenerate vacua. These are the facts of the second point in
Theorem 5.6.
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The second example is the U(nc) invariant soliton. Around ξ = 0 the
soliton becomes lCPnc−1, which is a Kähler–Einstein manifold mentioned
above. Therefore, our interest is in asymptotic region |ξ| → +∞. Again,
for Λ > 0, the singularity occurs at τ = 1/2Λ and the soliton converges to a
Kähler cone. Additionally, the soliton has positive definite metric for τ ≥ 0
demanded by the inequalities (6.5).

Moreover, in order to get a consistent picture we have to choose |ξ| >> τ
for any finite τ . Then, in the region the soliton is dominated by the cone
metric (6.21) and has positive definite for all τ ≥ 0. Therefore, all vacua
are static and correspondingly, do not posses parity transformation of the
Hessian matrix of the scalar potential (3.17) caused by the geometric flow
(6.19) and (6.22). The same step as in the previous case, in AdS vacua the
analysis using RG flow must be performed for proving the existence of such
vacua. As an example, in a model consisting of all massless spin-1

2 fermions,
all AdS vacua exist in the UV region.

Finally, we want to mention that the analysis here can be generalized
to a case of curved BPS domain walls. This has been addressed for two
dimensional model in [27].
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A Convention and notation

The aim of this appendix is to assemble our conventions in this paper.
The spacetime metric is taken to have the signature (+,−,−,−) while
the Riemann tensor is defined to be Rμ

νρλ = ∂ρΓ
μ
νλ − ∂λΓμ

νρ + Γσ
νλΓμ

σρ −
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Γσ
νρΓ

μ
σλ. The Christoffel symbol is given by Γμ

νρ = 1
2gμσ(∂νgρσ + ∂ρgνσ −

∂σgνρ) where gμν is the spacetime metric.

We supply the following indices:

μ, ν = 0, . . . , 3, label curved four-dimensional spacetime indices;
i, j, k = 1, . . . , nc, label the N = 1 chiral multiplet;

ī, j̄, k̄ = 1, . . . , nc, label conjugate indices of i, j, k;

a, b = 1, . . . , nc − 1, label Fubini–Study coordinates of lCPnc−1;
p, q = 1, . . . , 2nc, label real coordinates;

p, q = 1, . . . , 2nc − m, label real coordinates in normal direction
of m-dimensional submanifold.

Some quantities on a Kähler manifold are given as follows. gij̄ denotes
the metric of the Kähler manifold whose Levi–Civita connection is defined
as Γl

ij = glk̄∂igjk̄ and its conjugate Γl̄
īj̄

= g l̄k∂īgj̄k. Then the curvature of
the Kähler manifold is defined as

Rl
ij̄k ≡ ∂̄j̄Γ

l
ik, (A.1)

while the Ricci tensor has the form

Rkj̄ = Rj̄k ≡ Ri
ij̄k = ∂̄j̄Γ

i
ik = ∂k∂̄j̄ ln

(
det(gij̄)

)
. (A.2)

Finally, the Ricci scalar can be written down as

R ≡ gij̄Rij̄ . (A.3)

B Analysis of the Hessian matrix of the scalar potential

This section is set to give our convention of the Hessian matrix of the scalar
potential and some proofs of the results particularly discussed in Section 5
since the other results can be extracted from these proofs. The analysis here
is standard in Morse(-Bott) theory and we omit the Einstein summation
convention. Interested reader can further read references [23–26].

First of all, we define the Hessian matrix of the scalar potential (3.17) in
local theory as

HV ≡

⎛
⎝

∂i∂̄j̄V ∂i∂jV

∂j∂iV ∂j ∂̄īV

⎞
⎠ (p0), (B.1)
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where p0 = (z0, z̄0) is a critical point (vacuum) and i, j = 1, . . . , 2nc, around
which the scalar potential can be expanded as

V(z, z̄; τ) = V(p0; τ) +
2nc∑

p,q=1

∂2V(p0)
∂xp∂xq

δxp δxq, (B.2)

with p, q = 1, . . . , 2nc, and we have defined real coordinates such that zi ≡
xi + ixi+nc and δxp ≡ xp − xp

0.

Let us first focus on nondegenerate case and the initial geometry is Kähler–
Einstein with Λ > 0. For the case at hand, the matrix (B.1) is invertible
and evolves as

HV = ε(σ)

⎛
⎝

Vij̄(p0) Vij(p0)

Vji(p0) Vjī(p0)

⎞
⎠, (B.3)

where ε(σ) is given in (5.5) and the quantities Vij̄(p0), Vij(p0) are defined in
(5.15). In order to obtain the parity transformation of (B.1), the real and
imaginary parts of Vij̄(p0) and Vij(p0) remain positive with respect to τ ≥ 0
and τ 
= 1/2Λ, which means that the inequalities (5.17) hold. Therefore, the
expansion (B.2) becomes

V(z, z̄; τ) = V(p0(τ); τ) + ε(σ)
2nc∑

p,q=1

Vpq(p0(τ); τ) δxp δxq, (B.4)

with xp
0 ≡ xp

0(τ). Since τ 
= 1/2Λ, we can define a new coordinate X1(τ) as

X1(τ) ≡ |V11(p0(τ); τ)|1/2

⎛
⎝δx1(τ) +

2nc∑
p=2

δxp(τ)
Vp1(p0(τ)
V11(p0(τ)

⎞
⎠, (B.5)

and then, (B.4) can be expressed as

V(z, z̄; τ) = V(p0(τ); τ) + ε(σ)

⎛
⎝±X2

1 (τ) +
2nc∑

p,q=2

V ′
pq(p0(τ); τ) δxp δxq

⎞
⎠.

(B.6)
Therefore, we inductively carry on the computation until r < 2nc by defining

Xr(τ) ≡ |Ṽrr(p0(τ); τ)|1/2

⎛
⎝δxr(τ) +

2nc∑
p=r+1

δxp(τ)
Ṽpr(p0(τ); τ)

Ṽrr(p0(τ); τ)

⎞
⎠, (B.7)

so that (B.4) has the form

V(z, z̄; τ) = V(p0(τ); τ) + ε(σ)

⎛
⎝±

r∑
p=1

X2
p (τ) +

2nc∑
p,q=r+1

Ṽ ′
pq(p0(τ); τ) δxp δxq

⎞
⎠,

(B.8)
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where

Xp(τ) =

{
Yp(τ) if 0 ≤ τ < 1/2Λ,

Ŷp(τ) if τ > 1/2Λ.
(B.9)

This completes the induction and the proof of Theorem 5.4. If we take the
limit MP → +∞ or W (z0) = 0, then Xp(τ) = |σ(τ)|−1/2Xp(0) as discussed
in Theorem 5.4.

Now we turn to consider the degenerate case starting with the expansion
(B.4). Next, the infinitesimal dual basis dxp are split into

dxp =
2nc−m∑

p=1

(
T p

p dxp + Np
p dxp

)
. (B.10)

where T p
p dxp and Np

p dxp are both dual tangent and normal vectors of
an m-dimensional submanifold S, respectively. Furthermore, the Hessian
matrix in the direction of the tangent vector vanishes, namely

2nc∑
p=1

T p
p Vpq(p0(τ); τ) = 0 (B.11)

for each q and p. Restricting to the normal subspace of S, (B.4) can be
written as

V(z, z̄; τ) = V(p0(τ); τ) + ε(σ)
2nc−m∑
p,q=1

Vpq(p0(τ); τ) δxp δxq, (B.12)

where Vpq(p0(τ); τ) ≡
∑2nc

p,q=1 Np
pN

q
qVpq(p0(τ); τ). We can then do a similar

computation as in the nondegenerate case to cast (B.12) in a bilinear form.
Thus, we have proved Theorem 5.5.

C More on Kähler–Ricci flow

In this appendix, we provide dynamical equations of geometric quantities
such as the inverse metric, Riemann curvature, Ricci tensor, and finally,
Ricci scalar. Using the identity gk̄igjk̄ = δi

j , we find that the evolution of
the inverse metric is governed by

∂gij̄(τ)
∂τ

= 2Rij̄(τ), (C.1)

where Rij̄ ≡ gil̄gkj̄Rkl̄, which results in

∂Γi
jk(τ)
∂τ

= −2gil̄∇jRkl̄(τ). (C.2)
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Then, we obtain the dynamical equation of the Riemann curvature

∂Rl
ij̄k

(τ)

∂τ
= −2g l̄i∇̄j̄∇iRkī(τ), (C.3)

which consequently gives the evolution equation of the Ricci tensor

∂Rj̄k(τ)
∂τ

= −2
(
ΔRj̄k(τ) + g l̄iRk̄

j̄l̄iRk̄k − g l̄iRi
lj̄kRīi

)
, (C.4)

with Δ ≡ gij̄∇i∇̄j̄ . Lastly, the dynamics of the Ricci scalar is controlled by

∂R(τ)
∂τ

= −2
(
ΔR(τ) + Rij̄Rij̄

)
. (C.5)
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math.DG/06057607.
[6] H.-D. Cao, Deformation of Kähler metrics to Kähler–Einstein metrics

on compact Kähler manifolds, Invent. Math. 81 (1985), 359.
[7] ———, Existence of gradient Kähler–Ricci solitons, in ‘Elliptic and

Parabolic Methods in Geometry’, eds. B. Chow, R. Gulliver, S. Levy
and J. Sullivan, A K Peters, 1996, 1.

[8] ———, Limits of solutions to the Kähler–Ricci flow, J. Differential
Geom. 45 (1997), 257.

[9] M. Feldman, T. Ilmanen and D. Knopf, Rotationally symmetric shrink-
ing and expanding gradient Kähler–Ricci solitons, J. Differential Geom.
65 (2003), 169 and references therein.

[10] K. Higashijima and E. Itou, Wilsonian renormalization group approach
to N = 2 supersymmetric sigma models, Prog. Theor. Phys. 108 (1997),



256 BOBBY E. GUNARA AND FREDDY P. ZEN

737, hep-th/0205036.; A new class of conformal field theories with
anomalous dimensions, Prog. Theor. Phys. 109 (1997), 751, hep-
th/0302090; Three dimensional nonlinear sigma models in the Wilso-
nian renormalization method, Prog. Theor. Phys. 110 (2003), 563, hep-
th/0304194.

[11] M. Nitta, Conformal sigma models with anomalous dimensions and
Ricci solitons, Mod. Phys. Lett. A 20 (2005), 577, hep-th/0411149.

[12] O. Aharony, S.S. Gubser, J. Maldacena, H. Ooguri and Y. Oz, Large
N field theories, string theory and gravity, Phys. Rep. 323 (2000), 183
and references therein, hep-th/9905111.

[13] P. Topping, Lectures on Ricci flow, London Mathematical Society Lec-
ture Note Series, 325, Cambridge University Press, 2006.

[14] J. Wess and J. Bagger, Supersymmetry and Supergravity, 2 ed., Prince-
ton University Press, 1992.

[15] R. D’Auria and S. Ferrara, On fermion masses, gradient flows and
potential in supersymmetric theories, JHEP 0105 (2001), 034, hep-
th/0103153. L. Andrianopoli, R. D’Auria and S. Ferrara, Supersymme-
try reduction of N -extended supergravities in four dimensions, JHEP
0203 (2002), 025, hep-th/0110277.

[16] J. Petean, Indefinite Kähler–Einstein metrics on compact complex sur-
faces, Comm. Math. Phys. 189 (1997), 227, dg-ga/9601010.

[17] M. Cvetic, S. Griffies and S.J. Rey, Static domain walls in N = 1 super-
gravity, Nucl. Phys. B 381 (1992), 301, e-print:hep-th/9201007.

[18] M. Cvetic and H.H. Soleng, Supergravity domain walls, Phys. Rep. 282
(1997), 159, e-print:hep-th/9604090.

[19] A. Ceresole, G. Dall’Agata, A. Girvayets, R. Kallosh and A. Linde,
Domain walls, near-BPS bubbles and probabilities in the landscape,
Phys. Rev. D 74 (2006), 086010, hep-th/0605266.

[20] B.E. Gunara, F.P. Zen and Arianto, BPS domain walls and vacuum
structure of N = 1 supergravity coupled to a chiral multiplet, J. Math.
Phys. 48 (2007), 053505, hep-th/0612017.

[21] D.Z. Freedman, S.S. Gubser, K. Pilch and N.P. Warner, Renormaliza-
tion group flows from holography-supersymmetry and a c-theorem, Adv.
Theor. Math. Phys. 3 (1999), 363, hep-th/9904017.

[22] A. Ceresole, G. Dall’Agata, R. Kallosh and A. van Proeyen, Hypermul-
tiplets, domain walls and supersymmetric attractor, Phys. Rev. D 64
(2001), 104006, hep-th/0104056.

[23] J. Milnor, Morse theory, Annals of Math. Studies, 51, Princeton Uni-
versity Press, 1963 (Based on lecture note by M. Spivak and R. Wells).
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