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Defects in cohomological gauge theory

and Donaldson-Thomas invariants

Michele Cirafici

Donaldson-Thomas theory on a Calabi-Yau can be described in
terms of a certain six-dimensional cohomological gauge theory. We
introduce a certain class of defects in this gauge theory which gen-
eralize surface defects in four dimensions. These defects are associ-
ated with divisors and are defined by prescribing certain boundary
conditions for the gauge fields. We discuss generalized instanton
moduli spaces when the theory is defined with a defect and propose
a generalization of Donaldson-Thomas invariants. These invariants
arise by studying torsion free coherent sheaves on Calabi-Yau vari-
eties with a certain parabolic structure along a divisor, determined
by the defect. We discuss the case of the affine space as a concrete
example. In this case the moduli space of parabolic sheaves admits
an alternative description in terms of the representation theory of
a certain quiver. The latter can be used to compute the invari-
ants explicitly via equivariant localization. We also briefly discuss
extensions of our work to other higher dimensional field theories.
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1. Introduction

The relationship between quantum field theory and geometry has been long
and fruitful. In the recent years the BPS sector of supersymmetric field
theories has played an increasingly important role and has revealed itself
full of surprises. Often a good idea to study this sector is to consider a
simplified version of quantum field theory which only contains the relevant
information; for example a topological, or better cohomological, gauge the-
ory. Cohomological gauge theories are obtained from supersymmetric gauge
theories via the topological twist procedure. The net effect of the twist is
to localize the gauge theory onto the moduli space of solutions of the BPS
equations, dropping all the perturbative fluctuations. The observables of the
cohomological theory can be expressed in terms of the intersection theory
on this moduli space. Often this space has an intrinsic geometrical charac-
terization and is associated with an interesting mathematical problem. The
cohomological gauge theory becomes a powerful tool to study this problem,
via the computational and conceptual insights offered by quantum field the-
ory. One famous example is Donaldson-Witten theory, which arises from the
topological twist of N = 2 supersymmetric Yang-Mills, and its relation with
the Donaldson invariants. The latter characterize differential four manifolds
and correspond to certain integrals over the instanton moduli space of the
gauge theory [1]. On the other hand the low energy dynamics of N = 2
Yang-Mills is governed by the Seiberg-Witten solution [2], whose equations
provide a simpler and equivalent perspective on four manifolds [3].

Another example is the cohomological gauge theory which arises from
the twist of maximally supersymmetric Yang-Mills in six dimensions. This
theory is expected to capture certain aspects of Donaldson-Thomas theory of
Calabi-Yau manifolds. This has been explicitly shown in the case of ordinary
Donaldson-Thomas invariants on toric Calabi-Yau varieties [4–7]. Indeed in
the case of toric Calabi-Yau varieties one can use the powerful techniques of
equivariant localization to perform explicit computations of the enumerative
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invariants. These techniques allow to reduce the instanton counting prob-
lem of a topological field theory on four or six dimensional toric varieties,
to a combinatorial problem [4–10]. Instanton counting problems have seen
dramatic progress in the recent years with the work of Nekrasov [11, 12].
The basic idea is to localize the instanton measure with respect to the toric
action on the instanton moduli space induced by the toric action on the
physical space where the gauge theory is defined. The localization formula
reduces difficult integrals over the instanton moduli space to a sum over
toric fixed points with determined weights. Usually toric fixed points admit
a combinatorial classification, in terms of Young diagrams and plane parti-
tions, or generalization thereof. See [13–15] for a recent review within the
present context.

The relation between gauge theory and Donaldson-Thomas theory is
powerful enough to survive certain generalizations. In particular one can
still use instanton counting techniques to study noncommutative Donaldson-
Thomas invariants [16], defined on noncommutative crepant resolutions of
Calabi-Yau singularities. In this case the central ingredient is an instanton
quiver which governs the local dynamics of the theory on the instanton
moduli space. The whole formalism of instanton counting can be adapted to
instanton quivers. Instanton quivers seem to be very general structures, with
applications to the theory of motivic Donaldson-Thomas invariants and the
theory of quantum cluster algebras [17, 18].

The geometrical structures associated with topological gauge theories
are enriched by the presence of defects. Defects can be seen as certain phys-
ical modifications of the Feynman integral where for example the relevant
fields are assumed to have a prescribed behavior along the defect. In four
dimensional Yang-Mills theory the most studied cases are the Wilson and ’t
Hooft line defects. Surface defect are a higher dimensional generalization of
line defects. Depending on the perspective taken, sometimes defects can be
thoughts of as path integral insertions and are also customarily called line
or surface operators. A certain class of surface defects was throughly stud-
ied by Gukov and Witten in the context of the topological twist of N = 4
super Yang-Mills which describes aspects of the geometric Langlands pro-
gram [19, 20]. These are co-dimension two defects on which the S-duality
of N = 4 super Yang-Mills acts non trivially and are mathematically de-
scribed by parabolic Higgs bundles. These defects also exists in the case
of N = 2 super Yang-Mills which is more close to the spirit of this paper,
where they have an interesting wall-crossing behavior and provide a deep
connection with hyperholomorphic geometry and Hitchin systems [21, 22].
Surface defects in topological Yang-Mills were further used in [23, 24] to
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provide physics proofs of several results concerning the geometry of four
manifolds, pointing out tantalizing new connections between invariants of
four manifolds and the theory of embedded surfaces [25, 26]. Surface defects
in four dimensional gauge theories have been studied from the point of view
of instanton counting [27–31] and topological strings [33–35].

The purpose of this paper is to lay the foundations of a theory of divisor
defects in higher dimensional topological gauge theories and hopefully fos-
ter discussion between physicists and mathematicians. Our main playground
will be the six dimensional gauge theory associated with Donaldson-Thomas
theory on a generic Calabi-Yau, but we will also discuss how our arguments
generalize to other topological theories. Geometrically our results suggest the
existence of a generalization of Donaldson-Thomas theory and the associ-
ated enumerative problem. We will study in detail the modifications needed
in the gauge theory to incorporate the defects. These amount roughly to
prescribe certain boundary conditions for the gauge field nearby a defect.
We then study how to incorporate generalized instanton configurations in
the theory coupled to a defect. This can be done in full generality from
the gauge theory perspective by defining an appropriate instanton moduli
space. The new instanton moduli space is essentially the moduli space of so-
lutions of the Donaldson-Uhlenbeck-Yau equations with prescribed bound-
ary conditions along the divisor. In ordinary Donaldson-Thomas theory one
obtains a better behaved moduli space by relaxing the concept of holomor-
phic bundle to torsion free sheaves. Similarly we argue that in our problem
we should consider the moduli space of torsion free sheaves with a parabolic
structure along the divisor. This suggest the existence of a generalization
of Donaldson-Thomas invariants related to the intersection theory of the
moduli space of stable parabolic sheaves on a Calabi-Yau threefold.

After describing the modifications due to the defect in full generality,
we turn to an explicit example and consider the gauge theory on C3 with
a divisor defect. In this case we can use toric localization techniques to
evaluate explicitly the partition function and the new invariants. To do so we
construct explicitly the relevant moduli space of parabolic sheaves. It turns
out that this moduli space can be identified with a fixed locus of the ordinary
moduli space of torsion free sheaves, with respect to a certain discrete action
determined by the defect. We introduce an appropriate instanton quiver to
study this fixed locus and carry out explicitly the localization computation.

Finally we end with a discussion about possible generalization to other
topological field theories, as well as to the more intricate case of defects
coupled to lower dimensional defects.
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This paper is organized as follows. In Section 2 we review few results
on the theory of surface defects in four dimensional supersymmetric gauge
theories, which will be generalized in the rest of the paper. In particular we
emphasize the relation between surface defects and instanton counting. In
Section 3 we review some aspects of Donaldson-Thomas theory and its rela-
tion with cohomological gauge theory. In Section 4 we lay the foundations of
a theory of divisor defects in Donaldson-Thomas theory, from the gauge the-
ory point of view. Firstly we discuss the general structure of a divisor defect
and afterwards we study the necessary modifications to Donaldson-Thomas
theory to include the defect. We do this step by step, by starting with the
gauge theory intuition as a guide and finally conjecture that the relevant
moduli space to study involves torsion free sheaves with a parabolic structure
along a divisor. This suggests the existence of new enumerative invariants
associated with the intersection theory of this moduli space. The discussion
so far is quite abstract and therefore in Section 5 we review the connection
between Donaldson-Thomas theory and instanton counting, introducing the
necessary ingredients to construct an explicit example in Section 6. In this
example we study Donaldson-Thomas theory with a divisor defect on the
affine space and construct explicitly the instanton moduli space. It turns
out that this moduli space can be identified with the fixed locus of the mod-
uli space of torsion free sheaves, with respect to a certain discrete action.
In Section 7 we use explicitly this identification to compute the generating
function of Donaldson-Thomas invariants with a divisor defect, by general-
izing known instanton counting techniques. In Section 8 we briefly discuss
divisor defects in other higher dimensional cohomological field theories. We
conclude by summarizing our findings and with a discussion about possible
generalizations.

2. Surface operators in four dimensional N = 2 Yang-Mills

In this paper we will be interested in co-dimension two defects. In the con-
text of four dimensional gauge theories, these correspond to surfaces, and
can be defined via a certain modification of the functional integral which
specifies the behavior of all the fields along a two dimensional surface. The
class of defects we are interested in has been introduced in the context of
N = 4 gauge theories by Gukov and Witten [19] as a tool to study certain
aspects of the geometric Langland program and has been subsequently gen-
eralized to N = 2 gauge theories [21]. They are sometimes called surface
operators, and we will use the term “defect” and “operator” interchange-
ably. We will briefly review the N = 2 case since it is similar to our problem



950 Michele Cirafici

and will motivate some of our conjectures. For simplicity consider topolog-
ical N = 2 Yang-Mills with a simple gauge group G defined on a certain
four manifold M . We follow the conventions of [19]. The gauge field A is
a connection on a principal G-bundle E −→ M , and takes values in the
real algebra of G (and is therefore considered anti-Hermitian). The covari-
ant derivative is dA = d +A and the field strength FA = d2A = dA+A ∧A.
Consider a (real) co-dimension two surface Σ embedded in M . Defining a
surface operator amounts in prescribing a certain singular behavior for the
gauge field restricted to the normal bundle to the surface Σ. In this case
we can assume that locally M = Σ×K where K is the local fiber of the
normal bundle, parametrized by z = r e i θ. The gauge field near the surface
operator looks like

(2.1) A = αdθ + · · · ,

and in particular, since dθ = i dz/z the connection is singular as z −→ 0, and
the dots stand for non singular terms. Here the parameter α is what specifies
the type of surface operator and takes values in the Cartan subalgebra t =
LieTG of the Lie algebra g = LieG, where TG is the maximal torus of G.
To be more precise, the correct gauge invariant concept is the monodromy
e−2πα of the connection A around a circle of constant radius r [19]. Therefore
α really takes value in the quotient t/Λ = TG where Λ is the cocharacter
lattice of G [19]. To compute the curvature at the origin of the singular
connection, one uses that d(αdθ) = αδΣ where δΣ is a two form Poincaré
dual to the surface Σ. Therefore

(2.2) FA = 2παδΣ + · · · ,

and we say that the theory is “ramified”. Note that we are still free to
shift α by a lattice vector. This corresponds to the fact that because of
the singularity along Σ, the G-bundle E is only defined in a complement
of Σ in M and we are free to pick an extension of E to all of M . Different
extensions correspond to different lifts of α from t/Λ to t. One extension
is mapped into another by the gauge transformation (r, θ) −→ e θu where
u ∈ t is such that e 2πu = 1. Therefore there exists a natural TG-bundle over
Σ, since this gauge transformation acts trivially on TG. In plain words the
gauge field A restricted to Σ is a connection on this TG-bundle.

In the most generic case, the surface Σ might be non trivially embedded,
corresponding to a non vanishing
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(2.3) Σ ∩ Σ =

∫
M

δΣ ∧ δΣ.

In this case the parameter α has to satisfy appropriate conditions. For ex-
ample if G = U(1), α is constrained by

(2.4)

∫
Σ

FA

2π
= αΣ ∩ Σ ∈ Z,

and for general G the analog statement holds in its maximal torus TG.
A convenient way to look at supersymmetric field configurations in the

presence of a surface operator is to pick an extension and consider α as
an element of the Cartan subalgebra t. Therefore the connection A is now
defined over all ofM and its field strength F takes values in t when restricted
to Σ. One considers the bundle E′ defined over all of M whose field strength
is

(2.5) F ′A = FA − 2παδΣ.

The field strength F ′A is the natural object to consider in the action and in
the equations of motion [19]; this is equivalent to look for solutions FA of
the BPS equations with the prescribed singularity along the surface operator
Σ. Note that when other fields are involved, as is the case for example for
N = 4 Yang-Mills, they should all be subject to an analogous prescription
[19]. The type of surface operator we have been discussing so far is known
as a full surface operator, where the parameter α are generic in the torus
TG. A more general situation is possible and indeed surface operators were
classified in [19] in terms of pairs (α,L) where L is a subgroup of G of Levi
type, or Levi subgroup for short. This is a subgroup of G whose elements
commute with α, and which obviously contains TG. Indeed TG is a minimal
Levi subgroup. A surface operator of type L is defined as a surface operator
where α is invariant under the action of L and in the functional integral we
divide by gauge transformations which take values in L when restricted to
Σ. For example, if G = SU(r) a surface operators is full if L = U(1)r−1 and
called simple if L = SU(r − 1)× U(1).

An equivalent and sometime more useful description of surface operators
is in terms of parabolic groups. There is a correspondence between subgroups
of G of Levi type and parabolic subgroups of GC. Given a surface operator
whose singularity is parametrized by α we can define the associated parabolic
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subalgebra p of gC spanned by elements x which obey

(2.6) [α, x] = iλx, with λ ≥ 0.

The corresponding group P ⊂ GC is called a parabolic subgroup. Roughly
speaking we can think alternatively of the surface operator as a flat con-
nection whose monodromy along Σ is determined by the data (α,L) or
as a stable holomorphic GC-bundle whose structure group is reduced to a
parabolic subgroup P along Σ. The equivalence between these two points of
view was proven in [36]. We will return to this point in the following sections
and discuss its generalization to the higher dimensional case.

As we have already mentioned, topological Yang-Mills provides valuable
information about the geometry of four manifolds. Donaldson invariants are
defined via integrals over the instanton moduli space. It is natural to con-
sider how this picture gets modified when a surface defect is introduced. In
the case of SU(2) the problem has been set up by Kronheimer and Mrowka
in [25, 26] and discussed from the field theory point of view in [23, 24]. The
resulting theory is very rich and provides new tools to study the geometry
of four manifolds, such as new “ramified” Donaldson invariants. These are
defined in terms of the intersection theory of the moduli space of anti-self
dual connections modulo gauge transformations on E′ restricted to M \ Σ,
the moduli space of ramified instantons. In the language of topological Yang-
Mills, ramified Donaldson invariants arise as topological observables, defined
via integration over the moduli space M′ of gauge inequivalent configura-
tions satisfying

(2.7) (F ′A)
+ = (FA − 2παδΣ)

+ = 0.

Ramified anti-self dual connections are labelled topologically by the instan-
ton number k and a set of monopole numbers mI associated with the U(1)
factors of the Levi subgroup L. These enter the problem via a coupling to a
set of two dimensional theta angles η via the term Tr ηm where

(2.8) Tr ηm =
1

2π

∫
Σ
Tr ηFA.

Therefore one can construct the moduli space of ramified instantons M′
k,m

and study its intersection theory. In this paper we will initiate an analogous
program for Donaldson-Thomas theory of Calabi-Yau threefolds.

The study of the intersection theory of the instanton moduli space in
four dimensional gauge theory is notoriously a difficult problem. In the case
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of toric geometries several technical problems can be overcome by using
localization techniques. The toric setting is a natural preliminary step in
the study of instanton moduli spaces in the presence of a surface operators.
In this case one is interested in the equivariant intersection theory with
respect to the toric action on the moduli space, constructed from the toric
action on the bulk and the natural toric action associated with the Cartan
subalgebra of the gauge group. The simplest four dimensional toric geometry
is the affine space C2. The natural toric action of C2 was used in [11, 12],
generalizing previous works [37, 38], to localize the instanton measure onto
its fixed points and reduce the instanton counting problem to the purely
combinatorial problem of counting Young diagrams. For more details we
refer the reader to the recent review [13], whose notation we’ll borrow. When
the theory is coupled to a surface operator the natural object to study is
the generating function of the equivariant integrals

(2.9) Z(ε1, ε2,a;L, q, η) =
∑
m

∑
k∈Z

eTr ηmqk
∮
M′

k,m

1.

A conjecture to compute this partition function was proposed in [27] using
the results of [39]. This proposal was extensively checked and studied in [28]–
[32]. Consider C2[z1, z2] with toric action zi −→ e i εizi for i = 1, 2. Given
the relation between surface operators and parabolic bundles, in [27] it was
proposed to identify (a compactification of) the moduli space of instantons
in the presence of a surface defect, with the moduli space of torsion free
sheaves with a certain parabolic structure. Therefore one is led naturally to
study the equivariant intersection theory of the moduli space of parabolic
sheaves. For the case of a full surface operator the relevant moduli space was
studied in [39]. The natural toric action of C2 lifts to this moduli space and
all the quantities of interest can be computed via equivariant localization.
More precisely the central object is the moduli space of torsion free sheaves
on a compactification of C2 with a certain parabolic structure at the divisor
z2 = 0. This moduli space is naturally embedded in the moduli space of
torsion free sheaves, simply forgetting the parabolic structure, and one can
employ the standard instanton counting techniques: fixed points of the toric
action are still isolated, classified by Young diagrams and the form of the
character of the instanton deformation complex at a fixed point is known
explicitly [39]. Indeed a much simpler way to compute the partition function
was used in [31] following the construction of [40]. There exists an explicit
map between torsion free sheaves with a parabolic structure and Γ-invariant
torsion free sheaves, with Γ an appropriate cyclic group. As a result the
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problem of instanton counting with a surface operator is reduced to studying
the Γ fixed locus in the instanton moduli space without surface operators.
This is precisely the approach we will adapt to our case in Sections 6 and 7.

3. Cohomological Yang-Mills and Donaldson-Thomas
invariants

The main focus of this paper will be the six dimensional topological Yang-
Mills theory introduced in [41]-[45]. This theory was afterward discussed in
the context of Donaldson-Thomas theory and topological string theory in
[5, 6, 46]. We will keep the discussion general, albeit later on we will specialize
to the case where the theory is in its Coulomb branch and defined on a toric
manifold. In this case the powerful techniques of equivariant localization will
be used to compute the gauge theory partition function explicitly. We will
follow the review [13].

3.1. Generalities

We start by collecting some definitions and setting up some notation. We
will mostly work on a Calabi-Yau threefold X, that is a complex manifold
with Kähler form J and with trivial canonical bundle KX = OX . We will
denote by t = B + i J the complexified Kähler form, where B is the back-
ground supergravity two form B-field. Some of our considerations will only
depend on the Kähler structure and not on the Calabi-Yau condition. We
will furthermore assume that X has an hermitian metric g, which however
will not enter explicitly in our computations. Because of the complex struc-
ture the de Rham differential decomposes as d = ∂ + ∂. Given a complex
hermitian vector bundle (E , h) with hermitian metric h, a connection A will
be associated with a covariant differential dA, which splits as dA = ∂A + ∂A.
In local complex coordinates zμ, μ = 1, 2, 3

(3.1) ∂A = dzμ
∂

∂zμ
+ dzμAμ.

The corresponding curvature will be denoted by FA and can be decomposed

as FA = F
(2,0)
A + F

(1,1)
A + F

(0,2)
A where F

(0,2)
A = ∂

2
A. An holomorphic vector

bundle is characterized by the equation F
(0,2)
A = 0. The moduli space of

holomorphic bundles on a certain variety plays a prominent role in super-
symmetric theories. One obtains a better behaved moduli space by requiring
the holomorphic bundles to be also μ-stable. We say that a holomorphic bun-
dle E is μ-stable if for any sub-bundle E ′ ⊂ E with rankE ′ < rankE we have
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μ(E ′) < μ(E) where

(3.2) μ(E) = deg E
rankE .

Similarly one can introduce the notion of semi-stability, where the inequal-
ities are not strict. Here the degree of the bundle E is defined as

(3.3) deg E =

∫
c1(E) ∧ t ∧ t.

Stable holomorphic bundles can be equivalently characterized by the
Donaldson-Uhlenbeck-Yau (DUY) equations

F 2,0
A = 0,

F 1,1
A ∧ t ∧ t = l t ∧ t ∧ t.(3.4)

Here l is proportional to the degree of the gauge bundle. These equations
arise naturally in supersymmeric problems as BPS conditions. The generic
strategy consists in considering only the first equation to characterize BPS
states as holomorphic bundles and mod out by complexified gauge trans-
formations. The full BPS problem is recovered by imposing the μ-stability
condition which is equivalent to the second DUY equation.

3.2. Cohomological Yang-Mills theory in six dimensions

The problem of studying Donaldson-Thomas invariants on X is essentially
a higher dimensional instanton problem. The associated topological gauge
theory is a topological version of six dimensional Yang-Mills. The most eco-
nomical way of thinking about this theory is via dimensional reduction of
super Yang-Mills in ten dimension. After the reduction the six dimensional
fields are a connection A on the G-bundle E −→ X, and the adE valued com-
plex one form Higgs field Φ and the forms ρ(3,0) and ρ(0,3). The fermionic
sector is twisted, that is the fermions can be though of as differential forms
thanks to the identification between the spin bundle and the bundle of dif-
ferential forms

(3.5) S(X) � Ω0,•(X),

which holds on any Kähler manifold. Overall the fermionic sector comprises
sixteen degrees of freedom which are organized into a complex scalar η, one
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forms ψ1,0 and ψ0,1, two forms χ2,0 and χ0,2 and three forms ψ3,0 and ψ0,3.
The bosonic part of the action is

S =
1

2

∫
X
Tr
(
dAΦ ∧ ∗dAΦ+

[
Φ,Φ

]2
+
∣∣F (0,2)

A + ∂
†
Aρ
∣∣2 + ∣∣F (1,1)

A

∣∣2)(3.6)

+
1

2

1

(2π)2

∫
X
Tr
(
FA ∧ FA ∧ t+ λ

3·2πFA ∧ FA ∧ FA

)
,

where dA = d +A is the gauge-covariant derivative, ∗ is the Hodge operator
with respect to the Kähler metric of X, FA = dA+A ∧A is the gauge field
strength. Furthermore λ is a coupling constant which in a stringy treat-
ment of Donaldson-Thomas theory should be thought of as the topological
string coupling constant. The gauge theory has a BRST symmetry and hence
localizes onto the moduli space M inst

r (X) of solutions of the “generalized in-
stanton” equations

F
(0,2)
A = ∂

†
Aρ,

F
(1,1)
A ∧ t ∧ t+

[
ρ, ρ
]
= l t ∧ t ∧ t,

dAΦ = 0.(3.7)

On a Calabi-Yau we can restrict our attention to minima such that ρ = 0. In
this case the first two equations on (3.7) reduce precisely to the Donaldson-
Uhlenbeck-Yau equations (3.4) and BPS states correspond to stable holo-
morphic vector bundles. In the following, unless explicitly stated otherwise,
we will only consider bundles E such that l = 0. In the string theory picture
this corresponds to the counting of D0-D2-D6 brane bound states without
D4 brane charge. Furthermore to obtain a better behaved moduli space,
we will allow for more general configurations corresponding to torsion free
coherent sheaves, as is customary in instanton counting problems (and re-
viewed for example in [13]); we will however sometimes switch to the more
familiar holomorphic bundle language to aid intuition. The moduli space
of torsion free coherent sheaves M inst

r (X) stratifies into connected compo-
nents with fixed characteristic classes. We will denote these components by
M inst

n,β;r(X) where (ch3(E), ch2(E)) = (n,−β).
The local geometry of the moduli space is captured by the instanton

deformation complex

(3.8) 0 ��Ω0,0(X, adE) C �� Ω0,1(X, adE)⊕ Ω0,3(X, adE) DA ��Ω0,2(X, adE) ��0,
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where Ω•,•(X, adE) denotes the bicomplex of complex differential forms tak-
ing values in the adjoint gauge bundle over X, and the maps C and DA rep-
resent a linearized complexified gauge transformation and the linearization
of the first equation in (3.7) respectively. The complex is elliptic; its first
cohomology is the Zariski tangent space to the moduli space M inst

n,β;r(X) at
a certain point, represented by an holomorphic bundle E with given charac-
teristic classes. The second cohomology is the normal or obstruction bundle
Nn,β;r which is associated with the kernel of the conjugate operator D†A. The
cohomology in degree zero is associated with reducible connections, and will
be henceforth assumed to be vanishing. The gauge theory is topological and
its partition function reduces to a sum over topological sectors of integrals
over the instanton moduli space, with an appropriate measure. This mea-
sure is given by the Euler class of the normal bundle eul(Nn,β;r). At least
formally one has

(3.9) ZDT
X (q,Q; r) =

∑
kβ

qkQβ

∫
M inst

n,β;r(X)
eul(Nn,β;r).

The notation is as follows: We consider β as an element of H2(X,Z) and
expand it in a basis as β =

∑
i niSi with ni ∈ Z and i = 1, . . . , b2(X). Then

Qβ :=
∏

iQ
ni

i with Qi = e−ti and ti =
∫
Si
t.

These integrals can be defined more precisely by using a more sophis-
ticated formalism, and correspond to the Donaldson-Thomas invariants. In
this paper we will refrain from trying to give them a more mathematically
precise meaning in full generality and continue to use the gauge theory
intuition. Note that in principle the rank r can be taken arbitrary, corre-
sponding to a U(r) gauge theory on the worldvolume of a stack of coincident
D6 branes. However at present we only know how to make computational
progress when X is a toric manifold and the gauge theory is in the Coulomb
branch, where the gauge symmetry is broken down to the maximal torus
U(1)r. In this case the integrals representing Donaldson-Thomas invariants
can be defined rigorously and computed explicitly via equivariant localiza-
tion. We will return to this case later on. We stress however that, at least
formally, the gauge theory perspective can be used to study higher rank
invariants.

3.3. Donaldson-Thomas invariants

The rank r = 1 case plays a special role in the theory of the topological
string. Physically it corresponds to counting bound states of a single D6
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brane with a gas of D0-D2 branes. Mathematically it corresponds to the
enumerative problem of counting subschemes Y ⊂ X with fixed topological
data. From this point of view the relevant moduli space is the Hilbert scheme
of points and curves Hilbn,β(X) with fixed

(3.10) χ(OY ) = n, [Y ] = β ∈ H2(X,Z).

Equivalently we can consider the moduli space of ideal sheaves. A ideal sheaf
IY is a torsion free sheaf with trivial determinant and is associated with a
scheme Y via the short exact sequence

(3.11) 0 ��I a ��OX
b ��OY

��0,

which simply means that the ideal sheaf IY is the kernel of the restric-
tion map OX −→ OY . We will denote by In,β(X) the moduli space of ideal
sheaves on X. We define the abelian Donaldson-Thomas invariants as

(3.12) DTn,β(X) =

∫
[In,β(X)]vir

1,

using the virtual fundamental class defined in [47].
In the rank one case there is a certain case which could be regarded as

an “avatar” of our construction, which will be exposed in the next Sections.
Given a divisor D in X one can define relative Donaldson-Thomas invariants
[48] via integration over the moduli space In,β(X \D) of stable ideal sheaves
on X relative to D. Then relative Donaldson-Thomas invariants are defined,
as above, via integration over the virtual fundamental class constructed out
of this moduli space. It is not clear to us if this problem and the study of
Donaldson-Thomas rank one invariants in the presence of a divisor defect
are equivalent.

In this paper we are most interested in the nonabelian problem, where
divisor operators are naturally defined. The above definitions don’t extend
immediately to the nonabelian problem, the main reason being the issue of
stability. Roughly speaking when setting up the Donaldson-Thomas problem
in this language we are only caring about the holomorphic condition in
the DUY equations (3.7) modulo complexified gauge transformations. As a
result in general the moduli space is bigger than it should and the correct
moduli space is recovered by selecting only μ-stable sheaves. In the higher
rank case it is not known how to do this systematically, while rank one ideal
sheaves are automatically μ-stable. This problem persists when the theory
is defined with a defect. The only explicit computations that we will be
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able to carry out explicitly in the presence of a divisor defect, will be in the
Coulomb branch of the gauge theory, where the relevant configurations are
direct sums of abelian solutions and therefore the stability problem will be
sidestepped. In the more general case a certain stability condition should be
imposed, as we will discuss in the next Section.

4. Divisor defects and Donaldson-Thomas theory

In this section we will define and study divisor defects in Donaldson-Thomas
theory. We will begin by following the gauge theory perspective and define
a divisor defect by specifying a certain behavior for the gauge field along a
divisor. This corresponds to a modification of the quantum path integral,
since now it has to be performed only over those field configurations obey-
ing the prescribed behavior. We then discuss the instanton moduli space
when the theory has a defect. Mathematically this means that we only con-
sider those holomorphic connections obeying the required boundary condi-
tions. We later propose to identify this moduli space as the moduli space
of parabolic bundles (or better parabolic torsion free sheaves) on X with
a certain parabolic structure along the divisor which specifies the divisor
operator. The cohomological gauge theory naturally suggest the existence
of an enumerative problem associated with this moduli space. We will start
to discuss heuristically what kind of enumerative problem we expect from
the point of view of the cohomological gauge theory and using the language
of holomorphic bundles. Finally we will reformulate the problem more pre-
cisely in terms of parabolic sheaves. Since not all the results of this section
are rigorously established, we will conclude by summarizing our conjectures.

4.1. Gauge theory and divisor defects

We will try now to define operators analogous to the surface operators in
N = 2 Yang-Mills theory in four dimensions. The two main characteristics
of surface operators are the fact that they determine a monodromy in the
gauge connection by prescribing a singular behavior for the fields along the
defect, and the fact that they are classified by Levi subgroups of the gauge
group. In extending these concepts to Donaldson-Thomas theory we will try
to keep these two characteristics (keeping also in mind that as one moves
up in the number of dimensions it is natural to expect more room for extra
parameters). Some of our arguments are straightforward extensions of the
four dimensional case.
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Consider a G-bundle E −→ X. To generalize a surface defect to the
higher dimensional case we need to consider solutions of the field equa-
tions with a prescribed monodromy. To impose a monodromy on the gauge
connection we need a co-dimension two defect. The natural object which
replaces a surface defect is what we will call a divisor defect. Locally our
space has the form D × C where D is a divisor and C is the local fiber of
the normal bundle. We parametrize the gauge connection restricted to C as

(4.1) A = αdθ + · · · ,

where we write the local coordinate on C as z = r e i θ and the dots refer to
less singular terms. In this way the singularity is at the origin of C. Globally
we will require that at each point of the normal plane to the divisor D the
gauge connection looks like (4.1). The situation is precisely as in the four di-
mensional case and the same line of arguments can be extended to conclude
that the parameter α takes values in the lattice t/Λ ≡ TG. The cocharac-
ter lattice is defined as Λ = π1(TG) = Hom(U(1),TG). Again d(αdθ) = αδD,
where δD is now a two form Poincaré dual to the divisor D, and

(4.2) FA = 2παδD + · · · .

While these formulas are formally similar to the analogous formulas for a
surface operator, one should always keep in mind that D is not a surface
but a divisor; this is consistent when going back to four dimensions since in
that case a surface has obviously co-dimension two. We will often think of
α as an element of t. Indeed, as we have already discussed, α can be lifted
from TG to t albeit in a non unique fashion. Because of the singularity, the
bundle E is only naturally defined on X \D, but can be extended on the
whole of X. Each lift of α is associated to a different extension. While there
is no natural extension of E as a G-bundle, E can be naturally extended
to a TG-bundle over D. This means that the curvature FA defined over X
is t-valued when restricted to D. Similarly in the functional integral, we
divide by those gauge transformations which are TG-valued when restricted
to D. The two points of view, working on X \D or over all of X with an
extension, are complementary and rooted in the field theory description of
line defects; for example when talking about (electric) Wilson lines is natural
to integrate the gauge field over the defect, while (magnetic) ’t Hooft line
defects are more naturally defined by excising the line from the bulk space
and specifying boundary conditions for the fields.

This is strictly true for a full divisor operator, but as in the four di-
mensional case we can have more general defects where the maximal torus
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TG is replaced by a more general Levi subgroup L ⊂ G that contains TG.
In this case we pick parameters α ∈ t which commute with L (and we say
that α is L-regular). We define a divisor operator of type L by prescribing
a singular behaviour of the type (4.1) along a certain divisor D ⊂ X with
the requirement that the parameters α ∈ t are invariant under L and in the
path integral we divide by the group of gauge transformations which are
L-valued when restricted to D. Now the structure group of E restricted to
D is L and likewise the connection FA extended to all of X is L-invariant
when restricted to D.

As we have already explained the pair (L, α) determines a parabolic
subgroup of G. The simpler example is when L = TG in which case the
associated parabolic group is called a Borel subgroup B and is the group
of upper triangular matrices of appropriate rank. An alternative way of
thinking about parabolic subgroups of a group G is as stabilizers of flags on
Cn (or a generic field). A flag is a sequence of subspaces

(4.3) 0 ⊂ U1 ⊂ U2 ⊂ · · · ⊂ Un = Cr.

In this case G acts on the flag as

(4.4) g (U1, . . . , Un) = (gU1, . . . , gUn) .

A flag is said to be complete if n = r and dimUi = i. Complete flags are the
flags which are stabilized by Borel subgroups. Indeed the standard complete
flag is obtained by choosing

(4.5) Ui = Ce1 ⊕ Ce2 ⊕ · · · ⊕ Cei,

that is the span of the first i elements of the natural basis of Cr. This
perspective will be helpful in the next sections.

We can associate to a divisor defect a parabolic bundle. This correspon-
dence generalizes the four dimensional result for surface defects. This result
is based on the correspondence constructed in [36] which associates to every
flat G-bundle with prescribed monodromy A = αdθ + · · · around a point
p of a curve C, a stable holomorphic GC-bundle whose structure group is
reduced to a parabolic subgroup P at the point p. This correspondence is
one to one. The results of [36] were generalized to higher dimensional va-
rieties in [49], whose argument we will briefly streamline. Since a divisor
has co-dimension two, a divisor defect can still be described by a flat bun-
dle with prescribed monodromy around the defect. A flat connection can
be characterized by giving its holonomies along a basis of non-contractible
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cycles. This is equivalent to giving a representation ζ of the fundamental
group π1(X \D). The results of [49] show how to associate to a unitary
irreducible representation ζ a stable parabolic bundle. The idea is to take
a “point-wise” approach and afterwards extend it to a global structure by
gluing patches together. If we pick a point x ∈ D, a neighborhood of x in
the normal bundle N of D in X, restricted to N \D, will look like a product
of disks, one of which is punctured at the position of the defect. Call this
neighborhood N ′

x. Because of the puncture, π1(N
′
x) = Z and let γ0 be its

generator. To construct a parabolic bundle, one firstly considers a represen-
tation ζ ′ which is the restriction (obtained via the canonical inclusion) of
ζ to π1(N \D). In particular set ζ ′(γ0) = e τ and consider the associated
vector bundle Eζ′ . The eigenvalues of τ are called parabolic weights. Indeed
for simplicity we will assume that τ is diagonal and of the form

(4.6) τ =

⎛
⎜⎜⎜⎝
a11r1 0 · · · 0
0 a21r2 0 · · · 0
...

. . .
...

0 · · · am1rm

⎞
⎟⎟⎟⎠ .

The parameters 0 ≤ a1 < · · · < am < 1 correspond precisely to the param-
eters α up to a normalization and taking into account their multiplicities.
This matrix gives a parabolic structure by determining a certain flag, the
one stabilized by it. The construction of [49] shows how to trivialize Eζ′

and how to extend it over to puncture, to a neighborhood Nx of the normal
bundle N of D in X. Furthermore, as x varies in D, the same τ can be used
to define all the extensions to Nx, in such a way that the extensions agree
on the overlaps of two neighborhoods. The resulting bundle E(ζ) is defined
over all of X and has a parabolic structure on D. Since by assumption ζ is
irreducible unitary, E(ζ) is stable.

In the following we will conjecture a much stronger result, that the gen-
eralized instanton moduli space in the presence of a defect (that is, solutions
of the Donaldson-Uhlenbeck-Yau equations on the complement X \D) can
be identified with the moduli space of parabolic bundles (or sheaves) on X.
To our knowledge even the analog result for ordinary instantons in the pres-
ence of surface defects on a generic four manifold and for a generic group
G, has not been established rigorously in full generality.
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4.2. An example

Having established the connection between divisor operators and parabolic
bundles in abstract terms, we can unpack a bit these formulas and discuss
a concrete example. Consider a Levi subgroup of SU(4) of the form

(4.7)

⎛
⎜⎜⎝
• • 0 0
• • 0 0
0 0 • 0
0 0 0 •

⎞
⎟⎟⎠ ,

and a parameter α = i diag(2κ, 2κ,−κ,−3κ) with κ a real positive number
which we can assume suitably normalized (recall that in our conventions,
in a unitary representation of G the gauge field is represented by an anti-
hermitian matrix). In the following we adapt an argument of [19] to our
case. The ∂A operator can be explicitly written near z = 0 as

(4.8) ∂A = dz

⎛
⎜⎜⎝ ∂

∂z

⎛
⎜⎜⎝
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎞
⎟⎟⎠− κ

2z

⎛
⎜⎜⎝
2 0 0 0
0 2 0 0
0 0 −1 0
0 0 0 −3

⎞
⎟⎟⎠
⎞
⎟⎟⎠ .

This operator can also be written as

(4.9) ∂A = f∂f−1,

where ∂ = dz ∂
∂z and

(4.10) f =

⎛
⎜⎜⎝
(zz)κ 0 0 0
0 (zz)κ 0 0

0 0 (zz)−κ/2 0

0 0 0 (zz)−3κ/2

⎞
⎟⎟⎠ .

Now, consider an holomorphic section of the adjoint bundle adE associated
with the principal SU(4) bundle E. Given an adE valued function s, the con-
dition that it is also an holomorphic section is that ∂As = 0, which implies
also ∂

(
f−1sf

) ≡ ∂s̃ = 0. This gives a set of partial differential equations
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which are solved by

(4.11) s =

⎛
⎜⎜⎜⎝

u11 u12 u13(zz)
3

2
κ u14(zz)

5

2
κ

u21 u22 u23(zz)
3

2
κ u24(zz)

5

2
κ

u31(zz)
− 3

2
κ u32(zz)

− 3

2
κ u33 u34(zz)

κ

u41(zz)
− 5

2
κ u42(zz)

− 3

2
κ u43(zz)

−κ u44

⎞
⎟⎟⎟⎠ .

Here uij are arbitrary holomorphic functions which we assume obey a suit-
able condition to make s traceless. Regularity at z = 0 implies that u3i(0) for
i = 1, 2 and u4i(0) for i = 1, 2, 3 must vanish. In particular this means that
at the position of the divisor operator s̃ has the form (recall that s̃ = f−1sf)

(4.12)

⎛
⎜⎜⎝
• • • •
• • • •
0 0 • •
0 0 0 •

⎞
⎟⎟⎠ .

and we see explicitly the reduction of the structure group to a parabolic
subgroup at the position of the divisor operator. This is, as we have ex-
plained, the holomorphic analog of the monodromy associated with the flat
connection (4.1). We stress that the resulting parabolic subgroup depends
rather sensitively on the actual values of the elements of α, as is clear from
the form of (4.11).

4.3. Generalized instanton moduli spaces

So far we have discussed divisor defects in general. We will now describe the
generalized instanton moduli space when the gauge theory is defined in the
presence of a defect. This will set up the stage for the study of Donaldson-
Thomas invariants in the presence of a defect. However we will for the time
being continue with the gauge theory language and return to the more ab-
stract problem in the following. From the gauge theory perspective we would
like to study gauge connections on X \D which have the form (4.1) near D,
and where the non-singular terms correspond to a generalized instanton. To
begin with consider a rank r hermitian vector bundle E defined over all of
X and with Chern character ch(E). We will firstly consider the case when
the divisor defect is full. If this is the case, the bundle E decomposes in a
closed tubular neighbor to the divisor D as a sum of line bundles

(4.13) E|D =

r⊕
i=1

Li.
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In other words we have an abelian gauge theory on D. This gauge theory
will be characterized by the topological charges associated with the line
bundles Li. We can therefore use the Chern classes c1(Li) to parametrize
the reduction of E on D. As we will see later on, the abelian gauge theory
on D has certain “theta-angles” associated with the integrals of the Chern
classes c1(Li). For future convenience we define

mi =

∫
D
ch2(Li),

hi =

∫
D∩D

c1(Li),(4.14)

and form the vectors m = (m1, . . . ,mr) and h = (h1, . . . , hr) which charac-
terize the reduction of E over D. Note that for a line bundle, the Chern
character ch2(Li) is completely specified by c1(Li); this will not be true
anymore when we will consider torsion free sheaves. The need to specify the
parameters h might seem strange at first, but will become very natural when
we will study the action of the gauge theory.

Consider now the more general case of a divisor defect characterized by a
pair (L, α). In this case the structure group of the bundle E when restricted
toD is L. The subgroup L of G will have generically abelian factors and non-
abelian factors. For example, if G has rank r, a next-to-maximal subgroup of
Levi type is always isomorphic to SU(2)× U(1)r−1 or a Z2 quotient thereof
[19]. Since the structure group is reduced on D the bundle E will split in a
neighbor of D as

(4.15) E|D =

e⊕
i=1

E(L)
i ,

where the notation stresses that the decomposition depends on the Levi
subgroup L and e is the number of factors. For example in the case of a
next-to-maximal Levi subgroup all the factors except one are line bundles.
Now to parametrize the reduction of the structure group along D we can

use the Chern characters ch(E(L)
i ) and, for later convenience, we introduce

the topological numbers

mi =

∫
D
ch2(E(L)

i ),

hi =

∫
D∩D

c1(E(L)
i ).(4.16)
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We will use same notation as above, m = (m1, . . . ,me) and h = (h1, . . . , he).
The full case is recovered when e = r. Note that the first Chern classes
associated with the traceless subgroups vanish.

To define the generalized instanton moduli space in the presence of a
defect, we can take two points of view, by working on the complement of D
or by working over all of X. We will now describe these two perspectives.
Firstly we define the affine space of connections on the complement of D,
following the arguments of [25, 26]. We pick a reference connection A0 on
E , such that A0|D respects the decomposition (4.15) over D. Now we define
a connection Ã(α) on Ẽ = EX\D as

(4.17) Ã(α) = A0 + αdθ.

The notation ˜(•) will be reserved for quantities (•) defined over X \D. The

affine space of connections modeled on Ω1
(
X \D; adẼ

)
is defined as

(4.18) Ã (α) (L;X \D) =
{
Ã = Ã(α) + ã|ã ∈ Ω1

(
X \D; adẼ

)}
.

In other words ã is a smooth connection valued in the restriction of the
bundle E to X \D. Similarly we can define the moduli space

(4.19) M̃ (α) (L;X \D) =

⎧⎨
⎩Ã ∈ Ã (α) (L;X \D)

∣∣∣∣∣ F̃
(0,2)

Ã
= 0,

F̃
(1,1)

Ã
∧ t ∧ t = 0

⎫⎬
⎭
/

G̃

of critical points of the DUY equations in (3.7) in the complement of the
divisor D (recall that we require that the field ρ vanishes identically). Here
G̃ = Aut(Ẽ) is the group of gauge transformations on X \D.

As emphasized in [19, 23] a more convenient point of view is to lift α
from L to t and deal with bundles defined over all X with a prescribed
reduction along D. In other words we will now consider G-bundles over
X whose structure group is reduced to L along D. More practically this
amounts in dealing with field strengths F ′A = FA − 2παδD and the moduli
problem defined by the equations

(FA − 2παδD)
(0,2) = ∂

†
Aρ,

(FA − 2παδD)
(1,1) ∧ t ∧ t+

[
ρ, ρ
]
= l t ∧ t ∧ t.(4.20)

where again we are only interested in solutions with ρ = 0. In this case these
equations become a direct generalization of (2.7). Note that in principle one
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can study them also when ρ is non vanishing, specifying an appropriate
behavior for ρ near the defect. In this way one could define a more general
class of divisor defects. Although interesting, we will not pursue this problem
in this paper. We will further assume l = 0. The correct way to think about
the equations (4.20) is that the source δD is forcing the gauge field strength
to obey the desired boundary condition on D. From this perspective the
proper moduli space is
(4.21)

M (α) (L;X) =

{
A ∈ A (X)

∣∣∣∣∣ (FA − 2παδD)
(0,2) = 0,

(FA − 2παδD)
(1,1) ∧ t ∧ t = 0

}/
GD,

where A (X) is the affine space of connections modeled on Ω0,1 (X; adE) and
GD is now the group of gauge transformations which take value in L along D.
When we want to stress the topological numbers of E we will use the nota-

tion M
(α)
n,β,u;r

(
L;X|{ch(E(L)

i )}
)
, where (n,−β, u) = (ch3(E), ch2(E), c1(E)),

or M
(α)
n,β,u;r for brevity.

Note that nothing guarantees that for generic choices of X, D and L,
these moduli spaces are non-empty. Furthermore, we will see later that there
are other moduli spaces which are more natural. We will argue that, precisely
as it is done in ordinary instanton problems, a nicer moduli space can be
obtained by using torsion free sheaves. The moduli spaces (4.19) and (4.21)
will then be replaced by moduli spaces of parabolic sheaves. For the time
being, we will still use the gauge theory language and discuss the gauge
theory action.

4.4. Action and quantum parameters

The cohomological gauge theory associated with the moduli problem (4.20)
has an effective action which involves the new field strength F ′A = FA −
2παδD. This action depends explicitly on α and so it would seem that the
theory depends explicitly on the extension of the bundle over D. However
this is not the case, since this dependence can be eliminated via an appropri-
ate shift of the “theta-angles”. We will now show this explicitly. In particular
in the action we will have to deal with integrals over all of X containing the
delta function form δD, Poincaré dual to D. Integrals of this form can be
dealt with easily; if we denote by i : D −→ X the embedding of D in X,
then for a generic four form �

(4.22)

∫
X
� ∧ δD =

∫
D
i∗�.
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To compute these integrals we will use Chern-Weil theory since it is easier
to keep track of the factors of α, and in particular we will leave the pullback
i∗ implicit to simplify the notation.

The relevant terms from the action are the topological densities, since
the rest of the action is a BRST variation. These can be read from (3.6) and
are ∫

X
TrF ′A ∧ F ′A ∧ F ′A =

∫
X
TrFA ∧ FA ∧ FA − 6π

∫
D
TrαFA ∧ FA(4.23)

+ 3(2π)2
∫
D∩D

Trα2FA

− (2π)3Trα3D ∩D ∩D,∫
X
TrF ′A ∧ F ′A ∧ t =

∫
X
TrFA ∧ FA ∧ t(4.24)

− 4π

∫
D
TrαFA ∧ t+ (2π)2Trα2

∫
D∩D

t,∫
X
TrF ′A ∧ t ∧ t =

∫
X
TrFA ∧ t ∧ t− 2πTrα

∫
D
t ∧ t.(4.25)

Note that the last term in (4.23), the last term in (4.24) and the last term
in (4.25) are field independent and can be dropped from the functional
integral with no harm. We see that the six dimensional topological action
is naturally coupled to a set of theta-angles. In particular the instanton
action is sensitive to integrals over D ∩D, explaining why we choose the
parametrization (4.16). Using this parametrization we can write

1

(2π)2
1

2

∫
D
TrαFA ∧ FA = αim

i,

1

2π

∫
D∩D

Trα2FA = α2
i h

i,

1

2π

∫
D
TrαFA ∧ tD = αio

i
at

D
a ,(4.26)

where we have used the fact that in each Levi subfactor, α can be seen as
a diagonal matrix proportional to the identity, and that the Kähler form t
restricts to the Kähler form tD of D. The parameters oia arise by expanding
FA and tD in a basis of 2-cycles. All the extra terms (4.26) will contribute
to the functional integral with terms of the form

(4.27) q−αimi+
1
2α

2
ih

i

b2(D)∏
a=1

Q
−oiaαi

D,a , with QD,a = e−t
D
a .
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The four dimensional gauge theory on the divisor defect will have its
own quantum parameters. To simplify the discussion let us assume that the
divisor operator is full, that is the structure group G is reduced precisely to
its Cartan TG. If G has rank r then TG is isomorphic to U(1)r. For each
rank 1 factor, the gauge theory on D is abelian and given in terms of a line
bundle L on D. In this case we have the freedom to include the term

(4.28) exp 2π i

(
η

∫
D
ch2(L) + γ

∫
D
c1(L) ∧ k + σ

∫
D∩D

c1(L)
)

in the functional integral. In general we will have additional parameters for
each rank 1 factor; we will regroup them in vectors such as ηI = (η1, . . . , ηr).
In the more general case of a divisor operator preserving a Levi group L,
we will have parameters ηi, γi and σi associated with each subfactor of L.
Note that the quantum numbers associated with a subfactor can be zero.
Therefore the most general term which we can include in the functional
integral will be

(4.29) exp 2π i
(
ηim

i + tDa γio
i
a + σih

i
)
,

where tDa are the Kähler moduli of D. We can use this term to absorb
any shifts in the parameters αi which appear in the equations (4.23–4.25)
via a shift of the four dimensional parameters η, γ and σ. Therefore the
full six dimensional instanton action in the presence of a divisor defect,
is independent of α, precisely as in [19]. Indeed this seems to be a general
feature of co-dimension two defects. Recall that the parameters α were lifted
from TG to the Cartan subalgebra t, each different lift parametrizing different
extensions of the bundle E on X \D over D. Now we see that the ambiguity
present in this lift has disappeared from the instanton action altogether. In
other words the ambiguity is fixed by quantum effects.

Finally we are left with the integrals of the characteristic classes of the
sheaf E over X. In the following, unless stated otherwise, we will also drop
the remaining term in equation (4.25) as is customary in Donaldson-Thomas
theory (this term can always be reinstated by shifting the Kähler form).

4.5. Parabolic sheaves

In ordinary (generalized) instanton problems the second equation in (4.20)
can be traded for a suitable stability condition, at the price of complexifying
the gauge group. Similarly flat bundles with the prescribed singularity A =
αdθ + · · · are in one to one correspondence with stable parabolic bundles
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[49]. It is natural to conjecture that this set of ideas holds more generally and
that the generalized instanton problem in the presence of a divisor defect
corresponds to studying stable holomorphic parabolic GC-bundles with non

trivial characteristic classes, that is bundles such that ∂
2
A = F

(2,0)
A = 0 and

an appropriate reduction of the structure group along D. As we have already
remarked we can trade the description in terms of the Levi subgroup L of G
and the parameter α, with the corresponding parabolic subgroup P of GC.
In the ordinary case without the divisor operator, one would work with μ-
stable holomorphic bundles. When the defect is present, one needs to define
an appropriate stability condition which preserves the parabolic structure.
Furthermore we already know that the cohomological gauge theory problem
requires us to enlarge the generalized instanton moduli space to include
torsion free sheaves. This leads us naturally to the idea that the appropriate
moduli space to study is the moduli space of stable parabolic torsion free
sheaves. Moduli spaces of this sort have been studied before in the literature
[50], although for our purposes we prefer to label the moduli spaces by the
characteristic classes of the sheaves separately, and not by their Hilbert
polynomial.

While in the context of holomorphic bundles it is natural to talk about
the reduction of the structure group to a parabolic subgroup, when dealing
with sheaves it is more appropriate to think directly of the parabolic struc-
ture in terms of the flag stabilized by the parabolic subgroup P . Therefore
following [49, 50] we define a parabolic structure as follows. Consider E a
torsion free sheaf on X. For bundles a parabolic structure means that the
structure group is reduced along the divisor. Indeed since we are working
over all of X, over D we have a natural L-bundle specified by the weights
α; equivalently the associated parabolic subgroup P . However, instead of
giving the group P at each point of D, we could simply use the alternative
characterization of the parabolic subgroup P via the flag which is stabilized
by P . Therefore at each point of D we have a flag of vector spaces. This in-
formation glues nicely over all of D since we are, after all, just talking about
the structure group of a bundle. In the more general language of sheaves we
do not have anymore a structure group to talk of, but we can still specify a
flag of subsheaves over D. Therefore we define a parabolic structure on the
sheaf E over D as a flag G• of subsheaves of E|D = E ⊗ OD

(4.30) E|D = G1(E) ⊃ G2(E) ⊃ · · · ⊃ Gl(E) ⊃ Gl+1(E) = 0.

To this flag we associate also a l-tuple of weigths 0 ≤ a1 < a2 < · · · < al ≤ 1.
In the case of a parabolic bundle, these weights are the eigenvalues of the
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matrix τ introduced previously. Up to a (conventional) normalization they
coincide with the parameters α (where if two αi are equal they are associated
with a single ai).

We define the parabolic μ-weight of the sheaf E as

(4.31) μwt(E) =
l−1∑
i=1

ai

∫
(c1(Gi(E))− c1(Gi+1(E))) ∧ t ∧ t,

and the parabolic degree of E as

(4.32) p deg(E) = deg(E) + μwt(E).

Finally we can say that a parabolic sheaf E is μ-stable (respectively semi-
stable) if for any subsheaf E ′ of rank rankE ′ < rankE one has pμ(E ′) < pμ(E)
(respectively pμ(E ′) ≤ pμ(E)) where

(4.33) pμ(E) = p deg E
rankE .

We will denote by P
(α)
n,β,u;r(X,D|{ch(Gi(E))}) the moduli space of rank

r, μ-stable parabolic sheaves E on X with a parabolic structure along the
divisorD and fixed characteristic classes (ch3(E), ch2(E), c1(E)) = (n,−β, u).
We propose that the theory of Donaldson-Thomas invariants in the presence
of a divisor operator is the study of the intersection theory of this moduli
space.

There is an alternative definition of parabolic sheaves which will be more
convenient in the following, where instead of giving a filtration for the re-
striction of the sheaf E on D, one constructs directly a filtration of sheaves
over X. More precisely, one can define a torsion free parabolic sheaf E as a
torsion free sheaf with the following parabolic structure over D: a filtration

(4.34) F• : E = F1(E) ⊃ F2(E) ⊃ · · · ⊃ Fl(E) ⊃ Fl+1 = E(−D),

together with a sequence of weights 0 ≤ a1 < a2 < · · · < al ≤ 1. The two
definitions are equivalent and are related by the short exact sequence

(4.35) 0 ��Fi(E) ��E ��E|D/Gi(E) ��0.

In particular from this short exact sequence it follows the relation between
the Chern characters of the sheaves Gi(E) supported on D and the sheaves
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Fi(E)

(4.36) ch(Fi(E)) = ch(E)− ch(E|D) + ch(Gi(E)).

The reduction of the gauge field due to the defect is simply parametrized by
the Chern classes of the sheaves Fi via the sequence (4.35). It is therefore
natural to consider a moduli space with these characteristic classes fixed. In
other words we are interested in parametrizing the moduli space of parabolic
sheaves with fixed (ch3(Fi(E)), ch2(Fi(E)), c1(Fi(E))) = (ni,−βi, ui). Note
that F1=E whose characteristic classes are (ch3(E), ch2(E), c1(E) = n,−β, u).

We will denote this moduli space with P
(α)
n,β,u;r(X,D|{ch(Fi(E))}), or

P
(α)
n,β,u;r for simplicity.
Note that these moduli spaces can be empty. Furthermore as in ordinary

Donaldson-Thomas theory, even if they are non-empty, we don’t expect them
to be well behaved. In this paper we will make no attempt to resolve this
issue. We will simply assume that, as in ordinary Donaldson-Thomas theory
one can construct a meaningful intersection theory with more sophisticated
tools. Indeed in the following sections we will see an explicit example where
this is possible, the case of affine C3 with a specific divisor operator, where
the relevant moduli space is actually a fixed point set of the moduli space
of ordinary torsion free sheaves on C3.

4.6. Summary

Finally we summarize our conjectures. We have argued that the cohomologi-
cal gauge theory problem in the presence of a divisor operator reduces to the

study of the intersection theory of the moduli space M
(α)
n,β,u;r. In particular

the gauge theory provides a natural measure, the Euler class of the normal

bundle eul(N
(α)
n,β,u;r), the second cohomology of the instanton deformation

complex (3.8), when restricted to configurations obeying (4.20). As in ordi-
nary Donaldson-Thomas theory we can construct a generating function

ZDT
(X,D)(q,Q; r) =

∑
n,β,u

∑
m,h,o

qkQβvu e 2π i (ηimi+tDa γioai +σini)(4.37)

×
∫

M (α)
n,β,u;r(L;X|{m,h,o})

eul(N
(α)
n,β,u;r).

where we have for convenience parametrized the Chern classes {ch(E(L)
i )} in

terms of the integers appearing in (4.26) and have omitted the dependence
on the theta angles in the partition function ZDT

(X,D)(q,Q; r). Note that the
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form of the instanton action require us to work in a topological sector where
the topological numbers (m, h, o) are fixed. We have kept track of the first
Chern class u introducing a counting parameter v; however this can be
safely ignored since changing u can be always accomplished by tensoring
the sheaves with a line bundle, which does not affect the local structure of
the moduli space.

We do not expect this moduli space to be well behaved in any sense;
we have argued that it should be replaced with the moduli space of stable
parabolic torsion free sheaves on X with a certain parabolic structure along
the divisor D (or in principle finitely many divisors in X). We do not know

how these two moduli spaces are related, hopefully the moduli space P
(α)
β,n,u;r

can be seen as a compactification of the space M
(α)
n,β,u;r in some appropriate

sense. Regrettably we do not have any argument to support this conclusion.
Therefore we are led to define the problem of Donaldson-Thomas theory

with a divisor defect as the study of the moduli space P
(α)
β,n,u;r. While this

is certainly better, it is not at all clear that this moduli space has a mean-
ingful virtual intersection theory. We assume that it is the case and consider
the associated enumerative problem. In this language Donaldson-Thomas
invariants in the presence of a divisor defect should be captured by integrals
of the form

(4.38) DT
(α)
n,β,u;r(X,D|{m, h, o}) =

∫
P(α)

β,n,u;r(X,D|{m,h,o})
eul(N

(α)
n,β,u;r).

Note that strictly speaking we have defined the numbers {m, h, o} only in
the case of vector bundles via Chern-Weil theory, since it easier to keep
track of the factors of α. However the same definition can be extended to
the case of torsion free sheaves. To this end one just needs to introduce
a reference bundle P(α) over X associated with the connection A = αdθ.
Then the Chern character ch(E ⊗ P(α)) gives the natural generalization of
the topological numbers {m, h, o} in the case where E is not a bundle.

The discussion so far has been rather abstract. Of course it would be
interesting to make any of these ideas more rigorous. For the time being, to
clarify certain aspects and to show an explicit example, we will study in the
next Sections the caseX = C3 with a divisor defect. This case, far from being
trivial already in the case without divisor operator, is rather instructive
since we will be able to construct the moduli space rather explicitly and
to compute directly the partition function via the techniques of equivariant
localization with respect to the natural toric action on C3.
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5. Instanton counting and Donaldson-Thomas invariants

So far we have considered the defect problem in full generality on a generic
Calabi-Yau manifold X. Now we would like to turn to an example where
some explicit computations can be made. This generically is a rather diffi-
cult task. As is well known the situation simplifies if the Calabi-Yau is toric
(henceforth non-compact). Cohomological gauge theories on a toric manifold
are reduced via localization to a diagrammatic evaluation, in term of vertices
and propagators, the latter associated with toric invariant curves [4, 5]. The
building block of this construction is the vertex, which corresponds to the
gauge theory partition function on the affine space. This partition function
can be explicitly computed via instanton counting techniques. Therefore, as
a preliminary step towards the evaluation of the full partition function on a
generic toric Calabi-Yau, we would like to compute the cohomological gauge
theory partition function on C3 with a defect. To do so we will now briefly
review the general instanton counting formalism for Donaldson-Thomas in-
variants on C3 and in the next Sections discuss the modifications which
occur in the presence of a defect.

The problem of Donaldson-Thomas invariants on a toric Calabi-Yau can
be rephrased as a generalized instanton counting problem. In the case of
C3 this problem can be solved quite explicitly in the Coulomb branch of
the theory. The formalism developed in [6] is based on a generalized ADHM
construction which parametrize ideal sheaves on C3. This is derived by an ex-
plicit homological construction of the moduli space. As a first step one com-
pactifies C3 to P3 by adding a divisor at infinity and then tries to parametrize
the moduli space of torsion free sheaves with fixed characteristic classes on
P3 and with a trivialization condition on the divisor at infinity. This is done
in practice by rewriting each sheaf E via a Fourier-Mukai transform whose
kernel is the diagonal sheaf of P3 × P3. This procedure is rather techni-
cal and the outcome is a certain spectral sequence. Upon imposing some
conditions, including the trivialization on a divisor at infinity, the spectral
sequence degenerates into a four term complex characterized by a series of
matrix equations. These equations give a finite dimensional parametrization
of the instanton moduli space and are called generalized ADHM equations.
Based on these equations one can construct a certain topological quantum
mechanics which can be used to compute the relevant instanton integrals.
This quantum mechanics can be though of as arising from the quantization
of the collective coordinates around each instanton solution.

In this section we will recall the basis of this construction and show how
it can be used to compute instanton integrals. The topological quantum
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mechanics is given in terms of the homological data of the generalized ADHM
construction. The formalism is based on two vector spaces V and W with
dimC V = n and dimCW = r. Physically n represent the instanton number
of the gauge field configuration while r is the rank of the gauge theory.
The generalized ADHM formalism can be conveniently described via the
auxiliary quiver diagram

(5.1) V •B2 ��

B1

��

B3

�� ϕ�� • W
I�� .

Recall that a quiver Q = (Q0,Q1) is an algebraic entity defined by a set of
nodes Q0 and by a set of arrows Q1 connecting the nodes. To the arrows one
can associate a set of relations R. The path algebra of the quiver is defined
as the algebra of all possible paths in the quiver modulo the ideal generated
by the relations; the product in the algebra is the concatenation of paths
whenever this makes sense and 0 otherwise. This algebra will be denoted
as A = CQ/〈R〉. A representation of the quiver Q can be constructed by
associating a complex vector space to each node and a linear map between
vector spaces for each arrow, respecting the relations R. Instanton counting is
determined in terms of the representation theory of this quiver with certain
relations, the generalized ADHM equations. These facts were thoroughly
reviewed in [13].

We have introduced the morphisms

(5.2) (B1, B2, B3, ϕ) ∈ HomC(V, V ) and I ∈ HomC(W,V ).

Here ϕ is a finite dimensional analogous of the field ρ(3,0) and we will be
mainly interested in representations of the ADHM quiver where ϕ is trivial.
The fields Bα and ϕ are in the adjoint representation of U(n) while I is a
U(n)× U(r) bifundamental. Furthermore all fields transform under the lift
of the natural toric action of T3 on C3, to the instanton moduli space. Under
the full symmetry group U(n)× U(r)× T3 the transformation rules are

Bα �−→ e− i εαgU(n)Bαg
†
U(n),

ϕ �−→ e− i (ε1+ε2+ε3)gU(n)ϕg
†
U(n),

I �−→ gU(n)Ig
†
U(r).(5.3)
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The quiver quantum mechanics on C3 is characterized by the bosonic field
equations

Eα : [Bα, Bβ ] +

3∑
γ=1

εαβγ
[
B†γ , ϕ

]
= 0,

Eλ :

3∑
α=1

[
Bα, B

†
α

]
+
[
ϕ,ϕ†

]
+ II† = ς,

EI : I†ϕ = 0,(5.4)

where ς > 0 is a Fayet-Iliopoulos parameter.
Starting from these equations and the “matter content” (5.2), one can

use the standard formalism of topological field theories explained in [37, 38]
to construct a cohomological matrix quantum mechanics model to study the
moduli space of solutions of these equations. Roughly speaking one starts
from the BRST transformations

(5.5)

QBα = ψα and Qψα = [φ,Bα]− εαBα,

Qϕ = ξ and Qξ = [φ, ϕ]− (ε1 + ε2 + ε3)ϕ,

QI = � and Q� = φI − Ia,

where φ is the generator of U(n) gauge transformations and a=diag(a1, . . . ,
ar) parametrizes an element of the Cartan subalgebra u(1)⊕r. Finally one
needs to introduce Fermi multiplets corresponding to the anti-ghosts and
the auxiliary fields associated with the equations (5.4) as well as the gauge
multiplet to close the BRST algebra. This procedure is standard and we
refer the reader to the literature; the outcome is that the quiver quantum
mechanics path integral localizes onto the fixed points of the BRST charge.
These were classified in [6] in terms of r-vectors of plane partitions �π =
(π1, . . . , πr) with |�π| =∑l |πl| = k boxes. We think of a plane partition as
an ordinary Young diagram λ together with a “box piling function” π : λ −→
Z+ such that πi,j ≥ πi+m,j+n where m,n ≥ 0. Each partition πi corresponds
to a T3-fixed ideal sheaf Iπi

supported on a T3 invariant zero dimensional
subscheme in C3. Fixed points under the full T3 × U(1)r action have the
form

(5.6) E�π = Iπ1
⊕ · · · ⊕ Iπr

.

We take the three torus to be T3 = (t1 = e i ε1 , t2 = e i ε2 , t3 = e i ε3) and
we will denote by El the module generated by el = e i al . At a torus fixed
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point the vector spaces V and W decompose under the T3 × U(1)r action
as follows

(5.7) V�π =

r∑
l=1

el
∑

(n1,n2,n3)∈πl

tn1−1
1 tn2−1

2 tn3−1
3 and W�π =

r∑
l=1

el.

Linearization of Eα and EI around each fixed point leads to the following
instanton deformation complex

(5.8) HomC(V�π, V�π)
σ ��

HomC(V�π, V�π ⊗Q)
⊕

HomC(W�π, V�π)
⊕

HomC(V�π, V�π ⊗∧3Q)

τ ��
HomC(V�π, V�π ⊗∧2Q)

⊕
HomC(V�π,W�π ⊗∧3Q)

,

which is a local model of the instanton moduli space around a fixed point.
Here Q ∼= C3 is a T3 module generated by t−1α = e− i εα . The equivariant
index of this complex compute the virtual sum Ext1O

P3
� Ext2O

P3
where we

are only considering irreducible connections, which corresponds to the as-
sumption that Ext0O

P3
vanishes. At a fixed point �π the equivariant index can

be expressed in terms of the characters of the representations at the torus
fixed points

chT3×U(1)r
(
T vir
�π M inst

n,0;r(C
3)
)

(5.9)

= W∨
�π ⊗ V�π − V ∨�π ⊗W�π + (1− t1)(1− t2)(1− t3) V

∨
�π ⊗ V�π,

where we have used the Calabi-Yau condition to set t1t2t3 = 1. The enumer-
ative invariants are defined via virtual localization on the instanton moduli
space

DTn,r
(
C3
)
=

∫
[M inst

n,0;r(C
3)]vir

1(5.10)

=
∑

[E�π]∈M inst
n,0;r(C

3)T3×U(1)r

1

eul
(
T vir
�π M inst

n,0;r(C
3)
) ,

where the right hand side takes values in the polynomial ring Q[ε1, ε2, ε3, a1,
. . . , ar] (see for example [13, 14] for a review within the present context).
The virtual tangent space at a fixed point [E�π] ∈ M inst

n,0;r(C
3) is given by

T vir
�π M inst

n,0;r(C
3) = T�πM inst

n,0;r(C
3)� (Nn,0;r)�π(5.11)

= Ext1O
P3
(E�π, E�π)� Ext2O

P3
(E�π, E�π) .
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As explained in [6], the equivariant index (5.9) computes the ratio of the
Euler classes of the obstruction and tangent bundles. It turns out that this
ratio is just a sign and in particular independent on the equivariant param-
eters εi and al. The contribution of an instanton configuration labelled by
the r-tuple �π = (π1, . . . , πr) is just (−1)r|�π|. This allows us to write down
the generating function for the Coulomb branch invariants

(5.12) ZU(1)r

DT (C3) =
∑
|�π|

q|�π|
eul(Nn,0;r)�π

eul
(
T�πM inst

n,0;r(C
3)
) =

∑
�π

(−1)r|�π|q|�π|.

We should stress that this partition function only captures the theory in
its Coulomb branch. Furthermore the relevant instanton moduli space was
obtained by compactifying C3 to P3 and imposing a framing condition at
infinity. In the following we will use an equivalent compactification of C3 to
P1 × P1 × P1 which corresponds to adding a point at infinity to each one of
the three C spanned by the coordinate zi. Note that on physical grounds it
is clear that changing the compactification divisor at infinity, as long as one
imposes a trivialization condition, does not changes the moduli space.

6. Parabolic sheaves on the affine space and
orbifold sheaves

So far we have kept the discussion of divisor operators fairly general. Now,
after having reviewed the connection between Donaldson-Thomas invari-
ants and generalized instanton counting, we would like to give a more con-
crete example by considering a divisor operator on the affine space C3. This
amounts to consider the moduli space of coherent sheaves on C3 with a
certain parabolic structure on a divisor. Furthermore, since we will need to
use the techniques of virtual localization, we will only consider the gauge
theory in its Coulomb branch. This is precisely the situation in four dimen-
sional instanton counting in the presence of a surface operator and we will
presently try to generalize it to the case of C3. The parabolic structure we
choose to impose correspond to a divisor operator located at z3 = 0 and ex-
tended along the two non compact planes parametrized by the coordinates
z1 and z2. We will argue that this problem is equivalent to the enumerative
problem of Γ equivariant ideal sheaves on C3, where Γ is an appropriate
discrete group action which is determined by the type of divisor operator.
We expect this to be quite a generic result. The reason is that studying
the gauge theory in the complement of the divisor is a similar problem to
blowing down the divisor to produce a singularity. This is literally true in
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the four dimensional case and for certain surface operators [25]. When the
result of the blow-down is an orbifold singularity, it is natural to expect
the orbifold action to select the relevant instanton configurations when the
defect is removed. However it is hard to make this connection concrete in
general and we will limit ourselves to the affine case. Our construction will
be rather explicit.

Our approach is inspired by the analogous construction in four dimen-
sional gauge theories, where (ordinary) instanton counting in the presence of
a surface operator is expressed in terms of parabolic sheaves on C2 and then
reformulated in terms of orbifold sheaves [31, 39]. In the four dimensional
case the instanton moduli space is obtained by compactifying C2 to P1 × P1

and the presence of a surface operator is induced by imposing a parabolic
structure on one of the divisors with P1 topology. This is equivalent to a
moduli space of torsion free sheaves without any parabolic condition but
invariant with respect to an appropriate orbifold action; in other words the
moduli space of instantons with a surface operator is the Γ-fixed component
of the moduli space of instanton without any parabolic structure [40].

6.1. Moduli spaces of parabolic sheaves

In our case we will consider a compactification of C3 to P1 × P1 × P1 and
will be interested in coherent sheaves with a certain parabolic structure on
a divisor. Since the original space C3 is non-compact the proper objects to
study are sheaves with a framing condition. When we want to distinguish the
three P1 we will label them by the projective coordinates as P1

zi where i =
1, 2, 3. We will denote by D = P1

z1 × P1
z2 × 0z3 the divisor corresponding to

the defect, and by D∞ = P1
z1 × P1

z2 ×∞z3 � P1
z1 ×∞z2 × P1

z3 �∞z1 × P1
z2 ×

P1
z3 the divisor at infinity. We will identify the moduli space of generalized

instantons in the presence of a divisor defect as the moduli space of torsion
free sheaves with a framing condition on D∞, a parabolic structure on D,
and fixed characteristic classes.

Let us be more precise with the definition of our moduli space of parabolic
sheaves Pd, which is based on [39, 40, 51]. For notational convenience, now
we will consider only the case where the divisor operator is associated with
the Levi subgroup TG or equivalent a parabolic Borel subgroup B, and com-
ment later on how they can be extended to the more general case. Let us fix
a r-tuple of integers d = (d0, . . . , dr−1) which will play the role of instanton
numbers.
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A parabolic sheaf F• is a flag of torsion free sheaves of rank r on P1 ×
P1 × P1

(6.1) F0(−D) ⊂ F−r+1 ⊂ · · · ⊂ F−1 ⊂ F0.

We will furthermore require the following conditions

(1) Framing. The sheaves in the flag are locally free on D∞, together with
a framing isomorphism

(6.2) F0(−D)|D∞
��

�
��

F−r+1|D∞
��

�
��

· · · ��

�
��

F0|D∞

�
��

O⊕rD∞
(−D) �� W (1) ⊗OD∞ ⊕O⊕r−1D∞

(−D) �� · · · �� W (r) ⊗OD∞

At infinity F0 is isomorphic to the trivial rank r bundle O⊕r. By
choosing a basis we identify this bundle with the vector space W r =
〈w1, . . . , wr〉. Similarly W (i) = 〈w1, . . . , wi〉 for i = 1, . . . , r are i-
dimensional vector spaces, and the flag

(6.3) W (1) ⊂ W (2) ⊂ · · · ⊂ W (r) = W,

is determined by the parabolic structure (that is, it is the one stabilized
by the parabolic subgroup; in the case of a Borel subgroup, which
corresponds to a full divisor operator, this is just the standard complete
flag).

(2) Chern character. The framing condition implies ch1(Fk) = k[D] where
[D] denotes the fundamental class and −r < k ≤ 0 as above. We fur-
thermore require c2(Fi) = 0 and c3(Fi) = −di. In other words the
Chern classes are specified by the degree of the parabolic sheaf d =
(d0, . . . , dr−1) and by the framing condition.

We shall denote this moduli space1 by Pd. Later on we will see how this
construction gets modified when the divisor operator is not full.

1Note that technically we are only imposing a quasi-parabolic structure, by spec-
ifying a flag. The reason for this is that in the remainder of this paper we are going
to use equivariant localization in the Coulomb branch. The weights ai enter in the
definition of μ-stability. In the Coulomb branch the relevant toric fixed point con-
figurations will be identified with ideal sheaves, and therefore stability will not be
an issue. By partial abuse of language we will still talk of “parabolic” sheaves.
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In plain words we want to study torsion free sheaves with a certain
parabolic structure and fixed Chern character on a compactification of C3.
The framing condition assures that the sheaves are trivial at infinity, which
corresponds to the need to impose boundary conditions on the physical
fields. Note that the sheaves at infinity are twisted and have poles at z3 = 0.
Therefore for −r < k ≤ 0, the local sections of Fk|∞z1×∞z2×P1

z3
are those lo-

cal sections of F0|∞z1
×∞z2

×P1
z3

= W ⊗OP1
z3

which take value in W (k+r) at
0z3 ; this gives a connection with the theory of Laumon spaces, which we will
however not pursue in this paper. Different divisor operators will be associ-
ated with different parabolic subgroups and therefore to different parabolic
structures. As the parabolic structure changes, so does the stabilized flag
and therefore the moduli space, as we will see later on. Therefore we have
a rule to associate to any divisor operator on C3 a different moduli space
of torsion free sheaves. The computation of observables in the gauge theory
is reduced to the study of the intersection theory of this moduli space. As
in the case without the divisor defect, integration over this moduli space
has to be defined carefully. We will sidestep this problem by arguing that
this moduli space can be thought of as a fixed component of the generalized
instanton moduli space and evaluate the equivariant integrals via virtual
localization.

As an aside remark, the moduli space of parabolic sheaves Pd parame-
trizes sheaves with vanishing c2. Nothing would prevent us to consider a
more complicated moduli space with a non vanishing second Chern class.
For example we could choose c2 to be the class Poincaré dual to one of the P1

within D. Upon imposing appropriate conditions on the moduli space, such
as compatibility with the parabolic structure on D as well as extra conditions
on the sheaves restricted to D, this would correspond to a surface defect
supported on the divisor defect. Or we could consider a second divisor defect,
with support at say {z2 = 0} which intersect the first one along a surface
defect with support on a P1. Overall by considering defects within defects or
intersecting defects we find a rather rich structure, with additional layers of
complexity. In this paper we shall not pursue this interesting direction and
hope to resume the discussion elsewhere.

6.2. Fixed points

There is a natural action of T3 × U(1)r on Pd. Recall that the T3 fixed
points on Hilbn(C3) are classified by plane partitions with n boxes, corre-
sponding to ideals Iπ with support on a torus fixed point. Similarly T3 ×
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U(1)r-fixed rank r sheaves have the form E�π = Iπ1
⊕ · · · ⊕ Iπr

and are clas-
sified in terms of r-vectors of plane partitions �π = (π1, . . . , πr). A fixed point
in Pd is roughly the same, except for further restrictions imposed by the
parabolic structure and the framing condition. The latter implies that cer-
tain elements in the fixed points decomposition are twisted by the divisor
D. A fixed point in Pd is a parabolic sheaf F• where

(6.4) Fk−r =
⊕

1≤l≤k
Iπ(k)

l
wl ⊕

⊕
k<l≤r

Iπ(k)
l
(−D)wl.

Here {π(k)
l }1≤k,l≤r is a collection of plane partitions obeying certain prop-

erties that we will outline in a moment. The index l is a Lie algebra index
while k refers to the position within the flag. Compatibility with the flag
structure implies that Iπ(k)

l
⊂ Iπ(k+1)

l
. This implies a corresponding condition

on the plane partitions which we will denote by π
(k)
l ⊃ π

(k+1)
l . In the previ-

ous sections we have denoted a plane partition by the triple π = (m,n, πm,n)
where (m,n) correspond to a Young diagram μ. Equivalently we can use the
notation π = (μ, πμ) and denote the Young diagram by μ = (μ0 ≥ μ1 ≥ · · · ),
specifying the number of boxes in each row. Then

π(i) = (μ, πμ) ⊃ π(j) = (λ, πλ)(6.5)

⇐⇒ μi ≥ λi∀i ≥ 0 and π(i)
m,n ≥ π(j)

m,n ∀(m,n) ∈ μ.

Colloquially, one plane partition lies “inside” the other (and therefore cor-
responds to a bigger ideal). Similarly we define

π(i) = (μ, πμ) ⊇ π(j) = (λ, πλ)(6.6)

⇐⇒ μi ≥ λi+1∀i ≥ 0 and π(i)
m,n ≥ π

(j)
m,n+1 ∀(m,n) ∈ μ.

Compatibility with the flag structure therefore requires that the collection

{π(k)
l }1≤k,l≤r obeys the following property

π
(1)
1 ⊃ π

(2)
1 ⊃ · · · ⊃ π

(r)
1 ⊇ π

(1)
1 ,

π
(2)
2 ⊃ π

(3)
2 ⊃ · · · ⊃ π

(1)
2 ⊇ π

(2)
2 ,

...
...

π
(r)
r ⊃ π

(1)
r ⊃ · · · ⊃ π

(r−1)
r ⊇ π

(r)
r .(6.7)

The presence of the relations ⊇ is due to the twist in the framing condition
and to the inclusion F0(−D) ⊂ F−r+1 in the flag. Indeed, recall that D
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is described by {z3 = 0}. A twist by D will therefore relate a monomial
zm1 z

πm,n

2 zn3 with the monomial zm1 z
πm,n

2 zn+1
3 .

To further clarify, consider a full divisor operator in a U(4) gauge theory.
A fixed point in Pd is a flag F0(−D) ⊂ F−3 ⊂ F−2 ⊂ F−1 ⊂ F0 where

F0 = Iπ(4)
1
w1 ⊕ Iπ(4)

2
w2 ⊕ Iπ(4)

3
w3 ⊕ Iπ(4)

4
w4,

F−1 = Iπ(3)
1
w1 ⊕ Iπ(3)

2
w2 ⊕ Iπ(3)

3
w3 ⊕ Iπ(3)

4
(−D)w4,

F−2 = Iπ(2)
1
w1 ⊕ Iπ(2)

2
w2 ⊕ Iπ(2)

3
(−D)w3 ⊕ Iπ(2)

4
(−D)w4,

F−3 = Iπ(1)
1
w1 ⊕ Iπ(1)

2
(−D)w2 ⊕ Iπ(1)

3
(−D)w3 ⊕ Iπ(1)

4
(−D)w4.(6.8)

For example, let us look at the w2 components. From the flag we see imme-

diately that π
(2)
2 ⊃ π

(3)
2 ⊃ π

(4)
2 . Furthermore, since F0(−D) ⊂ F−3, we must

have that Iπ(4)
2
(−D) ⊂ Iπ(1)

2
(−D), and therefore π

(4)
2 ⊃ π

(1)
2 . Finally, looking

again at the flag, we see that Iπ(1)
2
(−D) ⊂ Iπ(2)

2
which implies π

(1)
2 ⊇ π

(2)
2 . By

collecting all these results we see that it must be that π
(2)
2 ⊃ π

(3)
2 ⊃ π

(4)
2 ⊃

π
(1)
2 ⊇ π

(2)
2 , as expected from (6.7).

6.3. Parabolic sheaves as orbifold sheaves

Up to now we have argued that the correct object to study to understand
instanton counting on C3 in the presence of a full divisor operator is the
moduli space of parabolic sheaves Pd. Now we would like to give an alter-
native description of this moduli space as the fixed component of M inst

n,0;r(C
3)

under a certain discrete orbifold action. Roughly speaking the main idea is
to let a certain discrete group Γ act on C3 with an appropriate lift to the
moduli space M inst

n,0;r(C
3) in such a way that the isotypical decomposition of

the space W is related with the vector spaces in the flag which character-
izes the parabolic structure as in (6.11) below. A similar construction has
appeared in [39, 40, 51] in the case of four dimensional gauge theories and
in [52] in general.

Consider the group Γ = Zr which acts on the target space coordinates
as

(6.9) (z1, z2, z3) −→ (z1, z2, ωz3),

where r ∈ Z and ω = e
2π i

r . In particular note that D is invariant under this
action. We let this group act also on W = 〈w1, . . . , wr〉 via γ(wl) = e

2π i l

r wl.
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As a consequence W decomposes into isotypical components

(6.10) W =
⊕
s∈Γ̂

Ws ⊗ ρ∨s ,

where we sum over all the irreducible representations of Γ̂. Since the defect is
full, each factor has dimWs = 1. It will be useful in the following to use this
decomposition in the framing condition. This is done via the identification

(6.11) W (i) =

i−1⊕
a=0

Wa.

The framing condition can be now equivalently expressed in terms of the
vector spaces Wa, a = 0, . . . , r − 1. Consider now the covering map

σ : P1
z1 × P1

z2 × P1
z3 −→ P1

z1 × P1
z2 × P1

z3

(z1, z2, z3) −→ (z1, z2, z
r
3).(6.12)

Following [39, 40] this map can be used to construct an isomorphism Pd −→
M inst

d,0;r(C
3)Γ, where by M inst

d,0;r(C
3) we label the connected component of

M inst
d,0;r(C

3) identified by the decomposition d = d0 + · · ·+ dr−1 of the in-
stanton configuration. This isomorphism associates a parabolic sheaf F• to
a Γ-equivariant sheaf F̃ . Note that we already have an obvious morphism of
Pd into M inst

n,0;r(C
3) by forgetting the flag.

To be concrete, consider a parabolic sheaf F•. From F• we construct the
following Γ-invariant torsion free sheaf on P1 × P1 × P1

(6.13) F̃ = σ∗F−r+1 + σ∗F−r+2(−D) + · · ·+ σ∗F0(−(r − 1)D),

where the sum is not a direct sum but, as stressed in [39, 51], refers to the
convex hull of those sheaves as subsheaves of σ∗F0. For example, for every
open neighbor U , one lists down all the sections for each summand, and then
constructs a globally defined sheaf out of them. In particular F̃ has rank
r. Note that the divisor D is described by {z3 = 0} in local coordinates,
and since the action of σ on z3 gives zr3, the inverse image sheaves (which
for every open subset U are given by σ∗Fl(U) = Fl(σ(U))) are by definition
Γ-invariant. The sheaf F̃ is constructed by making an invariant sheaf out
of each subsheaf in the flag and tensoring it with line bundles of the form
O(−kD) which are associated with characters of Γ̂ via the action of Γ on
their sections. The average over the group characters gives a Γ-invariant
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sheaf which contains all the information of the original flag. In a sense these
line bundles play a role analog to the tautological bundles in the McKay
correspondence, as reviewed in [13].

The sheaf F̃ has

c1(F̃) = −
r−1∑
i=0

i[D],

c3(F̃) = d0 + · · ·+ dr−1,(6.14)

and vanishing c2; at infinity, it is locally free and framed

(6.15) F̃ |D∞ = OD∞ ⊕OD∞(−D)⊕ · · · ⊕ OD∞(−(r − 1)D).

Therefore given a parabolic sheaf we can construct a Γ-invariant torsion free
sheaf. This is however not quite what we wanted, since F̃ has a non vanishing
first Chern class, and is therefore not in our moduli space M inst

d,0;r(C
3). This

can be easily solved by tensoring with a line bundle to cancel the unwanted
Chern class (which is of course an isomorphism). A more elegant and direct
way is to modify the definition (6.13) as suggested in [40]

F̃ = σ∗F−r+1 + σ∗F−r+2(−(D − P1
z1 × P1

z2 ×∞z3))(6.16)

+ · · ·+ σ∗F0(−(r − 1)(D − P1
z1 × P1

z2 ×∞z3)).

The divisor P1
z1 × P1

z2 ×∞z3 is cohomologous to D and is used just to cancel
its Chern classes. This ensures [40] that the map is indeed in M inst

n,0;r(C
3).

Moreover, since F̃ is Γ-invariant, the map is really into M inst
n,0;r(C

3)Γ as we
wanted.

On the other hand, given a Γ-invariant sheaf F̃ ∈ M inst
n,0;r(C

3)Γ, we can
construct a flag by pasting together the Γ-isotypical subsheaves. We obtain
the flag F0(−D) ⊂ F−r+1 ⊂ · · · ⊂ F0, having defined

(6.17) Fk = σ∗
(
F̃ ⊗ OX(kD)

)Γ
.

Note that indeed ch1(Fk) = k[D]. The line bundleOX(kD) has a natural orb-
ifold structure. Recall that the divisor D is described by {z3 = 0}. Therefore
sections of OX(kD) are rational functions of the coordinates with a zero (or
a pole) at z3 = 0 of order k. Equivalently taking the Γ-invariant part is going
to select the ωk-isotypic component of F̃ ; this is precisely how we recover
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the flag. In summary we have

(6.18) M inst
n,0;r(C

3)Γ =
⋃
|d|=n

Pd.

6.4. More general divisor defects

Finally we will relax the condition that the divisor defect is full and consider
the most general situation. In words this can be simply done by modeling
the defect on a parabolic group, as done in Section 4, and requiring the flag
structure to be the one stabilized by the parabolic group. To simplify the
discussion we will firstly outline a “point-like” version of the argument and
afterwards make our reasoning local in terms of sheaves.

The most general divisor defect is classified by a M -tuple of integers
(r0, . . . , rM−1) such that r0 + · · ·+ rM−1 = r. The factors ra are the mul-
tiplicities of the elements αi in the reference connection which specifies
the divisor defect; the defect will be called of type {ra}. Consider a col-
lection of vector spaces Wa such that dimCWa = ra for a = 0, . . . ,M − 1.
Define now the vector spaces W (i) =

⊕i−1
a=0Wa with i = 1, . . . ,M . In par-

ticular dimCW (i) =
∑i−1

a=0 dimCWa = r0 + · · ·+ ri−1. Out of these data we
construct the flag

(6.19) W (1) ⊂ W (2) ⊂ · · · ⊂ W (M).

This flag correspond to a divisor operator of type {ra}.
Now let us make this construction local, and define the moduli space

P
{ra}
d of generalized instantons in the presence of a divisor defect of type

{ra}. This moduli space consists of flags of torsion free sheaves of rank r on
P1 × P1 × P1

(6.20) F0(−D) ⊂ F−M+1 ⊂ · · · ⊂ F−1 ⊂ F0,

such that

(1) Framing. The sheaves in the flag are locally free on D∞, together with
a framing isomorphism

(6.21) F0(−D)|D∞
��

�
��

F−M+1|D∞
��

�
��

· · · ��

�
��

F0|D∞

�
��

O⊕rD∞
(−D) �� W (1) ⊗OD∞ ⊕O⊕r−r0D∞

(−D) �� · · · �� W (M) ⊗OD∞
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where W (i) are the (r0 + · · ·+ ri−1)-dimensional vector spaces corre-
sponding to the flag

(6.22) W (1) ⊂ W (2) ⊂ · · · ⊂ W (M),

as outlined above. When this is the standard complete flag we recover
the full divisor defect.

(2) Chern character. The framing condition implies ch1(Fk) = −(r −∑M−1+k
a=0 ra)[D] where [D] denotes the fundamental class. We fur-

thermore require c2(Fi) = 0 and c3(Fi) = −di. In other words the
Chern classes are specified by the degree of the parabolic sheaf d =
(d0, . . . , dM−1) and by the labels {ra} via the framing condition.

The map between Pd and a fixed point subset of M inst
n,0;r(C

3) generalizes

to P
{ra}
d upon choosing an appropriate Γ action. Note that the only differ-

ence between the case of a full divisor defect and the general case is in the
Lie algebra structure, and therefore we only need to generalize the action of
Γ on the vector spaces W (i). Consider the group Γ = ZM which acts on the
target space coordinates as

(6.23) (z1, z2, z3) −→ (z1, z2, ωz3),

whereM ∈ Z and ω = e
2π i

M . This group acts also onW and as a consequence
W decomposes into isotypical components

(6.24) W =
⊕
a∈Γ̂

Wa ⊗ ρ∨a .

Here dimCWa = ra and Γ acts as γ(wl) = e
2π i a

M wl for wl any generator of
Wa. This action is essentially the same as in the full case, but now theWa are
not necessarily unidimensional but take into account the multiplicities {ra}.
Exactly has we have explained before, the parabolic structure is encoded
in the flag of the vector spaces W (i) =

⊕i−1
a=0Wa. The previous results are

recovered for M = r. The covering map associated with Γ

σ : P1
z1 × P1

z2 × P1
z3 −→ P1

z1 × P1
z2 × P1

z3

(z1, z2, z3) −→ (z1, z2, z
M
3 ),(6.25)
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can now be used to construct explicitly the identification

(6.26) M inst
n,0;r(C

3)Γ =
⋃
|d|=n

P
{ra}
d ,

by a generalization of the previous arguments. Given a parabolic sheaf F• ∈
P
{ra}
d we construct the Γ-invariant torsion free sheaf

(6.27) F̃ = σ∗F−M+1 + σ∗F−M+2(−D) + · · ·+ σ∗F0(−(M − 1)D).

At infinity F̃ is locally free and framed

(6.28) F̃ |D∞ = O⊕r0 ⊕O⊕r1(−D)⊕ · · · ⊕ O⊕rM−1(−(M − 1)D),

and has

c1(F̃) = −
M−1∑
a=0

ara[D],(6.29)

c3(F̃) = d0 + · · ·+ dM−1,(6.30)

with vanishing c2. Conversely given a Γ-invariant sheaf F̃ we can construct
a flag from its isotypical decomposition by using (6.17) as explained before.
Note that these maps depend sensitively on the precise action of the orbifold
group Γ. We will use and expand upon this identification in the next section
to explain how to compute Donaldson-Thomas type of invariants in the
presence of a divisor defect.

7. Defects and instanton quivers

In the previous Section we have argued that the problem of Donaldson-
Thomas theory in the presence of a divisor operator, in the simple case of
the affine space, can be reduced to counting Γ-equivariant instanton config-
urations on C3 where Γ is an appropriate orbifold action determined by the
defect. The task of studying the Γ-fixed point set of M inst

n,0;r(C
3) is greatly

simplified by the knowledge of a local model. In particular the orbifold group
and the toric group commute, and one can use virtual localization by consid-
ering the set of all torus fixed points of M inst

n,0;r(C
3) which are also invariant

under the action of Γ. A formalism to deal with these situations was devel-
oped in [17] albeit in a rather different context. This formalism is based on
the introduction of a certain quiver quantum mechanics; we will used it to
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compute the equivariant integrals over the instanton moduli spaces in the
presence of the divisor operator.

We should however stress that the problem we are discussing here is
rather different from [17]. In particular we do not claim that our Γ-
equivariant sheaves on C3 are in any sense related to sheaves on a resolution
of C3/Γ in any chamber. Indeed such a claim would be wrong: a necessary
condition in the construction of [17] is that the Γ action on C3 has trivial
determinant. Technically this ensures that ADHM algebra is Koszul. This
fact was used repeatedly in [17] to establish the relation between equivariant
sheaves on C3 and BPS states in the noncommutative resolution chamber
of resolved Calabi-Yau singularities. This is not true in our case. However
the fact that this relation does not hold, does not prevent us to consider
the Γ-fixed component of the set of T3 × U(1)r-fixed sheaves on C3, which
is always a legitimate procedure. We can indeed think of the formalism of
[17] as an abstract tool to compute equivariant integrals associated to a
quiver quantum mechanics, regardless of whether the underlying quiver as
a geometric origin of not.

In our case the orbifold group Γ acts on the geometrical coordinates as

(7.1) (z1, z2, z3) −→ (z1, z2, ωz3),

where ω = e
2π i

M . Similarly we let it act on the Cartan subalgebra generators
of U(r) as
(7.2)

(a1, . . . , ar) −→
⎛
⎜⎝a1, . . . , ar0︸ ︷︷ ︸

r0

, ωar0+1, . . . , ωar0+r1︸ ︷︷ ︸
r1

, . . . , ωM−1ar−rM−1
, . . . , ωM−1ar︸ ︷︷ ︸

rM−1

⎞
⎟⎠,

where the pattern is determined by the choice of the divisor operator, since
it breaks the gauge group to the parabolic subgroup determined by the
parameter α. The breaking is parametrized by a set of integers {ra} with
a = 0, . . . ,M − 1 and r = r0 + · · ·+ rM−1. We will often use the convenient
notation aI,s to collect all the Cartan generators upon which Γ acts as ωI ,
with s = 1, . . . , rI . Note that we are assuming that the Cartan generators are
(eventually after a gauge transformation) ordered. This choice of action is
directly related to the decomposition (6.11) which enters in the description
of the moduli space of parabolic torsion free sheaves. Indeed this identifica-
tion is manifest if we take dimCWa = ra or equivalently Wa has generators
e i aa,s as a U(1)ra module. This is just another way to see explicitly the
identification between parabolic sheaves determined by the flag (6.22) and
orbifold sheaves determined by the action (7.2).
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The orbifold action lifts to the instanton moduli space. To describe this
lift it is convenient to use the ADHM formalism introduced previously and
give directly the orbifold action on the generalized ADHM data. As a con-
sequence we will be able to describe the relevant instanton configurations in
terms of a certain quiver, obtained from the ADHM quiver by decomposing
the maps and the vector spaces according to the orbifold characters [17]. We
decompose the vector spaces V and W as follows

(7.3) V =
⊕
a∈Γ̂

Va ⊗ ρ∨a , W =
⊕
a∈Γ̂

Wa ⊗ ρ∨a ,

such that dimC Va = na and dimCWa = ra and {ρa}a∈Γ̂ is the set of irre-
ducible representations; we denote the trivial representation by ρ0. In par-
ticular now the bosonic field content of the matrix quantum mechanics is
made up by equivariant maps

(7.4) (B1, B2, B3, ϕ) ∈ HomΓ(V, V ) and I ∈ HomΓ(W,V ).

More explicitly the only non-vanishing components are

Ba
1,2 :Va −→ Va,

Ba
3 :Va −→ Va+1,

ϕa :Va −→ Va+1,

Ia :Wa −→ Va.(7.5)

These maps are associated to the following BRST transformations

(7.6)

QBa
α = ψr

α and Qψa
α = [φ,Ba

α]− εαB
r
α,

Qϕr = ξr and Qξa = [φ, ϕa]− (ε1 + ε2 + ε3)ϕ
a,

QIa = �a and Q�a = φIa − Iaaa,

where in the vector aa we have collected all the Higgs field eigenvalues al
associated with the irreducible representation ρa. Following the standard
formalism of topological field theories, one associates to these maps two
Fermi multiplets containing the anti-ghosts and the auxiliary fields, and an
extra gauge multiplet to close the BRST algebra [17]. Then one proceed
to construct a topological invariant action which localizes onto the critical
points of the BRST operator. These datas can be conveniently summarized
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in the generalized ADHM quiver
(7.7)

· · · Ba−2
3 ��

ϕa−2

		 Va−1 •

Ba−1
2





Ba−1
1

�� Ba−1
3 ��

ϕa−1

�� Va •

Ba
2





Ba
1

�� Ba
3 ��

ϕa

		 Va+1 •

Ba+1
2





Ba+1
1

�� Ba+1
3 ��

ϕa+1

�� · · ·

Wa−1 •

Ia−1



Wa •

Ia



Wa+1 •

Ia+1



In particular to this modified quiver one associates an ideal of relations which
arises from decomposing the original ADHM equations accordingly to the
Γ-module structure. Recalling that we are interested in the set of minima
where the field ϕ is set to zero, the relevant equations are

(7.8)

Ba
1B

a
2 −Ba

2B
a
1 = 0,

Ba+1
1 Ba

3 −Ba
3B

a
1 = 0,

Ba+1
2 Ba

3 −Ba
3B

a
2 = 0,(

Ia+1
)†

ϕa = 0.

These equations generate the ideal of relations in the instanton quiver path
algebra AΓ. Their Γ-equivariant decomposition cuts out a certain subvariety
RepΓ(n, r;B) from the framed quiver representation space

(7.9) RepΓ(n, r)=HomΓ(V,Q⊗V )⊕HomΓ(V,
∧3Q⊗V )⊕HomΓ(W,V ),

The BPS moduli space in the presence of a divisor defect is then formally
defined as the quotient stack

(7.10) MΓ(n, r) =

[
RepΓ(n, r;B)

/∏
a∈Γ̂

GL(na,C)

]

by the gauge group which acts as basis change automorphisms of the Γ-
module V . As in [17], we will think of this stack as a moduli space of stable
framed representations, where every object in the category of quiver repre-
sentations with relations is 0-semistable.

We define our Donaldson-Thomas invariants in the presence of a divisor
operator as the equivariant volumes of these instanton moduli spaces, com-
puted via virtual localization. In doing so we are making explicit use of the
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fact that the relevant moduli space is a Γ-fixed component of the moduli
space of torsion free sheaves, whose toric fixed points are isolated and given
by ideal sheaves. Therefore all the relevant machinery of virtual localization
can be applied directly to the case at hand. Of course the problem of giving
a rigorous definition of these invariants on a generic variety is still quite
open; for the time being we will limit ourselves to the case of C3. Note that
it is conceivable that the approach we are following generalizes to any toric
Calabi-Yau, since one can imagine to carry on the construction of Section 6
on toric invariant patches and find appropriate gluing rules to construct
sheaves on a generic toric variety with a defect. We plan to return to this
problem (and its lower dimensional version on a toric surface) as well as to
the task of giving rigorous definitions on any Calabi-Yau, in the future. On
C3 we have

(7.11) DTDn,r
(
C3|ε1, ε2, ε3, al

)
=

∫
[MΓ(n,r)]vir

1,

where the right hand side takes values in the polynomial ring Q[ε1, ε2, ε3, a1,
. . . , ar] as in Section 5. We do not impose the condition ε1 + ε2 + ε3 = 0, and
therefore the orbifold group Γ is a discrete subgroup of the toric group and
we can simply restrict our attention to toric fixed points which are simulta-
neously Γ-fixed. In particular the invariants are only equivariant and depend
explicitly on the parameters of the toric action, as was expected from the four
dimensional case. They are essentially noncommutative Donaldson-Thomas
type of invariants associated with the quiver moduli space MΓ(n, r). Note
however that, contrary to the standard noncommutative Donaldson-Thomas
invariants of [16], they depend explicitly on the vector r. From this perspec-
tive they are more similar to the invariants NCμ(n, r) studied in [17, 18], with
the important difference that the r dependence is genuine and cannot be
encoded in a multiplicative factor. Physically this is clear; the r dependence
in the NCμ(n, r) invariants label a gauge theory superselection sector, char-
acterized by different boundary conditions for the gauge field at infinity, but
the dynamics in each sector is essentially the same. Here different vectors
r label physically inequivalent defects, characterized by different parabolic
subgroups.

A local model of the virtual tangent space T vir
[E�π]MΓ(n, r) at a fixed point

E�π labelled by �π, is given by the instanton deformation complex

(7.12) HomΓ(V�π, V�π)
σ ��

HomΓ(V�π, V�π ⊗Q)
⊕

HomΓ(W�π, V�π)
⊕

HomΓ(V�π, V�π ⊗∧3Q)

τ ��
HomΓ(V�π, V�π ⊗∧2Q)

⊕
HomΓ(V�π,W�π ⊗∧3Q)

.
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Here the map τ follows from the linearization of the equations (7.8) while
the map σ is an infinitesimal gauge transformation. We have introduced
the orbifold regular representation Q = ρ0 ⊕ ρ0 ⊕ ρ1. The Euler class of the
virtual tangent space can be computed via the equivariant index of this
complex. Neglecting the Γ-action, the two vector spaces V and W can be
decomposed at a fixed point �π = (π1, . . . , πr) of the U(1)r × T3 action on
the instanton moduli space, as [6]

(7.13) V�π =

r∑
l=1

el
∑

(n1,n2,n3)∈πl

tn1−1
1 tn2−1

2 tn3−1
3 and W�π =

r∑
l=1

el,

where el = e i al with al the Higgs field vacuum expectation values for l =
1, . . . , r. The orbifold group Γ acts on each of the module generators in
the above decomposition with a weight which is determined by the po-
sition of the box in the plane partition, as labeled by the three integers
(n1, n2, n3) ∈ πl. As a consequence each box will be associated to a charac-
ter of the orbifold group. In other words Γ-fixed torus invariant points are
labeled by vectors of colored plane partitions, the coloring being associated
with distinct characters of the orbifold group.

This decomposition is however inconvenient for certain purposes and
it is sometime better to use a different one which disentangles spacetime
variables from the Cartan generators. Fixed points of the toric action are
r-tuples of plane partitions, each one associated with a generator of the
Cartan subalgebra of U(r). Since Γ acts as (7.2) on the Cartan parame-
ters, the action on the plane partition is “offset”. This is clear from the
decomposition (7.13). To keep track of this offset we will introduce a “de-
fect function” d : {1, . . . , r} −→ Γ̂ which to a sector labelled by l = 1, . . . , r
and corresponding to a module EI,s for any s, associates the weight of the
corresponding representation of Γ. In other words d(l) = I if the module El

is spanned by aI,s for s = 1, . . . , rI . Then

V�π =

r⊕
l=1

⊕
a∈Γ̂

(
El ⊗ ρ∨d(l)

)⊗ (Pl,a ⊗ ρ∨a
)

(7.14)

=

r⊕
l=1

⊕
a∈Γ̂

(
El ⊗ Pl,a

)⊗ ρ∨a+d(l).

Here Pl,a is a module which corresponds to the Γ-module decomposition
of the sum H0(OIπl

) =
∑

(n1,n2,n3)∈πl
tn1−1
1 tn2−1

2 tn3−1
3 . Recall that each fixed

point is characterized by a vector of partitions �π. Each entry in this vector
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can be decomposed according to the Γ-action, taking further into account
the transformation properties of the Higgs field vacuum expectation values
el. In our decomposition (7.14) we have factorized this contribution explic-
itly so that now dimC Pl,a is the number of boxes in the plane partition at
position l of the fixed point vector �π = (π1, . . . , πr) which transform in the
representation ρ∨r , a number which we will call |πl,a|. Similarly one can write

(7.15) W�π =

r⊕
l=1

El ⊗ ρ∨d(l).

Given this formalism we can now compute the character at a fixed point

chT3×U(1)r
(
T vir
�π MΓ(n, r)

)
(7.16)

=

(
W∨

�π ⊗ V�π − V ∨�π ⊗W�π

t1t2t3
+

(1− t1)(1− t2)(1− t3)

t1t2t3
V ∨�π ⊗ V�π

)Γ

.

Let us consider each term separately. First of all

(
W∨

�π ⊗ V�π
)Γ

=
⊕
l,l′

⊕
a∈Γ̂

El ⊗ Pl,a ⊗ E∨l′ ⊗
(
ρ∨a+d(l) ⊗ ρd(l′)

)Γ
(7.17)

=
⊕
l,l′

⊕
a∈Γ̂

El ⊗ Pl,a ⊗ E∨l′ δ
(
a+ d(l) = d(l′) mod M

)
.

Here we have used the fact that the invariant part of a tensor product
between representations is a Kronecker delta

(7.18)
(
ρ∨a ⊗ ρb

)Γ
= δ(a = b mod M),

where we write the constraint explicitly to make the formulas more readable.
Similarly

−
(
V ∨�π ⊗W�π

t1t2t3

)Γ

(7.19)

= − 1

t1t2t3

r⊕
l,l′=1

⊕
a∈Γ̂

E∨l ⊗ P∨l,a ⊗ El′δ
(
a+ d(l) = d(l′) + 1 mod M

)
.

We have used the fact that the weights tα are regarded as Γ-modules; in
particular t3 −→ ρ1 corresponds to the action of Γ on z3 by multiplication
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with ω. The remaining terms are

− ((1− t−11

) (
1− t−12

)
V ∨�π ⊗ V�π

)Γ
(7.20)

= − (1− t−11

) (
1− t−12

)
×
⎛
⎝ r⊕

l,l′

⊕
a,b∈Γ̂

E∨l ⊗ P∨l,a ⊗ El′ ⊗ Pl′,b

⎞
⎠

× δ
(
a+ d(l) = b+ d(l′) mod M

)
,((

1− t−11

) (
1− t−12

)
t−13 V ∨�π ⊗ V�π

)Γ
(7.21)

=
(
1− t−11

) (
1− t−12

)
t−13

×
⎛
⎝ r⊕

l,l′

⊕
a,b∈Γ̂

E∨l ⊗ P∨l,a ⊗ El′ ⊗ Pl′,b

⎞
⎠

× δ
(
a+ d(l) = b+ 1 + d(l′) mod M

)
.

As explained in Section 5 we can now use virtual localization to compute
the equivariant volumes of the instanton moduli spaces, or in the language
of the quiver quantum mechanics the ratio of the fluctuation determinants
around each instanton solution. The invariants are given by

DTDn,r
(
C3|ε1, ε2, ε3, al

)
=

∫
[MΓ(n,r)]vir

1(7.22)

=
∑

[E�π]∈MΓ(n,r)T3×U(1)r

1

eulT3×U(1)r

(
T vir
[E�π]MΓ(n, r)

) .

As we have already stressed, the invariants depend explicitly on the variables
parametrizing the Cartan subalgebra of T3 × U(1)r, that is we are dealing
with an equivariant version of Donaldson-Thomas theory. Sometimes it is
convenient to write

(7.23) DTDn,r
(
C3|ε1, ε2, ε3, al

)
=

∑
�π:|�π|=n

DTD�π
(
C3|ε1, ε2, ε3, al

)
,

when we want to keep track of the orbifold characters in the combinatorial
problem. Each invariant can now be computed explicitly, although the final
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expression is rather cumbersome. We write it here for completeness:

DTD�π
(
C3|ε1, ε2, ε3, al

)
(7.24)

=

r∏
l,l′

∏
(n1,n2,n3)∈πl

d(l)−d(l′)+n3−1=0 mod M

(− i al + i a′l − i ε1n1 − i ε2n2 − i ε3n3

)
∏

(n1,n2,n3)∈πl

d(l)−d(l′)+n3=0 mod M

(
i al − i a′l + i ε1(n1 − 1) + i ε2(n2 − 1) + i ε3(n3 − 1)

)

×
∏

(n1,n2,n3)∈πl,(n′
1,n

′
2,n

′
3)∈π′

l

−d(l)+d(l′)−n3+n′
3=0 mod M

− i al+ i a′
l+ i ε1(n′

1−n1)+ i ε2(n′
2−n2)+ i ε3(n′

3−n3)
− i al+ i a′

l+ i ε1(n′
1−n1−1)+ i ε2(n′

2−n2)+ i ε3(n′
3−n3)

×
∏

(n1,n2,n3)∈πl,(n
′
1
,n′

2
,n′

3
)∈π′

l−d(l)+d(l′)−n3+n′
3=0 mod M

− i al+ i a′
l+ i ε1(n′

1−n1−1)+ i ε2(n′
2−n2−1)+ i ε3(n′

3−n3)
− i al+ i a′

l+ i ε1(n′
1−n1)+ i ε2(n′

2−n2−1)+ i ε3(n′
3−n3)

×
∏

(n1,n2,n3)∈πl,(n
′
1
,n′

2
,n′

3
)∈π′

l−d(l)+d(l′)−n3+n′
3−1=0 mod M

− i al+ i a′
l+ i ε1(n′

1−n1−1)+ i ε2(n′
2−n2)+ i ε3(n′

3−n3−1)
− i al+ i a′

l+ i ε1(n′
1−n1)+ i ε2(n′

2−n2)+ i ε3(n′
3−n3−1)

×
∏

(n1,n2,n3)∈πl,(n
′
1
,n′

2
,n′

3
)∈π′

l−d(l)+d(l′)−n3+n′
3−1=0 mod M

− i al+ i a′
l+ i ε1(n′

1−n1)+ i ε2(n′
2−n2−1)+ i ε3(n′

3−n3−1)
− i al+ i a′

l+ i ε1(n′
1−n1−1)+ i ε2(n′

2−n2−1)+ i ε3(n′
3−n3−1) .

This formula can be expanded by summing explicitly on a vector of
partitions �π. Since the results are not very illuminating we do not include
them here.

Finally we can collect all our results and write down, at least formally,
the generating function of Donaldson-Thomas invariants in the presence of
a divisor defect D

ZDT
(C3,D)(q|ε1, ε2, ε3, al) =

∑
�π

DTD�π
(
C3|ε1, ε2, ε3, al

)∏
a∈Γ̂

q
∑r

l=1 |πl,a−d(l)|
a(7.25)

=
∑
n

DTDn,r
(
C3|ε1, ε2, ε3, al

)
qn,

where we have introduced the formal parameters qa to keep track of the
instanton numbers associated to each character of the orbifold group, and q
for the overall instanton number. We stress that this partition function can
be computed explicitly term by term in the variables qa or q.



Defects in cohomological gauge theory 997

8. Defects in higher dimensional theories

It is natural to expect that some of our results hold for other cohomological
field theories and in other dimensions as well. These theories have been much
studied in the past [41–46]. One starts with a manifold MN of real dimension
N which is endowed with a certain structure. The most interesting case is
when this structure is associated with a reduction of the holonomy. Generi-
cally to this problem one can associate the generalized instanton equations

(8.1) λFμν =
1

2
TμνρσFρσ,

where λ is a constant parameter while Tμνρσ is a certain antisymmetric ten-
sor. Here the indices run from μ = 1, . . . , N and the tensor Tμνρσ is respon-
sible for reducing the holonomy from SO(N) to a subgroup. For example if
the holonomy is reduced to Spin(7) the tensor can be chosen to be

(8.2) Tμνρσ = ζTγμνρσζ.

Here γμνρσ is the totally antisymmetric product of γ matrices for the SO(8)
spinor representation, while ζ is the covariantly constant spinor correspond-
ing to the singlet in the decomposition of the chiral spinor representation of
SO(8) induced by the reduced holonomy. This choice leads to an interest-
ing theory with one topological BRST charge based on a certain octonionic
generalization of the instanton equations [41].

In this section we will consider briefly only a specific example of an-
other cohomological theory: the eight dimensional theory obtained when
the holonomy is reduced to SU(4) by choosing as tensor T the holomorphic
(4, 0) form Ω. This theory is essentially a eight dimensional version of the
theory we have been studying so far and was throughly analyzed in [41].
Given Ω one can define the operator ∗ on M8 as

(8.3) ∗ : Ω0,p(M8) −→ Ω0,4−p(M8),

via the pairing

(8.4) 〈α, β〉 =
∫
M8

Ω ∧ α ∧ ∗β.

We denote with Ω0,2
± (M8) the eigenspaces of ∗ and let P± be the projection.

Consider an holomorphic bundle E . Then we call a connection ∂A with
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F 0,2
A = ∂

2
A holomorphic anti-self-dual if P+F

0,2
A = 0. Given an holomorphic

anti-self-dual connection the complex of adjoint valued differential forms

(8.5) 0 ��Ω0,0(M8, adE) ∂A �� Ω0,1(M8, adE) P+∂A��Ω0,2(M8, adE) ��0 ,

is elliptic2. The cohomological theory is obtained by gauge fixing the topo-
logical invariant

(8.6) S8 =

∫
M8

Ω ∧ Tr (F 0,2
A ∧ F 0,2

A ).

The theory can be studied with standard cohomological techniques [41], and
it localizes onto the moduli space of holomorphic anti-self-dual connections
in the topological sector with S8 fixed. These configurations correspond to
generalized instanton solutions. As usual we denote by M inst

chi;r
(M8) the mod-

uli space of instanton solutions modulo complexified gauge transformations
and fixed Chern characters chi. The intersection theory of this moduli space,
albeit yet to be rigorously defined, is expected to give a higher dimensional
generalization of Donaldson theory [41].

We now consider the theory defined with a divisor defect on a divisor
D6. The formalism developed in Section 4 can be applied almost verbatim.
The defect has co-dimension two and we require gauge connections to have a
prescribed monodromy α around the position of the defect, associated with
a Levi subgroup L of G. Equivalently one can deal with G-bundles over all
of M8, whose structure group is reduced to L along D6. Once the theory
is modified by the inclusion of the defect, one can introduce instantons and
study the moduli problem associated with the combination FA − 2παδD6

.
Therefore we are led to the moduli space

M α(L;M8)(8.7)

=
{
A ∈ Ω(0,1) (M8; adE)

∣∣∣P+(FA − 2παδD6
)(0,2) = 0, stable

}/
GD6

,

parametrizing holomorphic anti-self-dual connections whose structure group
is reduced to L along D6, modulo gauge transformations which take values
in L on D6, and an appropriate stability condition. This moduli space is
filtered in topological sectors by fixing the Chern characters chi(E). Equiv-
alently we can switch to the language of parabolic sheaves and study the

2The reason why (3.8) has a Ω0,3 in the complex is that this is dual to a scalar
which descends from a component of the gauge field in Ω0,1 via dimensional reduc-
tion.
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moduli spaces Pα(M8;D6) of stable torsion free sheaves with a parabolic
structure over D6. In principle one would like to study the intersection the-
ory of these moduli spaces and define enumerative invariants. Unfortunately
already the instanton moduli space M inst

chi;r
(M8) is poorly understood and

technical difficulties quite challenging. Still, we believe that the geometrical
problem associated with the moduli space Pα(M8;D6) is rather interesting
and deserves further study.

9. Discussion

9.1. Divisor defects

The purpose of this paper is to lay down the foundations of a theory of
divisor defects for generic cohomological quantum field theories in higher
dimensions. We have discussed in detail one particular case corresponding
to Donaldson-Thomas theory of Calabi-Yau threefolds. In plain words we
conjecture the existence of a generalization of the Donaldson-Thomas enu-
merative problem where one replaces the moduli space of stable sheaves
with the moduli space of stable sheaves with a certain parabolic structure
on a divisor. Regrettably the present work has a somewhat programmatic
flavor, as the only explicit (equivariant) computation we could do is in the
affine case, and for a very special divisor operator. In this case we can use
an alternative description of the moduli space of parabolic sheaves as the
fixed point set of the generalized instanton moduli space, with respect to
a certain orbifold action determined by the defect. Having established this
identification, all the powerful technology of virtual localization can be used
to compute explicitly the invariants. In particular one gets as a byproduct
rather precise definitions, since all the integrals can be defined via virtual
localization and one can use the results already established in the case with-
out the defect. The problem on a generic compact Calabi-Yau seems on the
other hand quite intractable. To our knowledge there are very few results in
the literature on parabolic sheaves on Calabi-Yau varieties. It would be very
interesting to understand if the general discussion outlined in this paper can
be given a rigorous treatment.

9.2. Defects within defects and k-categories

We have repeatedly mentioned the possibility of including other defects sup-
ported on the divisor operator. Recall that defects can be thought of as local
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modifications of the theory, for example by prescribing appropriate bound-
ary conditions on the fields nearby the defect. As a consequence the space
of BPS states of the original theory HBPS is modified to a new Hilbert
space HBPS

D which includes the effects of the defect. The defect itself can be
described via an effective field theory, and this effective field theory can sup-
port defects on its own. For example, if a theory supports a domain wall, it is
effectively governed by two quantum field theories, say theory A and theory
B, interacting only via the domain wall. The original space of states HBPS

will be further modified, say to HBPS
DA,DB

. Theories A and B can themselves
support defects, and so on, leading to an intricate but extremely rich picture.
From our point of view, each further layer of defects corresponds to a differ-
ent enumerative problem; naively a collection of defects within defects {Di}
should be described by an appropriate moduli space of sheaves with some
particular “structure” (parabolic sheaves in the examples we have consid-
ered so far) which plays the role of the Hilbert spaceHBPS

{Di} . The enumerative
problem then corresponds to the intersection theory of this moduli space,
or in the most simple situation, to its Witten indices. In this paper we have
refrained from considering this more general situation, and hope to return to
it later on. For the time being is however instructive to mention a different
point of view, according to which k-dimensional defects form a k-category
in an Extended QFT [54]. In this language an n-dimensional field theory is,
roughly speaking, a certain functor Fn from the category of n-manifold with
corners and some additional structure (in many applications in field theory
one does not consider simply the category of topological manifolds, but is
interested in manifolds with complex, kähler, symplectic, etc... structures)
to some n-category. For example when acting on an n-dimensional mani-
fold Mn, the functor reproduces the partition function Z(Mn) of the field
theory. Similarly Fn(Mn−1) = H, is the Hilbert space of states. When con-
sidering defects of dimension k, one obtains a k-category Defk. If the defect
is supported on a k dimensional submanifold Dk, one considers a tubular
neighbor of Dk, which locally looks like Rk × Sn−k−1

r × R+. The k-category
of defects Defk is formally obtained in the limit where the radius r of the
sphere goes to zero as limr→0 Fn(S

n−k−1
r ). From our perspective the parti-

tion function Z(Mn) corresponds to the generating function of “volumes”
of the moduli space of stable torsion free sheaves. In particular when M6

is a toric Calabi-Yau, this partition function was studied in detail in the
Coulomb branch in [6, 17]. The categorification of this partition function is
a generating function of the motivic classes of the moduli spaces (studied
in [18] in terms of quiver representation theory) corresponding to the space
of states. In our example the 4-category of divisor defects on a Calabi-Yau
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should correspond to the enumerative problem of torsion free sheaves with a
parabolic structure along the divisor. The inclusion of further defects would
imply the addition of extra conditions on this moduli space. On the other
hand in the Extended QFT framework, (k −m)-dimensional defects sup-
ported on Dk are labelled by m-morphisms of Defk. It would be fascinating
to expand on this connection further, in particular to understand how the
operation of adding extra structure to the moduli space of sheaves can be
rephrased in the k-category framework.

9.3. Generalizations

The set of ideas discussed in this papers present several interesting further
directions of investigation. The most immediate open problem is to study
divisor defects in other topological field theories. We have briefly sketched
how this could be done in an eight dimensional generalization of Donaldson-
Thomas theory. Yet several other possibilities exists, by studying topological
field theories defined on manifolds with certain structures. For example on
could consider the eight dimensional theory defined in [41] on manifolds of
Spin(7) holonomy, or holomorphic Chern-Simons on a Calabi-Yau. Inter-
estingly, several of these higher dimensional theories can be seen in certain
limits as descriptions of topological M-theory [46]. This connection is rather
intriguing and deserves further investigations.

On a different direction, we have considered explicitly only the case of
the affine space. It is conceivable that our results generalize to arbitrary toric
manifolds, via gluing rules such as those developed in [4]. Note however that
the same problem is still open in the case of four dimensional gauge theories
with surface defects. The techniques discussed in this paper in the case of
Donaldson-Thomas theory, also apply to four dimensional gauge theories.
In particular one can construct partition functions of N = 2 Yang-Mills
theories on toric four manifolds with surface operators defined over compact
divisors, by defining appropriate gluing rules. Work is in progress along this
direction.

Finally, and perhaps more ambitiously, one would like to study the wall-
crossing behavior of the Donaldson-Thomas invariants in the presence of a
defect. On a generic toric threefold we already expect an intricate chamber
structure, and possibly some of the techniques of [17, 18] can be applied.
In particular it is conceivable that after a number of wall-crossings, our
invariants could be related to the ones studied in [53]. We hope to report
soon on these and other problems.
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