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Abstract

The aim of this paper is to analyze some geometric properties of the
rigid Calabi–Yau three-fold Z obtained by a quotient of E3, where E is a
specific elliptic curve. We describe the cohomology of Z and give a simple
formula for the trilinear form on Pic(Z). We describe some projective
models of Z and relate these to its generalized mirror. A smoothing of
a singular model is a Calabi–Yau three-fold with small Hodge numbers
which was not known before.

1 Introduction

One of the most exciting mathematical implications of string theory is mirror
symmetry, which finds its origin in the papers [13, 28]. A phenomenologi-
cal verification of the conjecture that Calabi–Yau manifolds should appear
in pairs was given in [11], and the first nontrivial examples of mirror pairs
appeared in [20]. In [20], it was also discovered that mirror symmetry can
be used to compute the instanton corrections to the Yukawa couplings (the
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first explicit computations were carried out in [7]), which mathematically
corresponds to determine the number of rational curves of given degree
embedded in the Calabi–Yau manifold. This led to the notion of Gromov–
Witten invariants and more generally to the one of Gopakumar–Vafa
invariants [21, 22].

Curiously, in the seminal paper [10], where the relevance of Calabi–Yau
manifolds in string theory was established, among the few explicit known
examples of Calabi–Yau manifolds there was the manifold Z, realized as the
desingularization of the quotient E3/ϕ3, with ϕ3 = ϕ× ϕ× ϕ and ϕ the
generator of Z3 which acts on the elliptic curve E. As Z is a rigid manifold,
it cannot admit a Calabi–Yau three-fold as mirror partner. This created a
puzzle in the general framework of mirror symmetry. However, physically,
mirror symmetry arises as a complete equivalence between conformal field
theories. In this respect, it should not be surprising that in certain excep-
tional cases the equivalence could involve more general spaces. Indeed, in [8]
it was proposed that the mirror of Z should be a cubic in P

8 quotiented by a
suitable finite group. By using the usual mirror methods, the authors were
able to reproduce the right Yukawa couplings of Z. The mirror symmetry
generalized to rigid Calabi–Yau manifolds has been considered also in [32],
where the mirror is presented as (embedded in) a higher dimensional Fano
variety having the mirror diamond as an embedded sub-diamond and in [1],
where it is related to toric geometry. However, a definitive understanding
of the question is still open.

In this paper, as a preparation to further work on generalized mirror sym-
metry, we present a very detailed study of the rigid manifold Z. Section 2
is devoted to an explicit description of the cohomology of Z. The Hodge
diamond of this three-fold is very well known, but here we identify a set of
generators of Pic(Z) made up of surfaces and a set of generators of H4(Z, Q)
made up of curves. Our goal is to describe the trilinear intersection form
on the generators of Pic(Z) relating it with the trilinear intersection form
on Pic(E3). Indeed the generators of Pic(Z) are of two types: the ones
coming from the generators of Pic(E3) and the ones coming from the res-
olution of the singularities of E3/ϕ3. The intersection between two divi-
sors of different type is zero, and the trilinear form on the divisors com-
ing from E3 is, up to a constant, the trilinear form Pic(E3). For this
reason it is important to give a good description of the trilinear form on
Pic(E3): in (4) the cubic self-intersection form is given for each divisor
in Pic(E3). In Section 3, Theorem 3.1, we prove that it can be given in
terms of the determinant of a matrix in Mat3,3(Q[ζ]), ζ3 = 1. The locus,
where the determinant vanishes is a singular cubic in P

8. We recall that
the Yukawa coupling on H1,1 is strongly related with the cup product on
H1,1 and thus with the intersection form on Pic(E3). Moreover the locus



A RIGID CALABI–YAU THREE-FOLD 1747

where the Yukawa coupling vanishes, corresponds to fermion mass genera-
tion points.

In the second part of the paper, in Section 4, we describe some projective
models of Z. Here we will limit ourselves to make some basic observation
on mirror symmetry, deferring a systematic analysis to a future paper. We
give a detailed description of the images of three maps (called m0, m1, m2)
defined from Z to projective spaces and we relate these to earlier work.
None of the maps mi, i = 0, 1, 2, gives an embedding. For this reason, we
also prove that a certain divisor on Z is very ample (cf. Proposition 4.12),
i.e., it defines a map m such that m(Z) � Z.

The maps mi, i = 0, 1, 2, allow us to describe some peculiarities of Z. The
map m0 is 3 : 1 and it gives a model of another rigid Calabi–Yau three-fold
Y, birational to Z/Z3. Moreover m0(Z) is contained in the Fermat cubic
hypersurface in P

8 and this could give a geometrical interpretation of the
conjectures on the generalized mirrors of the rigid Calabi–Yau three-folds Z
and Y presented in [8, 26]. The map m1 contracts 27 rational curves on Z,
and gives a model of Z embedded in P

11. This model will be used in Section
6 to obtain other Calabi–Yau three-folds. The map m2 was already defined
by Kimura [25] to show that there exists a birational map between Z and
a particular complete intersection of two cubics in P

5, called V3,3. Several
models of the variety V3,3 were analyzed previously (cf. [24, 37, 29]).

We already observed that the Calabi–Yau three-fold Z is very well known,
but it can be used to construct several other Calabi–Yau three-folds, which
are not always rigid. In Section 5, we recall constructions which produce
Calabi–Yau three-folds starting from a given one. In Section 6, we apply
one of these constructions (described in [15]) to Z and we obtain non rigid
Calabi–Yau three-folds. The idea is to contract some curves on Z and then
to consider the smoothing of the singular three-fold obtained. One of the
Calabi–Yau three-folds constructed in this section does not appear in the
list of known Calabi–Yau three-fold with small Hodge numbers given in [4]
and is a new Calabi–Yau variety.

2 The three-folds E3, ˜E3, Z and their cohomology

In this note, we will analyze the properties of the very well known Calabi–
Yau three-fold Z introduced independently in [3, Example 2] and [34]. In
order to describe the trilinear form on Pic(Z) (cf. (8)), which is strongly
related to the Yukawa coupling, we will compute the cohomology of Z
(Section 2.3) and of the varieties involved in its construction (Sections 2.1
and 2.2).
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To fix the notation, we recall some definitions and the construction of Z.

Definition 2.1. A smooth compact complex variety, X, is called a Calabi–
Yau variety if it is a Kähler variety, it has a trivial canonical bundle and
hi,0(X) = 0 for 0 < i < dim(X).

To give the Hodge diamond of a Calabi–Yau three-fold X one has to find
h1,1(X) and h2,1(X). We recall that h2,1(X) is the dimension of the family
of deformations of X (which are indeed unobstructed by the Tian–Todorov
theorem), so X has h2,1(X) complex moduli.

Let E be the Fermat elliptic curve x3 + y3 + z3 = 0, i.e., the elliptic curve
admitting a complex multiplication of order 3. We will denote by ϕ : E → E
the automorphism of E given by (x, y, z) �→ (x, y, ζz), where ζ is a primitive
third root of unity. Let E3 be the Abelian three-fold E × E × E and ϕ3

be the automorphism ϕ× ϕ× ϕ acting as ϕ on each factor of E3. The
automorphism ϕ has three fixed points on E, which are called pi := (−1 : ζi :
0), i = 1, 2, 3. Hence ϕ3 fixes 27 points on E3, pi,j,k := (pi; pj ; pk), i, j, k =
1, 2, 3. Let α : E3 → E3/ϕ3 be the quotient map. The three-fold E3/ϕ3

is singular and its singular locus consists of the 27 points α(pi,j,k). Let β :
˜E3 → E3 be the blow up of E3 in the 27 points fixed by ϕ3. The exceptional
locus consists of 27 disjoint copies of P

2, and the exceptional divisor over the
point pi,j,k will be denoted by B̃i,j,k. The automorphism ϕ3 of E3 induces
the automorphism ϕ̃3 on ˜E3. Let Z := ˜E3/ϕ̃3 and π : ˜E3 → ˜E3/ϕ̃3 be the
quotient map. The following diagram commutes:

ϕ3 � E3 β←− ˜E3 � ϕ̃3

α ↓ ↓ π

E3/ϕ3
γ←− Z

where γ is the contraction of the divisors π(B̃i,j,k) to the singular points
α(pi,j,k) of E3/ϕ3.

The three-fold Z is smooth (indeed the fixed locus of ϕ̃3 on ˜E3 is of
codimension 1) and is a Calabi–Yau three-fold.

2.1 The cohomology of E3

The three-fold E3 is an Abelian variety. Its canonical bundle is trivial and

Hp,q(E3) =
⊕

a1+a2+a3=p,
b1+b2+b3=q

(Ha1,b1(E)⊗Ha2,b2(E)⊗Ha3,b3(E)).
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Hence, the Hodge diamond of E3 is

1
3 3

3 9 3
1 9 9 1

Let zi be the complex local coordinate of the ith copy of E in E3. Then
H1,0(E3) = 〈dz1, dz2, dz3〉, H2,0 = 〈dz1 ∧ dz2, dz1 ∧ dz3, dz2 ∧ dz3〉 and
H3,0(E3) = 〈dz1 ∧ dz2 ∧ dz3〉.

The Picard group is generated by:

• Three classes Φi, i = 1, 2, 3, which are the classes of the fiber of the
projection ρi : E3 → E on the i-th factor, e.g., Φ1 = q × E × E for a
general point q ∈ E;
• Three classes Δi, i = 1, 2, 3, which are the product of the ith factor

of E3 by the diagonal on the other two factors, e.g., Δ1 = E ×Δ =
{E × q × q|q ∈ E};
• Three classes Γi, i = 1, 2, 3, which are the product of the ith factor of

E3 by the graph on the other two factors, i.e., Γ1 = E × Γ = {E × q ×
ϕ(q)|q ∈ E}, Γ2 = {ϕ(q)× E × q|q ∈ E}, Γ3 = {q × ϕ(q)× E|q ∈ E}.

By the definition of the divisor Φi it is clear that Φi = ρ∗i (q), where q is a
general point on E.

A similar description can be given for the divisors Δi and Γi. Indeed let
ρi : E3 → E, τi : E3 → E and ηi : E3 → E be the maps defined below, then:

Φi = ρ∗i (P ), ρi : (q1, q2, q3) �→ qi,

Δi = τ∗
i (P ), τi : (q1, q2, q3) �→ qj − qk, {i, j, k} = {1, 2, 3},

Γi = η∗i (P ), ηi : (q1, q2, q3) �→ (ϕ(qi+1)− qi+2), {i, i + 1, i + 2}
= {1, 2, 3}, i, i + 1, i + 2 ∈ Z3. (1)

We recall that E � R
2/Λ � C/Λ, where Λ is the lattice generated by 1 and

ζ. Let (x2j−1, x2j) be the real coordinates of R
2 relative to the jth copy of E

and let the isomorphism R
2 → C be (x2j−1, x2j)→ x2j−i + ζx2j , j = 1, 2, 3.

Each divisor D on E3 is a linear combination of surfaces on the three-fold
and defines a two-form, c1(D), in H2(E3, Z). The classes of the nine divisors
defined above can be found by pulling back the class of a point in H2(E, Z).
The form associated to a point q = y1 + ζy2 on E is dy1 ∧ dy2. We will
denote with the same name both the divisor and the corresponding form.
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So:

Φ1 = ρ∗1(dy1 ∧ dy2) = dx1 ∧ dx2,

Φ2 = dx3 ∧ dx4,

Φ3 = dx5 ∧ dx6,

Δ1 = τ∗
1 (dy1 ∧ dy2) = d(x3 − x5) ∧ d(x4 − x6),

Δ2 = d(x1 − x5) ∧ d(x2 − x6),

Δ3 = d(x1 − x3) ∧ d(x2 − x4),

Γ1 = η∗1(dy1 ∧ dy2) = d(x5 + x4) ∧ d(x6 − x3 + x4),

Γ2 = d(x1 + x6) ∧ d(x2 − x5 + x6),

Γ3 = d(x3 + x2) ∧ d(x4 − x1 + x2).

In the last three lines we used: ϕ(q) = ζq, hence ϕ(x2i−1 + ζx2i) = ζx2i−1 +
(−ζ − 1)x2i = −x2i + ζ(x2i−1 − x2i).

Let us now consider the space H2,2(E3). We recall that H2,2(E3) is the
dual of H1,1(E3) and in particular H2,2(E3) ∩H4(E3, Z) is generated by
nine four-forms, which are identified (via Poincaré duality) with nine one-
cycles. A Q-basis of H2,2(E3) ∩H4(E3, Z) generated by classes of curves on
E3, which are the pull back of the class of a general point Q ∈ E × E along
certain maps E3 → E × E, is:

φi = ρ∗j,k(Q), ρj,k : (q1, q2, q3) �→ (qj , qk), i = 1, 2, 3, {i, j, k} = {1, 2, 3}
δi = τ∗

j,k(Q), τj,k : (q1, q2, q3) �→ (qi, qj − qk), i = 1, 2, 3,

{i, j, k} = {1, 2, 3}
γi = η∗j,k(Q) ηj,k : (q1, q2, q3) �→ (qi, ϕ(qj)− qk), i = 1, 2, 3,

j = i + 1 ∈ Z3, k = i + 2 ∈ Z3.

One can directly check the following intersection products:

φi = ΦjΦk, {i, j, k} = {1, 2, 3}, i = 1, 2, 3, δi = ΦiΔi, i = 1, 2, 3,

γi = ΦiΓi, i = 1, 2, 3. (2)

As φi = ΦjΦk, its class in H4(E3, Z) is the wedge product of the two-forms
associated to Φj and Φk. The intersection between a divisor in Pic(E3) and
a curve in H2,2(E3) is the wedge product of a four-form and a two-form,
hence it is an element in H6(E3, Q) � Q, where the isomorphism is given by
dx1 ∧ dx2 ∧ dx3 ∧ dx4 ∧ dx5 ∧ dx6 �→ 1. From this one finds the intersection
numbers between the divisors generating Pic(E3) and the curves generating
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H2,2(E3):

Φ1 Φ2 Φ3 Δ1 Δ2 Δ3 Γ1 Γ2 Γ3

φ1 1 0 0 0 1 1 0 1 1
φ2 0 1 0 1 0 1 1 0 1
φ3 0 0 1 1 1 0 1 1 0
δ1 0 1 1 0 1 1 3 1 1
δ2 1 0 1 1 0 1 1 3 1
δ3 1 1 0 1 1 0 1 1 3
γ1 0 1 1 3 1 1 0 1 1
γ2 1 0 1 1 3 1 1 0 1
γ3 1 1 0 1 1 3 1 1 0

(3)

Now (2) and (3) together give the cubic self-intersection form on Pic(E3):

(

3
∑

i=1

aiΦi + biΔi + ciΓi

)3

= 6 ·

⎛

⎝a1a2a3 +
∑

i<j

aiaj(bi + bj + ci + cj)

+

⎛

⎝

∑

i<j

bibj

⎞

⎠ (a1 + a2 + a3 + 3 (c1 + c2 + c3))

+

⎛

⎝

∑

i<j

cicj

⎞

⎠ (a1 + a2 + a3 + 3 (b1 + b2 + b3))

+(a1 + a2 + a3)(b1 + b2 + b3)(c1 + c2 + c3) + 2
3

∑

i=1

aibici −
∑

i�=j

aibjcj

⎞

⎠ .

(4)

From the cubic self-intersection form, one deduces the trilinear form on
Pic(E3).

2.2 The cohomology of ˜E3

The three-fold ˜E3 is obtained by blowing up the 27 points pi,j,k := (pi; pj ; pk),
i, j, k = 1, 2, 3, on E3 and B̃i,j,k are the exceptional divisors of this blow up.
Hence, there is an isomorphism ˜E3 −

⋃

B̃i,j,k � E3 −
⋃

pi,j,k. The numbers
hi,j with i or j equal to zero are birational invariants, hence hi,j(˜E3) =
hi,j(E3), if i or j are zero.
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Let X be a projective manifold, S be a codimension r submanifold of
X and ˜X be a blow up of X in S. Then: Hk( ˜X, Z) = Hk(X, Z)⊕

⊕r−2
i=0

Hk−2i−2(S, Z) ([35, Théorème 7.31]). Applying this result to ˜E3, the blow
up of E3 in 27 points, we obtain the Hodge diamond of ˜E3:

1
3 3

3 36 3
1 9 9 1

Blowing up the 27 points, we introduced 27 exceptional divisors B̃i,j,k, hence
h1,1(˜E3) = h1,1(E3) + 27 and H1,1(˜E3) is generated by the 36 classes:

˜Fh := β∗(Φh), ˜Dh := β∗(Δh), ˜Gh := β∗(Γh), h = 1, 2, 3,

and by the classes [B̃i,j,k], i, j, k = 1, 2, 3.

The divisors ˜Fi, ˜Di, ˜Gi are the classes of the strict transforms of Φi, Δi, Γi,
indeed the Φi do not pass through the points pi,j,k and Δi, Γi are cohomo-
logically equivalent to classes, which do not pass through pi,j,k, for example
Δ1 is in the same class of {E × q × (q + q′)|q ∈ E} in H2(E3, Z) for any
q′ ∈ E.

The intersection form on H1,1(˜E3) = Pic(˜E3) is induced by the one on
E3. More precisely:

• let L be a divisor in Pic(E3), then β∗(L)B̃i,j,k = 0, indeed all the
divisors in Pic(E3) are linear combinations of Φi, Δi and Γi and all
these divisors are equivalent to divisors, which do not pass through
the points pijk and thus their strict transforms do not intersect the
exceptional divisors;
• similarly, for L1, L2, L3 ∈ Pic(E3) we have β∗(L1)β∗(L2)β∗(L3) =

L1L2L3;
• B̃i,j,kB̃h,l,m = 0, if (i, j, k) �= (h, l, m), because they are exceptional

divisors over distinct points;
• B̃i,j,k

3
= 1 (see (5)).

Dually the space H2,2(˜E3) is generated by 36 classes. We give a Q-basis of
H2,2(˜E3) ∩H4(˜E3, Z) made up of curves. Nine of them are the pull-back via
β of the classes of the curves generating H2,2(E3) (˜fi = β∗(φi), ˜di = β∗(δi),
g̃i = β∗(γi)) and the other 27 are the classes of the lines ˜li,j,k which generate
the Picard group of the exceptional divisors B̃i,j,k.
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By the adjunction formula, the canonical divisor of B̃i,j,k is

K
˜Bi,j,k

=
(

B̃i,j,k + K
˜E3

)

B̃i,j,k

=

⎛

⎝B̃i,j,k + β∗ (KE3) + 2
∑

i,j,k

B̃i,j,k

⎞

⎠ B̃i,j,k = 3B̃i,j,k

2
.

Since B̃i,j,k � P
2, K

˜Bi,j,k
= −3˜li,j,k, and comparing the two expressions of

K
˜Bi,j,k

,we obtain ˜li,j,k = −B̃i,j,k

2
. Moreover

1 = (−˜li,j,k)2 = B̃i,j,k |˜Bi,j,k
· B̃i,j,k |˜Bi,j,k

= (B̃i,j,k · B̃i,j,k)|˜Bi,j,k
= B̃i,j,k

3
. (5)

The intersection form between the curves generating H2,2(˜E3) and the
divisors generating H1,1(˜E3) is induced by the one on E3: if c ∈ H2,2(E3)
and L ∈ H1,1(E3) are chosen among the classes appearing in table (3), then:

c · L = β∗(c) · β∗(L); β∗(c)B̃i,j,k = ˜li,j,kβ
∗(L) = 0; ˜li,j,kB̃i,j,k = −B̃i,j,k

3
= −1;

l̃h,m,nB̃i,j,k = 0 if (h, m, n) �= (i, j, k).

2.3 The cohomology of Z

The map ϕ̃3 (induced by ϕ3) fixes the divisors B̃i,j,k and is without fixed
points on ˜E3 −

⋃

i,j,k=1,2,3 B̃i,j,k. So the fixed locus Fixϕ̃(˜E3) =
⋃

i,j,k=1,2,3

B̃i,j,k has codimension 1 and hence the three-fold Z, which is the quo-
tient ˜E3/ϕ̃3, is smooth. Moreover, Hp,q(Z) = Hp,q(˜E3)ϕ̃3 . We recall that
H i,0(˜E3) = H i,0(E3) and that the action of ϕ̃3 is (z1, z2, z3) �→ (ζz1, ζz2, ζz3)
(where zi are the local complex coordinates of the ith copy of E). Now it
is clear that β∗(dzi) and β∗(dzi ∧ dzj), i �= j, i, j = 1, 2, 3, are not invari-
ant under the action of ϕ̃3, but that β∗(dz1 ∧ dz2 ∧ dz3) is invariant under
ϕ̃3. We conclude that H1,0(Z) = H0,1(Z) = H2,0(Z) = H0,2(Z) = 0 and
H3,0(Z) = CωZ with π∗ωZ = β∗(dz1 ∧ dz2 ∧ dz3).

Analogously one can compute H2,1(Z) = H2,1(˜E3)ϕ̃3 . Since H2,1(˜E3) is
generated by β∗(dzi ∧ dzj ∧ dzk) for {i, j, k} = {1, 2, 3}, which are not invari-
ant under ϕ̃3, we obtain H2,1(Z) = H1,2(Z) = 0.

The divisors on ˜E3 induce divisors on Z. Since the map (ϕ̃3)∗ acts as the
identity on Pic(˜E3), the map π∗ : Pic(˜E3)⊗Q→ Pic(Z)⊗Q is bijective,
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and hence, as we will see, the Picard group of Z is generated by the 36
classes π∗( ˜Fi), π∗(˜Di), π∗(˜Gi), π∗(B̃i,j,k), i, j, k = 1, 2, 3, at least over Q and
we observe that Pic(Z)⊗Q is H2(Z, Q). The divisors ˜Fi, ˜Di, ˜Gi, B̃i,j,k

generating Pic(˜E3) correspond to surfaces on ˜E3. Let us denote by ˜L one
of them, then we define L to be

L := π(˜L) as a set, with the reduced scheme structure.

Thus, we get the classes Fi, Di, Gi, Bi,j,k which correspond to surfaces on Z.
By construction the quotient map π : ˜E3 → Z is a 3:1 cover branched over
π(

⋃

i,j,k=1,2,3 B̃i,j,k) =
⋃

i,j,k=1,2,3 Bi,j,k. Hence the map π : B̃i,j,k → Bi,j,k is

1 : 1. Moreover, also π : ˜Fi → Fi, π : ˜Di → Di, π : ˜Gi → Gi are 1 : 1. Thus,

π∗(B̃i,j,k) = Bi,j,k, π∗( ˜Fi) = Fi, π∗(˜Di) = Di, π∗(˜Gi) = Gi.

The set {Fh, Dh, Gh, Bi,j,k}h,i,j,k=1,2,3 is a Q-basis of Pic(Z). However, it
is known that this Q-basis is not a Z-basis. Indeed the class of the branch
locus of an n : 1 cyclic cover is n-divisible in the Picard group (cf. [5, Lemma
17.1, Chapter I]), in particular there exists a divisor

M ∈ Pic(Z) such that 3M �
∑

i,j,k

Bi,j,k =: B, (6)

where C1 � C2, if the two cycles C1 and C2 have the same cohomology
class. Of course, M is not a linear combination with integer coefficients of
the Bi,j,k.

We recall that Pic(Z) = H1,1(Z) and so the Hodge diamond of Z is

1
0 0

0 36 0
1 0 0 1

The intersection form on Pic(Z) is induced by the one on Pic(˜E3), but one
has to recall that the map π : ˜E3 → Z is a 3 : 1 map away from the ramifi-
cation locus, where it is a bijection. The map π∗ : H∗(Z, C)→ H∗(˜E3, C) is
a homomorphism of rings and hence for each D, D′, D′′ ∈ Pic(Z) ⊂ H∗(Z):

π∗(D)π∗(D′) = π∗(D ·D′),

π∗(D)π∗(D′)π∗(D′′) = π∗(D ·D′ ·D′′) = 3(D ·D′ ·D′′), (7)

where the last equality depends on the degree of π (cf. [12, Pag. 9]).



A RIGID CALABI–YAU THREE-FOLD 1755

So to compute the intersection form on Pic(Z), it suffices to divide the
intersection form on π∗(Pic(Z)) ⊂ Pic(˜E3) by 3, here we sketch this
computation:

• π∗(Bi,j,k) = 3B̃i,j,k, since Bi,j,k are in the ramification locus;
• π∗(Fi) = ˜Fi + ϕ̃3

∗( ˜Fi) + (ϕ̃3
2)∗( ˜Fi) � 3 ˜Fi, in fact ϕ∗

3(Fi) and Fi have
the same cohomology class on E3 (and hence ϕ̃3

∗( ˜Fi) and ˜Fi have the
same cohomology class on ˜E3);
• similarly π∗(Di) � 3˜Di, π∗(Gi) � 3˜Gi.

Together with the description of the map π∗ this implies that for every
divisor ˜L ∈ Pic(˜E3), π∗(L) = π∗(π∗(˜L)) � 3˜L.

By (7), we have (3˜L)(3 ˜L′)(3˜L′′) = π∗(L) · π∗(L′) · π∗(L′′) = 3(L · L′ · L′′)
and thus

LL′L′′ = 9˜L ˜L′˜L′′.

Hence we obtain that the trilinear form on π∗(Pic(˜E3)) ⊂ Pic(Z) is the
trilinear form of Pic(˜E3) multiplied by nine. Since the divisors in π∗(Pic(˜E3))
define a Q-basis for Pic(Z), this determines the trilinear form on Pic(Z) com-
pletely. To recap, we proved that each divisor L ∈ Pic(Z) can be written as
L = LE + LB, where LE =

∑3
i=1(aiFi + biDi + ciGi), LB =

∑3
i,j,k=1 αi,j,k

Bi,j,k and its cubic self-intersection is

L3 = L3
E + L3

B = 9

⎛

⎝

(

3
∑

i=1

(aiΦi + biΔi + ciΓi)

)3

+
3

∑

i,j,k=1

α3
i,j,k

⎞

⎠ . (8)

We found a Q-basis of H2,2(˜E3) and this induces, via π∗, a Q-basis of
H2,2(Z) (in analogy to what we did for Pic(Z)). Hence a Q-basis for H2,2(Z)
consists of the curves fi(= π∗(β∗(φi))), di(= π∗(β∗(δi))), gi (= π∗(β∗(γi))),
li,j,k(= π∗(˜li,j,k)). The intersection number aL between a =: π∗(ã) ∈ H2,2(Z)
and L, a divisor of the chosen Q-basis of Pic(Z), can be computed by the
projection formula (cf. [12, pag. 9]):

aL = π∗(ã)L = ãπ∗L = 3ã˜L (9)

For example, choosing a = li,j,k and L = Bi,j,k, we have li,j,kBi,j,k = −3.

We will need the expression of certain curves and classes in H2,2(Z) as
linear combinations of the classes generating H2,2(Z), so here we compute
some of them as examples.
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Example 2.2. The class M 2. The space H2,2(Z) contains all the classes
obtained as intersection of two divisors on Z. In particular, the class M2 =
(

1
3

∑

i,j,k Bi,j,k

)2
can be written as linear combination of fi, di, gi, li,j,k

with coefficients in Q, i.e., 1
9

∑

i,j,k(B
2
i,j,k) = (

∑3
h=1(λhfh + μhdh + νhgh) +

∑

i,j,k αi,j,kli,j,k). To find the coefficients of this Q-linear combination, it
suffices to compute the intersection of the divisors Fi, Di, Gi, Bi,j,k with M2.
The only non trivial intersections of M2 with these divisors are M2Bi,j,k = 1.
We know that Bi,j,kli,j,k = −3, Bi,j,kla,b,c = 0, if (a, b, c) �= (i, j, k), Bi,j,kfh =
Bi,j,kdh = Bi,j,kgh = 0 (cf. (9)). This implies that 1 = M2Bi,j,k = −3αi,j,k

and hence, αi,j,k = −1/3. Using (3) and (9), the intersections of M2 with
Fh, Dh and Gh give λh = μh = νh = 0.

Example 2.3. The curves C k
i,j ⊂ E3 and Ak

i,j ⊂ Z. Let us consider the
curve C1

i,j = E × {pi} × {pj}, where i, j = 1, 2, 3 and pi are the points fixed
by ϕ on E. This curve passes through three fixed points, pa,i,j ∈ E3, a =
1, 2, 3. The curve C1

i,j ⊂ E3 has the same cohomology class as E × {q} × {r}
for two general points q, r ∈ E. In particular, the class of the curve C1

i,j

is the class φ1 for each i, j. Let ˜C1
i,j := β−1(C1

i,j)− ∪a=1,2,3{pa,i,j}, it is

the strict transform of C1
i,j . The curve ˜C1

i,j intersects the exceptional divi-

sors B̃a,b,c in one point, if and only if (b, c) = (i, j). Hence, ˜C1
i,j = β∗(φ1)−

∑3
a=1

˜la,i,j . So, π∗(˜C1
i,j) = π∗(β∗(φ1)−

∑3
a=1

˜la,i,j) = f1 −
∑3

a=1 la,i,j . Let

us consider A1
i,j = π(˜C1

i,j) as set with the reduced scheme structure. The

map π : ˜C1
j,k → A1

i,j is 3 : 1, hence A1
i,j = 1

3(π∗(β∗(C1
i,j))). More generally,

define C2
i,j = {pi} × E × {pj}, C3

i,j = {pi} × {pj} × E, Ah
i,j = π(˜Ch

i,j) as a set
with the reduced scheme structure, then:

A1
i,j =

1
3

(

f1 −
3

∑

a=1

la,i,j

)

, A2
i,j =

1
3

(

f2 −
3

∑

a=1

li,a,j

)

,

A3
i,j =

1
3

(

f3 −
3

∑

a=1

li,j,a

)

. (10)

2.4 The Chern classes and the Riemann–Roch theorem on Z

The ith Chern class of a variety is the ith Chern class of its tangent bundle.
For a smooth projective variety X, ci(X) ∈ H2i(X, Z) and, by convention,
c0(X) = 1.
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If X is a Calabi–Yau variety, then c1(X) = 0, indeed c1(TX) = c1(
∧3 TX)

= c1(−KX) = 0.

The third Chern class of a smooth projective variety of dimension three
satisfies χ(X) = c3(X) (Gauss–Bonnet formula, [19, 416]).

Here, we compute the Chern classes of Z. From the previous considera-
tions it follows immediately that:

c0(Z) = 1, c1(Z) = 0, c2(Z) =
3

∑

h=1

(λhfh + μhdh + νhgh)+
3

∑

i,j,k=1

αi,j,kli,j,k,

c3(Z) = χ(Z) = 72,

where λh, μh, νh, αi,j,k ∈ Q. It remains to determine the coefficients of the
linear combination defining c2. To do this we need the following result:

Lemma 2.4 ([15, Lemma 4.4]). If X is a complex three-fold with trivial
canonical bundle and S is a smooth complex surface in X, then c2(X)[S] =
−c1(S)2 + c2(S).

We now apply this result to each generator of Pic(Z). As the divisors Bi,j,k

are isomorphic to P
2, one has c1(Bi,j,k) = 3li,j,k and c2(Bi,j,k) = χ(P2) =

3. The divisors Fi, Di, Gi are isomorphic to the Abelian surface E × E

(indeed the map π is 1 : 1 between the Abelian surface ˜Fi � E × E and Fi

are isomorphic to E × E, similarly Di and Gi). Hence, their first Chern
class is zero (since their canonical bundle is trivial) and their second Chern
class is zero (since it is equal to their Euler characteristic).

Now we compute the coefficients in c2(Z) as in Example 2.2. Indeed using
(3) and (9) one has:

−6 = −c1(Bx,y,z)2 + c2(Bx,y,z) = c2(Z)[Bx,y,z]

=

⎛

⎝

3
∑

h=1

(λhfh + μhdh + νhgh) +
∑

i,j,k

αi,j,kli,j,k

⎞

⎠ [Bx,y,z] = −3αx,y,z,

and

0 = −c1(F1)2 + c2(F1) = c2(Z)[F1]

=

⎛

⎝

3
∑

h=1

(λhfh + μhdh + νhgh) +
∑

i,j,k

αi,j,kli,j,k

⎞

⎠ [F1]

= 3(λ1 + μ2 + μ3 + ν2 + ν3)
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Doing this for all divisors, we obtain λh = μh = νh = 0, thus:

c2(Z) = 2
3

∑

i,j,k=1

li,j,k.

Remark 2.5. Considering Example 2.2, it is immediate to see that the
second Chern class c2(Z) is divisible by 6 in H4(Z, Z), indeed c2(Z)/6 =
∑

i,j,k=1,2,3 li,j,k/3 = −M2 ∈ H4(Z, Z). The divisibility of this class was
already obtained in a different and more involved way by Lee and Oguiso,
[27].

The computation of the second Chern class of Z allows also to write down
explicitly the Riemann–Roch theorem for the divisors on Z. Indeed it is well
known (cf. [23]) that the Riemann–Roch theorem for a three-fold is:

χ(L(D)) =
1
12

D · (D −KX)(2D −KX) +
1
12

c2 ·D + 1− pa.

In case X = Z, we have KZ = 0 and pa = 1 (since Z is a Calabi–Yau vari-
ety), so we obtain:

χ(L(D)) =
1
6
D3 +

1
6

∑

i,j,k=1,2,3

li,j,kD. (11)

3 More on the trilinear form on Pic(E3)

To compute the Yukawa coupling on Z it is necessary to describe the trilinear
form on Pic(Z). We proved in the previous section that the trilinear form
of Pic(Z) depends on the trilinear form on Pic(E3) (cf. (8), (14)). For this
reason, we now give a different description of the trilinear form on Pic(E3):
we reduce the computation of this trilinear form to the computation of the
determinant of a matrix in Mat3,3(Q[ζ]) (cf. (13)). More precisely in this
section, we give a way to associate to each divisor L on E3 a matrix ΩL in
Mat3,3(Q[ζ]) and we prove the following theorem:

Theorem 3.1. There exists a homomorphism of groups μ : Pic(E3)→
{H ∈Mat3,3(Q[ζ])|tH = −H} ⊂Mat3,3(Q[ζ]) such that, for each divisor
L ∈ Pic(E3), L3 = 1

12

√
−3det(μ(L)).

We already said (Section 2.1) that a divisor D on an Abelian variety
A � R

n/Λ corresponds to a two-form c1(D) and hence to a skew-symmetric
form ED on the lattice Λ taking values in Z.
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The elliptic curve E is obtained as C/Z[ζ]. Since, we are considering the
Abelian variety E3, in this context Λ � Z[ζ]3, and we are saying that each
divisor D in Pic(E3) defines a skew-symmetric form ED : Z[ζ]3 × Z[ζ]3 → Z.

First of all, we prove that for each L ∈ Pic(E3) there exists a matrix ΩL,
such that for each x, y ∈ Z[ζ]3, EL(x, y) = Tr(txΩLy), where Tr is the trace
of an element in Q[ζ] over Q defined as Tr(a + ζb) = (a + ζb) + (a + ζb) =
2a− b for a, b ∈ Q. Since EL(x, y) = −EL(y, x), tΩL = −ΩL.

To compute the matrix ΩL for each of the nine divisors L, which generate
the Picard group of E3, we use the same technique considered in Section
2.1, i.e., we consider divisors which generate Pic(E3) as pull-back of divi-
sors on an elliptic curve E. Indeed, since the map c1 : Pic(X)→ H2(X, Z)
commutes with the pull–back, we have that, if L ∈ Pic(E3) is α∗(l) for a
certain map α : E3 → E and a certain divisor l ∈ Pic(E), then EL(x, y) =
El(α(x), α(y)).

Let us consider the elliptic curve E = C/Z[ζ] and a general point P ∈ E.

Then, c1(P ) is the skew-form EP =
[

0 1
−1 0

]

(the unique, up to a constant,

skew-form on Λ). So EP (a + ζb, c + ζd) = ad− bc. The matrix ΩP is a 1× 1
matrix with entries in Q[ζ] (i.e., ΩP ∈ Q[ζ]) such that

Tr((a + ζb)ΩL(c + ζd)) = (a, b)
[

0 1
−1 0

](

c
d

)

= ad− bc.

This gives ΩP = ρ (=−tΩP ) where ρ := (ζ − ζ)/3.

The matrix ΩL for a certain divisor L ∈ Pic(E3) was identified by the
property EL(v, w) = Tr(tvΩLw), hence to compute it, we consider α : E3 →
E, α : (z1, z2, z3) �→

∑3
i=1 aizi, where zi are the complex coordinates on the

ith copy of E. Let a := (a1, a2, a3) and analogously v := (v1, v2, v3), w :=
(w1, w2, w3). Let L = α∗(P ), α(v) =

∑

i aivi = atv, α(w) =
∑

i aiwi = atw
(where tb is the transpose of the vector b). Then

EL(v, w) = EP (α(v), α(w)) = EP (atv, atw) = Tr(t(atv)ρatw)

= Tr(vtaρatw),

which implies that the matrix ΩL associated to L = α∗(P ) is

ΩL := ρ

⎛

⎝

a1

a2

a3

⎞

⎠ (a1, a2, a3). (12)
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Thus to find, for example, ΩΓ1, it suffices to apply (12) to the map
η1 : (z1, z2, z3) �→ ζz2 − z3:

ΩΓ1 = ρ

⎛

⎝

0
ζ
−1

⎞

⎠ (0, ζ,−1) = ρ

⎡

⎣

0 0 0
0 1 −ζ
0 −ζ 1

⎤

⎦ .

Similarly, one finds ΩΦi , ΩΔi and ΩΓi (the map associated to each of these
divisors is given in (1)). In this way one finds that if L =

∑3
i=1(aiΦi +

biΔi + ciΓi), then ΩL = aiΩΦi + biΩΔi + ciΩΓi is given by

ΩL = ρ

⎡

⎣

a1 + b2 + b3 + c2 + c3 −b3 − ζc3 −b2 − ζc2

−b3 − ζc3 a2 + b1 + b3 + c1 + c3 −b1 − ζc1

−b2 − ζc2 −b1 − ζc1 a3 + b1 + b2 + c1 + c2

⎤

⎦.

(13)

Now an explicit computation shows that for each divisor L ∈ Pic(E3), the
determinant of ΩL is, up to a constant, the intersection form computed
in (4),

L3 =
1
12
√
−3det

(

3
∑

i=1

(aiΩΦi + biΩΔi + ciΩΓi)

)

(14)

and this concludes the proof of Theorem 3.1.

Remark 3.2. The compatibility between the group structures of Pic(E3)
and Mat3,3(Q[ζ]) is because of the properties of the skew-symmetric form
EL defined by a divisor L and of the trace Tr. Indeed EL⊗M (x) = EL(x) +
EM (x) = Tr(txΩLx) + Tr(txΩMx) = Tr(tx(ΩL + ΩM )x), and so to the line
bundle L⊗M , we associate the matrix ΩL + ΩM .

We observe that the Picard group of the singular quotient E3/ϕ3 has
rank 9 and is induced by the one on Pic(E3). The Picard group of E3/ϕ3

can be identified with the subgroup of Pic(Z) generated by Fi, Di, Gi. In
Section 2.3, we proved that the trilinear intersection form on
〈Fi, Di, Gi〉i=1,2,3 ⊂ Pic(Z) is, up to a constant (multiplication by 9), the
trilinear form on Pic(E3). We deduce that the trilinear form on Pic(E3/ϕ3)
is, up to a constant, the determinant of the matrix as in (13). Since
H2,0(E3/ϕ3) = 0, Pic(E3/ϕ3)⊗ C � H1,1(E3/ϕ3) and the cup product on
H1,1(E3/ϕ3) coincides with the C-linear extension of the trilinear form. So
the cup product on H1,1(E3/ϕ3) can be represented as determinant of a
matrix in Mat3,3(Q[ζ]). This is of a certain interest because of its relation
with the Yukawa coupling on H1,1(E3/ϕ3), obtained as the sum of the cup
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product and another addend, involving the Gromov–Witten invariants. The
values of ai, bi, ci, where the determinant of the matrix (13) is zero corre-
spond to (1, 1) forms, where the cup product is zero. The set of such val-
ues is described by the cubic C3 := V (det(

∑3
i=1(aiΩΦi + biΩΔi + ciΩΓi))) in

P
8 (projective space with coordinates (a1 : a2 : a3 : b1 : b2 : b3 : c1 : c2 : c3)).

This cubic is singular, where the matrix
∑3

i=1(aiΩΦi + biΩΔi + ciΩΓi) has
rank 1, hence along the intersection of the nine quadrics in P

8 defined by
requiring that the nine 2× 2 minors of the matrix are zero. The matrices of
rank 1 are of type ρ(ta)(a) for a certain vector a = (a1, a2, a3). We already
showed that the matrix associated to the divisors Φi, Δi, Γi are of this type
and hence, they correspond to singular points of the cubic. We notice that
these divisors define a fibration on the three-fold.

Remark 3.3. Let Y be a Calabi–Yau three-fold. In [36], the cubic hyper-
surface W in P(Pic(Y )⊗ C), consisting of the points representing divisors
L with L3 = 0, is analyzed. Here, we are considering the cubic C3 defined
in the same way as W , but in the case of the Abelian variety E3. By the
relations between Pic(E3) and Pic(Z) given in Section 2.3, the cubic C3 is
also related to the cubic W in case Y = Z.

4 Projective models of Z

The aim of this section is to give explicit relations and equations for Z. To
do this we describe some (singular) projective models of the three-fold Z
and more in general maps f : Z → P

N . Each of these maps is associated
to a line bundle L := f∗(O

P
N (1)), and hence f is given by global sections

s0, . . . ., sN ∈ H0(Z, L), i.e., f : z �→ (s0(z) : . . . sN (z)).

Our strategy will be to construct line bundles L (and maps mL associ-
ated to L) on E3 and use these to induce line bundles (and hence maps)
on Z. Let L be a line bundle on E3 such that ϕ∗

3L � L. Then, ϕ∗
3 acts on

H0(E3, L) and hence the space H0(E3, L) is naturally decomposed in three
eigenspaces H0(E3, L)0, H0(E3, L)1, H0(E3, L)2. By construction the maps
(mL)0 : E3 → P(H0(E3, L)0), (mL)1 : E3 → P(H0(E3, L)1), (mL)2 : E3 →
P(H0(E3, L)2) identify points on E3 which are in the same orbit for ϕ3.
This implies that these maps (or better the maps induced by these maps
on ˜E3) are well defined on Z and thus are associated to line bundles on
Z. It is moreover clear that the map (mL)ε, ε = 0, 1, 2, is the composi-
tion of E3 → mL(E3) followed by the projection of mL(E3) on the subspace
P(H0(E3, L))ε. First of all, we point out the relations between the line bun-
dle and its global sections on E3 and on Z and then we focus our attention
on a specific case.



1762 SARA ANGELA FILIPPINI AND ALICE GARBAGNATI

Remark 4.1. We said that the space H0(E3, L) is naturally decomposed
in eigenspaces by the action of ϕ∗

3, and indeed there are three subspaces of
H0(E3, L), such that the action of ϕ3 is the same on all the elements in
the same subspace and is different on two elements chosen in two different
subspaces. However, the choice of the eigenvalue of each eigenspace is not
canonical, but depends on the lift of ϕ∗

3 on H0(E3, L) chosen.

Lemma 4.2 ([5, Lemma I.17.2]). Let π : X → Y be an n-cyclic covering of
Y branched along a smooth divisor C and determined by OY (L), where L is
a divisor such that OY (nL) � OY (C). Then π∗(OX) = ⊕n−1

k=0OY (−kL).

Since ϕ̃3 acts as a multiplication by ζ on the local equation of each rami-
fication divisor B̃i,j,k, we can apply the previous lemma to X = ˜E3, Y = Z,
C = B, L = M (cf. (6)), obtaining

π∗(O
˜E3) = OZ ⊕OZ(−M)⊕OZ(−2M). (15)

Indeed OZ , OZ(−M), OZ(−2M) correspond to the subbundles of π∗(O
˜E3),

which are stable with respect to the action of ϕ̃3. In particular, OZ
corresponds to the subbundle of the eigenvalue 1.

Let ˜L ∈ Pic(˜E3) be such that there exists L ∈ Pic(Z) satisfying ˜L = π∗(L).
Then

π∗(˜L) = π∗(π∗(L)⊗O
˜E3) = L⊗ π∗O

˜E3 = L⊕ L(−M)⊕ L(−2M), (16)

where the last equality follows from (15). This implies that

H0(˜E3, ˜L) = H0(Z, π∗(˜L)) = H0(Z, L)⊕H0(Z, L−M)⊕H0(Z, L− 2M)
(17)

where in the first equality we used, viewing ˜L as invertible sheaf, H0(Z, π∗
(˜L)) = (π∗(˜L))(Z) = ˜L(π−1(Z)) = ˜L(˜E3) = H0(˜E3, ˜L) and in the last (16).

Now, we concentrate on a specific choice of divisors on E3 and Z: let
Φ := Φ1 + Φ2 + Φ3 ∈ Pic(E3) and F := F1 + F2 + F3 ∈ Pic(Z).

Proposition 4.3. The map m3Φ : E3 → P
26 is an embedding. The auto-

morphism ϕ3 of E3 extends to an automorphism, called again ϕ3, on P
26.

Let (P26)ε be the eigenspace for the eigenvalue ζε, ε = 0, 1, 2, for ϕ3. The
composition of m3Φ with projection P

26 → P
26
0 (resp. P

26
1 , P

26
2 ) is the map

defined on Z, which is associated to the divisor F (resp. F −M , F − 2M).
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Proof. The diagram:

E3 β← ˜E3

↓ π
Z

induces
H0(E3, 3Φ)

β∗
→ H0(˜E3, 3β∗(Φ))
↑ π∗
H0(Z, F )

The map β∗ is an isomorphism. A section s ∈ H0(E3, 3Φ) with divisor D,
which has multiplicity αi,j,k in the point pi,j,k pulls back to a section β∗s
with divisor β∗D = ˜D +

∑

i,j,k αi,j,kB̃i,j,k, where ˜D is the strict transform
of D. Since 3β∗(Φ) = π∗(F ), using (16) and (17), we have π∗(3β∗(Φ)) =
F ⊗ π∗O

˜E3 and

H0(˜E3, 3β∗(Φ)) = H0(Z, F ⊗ π∗O
˜E3)

= H0(Z, F )⊕H0(Z, F (−M))⊕H0(Z, F (−2M)).

Thus

H0(E3, 3Φ)
β∗
� H0(˜E3, 3β∗Φ) � H0(Z, F )⊕H0(Z, F −M)

⊕H0(Z, F − 2M) (18)

and the last decomposition is a decomposition in eigenspaces of H0(E3, 3Φ).
So H0(Z, F − aM) ⊂ H0(E3, 3Φ) corresponds to the space of the sections
of 3Φ on E3 with zeros with multiplicity at least a in the points pi,j,k and
which are in the same eigenspace for ϕ3. The map associated to 3Φ is very
explicit: Every elliptic curve is embedded in P

2 as a cubic, by the linear
system associated to the divisor 3P . In particular, the curve E has the
curve x3 + y3 + z3 = 0 as image in P

2
x,y,z. So we can embed E3 in P

2
x1,y1,z1

×
P

2
x2,y2,z2

× P
2
x3,y3,z3

(embedding each factor of E3 in the correspondent copy
of P

2). Now, it is well known that there exists an embedding of P
2 × P

2 × P
2

in P
26 given by the Segre map

s : ((x1 : y1 : z1), (x2 : y2 : z2), (x3 : y3 : z3))

→ (x1x2x3 : x1x2y3 : x1x2z3 : x1y2x3 : . . . : z1z2z3).

Hence, there is an embedding of E3 in P
26, which is the restriction of s to E3.

By construction, this map is associated to the very ample divisor 3Φ on E3.
This map extends to a map defined on ˜E3, which contracts the exceptional
divisors B̃i,j,k (which are in fact orthogonal to the divisor β∗(3Φ) defining
the map).

The action of the automorphism ϕ3 on E3 is given by ϕ : ((x1 : y1 : z1), (x2 :
y2 : z2), (x3 : y3 : z3))→ ((x1 : y1 : ζz1), (x2 : y2 : ζz2), (x3 : y3 : ζz3)) and this
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automorphism extends to an automorphism on P
26. The eigenspaces with

eigenvalue 1, ζ, ζ2 for ϕ3 on P
26 are

(x1x2x3 : x1x2y3 : x1y2x3 : x1y2y3 : y1x2x3 : y1x2y3 : y1y2x3 : y1y2y3 : z1z2z3)

(z1x2x3 : z1x2y3 : z1y2x3 : z1y2y3 : x1z2x3 : x1z2y3 : y1z2x3 : y1z2y3 : x1x2z3 :

x1y2z3 : y1x2z3 : y1y2z3)

(x1z2z3 : y1z2z3 : z1x2z3 : z1y2z3 : z1z2x3 : z1z2y3)

respectively. We observe that the first eigenspace is defined by sections of 3Φ,
which are not necessarily zero in the points pi,j,k (for example the monomial
x1x2x3 is not zero in the points pi,j,k), the second is defined by sections
passing through pi,j,k with multiplicity 1 and the third by sections passing
through the points pi,j,k with multiplicity 2. Hence, the first eigenspace is
identified (under the isomorphisms (18)) with H0(Z, F ), the second with
H0(Z, F −M) and the third with H0(Z, F − 2M). �

Remark 4.4. From this description of H0(Z, F − kM) we obtain:

dim(H0(Z, F )) = 9, dim(H0(Z, F −M)) = 12, dim(H0(Z, F − 2M)) = 6.

If we apply the Riemann–Roch theorem (cf. (11)) to the divisor F , F −M ,
F − 2M , we find χ(F ) = 9, χ(F −M) = 12, χ(F − 2M) = 6. This in par-
ticular implies that for a divisor L among F , F −M , F − 2M , h2(Z, L)−
h1(Z, L) = 0, indeed by Serre duality we have h3(Z, L) = 0. For the divisors
F and F −M this is a trivial consequence of the fact that they are big and
nef, as we will see in Propositions 4.6 and 4.8, and of the Kawamata–Viehweg
vanishing theorem.

Remark 4.5. Analogously, we can consider the sections of the line bundles
hF − kM , h, k ≥ 0, over Z. These correspond (as showed for F − kM) to
sections of 3hΦ over E3, which vanish at least of degree k in the points pi,j,k.
We denote by Nh,k the space of such a sections. In case k = 0, 1, 2, this gives
a decomposition in eigenspaces of H0(E3, hΦ) relative to the eigenvalue ζk.

Let k = 0, 1, 2. We denote by (Symh(E))k := (Symh < x, y, z >)k the
monomials of degree h in the coordinates of E, which belong to the
eigenspace of the eigenvalue ζk. Now (Symh(E))k is generated by the mono-
mials of the form xαyβzγ , such that α + β + γ = h and γ ≡ k mod 3. Since
z3 = −x3 − y3 on E, we can assume that γ = k. Thus the eigenspaces have
the following dimensions: dim(Symh(E))k = h + 1, h, h− 1 for k = 0, 1, 2,
respectively. The sections of 3hΦ on E3 are given by Symh(E)× Symh(E)×
Symh(E) and hence Nh,k = Symh(E)a × Symh(E)b × Symh(E)c with
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a, b, c = 0, 1, 2 and a + b + c ≡ k mod 3. After direct computation, we obtain
the following dimensions

dim(Nh,k) =

⎧

⎪

⎨

⎪

⎩

9h3 k = 0,

9h3 + 3 k = 1,

9h3 − 3 k = 2,

which add up to H0(E3, 3hΦ) = (3h)3.

Now χ(hF − kM) = 9h3 + 3
2k(3− k2) by the Riemann–Roch theorem

(cf. (11)): we notice that dim(Nh,k) equals χ(hF − kM) for k = 0, 1, 2,
h > 0. This generalizes the result of Remark 4.4 and allows one to describe
projective models of Z obtained from the maps associated to the divisors
hF − kM , for each h > 0, k = 0, 1, 2.

4.1 The first eigenspace

We now analyze the projection to the eigenspace relative to the eigenvalue 1,
i.e., the map m0 on E3 given by (x1x2x3 : x1x2y3 : x1y2x3 : x1y2y3 : y1x2x3 :
y1x2y3 : y1y2x3 : y1y2y3 : z1z2z3).

Considering the coordinate functions of m0, we observe that they are
invariant not only under the action of ϕ3, but also under the action of φ :
((x1 : y1 : z1), (x2 : y2 : z2), (x3 : y3 : z3))→ ((x1 : y1 : ζz1), (x2 : y2 : ζ2z2), (x3 :
y3 : z3)). It is easy to see that the map is 9 : 1 on E3, and hence the image
gives a model of the Calabi–Yau variety Y, which desingularizes E3/〈φ, ϕ3〉.
So Z is a 3 : 1 cover of m0(E3). The Calabi–Yau Y, of which m0(E3) is
a birational model, is still interesting, so we describe the map m0 in some
details. In this section we prove the following:

Proposition 4.6. The map m0 : E3 → P
8 is well defined on E3, and is a

9 : 1 map on its image. Its differential fails to be injective only on the curves
Ci

j,k (cf. Example 2.3).

The variety m0(E3) is a 3 : 1 cover of σ(P1 × P
1 × P

1) where σ : P
1 ×

P
1 × P

1 → P
7 is the Segre embedding. Moreover, m0(E3) is contained in the

Fermat cubic hypersurface in P
8.

The map m0 induces the 3 : 1 map mF : Z → P
8 associated to the nef and

big divisor F .

It is immediate to check that the map m0 is 9 : 1. To analyze its differential,
we first consider m0 as defined on P

2 × P
2 × P

2 and then we will restrict it to
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E3. We recall that P
2 is covered by its open subsets Ux := {(x : y : z)|x �= 0},

Uy and Uz. Since the point (0 : 0 : 1) �∈ E, it suffices to consider the open
sets Ux and Uy, but the map is totally symmetric in the xi and yi, so it is
enough to study the map on the open set Ux × Ux × Ux of P

2 × P
2 × P

2:

Ux × Ux × Ux −→ U ⊂ C
8

(y1, z1) × (y2, z2) × (y3, z3) �−→
(

y3, y2, y2y3, y1, y1y3, y1y2,
y1y2y3, z1z2z3

)

.

The Jacobian is given by

Jm0 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0 0 0 0 1 0
0 0 1 0 0 0
0 0 y3 0 y2 0
1 0 0 0 0 0
y3 0 0 0 y1 0
y2 0 y1 0 0 0

y2y3 0 y1y3 0 y1y2 0
0 z2z3 0 z1z3 0 z1z2

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

Now we restrict our attention to the tangent space to E3: the tangent vec-
tors (u, v) to E in (y, z) satisfy u∂f

∂y + v ∂f
∂z = 0, where f = 1 + y3 + z3 is

the equation of E in Ux, thus (u, v) = λ(−∂f
∂z , ∂f

∂y ) = λ(−3z2, 3y2), λ ∈ C.
Hence the tangent vectors of E3 in the point q := (y1, z1, y2, z2, y3, z3) are
(u1, v1, u2, v2, u3, v3) = (−∂f1

∂z1
λ, ∂f1

∂y1
λ,−∂f2

∂z2
μ, ∂f2

∂y2
μ,−∂f3

∂z3
ρ, ∂f3

∂y3
ρ), where (λ,

μ, ρ) ∈ C
3 � TqE

3.

The Jacobian fails to be injective, where Jm0(u1, v1, u2, v2, u3, v3)t = 0,
which gives the following equations:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

−∂f3

∂z3
ρ = 0

−∂f2

∂z2
μ = 0

−∂f1

∂z1
λ = 0

z2z3
∂f1

∂y1
λ + z1z3

∂f2

∂y2
μ + z1z2

∂f3

∂y3
ρ = 0

⇒

⎧

⎪

⎨

⎪

⎩

z3 = 0 (⇒ y3 = ζc �= 0) or ρ = 0
z2 = 0 (⇒ y2 = ζb �= 0) or μ = 0
z1 = 0 (⇒ y1 = ζa �= 0) or λ = 0
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Thus, if either zi �= 0∀i or zi = 0, zj , zk �= 0 for {i, j, k} = {1, 2, 3}, then λ =
μ = ρ = 0, which gives no points where (Jm0)|E3 is not injective. On the
other hand, the condition z1 �= 0, zj = 0 for j �= 1 (resp. zi = 0 ∀i) implies
λ = 0, but does not give conditions on μ, ρ (resp. λ, μ, ρ). We recall that
the condition zi = 0 gives exactly the fixed points pi on the ith copy of E
in E3. Therefore the map (Jm0)|E3 , and also m0, fails to be injective on the
curves Ck

i,j (and in particular at the fixed points pi × pj × pk). The reason
is that these curves are invariant not only under the action of ϕ3, but also
under φ.

The map m0 can also be described in a different way, which exhibits
m0(E3) as 3 : 1 cover of a subvariety in P

7. Consider the composition γ
of the projection α : E3 → P

1 of each elliptic curve E ⊂ P
2 on the first two

coordinates and the Segre embedding σ : (P1)3 → P
7

γ : E3 α→ P
1 × P

1 × P
1

x3
i + y3

i + z3
i = 0 �→ ((x1 : y1), (x2 : y2), (x3 : y3))

σ→ P
7

�→ (x1x2x3 : x1x2y3 : . . . : y1y2y3)

The Segre map σ is well known to be an embedding and the map α is clearly
33 : 1, hence, γ is 33 : 1.

Let us denote by X0, . . . , X8 the coordinates on the target projective space
of the map m0. The map γ is the composition of projection of m0 with the
projection on the hyperplane P

7 ⊂ P
8 with coordinates X0, . . . , X7. Thanks

to this description one can show that m0(E3) is contained in certain quadrics
and a cubic hypersurface. Indeed the variety σ(P1 × P

1 × P
1) is contained

in the quadrics

X0X3 = X1X2, X0X5 = X1X4, X0X7 = X2X5, X0X7 = X1X6,

X0X6 = X2X4, X0X7 = X3X4, X1X7 = X3X5, X2X7 = X3X6,

X4X7 = X5X6

and since x3
i + y3

i + z3
i = 0, we have −(X8)3 = −(z1z2z3)3 = −(−x3

1

− y3
1)(−x3

2 − y3
2)(−x3

3 − y3
3) = X3

0 + X3
1 + X3

2 + X3
3 + X3

4 + X3
5 + X3

6 + X3
7 ,

so m0(E3) is contained in the Fermat cubic in P
8, F8 := V (

∑8
i=0 X3

i ).

It is now clear that the projection (X0 : . . . : X8)→ (X0 : . . . X7) restricted
to F8 and to m0(E3) is a cyclic 3 : 1 map with cover transformation (X0 :
. . . : X7 : X8)→ (X0 : . . . : X7 : ζX8).
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Remark 4.7. The map mF induced by m0 on Z does not contract curves.
This guarantees that F is a big and nef divisor, indeed F 3 > 0 (i.e., F is big)
and for each curve C ∈ Z, FC = 3deg(mF (C)) > 0, and by [12, Theorem
1.26] this suffices to conclude that F is nef.

The inclusion m0(E3) ⊂ F8 is interesting in view of the paper [8], where
the authors suggest that a generalized mirror for the Calabi–Yau three-fold
Z is a quotient of the Fermat cubic in P

8 by an automorphism of order 3.
Here, we proved that there exists a 3 : 1 map from Z to a singular model
of the Calabi–Yau variety Y = Z̃/Z3, which is contained in this cubic in P

8.
The Hodge numbers of Y are h1,1 = 84 and h2,1 = 0.

In [8], the authors observe that the middle cohomology of the desingu-

larization F̃8/G of the quotient of F8 by certain groups G has the following
Hodge numbers:

H7 : 0 0 1 β β 1 0 0. (19)

For a certain choice of the action of the group G � Z3, the value of β is
36 and hence h4,3(F8/G) = h1,1(Z). The space H4,3(F̃8/G) is the complex

moduli space of F̃8/G and has the same dimension of the Kähler moduli
space of Z. Requiring that the dimension of the complex moduli space of a
variety coincides with the dimension of the Kähler moduli space of another
variety is one of the necessary conditions for the two varieties to be mirrors.
In [8], deeper relations between the complex moduli of F̃8/G and the Kähler
moduli of Z are found using the Yukawa coupling. Because of this, the
authors suggest that F̃8/G could be a “generalized mirror” of Z.

Now we observe that, if G is trivial, then β in (19) is 84 and h4,3(F8) =
h1,1(Y). Thus, we observe that F8 has the Hodge numbers of the generalized
mirror of Y (a desingularization of Z/Z3). This was already noticed in [26,
Section 6.1.3], where the authors analyze a deeper relation between Y and
F8 based on their L-functions (cf. [26, Theorem 2]).

We observe that in these two generalized mirrors the desingularization of
a quotient by Z3 is involved:

CY Conjectured generalized mirror

Z F̃8/Z3

Y = Z̃/Z3 F8
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The fact that the Calabi–Yau variety Y admits a birational model inside the
variety

∑8
i=0 X3

i = 0 (and Z a 3 : 1 map to a subvariety of
∑8

i=0 X3
i = 0)

could be useful to give a geometric explanation of the relations between Z
and its generalized mirror and between Y and F8.

4.2 The second eigenspace

We now analyze the projection on the eigenspace of the eigenvalue ζ, i.e the
map m1 on E3 given by (z1x2x3 : z1x2y3 : z1y2x3 : z1y2y3 : x1z2x3 : x1z2y3 :
y1z2x3 : y1z2y3 : x1x2z3 : x1y2z3 : y1x2z3 : y1y2z3). We summarize the prop-
erties of this map in the following Proposition, which is proved in this
section:

Proposition 4.8. The base locus of the map m1 : E3 → P
11 consists of the

27 points pi,j,k. The map m1 contracts the 27 curves Ci
j,k and is 3 : 1 on

E3 away from these curves. Its differential is injective away from the 27
contracted curves. The image m1(E3) has 27 singular points, the images of
the curves Ci

j,k , which are ordinary double points.

The map m1 induces a well defined map over ˜E3, which sends the 27
exceptional divisors B̃i,j,k to 27 copies of P

2 and whose differential is injec-
tive away from the contracted curves.

The map m1 induces the map fF−M on Z associated to the nef and big
divisor F −M . It contracts the curves Ai

j,k and is the isomorphism Z −
⋃3

i,j,k=1 Ai
j,k → fF−M

(

Z −
⋃3

i,j,k=1 Ai
j,k

)

away from the contracted curves.

By the definition of m1, it is clear that the base locus is given by the
condition z1 = z2 = z3 = 0 and hence the base locus consists of the 27 points
pi,j,k. Let q be one of the following 27 points (0 : · · · : 0 : 1 : −ζb : −ζa :
ζa+b), (0 : · · · : 0 : 1 : −ζc : −ζa : ζa+c : 0 : · · · : 0) and (1 : −ζc : −ζb : ζb+c :
0 : · · · : 0). Then the inverse image of q is a curve Ci

j,k (for example C1
1,1

is sent to (1 : −ζ : −ζ : ζ2 : 0 : . . . : 0)). The inverse image of all the other
points in m1(E3) consists of 3 points, so the map is generically 3 : 1.

To study the Jacobian, we consider the open subset Uz × Ux × Ux (where
the map is surely defined, because the base locus is defined by z1 = z2 = z3 =
0). Since the tangent vectors to E3 in (x1, y1, y2, z2, y3, z3) are (u1, v1, u2, v2,

u3, v3) = (−∂f1

∂y1
λ, ∂f1

∂x1
λ,−∂f2

∂z2
μ, ∂f2

∂y2
μ,−∂f3

∂z3
ρ, ∂f3

∂y3
ρ), where (λ, μ, ρ) ∈ C

3 �
TpE

3, the restriction of the differential of m1 to the tangent space of E3
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has kernel:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

−∂f3

∂z3
ρ = 0

−∂f2

∂z2
μ = 0

−z2
∂f1

∂y1
λ + x1

∂f2

∂y2
μ = 0

−z2
∂f1

∂x1
λ + y1

∂f2

∂y2
μ = 0

−z3
∂f1

∂y1
λ + x1

∂f3

∂y3
ρ = 0

−z3
∂f1

∂x1
λ + y1

∂f3

∂y3
ρ = 0

⇒

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

z3 = 0 (⇒ y3 = ζc �= 0) or ρ = 0

z2 = 0 (⇒ y2 = ζb �= 0) or μ = 0

−z2y
2
1λ + x1y

2
2μ = 0

−z2x
2
1λ + y1y

2
2μ = 0

−z3y
2
1λ + x1y

2
3ρ = 0

−z3x
2
1λ + y1y

2
3ρ = 0

Thus, for z2, z3 �= 0⇒ μ = ρ = 0 and, considering for example the third and
the fourth equation, we obtain

⎧

⎨

⎩

−z2y
2
1λ = 0

−z2x
2
1λ = 0

⇒ λ = 0 (since x1, y1 cannot be both zero),

which implies λ = ρ = μ = 0. This condition gives no points, where the
differential is not injective. Similarly, if z2 = 0, z3 �= 0, then ρ = 0 and (by
the previous argument) λ = μ = 0, On the contrary, in case z2 = z3 = 0 one
obtains μ = ρ = 0, but no conditions on λ, which corresponds to curves
where the differential is not injective. The curves Ci

j,k are contracted to 27
singular points of m1(E3), which are the only singular points of the image.

In order to prove that these singular points are ordinary double points, we
consider some relations among the coordinate functions Ni, for i = 0, . . . , 11,
of m1. There are 15 quadratic relations involving these monomials, which
are induced by the Segre embedding:

Qi := V (N0N2i+1 − N1N2i), i = 1, 2, 3 Qi := V (N0N2i+1 − N2N2i), i = 4, 5

Qi := V (N1N2i−3 − N3N2(i−2)), i = 6, 7 Qi := V (N2N2i−11 − N3N2(i−6)), i = 8, 9

Q10 := V (N4N7 − N5N6) Qi := V (N4Ni−1 − N6Ni−3), i = 11, 12

Qi := V (N5Ni−3 − N7Ni−5), i = 13, 14 Q15 := V (N8N11 − N9N10)
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We observe that, due to x3
i + y3

i + z3
i = 0, i = 1, 2, 3, we obtain also 6

cubic equations relating the monomials:

C1 := V (N3
0 + N3

1 − (N3
8 + N3

10)) C2 := V (N3
2 + N3

3 − (N3
9 + N3

11))

C3 := V (N3
0 + N3

2 − (N3
4 + N3

6 )) C4 := V (N3
1 + N3

3 − (N3
5 + N3

7 ))

C5 := V (N3
4 + N3

5 − (N3
8 + N3

9 )) C6 := V (N3
6 + N3

7 − (N3
10 + N3

11))

So m1(E3) is contained in the intersection of all the varieties defined by
these equations. As done before one can compute the Jacobian of these
relations and analyze it at the singular points (for example at the point p :=
(0 : . . . : 0 : 1 : −1 : −1 : 1), which is image of the curve C3

3,3). We get seven
independent relations among the 12 variables Ni, for example choosing Q4,
Q6, Q10, Q13, C1, C2 and C3. Hence dim(kerJp) = 12− 7 = 5 and kerJp =<
(a : b : −a : −b : c : d : −c : −d : e : −e : −e : e) >, a, b, c, d, e ∈ C. Once we
projectivize this yields Tp(Q4, Q6, Q10, Q13, C1, C2, C3) � P

4
(a:b:c:d:e). In the

affine coordinate chart N11 = 1 the tangent vectors are given by (a, b, c, d).
Considering the quadric Q2, we obtain that ab− cd = 0. Thus, the points
we obtain by contracting one of the 27 curves are ordinary double points.

We already said that the map m1 is not defined in the 27 points pi,j,k

i, j, k = 1, 2, 3, and hence we consider the blow up, ˜E3, of E3 in the base
locus of m1. As in Section 4.1 we consider the map m1 extended to (P2)3

and we restrict it to the open subset Ux × Ux × Ux, which obviously contains
the 27 points we wish to examine:

Ux × Ux × Ux
m1��� P

11

(y1, z1) × (y2, z2) × (y3, z3) �−→ (z1 : z1y3 : z1y2 : z1y2y3 : z2 :
z2y3 : z2y1 : z2y1y3 :
z3 : z3y2 : z3y1 : z3y1y2).

In Ux × Ux × Ux the fixed points are given by pi,j,k = ((−ζi, 0), (−ζj , 0),
(−ζk, 0)). We study what happens locally when we approach the point
pi,j,k. We consider the parametrized line through p = p(0), p(t) = ((−ζi +
tu1, tv1), (−ζj + tu2, tv2), (−ζk + tu3, tv3)), where ((u1, v1), (u2, v2), (u3, v3))
∈ (C2)3 and t ∈ C. Under m1 the point p(t) is mapped to

m1(p(t)) = (tv1 : tv1(−ζk + tu3) : tv1(−ζ2 + tu2) : tv1(−ζj + tu2)(−ζk + tu3) :

tv2 : tv2(−ζk + tu3) : tv2(−ζi + tu1) : tv2(−ζi + tu1)(−ζk + tu3) :

tv3 : tv3(−ζj + tu2) : tv3(−ζi + tu1) : tv3(−ζi + tu1)(−ζj + tu2)).
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Let Ex := E ∩ Ux. The coordinates on Tp(Ex × Ex × Ex) are v1, v2, v3, since
u1 = u2 = u3 = 0, and thus the exceptional divisor of ˜E3 over p is mapped to
a P

2 = P(TpE3) = P
2
(v1:v2:v3) linearly embedded in P

11. It remains to prove

that the differential of the map m1 : ˜E3 → P
11 is injective on the exceptional

divisors. To do this, let us choose the complex coordinates of E3 on Ex ×
Ex × Ex, the coordinates zi. So E3 is locally isomorphic to C

3
(z1,z2,z3) and

zi = 3

√

−1− y3
i . Blowing up C

3
(z1,z2,z3) in (0, 0, 0), we obtain a variety locally

isomorphic to C(z1,b,c), where z2 = bz1 and z3 = cz1. The action of ϕ̃3 on the
coordinates (z1, b, c) is (z1, b, c) �→ (ζz1, b, c). Hence, the quotient C

3
(z1,b,c)/ϕ3

is locally isomorphic to a copy of C
3 with coordinates (z3

1 , b, c). Computing
the Jacobian of the map induced by m1 on this quotient, one finds that the
rank of the Jacobian is 3 (i.e., is maximal), hence the map induced by m1

on ˜E3 has an injective differential (except on the contracted curves).

Remark 4.9. As in the case of m0, one proves that F −M is big and
nef. Indeed m1 contracts the curves Ak

i,j and (F −M)Ak
i,j = 0. All the

non contracted curves have positive intersection with F −M (cf. Remark
4.7). Hence for each curve C in Z, (F −M)C ≥ 0, so F −M is nef. Since
(F −M)3 > 0, it is also big. In particular hi(F −M) = 0, i > 0.

We observe that using the intersection form on Pic(Z) one immediately
finds that the image of the divisor Bi,j,k under m1 is a linear subspace (we
computed explicitly this result on the blow up), indeed (F −M)2Bi,jk = 1.

4.3 The third eigenspace

We now analyze the projection on the eigenspace of the eigenvalue ζ2,
i.e., the map m2 on E3 given by (x1z2z3 : y1z2z3 : z1z2x3 : z1z2y3 : z1x2z3 :
z1y2z3). We summarize the properties of this map in the following proposi-
tion, which is proved in this section. Let us denote by S1

j (resp. S2
j , S3

j ) the
surface pj × E × E (resp. E × pj × E, E × E × pj).

Proposition 4.10. The base locus of the map m2 : E3 → P
5 consists of the

27 curves Ci
j,k. The map m2 contracts the nine surfaces Si

j and is 3 : 1 on
E3 away from these surfaces. Its differential is injective away from the nine
contracted surfaces. The map m2 is a 3 : 1 dominant rational map between
E3 and the desingularization ˜V3,3 of the three-fold

V3,3 :=
{ −X3

0 −X3
1 +X3

2 +X3
3 = 0

X3
2 +X3

3 −X3
4 −X3

5 = 0
(cf. [25]). (20)
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Let
˜

˜E3 be the blow up of ˜E3 along the curves ˜Ci
j,k. The map m2 induces

a map
˜

˜E3 → V3,3, defined everywhere, which sends the strict transform of
the exceptional divisors B̃i,j,k to the 27 linear subspaces P

2
(s:t:u) � (−s : ζis :

−t : ζjt : −u : ζku) ⊂ V3,3 and the strict transform of the curves ˜Ci
j,k to the

27 rational curves (0 : 0 : −λ : ζiλ : −μ : μζj), (−λ : ζiλ : 0 : 0 : −μ : μζj),
(−λ : ζiλ : −μ : μζj : 0 : 0).

The variety V3,3 has 9 singular points of type (3, 3, 3, 3), which are the
contractions of the strict transforms of the surfaces Si

j and whose tangent
cone is the cone over the Fermat cubic Del Pezzo surface.

The map m2 induces a generically 1 : 1 map on Z associated to the divisor
F − 2M . It is not defined on the curves Ai

j,k and contracts the surfaces

π(˜Si
j), where ˜Si

j is the strict transform of Si
j over ˜E3.

By the definition of m2, it is clear that the base locus is given by the
condition zi = zj = 0, i, j = 1, 2, 3, i �= j and hence the base locus consists
of the 27 curves Ci

j,k. Moreover, one immediately sees that the surfaces
with zi = 0, i = 1, 2, 3, are contracted to points by the map m2. Under the
condition zi �= 0, for each i ∈ {1, 2, 3}, m2 is 3 : 1. As in Sections 4.1, 4.2
one can prove that the Jacobian Jm2 restricted to E3 is injective away from
the contracted surfaces Si

j .

In [25], a dominant rational map of degree three between E3 and the
three-fold V3,3 is given. Comparing the map described in [25] with m2, one
observes that they coincide, up to a choice of the signs of the coordinate
functions of P

5. In [25], Kimura observes that the existence of this map
is predicted by the Tate conjecture. The variety V3,3 has nine singularities
of type (3, 3, 3, 3) at the points (1 : −ζa : 0 : 0 : 0 : 0), (0 : 0 : 0 : 0 : 1 : −ζb)
and (0 : 0 : 1 : −ζc : 0 : 0) (a, b, c = 0, 1, 2), which can be resolved by a simul-
taneous blow up. By a direct computation, one shows that the tangent cone
over the singularity is a Del Pezzo cubic in P

3 and more precisely the Fermat
cubic in P

3. We also observe that there are 27 curves (−s : ζas : −t : ζbt :
0 : 0), (0 : 0 : −t : ζbt : −u : ζcu), (−s : ζas : 0 : 0 : −u : ζcu) and 27 surfaces
(−s : ζas : −t : ζbt : −u : ζcu), a, b, c = 1, 2, 3, on V3,3, which contain the sin-
gular points and which do not appear in the image m2(E3). We will show

that these curves and surfaces are contained in the image of
˜

˜E3.

It suffices to consider the problem locally: locally E3 is isomorphic
to a copy of C

3
(z1,z2,z3). Blowing up the origin, one obtains the variety
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V (bz1 − az2) ∩ V (cz1− az3) ∩ V (cz2− bz3)⊂C
3
(z1,z2,z3)×P

2
(a:b:c), which is

isomorphic to a copy of C
3 with coordinates (z1, b, c), in the affine set a = 1.

Applying the map m2 to these new coordinates ((x1, y1, z1); (x2, y2, bz1);
(x3, y3, cz1)), one obtains (x1bc : y1bc : x3b : y3b : x2c : y2c). It is clear that,
in the affine set a = 1, the map is not defined on the curve b = c = 0 and that
the exceptional divisor P

2
(a:b:c) over the point pi,j,k identified by xh = 1, h =

1, 2, 3, y1 = −ζi, y2 = −ζj , y3 = ζk is sent to (−bc : ζibc : −ab : ζjab : −ac :
ζjac) � P

2
(ab:ac:bc). The map restricted to the exceptional divisor P

2
(a:b:c) is

(a : b : c)→ (bc : ac : ab), so it is a Cremona transformation.

Blowing up C
3
(z1,b,c) along the curve b = c = 0 one finds, as an open subset,

a third copy of C
3 with coordinates (z1, b, γ), related to the previous ones

by c = γb. Applying the map induced by m2 one obtains the everywhere

defined map on
˜

˜E3, locally given by (x1b : y1b : x2γ : y2γ : x3 : y3). Now one
can directly check that the images of the strict transforms of B̃i,j,k and of
˜Ci

j,k are the ones given in the statement. The intersection of the contracted

surface Sl
h with the strict transform of B̃i,j,k is given by the lines contracted

by the Cremona transformation induced by m2 on B̃i,j,k.

Remark 4.11. The divisor F − 2M , associated to m2, is a big divisor, but
it is not nef, indeed (F − 2M)Ak

i,j < 0.

The three-fold V3,3 is studied by several authors, who give different models
and descriptions of this three-folds. In [37], it is proved that this Calabi–
Yau is isomorphic to a 35 : 1 cover of P

3 branched along the configura-
tion of six planes which was constructed in [24]. The map associated to
this cover is ς : (X0 : X1 : X2 : X3 : X4 : X5)→ (X3

0 −X3
1 : X3

2 −X3
3 : X3

4 −
X3

5 : X3
2 + X3

3 ), hence there exists a 36 : 1 rational dominant map between
E3 and P

3, obtained by the composition ς ◦m3, defined by ((z2z3)3(−x3
1 +

y3
1) : (z1z2)3(x3

3 − y3
3) : (z1z3)3(−x3

2 + y3
2) : (z1z2)3(x3

3 + y3
3)).

Another construction of the same Calabi–Yau is given in [29], where it
is shown that the 35 : 1 map V3,3 ��� P

3 is the composition of a 34 : 1 map
V3,3 ��� T and a 3 : 1 map T → P

3, the last map being a 3 : 1 cover of P
3

branched along the six planes which are the faces of a cube.

4.4 Other maps

In the previous sections, we analyzed the maps defined on Z associated to
the divisors F , F −M and F − 2M . These divisors give 3 : 1 or 1 : 1 maps,
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but they do not give an image which is isomorphic to Z. Indeed, the divisors
F and F −M are big and nef, but not ample and F − 2M is not nef. In
particular, none of them is very ample. Here, we want to prove that the
divisor 2F −M is a very ample divisor and hence f2F−M (Z) is isomorphic
to Z, where f2F−M is the map defined by the divisor 2F −M . In general, it
is not easy to find criteria which assure that a given divisor is very ample, and
indeed we will prefer to consider explicitly the map associated to 2F −M
and prove that it is an isomorphism on the image. However, it is clear that
since F and F −M are both nef and big, the sum of these divisors 2F −M
is nef and big.

Let m : E3 → P
N be the composition of the map f2(3Φ) defined on E3

and the projection on the eigenspace of the eigenvalue ζ (with respect to
the action of ϕ3). By Remark 4.5, we know that the map induced by m on
Z is the map f2F−M .

Proposition 4.12. The base locus of the map m consists of the 27 points
pi,j,k. It induces an everywhere defined 3 : 1 map over ˜E3, whose differential
is injective. The map induced on Z is an isomorphism on the image and is
associated to the divisor 2F −M which is very ample.

Proof. By Remark 4.5 we have

m : E3 −→ P
74 = P(N2,1),

and we are considering monomials contained in the eigenspace relative to ζ.

We consider only the monomials with one z, namely of the form

vivjvk with vi ∈ {zixi, ziyi}, vj ∈ {x2
j , xjyj , y

2
j } and vk ∈ {x2

k, xkyk, y
2
k},

where {i, j, k} = {1, 2, 3}. We restrict ourselves to the open subset defined
by xh = 1 for h = 1, 2, 3. The rank of the Jacobian of m is 3. Thus the
differential is injective, where the map is defined.

We recall that F −M defines an isomorphism on Z except on the curves
Ai

j,k, which are contracted, so 2F −M is an isomorphism outside the curves
Ai

j,k and thus it suffices to prove that 2F −M = F + F −M has an injective
differential on these curves. The blow up of E3 in the points pi,j,k is locally
the blow up of C

3
(z1,z2,z3) in the origin and is isomorphic to C

3
(z1,b,c) on an

open subset (cf. Subsection 4.3). The quotient by the map ϕ̃3 is locally
isomorphic to C

3
(z3

1 ,b,c)
. Applying the map induced by m to C

3
(z3

1 ,b,c)
and

computing the differential one obtains that it has rank 3 everywhere, in
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particular where b = c = 0 (which is the curve corresponding to A1
j,k). So

the map m induces on Z a map which is an isomorphism everywhere, thus
divisor 2F −M is very ample. �
Remark 4.13. The divisor F −M + F1 is a nef and big divisor on Z.
It is easy to check that it contracts the curves A2

j,k and A3
j,k (indeed it

acts essentially as F −M on these curves), but is an isomorphism on A1
j,k

(indeed it acts on these curves as 2F −M) and away from the curves Ai
j,k

(again because F −M has the same property). One can also check that
(F −M + F1)2A1

j,k = 1 and (F −M + F1)2Ai
j,k = 0 if i = 2, 3. Analogously

we have that F −M + Fi, i = 1, 2, 3, contracts 18 curves among Ah
j,k and is

an isomorphism away from the contracted curves.

Similarly, the map associated to the divisor F −M + Fi + Fj , i �= j, i, j ∈
{1, 2, 3}, contracts nine curves among Ah

k,l and is an isomorphism away from
these curves.

5 Other Calabi–Yau three-folds

Until now, we considered the well known Calabi–Yau three-fold Z. The
aim of this section is to recall that, starting from the Abelian three-fold E3

or from the Calabi–Yau three-fold Z, one can construct other Calabi–Yau
three-folds with different Hodge numbers and properties. We will describe
some already known constructions and results. In Section 6, we present two
Calabi–Yau three-folds obtained from a singular model of Z by a smoothing.
One of these was unknown until now.

5.1 Quotient by automorphisms

To construct Z, we considered the desingularization of the quotient of the
Abelian variety E3 by the automorphism ϕ3. Similarly, we can consider quo-
tients of E3 by other automorphisms, or quotients of Z by automorphisms
induced by the ones of E3.

Example 5.1. We already saw an example of this construction in 4.1.
Indeed the group G � (Z3)2 = 〈ϕ3, φ〉 = 〈ζ × ζ × ζ, ζ × ζ2 × 1〉 acts on E3

and E3/G is a singular three-fold which admits a desingularization Y which
is a Calabi–Yau. This three-fold is already known [9, 18, 33], and its Hodge
numbers are computed in [33]: h2,1 = 0, h1,1 = 84. The automorphisms
ϕ3 and φ commute on E3, this implies that φ induces an automorphism
α of order 3 on E3/ϕ3 and also on Z. Thus the three-fold Y can be
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obtained also as desingularization of the quotient Z by the automorphism
α. The automorphism α preserves the three-holomorphic form on Z, and
this guarantees that the quotient Z/α has a desingularization, which is a
Calabi–Yau three-fold.

As in the previous example, one can construct automorphisms on Z con-
sidering the automorphisms of E3, which commute with ϕ3. These auto-
morphisms induce automorphisms on Z.

On each Abelian variety A, and in particular on E3, the translations
by points are defined, indeed for each point r ∈ A, the map tr : A→ A
such that tr(q) = q + r for each q ∈ A is an automorphism of A. Let us
assume that the order of tr is finite. The quotient E3/tr does not have the
Hodge numbers of a Calabi–Yau variety, indeed translations preserve all the
holomorphic forms on E3, thus h1,0(E3/tr) = h2,0(E3/tr) = 3. However the
translation tr commutes with the automorphism ϕ3, if and only if ϕ3(r) = r.
In this case, the translation tr defines an automorphism on E3/ϕ3 and a
desingularization of E3/〈ϕ3, tr〉 has the Hodge numbers of a Calabi–Yau
three-fold.

The Abelian variety E3 admits a larger group of automorphisms: GL3

(Z[ζ]) ⊂ Aut(E3). In particular, the automorphism ϕ3 ∈ GL3(Z[ζ]) is the
diagonal matrix (ζ, ζ, ζ). Since all the matrices M ∈ GL3(Z[ζ]) commute
with the diagonal matrix (and in particular with ϕ3), the automorphisms of
E3 given by the matrices M induce automorphisms on Z. Thus, GL3(Z[ζ]) ⊂
Aut(Z). If σ ∈ SL3(Z[ζ]) is of finite order, then Z/σ has a desingulariza-
tion, which is a Calabi–Yau three-fold. It is in general an open (and non
trivial) problem to find explicitly such a desingularization and to compute
its Hodge numbers h1,1, h2,1.

In [31], some quotients of E3 by subgroups of SL3(Z[ζ]) and their crepant
resolutions are analyzed ([31, Theorem 3.4]). We notice that the definition
of Calabi–Yau variety in [31] is slightly different from our definition, indeed
in [31], it is not required that h2,0 = 0 and some particular singularities are
admitted. Anyway, the three-folds X3,1 and X3,2 in [31, Theorem 3.4] have
h2,0 = 0.

In [14], the finite subgroups of SL3(Z) are classified and the action of
some of these subgroups on the product of three elliptic curves is studied.

In [2], certain Calabi–Yau varieties obtained as desingularization of quo-
tients of an Abelian variety by a group of automorphisms are presented and
their cohomology is computed.
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5.2 Elementary modifications

In [15], two constructions are considered, both of them are related to the
presence of rational curves C on a Calabi–Yau three-fold X such that the
normal bundle of C in X is NC/X � OP

1(−1)⊕O
P
1(−1). The curves that

satisfy this property are said to be of type (−1,−1). The first construc-
tion is the elementary modification with respect to one of these curves, the
second one is the smoothing of the three-fold obtained by contracting these
curves. We will see later that the curves Ah

i,j on Z are rational curves of
type (−1,−1) and hence can be used for these constructions.

The elementary modification on a rational curve C ⊂ X of type (−1,−1)
consists of a blow up of C and a blow down: blowing up the curve C on X,
one obtains a variety X̂ with an exceptional divisor D, which is isomorphic to
P

1 × P
1 (which is a P

1-bundle over the curve C � P
1). Now one can contract

the first or the second copy of P
1 in the exceptional divisor P

1 × P
1. One of

these contractions is the opposite of the blow up X̂ → X, gives exactly X
and sends D to C ⊂ X, the other one gives a new 3-fold X ′ (in this case D
is sent to a rational curve C ′ ⊂ X ′), which is said to be obtained by X by
an elementary modification (or a flop) on the curve C:

X ← X̂ → X ′
C ← D → C ′ .

If X is projective, X ′ is not necessarily a projective variety, (see for example
[15, Examples 7.6, 7.7]). In fact X ′ may not even be Kähler.

In [30], some fibrations on the three-fold Z are described. They are
induced by the projection of E3 on E × E, the product of two factors of E3,
and the general fiber is an elliptic curve. Thanks to the results in Section
2.3 we conclude that these elliptic fibrations are associated to the divisors
Fi + Fj on Z. These elliptic fibrations have some singular fibers which, are
the fibers over the points of E × E (the base of the fibration) which are
fixed by ϕ3. These fibers consist of a rational curve and three planes. From
this geometric description it is immediate that the rational curve is one of
the curves Ah

i,j and the planes are three of the Bi,j,k’s. More precisely, if
the fibration considered is obtained from the projection E3 → E × E on
the second and the third factors, then the rational curves over the points
(pi, pj) ∈ E × E are A1

i,j and the planes in the fibers are Ba,i,j , a = 1, 2, 3.
Once one fixes the projection E3 → E × E, the rational curves in the excep-
tional fibers depend only on i, j and these curves are denoted by li,j in [30].
In [30, Proposition 2.2] it is proved that the curves Ak

i,j (denoted by li,j
by Oguiso) are of type (−1,−1). Moreover in [30, Proposition 2.4] the
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three-folds XT , obtained by elementary modifications on certain subsets T
of curves Ak

i,j , are proved to be Calabi–Yau varieties with h2,1 = 0. By con-
struction, the three-folds Z and XT are birational, but in [27, Theorem 3.1]
it is proved that they are not homeomorphic, i.e., they are not equivalent
from a topological point of view.

6 The smoothings

In this Section, we construct a new Calabi–Yau three-fold obtained by
smoothing a singular model of Z.

In [15, Section 8] the smoothing of a singular variety obtained by the
contraction of certain curves on a three-fold with trivial canonical bundle is
analyzed. Let V be a three-fold with trivial canonical bundle and let Ci be
rational curves on it. Let V be the three-fold obtained contracting the Ci

and let us assume that the Ci contract to singular ordinary double points, pi,
on V . Let r : V → V be the contraction. Let Vt be the three-fold obtained
by smoothing V , i.e., Vt is the fiber over t of a proper flat map f : V → Δ,
where Δ is the unit disc of C, such that f−1(0) = V and f−1(s) = Vs is
smooth for each s ∈ Δ, s �= 0. Friedman proves the following results:

Lemma 6.1 ([15, Lemma 8.7]). Let V be a compact complex three-fold with
only ordinary double point singularities and let π : V → V be a small resolu-
tion such that the canonical bundle of V is trivial. Let pi be the singularities
of V and Ci be the curve π−1(pi). Then there exists a first order deforma-
tion of V which is nontrivial for the pi (i.e., smooths them to first order)
if and only if the fundamental classes [Ci] in H2(V, Ω2

V ) satisfy a relation
∑

i λi[Ci] = 0 such that for every i, λi �= 0.

This Lemma gives a condition to assure that there exists a smoothing of
the three-fold V . The following two lemmas describe the properties of this
smoothing, if it exists.

Lemma 6.2 ([15, Lemma 8.1]). With the previous notations, let e : ⊕iZCi →
H2(V, Z) be the map which associates to each curve its class, then H2(Vt, Z)
is isomorphic to the cokernel of e and b3(Vt) = b3(V ) + 2s, where s is the
rank of the kernel of e.

Lemma 6.3 ([15, Lemma 8.2]). With the previous notations: 1) if hi,0(V ) =
0 for a certain i, then hi,0(Vt) = 0 for any small t.

2) If the canonical bundle of V is trivial and h1,0(V ) = 0, then the canon-
ical bundle of Vt is trivial.
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The previous lemma implies that, if V is a Calabi–Yau variety, then Vt

is a Calabi–Yau variety. Moreover, if one can describe the map e, its kernel
and its cokernel, one immediately deduces b2(Vt) and b3(Vt). For a Calabi–
Yau variety, we have b2 = h1,1 and b3 = 2 + h2,1 + h1,2 = 2 + 2h2,1. Thus
knowing e, one determines the Hodge diamond of the Calabi–Yau variety Vt.

Now the idea is to apply these results to V = Z and to the contraction
m1 of the 27 curves Ak

i,j , i, j, k = 1, 2, 3. Indeed Z := m1(Z) is a three-fold
with only ordinary double points (this was proved in Proposition 4.8, but
is also the consequence of the cited result by Oguiso, [30, Proposition 2.2],
who proved that the curves Ak

i,j are of type (−1,−1)) and m1 : Z → Z is
the small resolution required by Lemma 6.1. Now it suffices to show that
there exists a relation in H2(Z, Z) � H4(Z, Z)

∑

i,j,k=1,2,3

λi,j,kA
k
i,j = 0, λi,j,k �= 0, for each i, j, k = 1, 2, 3, (21)

to prove that there exists a smoothing of Z. If this smoothing exists, then its
fibers are Calabi–Yau three-folds, by Lemma 6.3. We described Ak

i,j as linear
combination of a basis of H2,2(Z) in (10). Hence, it suffices to substitute
each Ak

i,j with its expression in (21) and to determine λi,j,k such that all the
coefficients of the basis of H2,2(Z) are equal to zero. The following choice
for the λi,j,k, all nonzero, gives the relation:

4A1
1,1 +

3
∑

i=2

A1
1,i + A1

2,1 − 2
3

∑

i=2

A1
2,i + A1

3,1 − 2
3

∑

i=1

A1
3,i − 2

3
∑

i=1

A2
1,i +

3
∑

i=1

A2
2,i

+
3

∑

i=1

A2
3,i − 2

3
∑

i=1

A3
1,i +

3
∑

i=1

A3
2,i +

3
∑

i=1

A3
3,i = 0.

Hence, there exists a smoothing of Z and its fibers are Calabi–Yau vari-
eties. We compute the Hodge numbers of these Calabi–Yau three-folds,
using Lemma 6.2. Indeed the map e in this lemma is exactly the one
described by the relations (10). It is a trivial computation to show that
its kernel has dimension six and hence we have that b3(Vt) = 2 + 12 = 14
and b2(Vt) = 36− 21 = 15. Thus, the Hodge diamond of the Calabi–Yau
varieties which are smooth fibers of the smoothing of Z is the following:

1
0 0

0 15 0
1 6 6 1

(22)
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and Euler characteristic equal to 18.

Remark 6.4. In [4, figure 1], the known Calabi–Yau three-folds with small
Hodge numbers are listed. The Calabi–Yau three-fold obtained as smoothing
of Z with Hodge diamond (22) is unknown.

In a similar way, one can consider the map fF−M+F3 associated to the
divisor F −M + F3. As proved in Section 4.4, this map contracts the 18
curves Ak

i,j , i, j = 1, 2, 3, k = 1, 2 and is injective with an injective differential
away from these curves. The map fF−M+F3 : Z → fF−M+F3(Z) contracts
the curves Ak

i,j , i, j = 1, 2, 3, k = 1, 2 to ordinary double points (indeed all
these curves are of type (−1,−1)). Among these curves there exists the
following relation:

2
3

∑

i=1

A1
1,i −

3
∑

i=1

(A1
2,i + A1

3,1)− 2
3

∑

i=1

A2
1,i +

3
∑

i=1

(A2
2,i + A2

3,1) = 0

thus one can smooth fF−M+F3(Z) to Calabi–Yau varieties. By Lemma 6.2,
we compute the Hodge numbers of such a smooth Calabi–Yau: b3 = 2 + 4 =
6, b2 = 36− 16 = 20. Thus, the Hodge diamond is

1
0 0

0 20 0
1 2 2 1

(23)

and Euler characteristic equal to 36.

The situation is essentially the same considering the maps induced by
F −M + F1 and F −M + F2.

Remark 6.5. In [6, Pag. 25, line 1 and Section 3.4.2] a Calabi–Yau three-
fold with the Hodge diamond mirror of the one in (23) is given. In particular
this Calabi–Yau is constructed as smooth quotient of a complete intersec-
tion. We do not know if this Calabi–Yau manifold is the mirror of the
one constructed as smoothing of fF−M+F3(Z) or if they only have specular
Hodge numbers.

In Section 4.4 we noticed that the map associated to F −M + F1 + F2

contracts the nine curves A3
i,j , i, j = 1, 2, 3, but we cannot use the map

fF−M+F1+F2 to construct a smoothing of fF−M+F1+F2(Z). Indeed, it is
immediate to check that the curves A3

i,j , i, j = 1, 2, 3, are linearly indepen-
dent and hence there exists no relation among them as required by Lemma
6.1, i.e., there exists no smoothing of fF−M+F1+F2(Z).
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7 Conclusions

In this paper, we analyzed the geometry of the rigid Calabi–Yau three-
fold Z. This Calabi–Yau is well known, but the careful description of
its geometry allows us to give a different interpretation of known results
(for example of the generalized mirror) and to construct other Calabi–Yau
three-folds.

The mirror conjecture says that two families of Calabi–Yau three-folds are
mirror if the complex moduli space of one of them is locally isomorphic to
the Kähler moduli space of the other one. The definition of the isomorphism
among these two moduli spaces implies that the instanton corrections defined
on H1,1 of one of them can be reconstructed by the superpotential of the
complex moduli defined on H2,1 of the other Calabi–Yau three-fold and
thus involve the Yukawa coupling on the Calabi–Yau three-folds. The mirror
conjecture is stated, and in particular cases proved, under two hypotheses on
the families of Calabi–Yau three-folds: the families have to be at least one–
dimensional and have to admit a point with maximal unipotent monodromy.
Families of Calabi–Yau three-folds without a point with maximal unipotent
monodromy are described for example in [17, 18, 33]. An extension of the
mirror conjecture to these families is until now unknown. On the contrary,
there are some ideas to extend the mirror conjecture to rigid Calabi–Yau
three-folds (see [1, 7, 32]). In particular in [7] a generalized mirror for the
three-fold Z is proposed. In the classical mirror symmetry there often is a
geometric link among families of Calabi–Yau three-folds and their mirrors
and this link is very useful in the mirror construction: the most famous
example is the mirror of the quintic in P

4, which is the desingularization
of the quotient of a particular quintic by a group of automorphisms. In
this paper we have analyzed a lot of properties of the well known rigid
Calabi–Yau three-fold Z and we gave a geometric relation between it and
its generalized mirror.

The other problem we analyzed is the construction of families of Calabi–
Yau three-folds with given Hodge numbers. In [4] there is a list of the pairs
of small numbers which can be the Hodge numbers of Calabi–Yau three-
folds. Not all these pairs correspond to known Calabi–Yau three-folds. Here,
we constructed a new family with given Hodge numbers, starting from the
Calabi–Yau three-fold Z.

In this paper, we have obtained essentially three types of results: in Sec-
tions 2.1 and 3, we described the trilinear form on Pic(Z) and hence we
gave information on the Yukawa coupling of Z; in Section 4 we gave very
explicit equations of projective models of Z, related one of them with the



A RIGID CALABI–YAU THREE-FOLD 1783

generalized mirror of Z and suggested how to construct other models; in
Section 6 we constructed other Calabi–Yau three-folds starting from Z.

In Section 2, the trilinear form on Pic(Z) is computed. As we already
said this gives information on the Yukawa coupling of Z, but it is also
important in view of the construction of the projective models of Z. The
computation of this form is very explicit and we essentially proved that the
Picard group of Z splits in two parts, one of them comes from Pic(E3),
the other one from the resolution of the singularities of the quotient E3/ϕ3.
The trilinear form on the second part is very elementary, the one on the first
part depends only on the properties of the Abelian variety E3. We proved
that the trilinear form on Pic(E3) can be expressed in terms of determinants
of certain matrices in Mat3,3(Q[ζ]). This is useful because, of course, makes
the computation easier, but could also have a deeper meaning, indeed this
creates a strong relation between a significative part of the Yukawa coupling
of Z and a group of matrices. This could help in clarifying the relation
between string theory and exceptional supergravities, cf. [16].

The three-fold Z is well known in the literature as desingularization of the
quotient of an Abelian variety by a group of automorphisms, but there are
not many explicit descriptions of its projective models. Here, we provided
three very explicit descriptions and suggested a strategy to obtain many
others: We wrote down the equations of maps from E3 to projective spaces
and related them with divisors on E3. Thanks to the strong relation between
Z and E3 these maps give (singular) models of Z. In particular, we analyzed
three maps: the first one exhibits Z as a 3 : 1 cover of another Calabi–Yau
three-fold Y, which is contained in the cubic hypersurface F8 in P

8. This
is interesting in view of the study of the mirror conjecture of rigid Calabi–
Yau three-folds, indeed in [7], a quotient of the cubic Fermat hypersurface
F8 is proved to be a generalized mirror of Z and the hypersurface F8 is
conjectured to be the generalized mirror of Y (see [26]). Here, we have
provided a geometric relation between these two rigid Calabi–Yau three-
folds (Z, Y) and their generalized mirrors. The second map gave a singular
birational model of Z. It is embedded in P

11 and its singular locus consists
of 27 ordinary double points. This model is used in Section 6 to construct
other Calabi–Yau three-folds. The third map was already considered by
Kimura in [25] and exhibits the birationality of Z and the variety V3,3, a
complete intersection of two particular cubics in P

5.

The richness of the results obtained from the study of these three maps
(such as the geometric relation between rigid Calabi–Yau three-folds and
their generalized mirrors or the possibility to construct other Calabi–Yau
varieties) suggests it might be interesting to analyze also other models,
constructed in a similar way (i.e., writing the explicit maps defined on E3).
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For this reason we introduced maps associated to other divisors (see Remark
4.5 and Section 4.4) and in particular we proved that one of these divisors is
very ample (and thus gives an isomorphism between Z and its image under
the induced map).

We think that our results on the connection between Pic(Z) and a group
of matrices and on the geometric relation between Z and its generalized
mirror could lead to a deeper understanding of the generalization of the
mirror conjecture to rigid Calabi–Yau three-folds.

The construction of several projective models is important to better
understand the geometry of Z, but also because from singular models of
Z we have constructed new Calabi–Yau three-folds. In Sections 5 and 6, we
presented some constructions that can be used to obtain Calabi–Yau three-
folds from a given one, in particular from Z. One of these constructions
is the smoothing of a singular model of Z. Considering singular models
constructed in Section 4 and applying the smoothing to these models, we
obtained two distinct Calabi–Yau three-folds with different Hodge numbers.
One of these Calabi–Yau three-folds was unknown until now. It is now
clear that the analysis of other singular projective models of Z (for example
associated to the divisors proposed in Section 4) could give other unknown
Calabi–Yau three-folds. As we said, one can obtain other models consider-
ing the maps presented in Section 4.4, but one can also apply the techniques
of Section 4 to other varieties, which are desingularizations of quotients of
known varieties. This should give a lot of Calabi–Yau three-folds and we
hope to find new Calabi–Yau varieties in this way.
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