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Gauge symmetries and matter fields in

F-theory models without section —

compactifications on double cover and

Fermat quartic K3 constructions times K3

Yusuke Kimura

We investigate gauge theories and matter fields in F-theory com-
pactifications on genus-one fibered Calabi–Yau 4-folds without a
global section. In this study, genus-one fibered Calabi–Yau 4-folds
are built as direct products of a genus-one fibered K3 surface that
lacks a section times a K3 surface. We consider i) double covers
of P1 × P1 ramified along a bidegree (4,4) curve, and ii) complete
intersections of two bidegree (1,2) hypersurfaces in P1 × P3 to con-
struct genus-one fibered K3 surfaces without a section. E7 gauge
group arises in some F-theory compactifications on double cov-
ers times K3. We show that the tadpole can be cancelled for an
F-theory compactification on complete intersection K3 times K3,
when complete intersection K3 is isomorphic to the Fermat quar-
tic, and the complex structure of the other K3 surface in the direct
product is appropriately chosen.

1. Introduction

F-theory [1–3] is a nonperturbative extension of type IIB superstring theory.
F-theory is compactified on Calabi–Yau manifolds with a torus fibration. In
F-theory compactification, 7-branes are wrapped on the irreducible compo-
nents of the discriminant locus in the base space. The discriminant locus is
the codimension one locus in the base, along which torus fibers degenerate.

In F-theory, non-Abelian gauge symmetry on 7-branes is determined by
the type of singular fibers over a discriminant component, on which the
7-branes are wrapped. Matter representations arise from rank one enhance-
ments of singularities of a compactification space [4–8]. See [9, 10] for discus-
sion of other types of matter representations that arise from the structure
of divisor. The resolution and deformation of singularities were discussed in
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[11]. [12, 13] analyzed matter in four-dimensional F-theory in the presence
of a flux.

F-theory compactifications on Calabi–Yau elliptic fibrations that admit
a global section have been discussed, for example, in [14–26]. There are
Calabi–Yau manifolds with a torus fibration that do not have a global sec-
tion. Recently, initiated in [27, 28], F-theory compactifications on genus-one
fibered Calabi–Yau manifolds that lack a global section1 have been inves-
tigated in several studies. See also, e.g., [31–38] for discussion of F-theory
compactifications on genus-one fibrations lacking a global section.

In this note, we construct genus-one fibered Calabi–Yau 4-folds without
a global section, and we investigate gauge theories and matter fields in F-
theory compactifications on these spaces. We build genus-one fibered Calabi–
Yau 4-folds as direct products of K3 surfaces, K3×K3.

We consider two constructions of genus-one fibered K3 surfaces:

1) double covers of P1 × P1 ramified along a bidegree (4,4) curve and

2) complete intersections of two bidegree (1,2) hypersurfaces in P1 × P3

Generic members of these families do not have a global section to the fi-
bration. The direct product of such genus-one fibered K3 surface without a
section and a K3 surface gives a genus-one fibered Calabi–Yau 4-fold without
a section.

Among K3 surfaces in families 1) and 2), we focus on the members given
by specific forms of equations, to perform detailed analysis of gauge theories
and matter fields that arise in F-theory compactifications. For the family of
double covers 1), we particularly consider the K3 surfaces whose genus-one
fibers possess complex multiplication of order 4. For the family of complete
intersections 2), we particularly consider the members that are isomorphic
to the Fermat quartic. We will see in Section 3.1 that E7 gauge group arises
on 7-branes in F-theory compactifications on special double covers times K3.

The outline of this note is as follows: In Section 2, we introduce families
of genus-one fibered K3 surfaces that lack a global section. In Section 3, we
deduce non-Abelian gauge groups arising on the 7-branes in F-theory com-
pactifications on these K3 surfaces times K3. For double covers whose genus-
one fibers have complex multiplication of order 4, we perform a consistency
check of the gauge symmetries, by considering the anomaly cancellation con-
dition and the possible monodromies around the singular fibers. Those fibers
that possess complex multiplication of order 4 impose strong constraints on

1[29, 30] considered F-theory on genus-one fibrations without a global section.
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the possible monodromies around the singular fibers; this observation lim-
its allowed gauge symmetries on the 7-branes. Similar consistency check of
gauge symmetries using the anomaly cancellation condition and the allowed
monodromies around the singular fibers can be found in [38] 2. For complete
intersections that are isomorphic to the Fermat quartic, we confirm that the
non-Abelian gauge symmetries on the 7-branes satisfy the anomaly cancel-
lation condition. We also determine the Jacobian fibrations of double covers
and complete intersections. As a result, we find that F-theory compactifica-
tions on some K3 genus-one fibrations without a global section times K3 do
not have a U(1) gauge field. In Section 4, we compute potential matter fields
that arise on the 7-branes in F-theory compactifications on constructed K3
genus-one fibrations times K3. We consider an F-theory compactification
with a 4-form flux [39–43] turned on. Including flux breaks half of N = 2
supersymmetry in F-theory on K3 × K3. In this flux compactification, hy-
permultiplets in four-dimensional N = 2 theory split into vector-like pairs.
We find that the tadpole can be cancelled for F-theory flux compactifica-
tions on the Fermat quartic times some appropriate attractive K3 surface.
Therefore, we confirm that vector-like pairs in fact arise for this particular
case. We state concluding remarks in Section 5.

2. Two families of K3 surfaces without section

In this section, we introduce two families of genus-one fibered K3 surfaces
that do not admit a global section.

2.1. Double covers of P1 × P1 ramified along bidegree (4,4) Curve

Double covers of P1 × P1 ramified over a bidegree (4,4) curve have the trivial
canonical bundle; therefore, these surfaces are K3 surfaces. A fiber of a
projection onto P1 is a double cover of P1 ramified over 4 points, which is a
genus-one curve. Therefore, projection onto P1 gives a genus-one fibration.

We show that generic members of double covers of P1 × P1 ramified over
a bidegree (4,4) curve do not admit a section to the fibration. Let p1 and p2
denote the projections from P1 × P1 onto the first P1 in the product P1 × P1

2[38] concerns genus-one fibered K3 surfaces whose fibers have complex multipli-
cation of order 3.
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and onto the second P1, respectively:

P1 × P1 p1−−−−→ P1

p2

y
P1.

Let OP1(1) denote a point class in P1. The pullback of a point class in P1

under the projection p1 is p∗1OP1(1) = {pt} × P1, and the pullback of a point
class in P1 under p2 is p∗2OP1(1) = P1 × {pt}. Therefore, (p∗1OP1(1))2 = 0,
(p∗2OP1(1))2 = 0, and p∗1OP1(1) · p∗2OP1(1) = 1.

Let S denote a double cover of P1 × P1 ramified over a curve of bidegree
(4,4). The projections p1 and p2 induce projections p̃1 and p̃2 from S onto
the P1’s. Each of the projection p̃1 and p̃2 gives a genus-one fibration.

Let D1 := p̃∗1OP1(1) and D2 := p̃∗2OP1(1) be the pullbacks of a point in
P1 to S under the projections p̃1 and p̃2. Since S is a double cover of P1 × P1,
the intersection numbers of the pullbacks to S are twice those in P1 × P1:
D2

1 = 0, D2
2 = 0, and D1 ·D2 = 2. The generic Néron–Severi lattice of double

cover S is generated by D1 and D2 [44], and therefore it has the intersection
matrix

(1)

(
0 2
2 0

)
.

The divisor D1 has self-intersection 0; therefore, it represents the fiber class
F . D2 represents a 2-section. Every divisor has the intersection number that
is a multiple of 2 with the fiber F ; thus, the double cover S does not have
a global section.

The equation of a double cover of P1 × P1 ramified over a bidegree (4,4)
curve is given by:

(2) τ2 = b1(t)x
4 + b2(t)x

3 + b3x
2 + b4(t)x+ b5(t),

where x is the inhomogeneous coordinate on the first P1 in the product
P1 × P1 and t is the inhomogeneous coordinate on the second P1. t is the
coordinate on the base P1.

To study non-Abelian gauge groups and matter fields on the 7-branes
in F-theory compactifications, in this note, we focus on the double covers of
P1 × P1 given by the equations of the following form:

(3) τ2 = a1(t)x
4 + a2(t),
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where a1(t) and a2(t) are polynomials in t of the highest degree of 4.
Equation (3) has the automorphism group Z4 generated by the map

(4) x→ e2πi/4x.

From this, we can see that genus-one fibers of the double covers given by
equation (3) possess complex multiplication of order 4. It is known that a
genus-one curve possessing complex multiplication of order 4 has j-invariant
1728. Therefore, the complex structure of smooth genus-one fibers of a dou-
ble cover given by equation (3) is constant over the base, specified by j-
invariant 1728. This forces the singular fibers of double cover (3) to have
j-invariant 1728. This greatly constrains the possible gauge symmetries aris-
ing on the 7-branes in F-theory compactifications on double covers (3) times
K3.

We use this property in Section 3.4 to perform a consistency check of
the non-Abelian gauge symmetries on the 7-branes, which will be deduced
in Section 3.1.

2.2. Complete intersections of two bidegree (1,2) hypersurfaces
in P1 × P3

Complete intersections of two bidegree (1,2) hypersurfaces in P1 × P3 are
K3 surfaces. Projection onto P1 is a complete intersection of two degree 2
curves in P3, which is a genus-one curve. Therefore, projection onto P1 gives
a genus-one fibration; (1,2) and (1,2) complete intersection in P1 × P3 is a
genus-one fibered K3 surface.

P1 × P3 has the projections q1 and q2 onto P1 and P3, respectively:

P1 × P3 q2−−−−→ P3

q1

y
P1.

Let q̃1 and q̃2 be the restrictions of the projections q1 and q2 to (1,2) and
(1,2) complete intersection K3 in P1 × P3. For notational simplicity, we set
D3 := q̃∗1OP1(1) and D4 := q̃∗2OP3(1). Then, we have D2

3 = 0; therefore, D3

represents the fiber class F . D2
4 is the intersection number of two bidegree

(1,2) curves in P1 × P1, which is 4. Finally,D3 ·D4 is the intersection number
of two conics in P2, which is 4. Therefore, the intersection matrix of the
Néron–Severi lattice of generic (1,2) and (1,2) complete intersection K3 in
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P1 × P3 is

(5)

(
0 4
4 4

)
.

The generators of intersection matrix (5) represent the fiber class and a 4-
section. Any divisor has an intersection number that is a multiple of 4 with
the fiber class F ; therefore, a generic member of (1,2) and (1,2) complete
intersections in P1 × P3 does not admit a global section.

Note that the natural projection q̃2 is an isomorphism from (1,2) and
(1,2) complete intersection K3 onto the image in P3. This can be seen as
follows: let [t0 : t1] be the homogeneous coordinates on P1. Then, a complete
intersection of bidegree (1,2) and (1,2) hypersurfaces in P1 × P3 is given by
simultaneous vanishing of the following two equations:

f1t0 + f2t1 = 0(6)

g1t0 + g2t1 = 0

where fi and gi (i = 1, 2) are polynomials on P3 of degrees of 2. Next, we
consider the image of the projection q̃2 of complete intersection K3 (6) into
P3. The equation of the image of complete intersection K3 (6) in P3 does not
depend on the coordinates [t0 : t1]. Therefore, the defining equation of the
projection image of complete intersection K3 (6) in P3 is given by vanishing
of the determinant of the equation (6):

(7) det

(
f1 f2
g1 g2

)
= 0.

Thus, the projection image of complete intersection K3 (6) in P3 is the deter-
minantal locus given by equation (7). Equation (7) is quartic, and therefore
the projection image is a degree 4 hypersurface in P3, which is a K3 sur-
face. The projection q̃2 from complete intersection K3 (6) to K3 (7) in P3

gives a morphism between the K3 surfaces. The inverse image of a point is
a point under this morphism, and the K3 surface is minimal; therefore, this
morphism is an isomorphism.

In this study, we focus on the (1,2) and (1,2) complete intersection in
P1 × P3 given by the following equation:

x21 + x23 + 2tx2x4 = 0(8)

x22 + x24 + 2tx1x3 = 0
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[x1 : x2 : x3 : x4] is the homogeneous coordinates on P3 and t is the inhomo-
geneous coordinate on P1. We set t := t1/t0 in equation (8).

As the following argument shows, the complete intersection given by
(8) is isomorphic to the Fermat quartic: The projection image of complete
intersection (8) into P3 is the determinantal variety given by

(9) det

(
x21 + x23 2x2x4
x22 + x24 2x1x3

)
= 0,

or equivalently,

(10) (x21 + x23)x1x3 = (x22 + x24)x2x4.

The left-hand side of (10) is (x1 + x3)
4 − (x1 − x3)4 (times a constant), and

the right-hand side equals (x2 + x4)
4 − (x2 − x4)4. The linear change of vari-

ables:

x1 + x3 = x(11)

x1 − x3 = e2πi/8y

x2 + x4 = e2πi/8z

x2 − x4 = w

transforms (10) into

(12) x4 + y4 + z4 + w4 = 0 ⊂ P3.

Surface (12) is known as the Fermat quartic. Therefore, complete intersection
K3 (8) is isomorphic to the Fermat quartic surface (12). Fermat quartic is
known to be an attractive K3 surface3, whose transcendental lattice TS has

the intersection matrix

(
8 0
0 8

)
.

3. Gauge groups on 7-branes

In this section, we determine non-Abelian gauge symmetries that arise in F-
theory compactifications on double covers of P1 × P1 ramified over a bidegree
(4,4) curve times K3, and compactifications on (1,2) and (1,2) complete

3It is standard to call a K3 having the largest Picard number ρ = 20 a singular
K3 in mathematics. We call such a K3 an attractive K3 in this study, following the
convention of the term used in [45].
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Figure 1: Images of fiber types.

intersections in P1 × P3 times K3. We also check the consistency of the
solutions by considering the monodromies around the singular fibers, and
the anomaly cancellation condition.

Generic fibers of a genus-one fibered surface4 are smooth genus-one
curves. Fibers degenerate to the singular fibers along the codimension 1
locus, which is called the discriminant locus, in the base. Kodaira [46] clas-
sified the types of the singular fibers of a genus-one fibered surface. In this
note, we use Kodaira’s notations for the singular fiber types.

A singular fiber of a genus-one fibered surface is either the sum of smooth
P1’s intersecting in specific ways or a P1 with a single singularity. The latter
case is not a singularity of a surface. Each of type I1 fiber and type II fiber
is P1 with a single singularity: type I1 fiber is a rational curve with a node
and type II fiber is a rational curve with a cusp. There are seven types of
singular fibers that are reducible into the sum of smooth P1’s. They are two
infinite series In (n ≥ 2) and I∗m (m ≥ 0) and five types III, IV, II∗, III∗

and IV ∗. See Figure 1 for images of singular fibers. Each line in an image
represents a P1 component. The images in Figure 1 show the configurations
of P1 components of the fiber types.

4Elliptic surfaces and singular fibers are discussed in [46–53]. See [54] for discus-
sion of elliptic curves and the Jacobian fibration.
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Non-Abelian gauge symmetries that arise on the 7-branes are determined
by the types of the singular fibers. For discussion of the correspondence
between the gauge groups on the 7-branes and the types of the singular
fibers, see [3, 4]. Table 1 below shows the correspondence between the fiber
types and the singularity types for F-theory compactification.

Fiber type Singularity

In An−1

I∗n Dn+4

III A1

IV A2

IV ∗ E6

III∗ E7

II∗ E8

Table 1: Fiber type and singularity type correspondence.

3.1. Non-Abelian gauge groups on double covers of P1 × P1

ramified over a bidegree (4,4) curve times K3

As discussed in Section 2.1, in this note, we focus on double covers of P1 × P1

ramified over a bidegree (4,4) curve, given by the following specific form of
equations:

(13) τ2 = a1(t)x
4 + a2(t).

a1(t) and a2(t) are degree 4 polynomials in the variable t. By splitting a1(t)
and a2(t) into linear factors, (13) may be rewritten as the following equation:

(14) τ2 = Π4
i=1(t− αi)x4 + Π8

j=5(t− αj).

The Jacobian fibration of double cover (14) is given by [55]:

(15) τ2 =
1

4
x3 −Π8

i=1(t− αi)x.
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The discriminant of Jacobian (15) is given by

(16) ∆ ∼ Π8
i=1(t− αi)3.

(15) is the Weierstrass form, therefore we can determine the types of the
singular fibers from the vanishing orders of the coefficient of the equation
(15) and the discriminant (16). The correspondence of the fiber types and
the vanishing orders of the coefficients of the Weierstrass form is shown in
Table 2 below. Since double cover (14) and Jacobian fibration (15) have

Fiber type Order of f Order of g Order of ∆

I0 ≥ 0 ≥ 0 0

In (n ≥ 1) 0 0 n

II ≥ 1 1 2

III 1 ≥ 2 3

IV ≥ 2 2 4

I∗0 ≥ 2 3 6

2 ≥ 3 6

I∗n (n ≥ 1) 2 3 n+ 6

IV ∗ ≥ 3 4 8

III∗ 3 ≥ 5 9

II∗ ≥ 4 5 10

Table 2: Vanishing orders of the coefficients of the Weierstrass form y2 =
x3 + fx+ g and the discriminant ∆, and the corresponding fiber types.

identical types of singular fibers over the same locations in the base, the
result of singular fibers for Jacobian (15) gives identical singular fibers of
double cover (14).

Singular fibers of Jacobian (15) are at t = αi, i = 1, . . . , 8. When αi’s are
mutually distinct, (i.e., αi 6= αj when i 6= j), from Table 2, we find that the
fiber type at t = αi, i = 1, . . . , 8, is III. Therefore, the non-Abelian gauge
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group that arises on the 7-branes in F-theory compactification on double
cover (14) times K3 is

(17) SU(2)8.

From Table 2, we find that when the multiplicity of αi is 2, i.e., when
there is j, j 6= i, such that αi = αj , the fiber type at t = αi is I∗0 . Therefore,
we deduce that when two type III fibers collide, SU(2)2 gauge group on
the 7-branes is enhanced to SO(8) gauge group. When the multiplicity of
αi is 3, the fiber type at t = αi is III∗. This means that, when a triplet of
type III fibers coincide, SU(2)3 gauge group on the 7-branes is enhanced
to E7 gauge group. When the multiplicity of αi becomes greater than 3,
the Calabi–Yau condition is broken. Thus, we find that the most enhanced
gauge symmetry on the 7-branes is

(18) E7 × E7 × SO(8).

When the gauge group on the 7-branes is E7 × E7 × SO(8), double cover
of P1 × P1 (13) becomes an attractive K3 surface. As we will see in Section
3.5, the Jacobian of this attractive K3 surface has the Mordell–Weil group
of rank 0. Therefore, when the non-Abelian gauge group on the 7-branes
is E7 × E7 × SO(8), the gauge group in an F-theory compactification on
double cover of P1 × P1 (13) times K3 does not have a U(1) gauge field.

To be explicit, we consider an example, in which the gauge group on
the 7-branes becomes E7 × E7 × SO(8). We consider the double cover of
P1 × P1 given by the equation:

(19) τ2 = (t− α1)
3(t− α2)x

4 + (t− α2)(t− α3)
3.

The singular fibers are at t = α1, α2, α3. (α1, α2, α3 are mutually distinct.)
Fiber type is III∗ at t = α1, α3, and fiber type is I∗0 at t = α2. The gauge
group on the 7-branes is E7 × E7 × SO(8) in the F-theory compactification
on double cover (19) times K3.

3.2. Non-Abelian gauge groups on Fermat quartic times K3

We saw in Section 2.2 that the complete intersection of two (1,2) hypersur-
faces in P1 × P3 given by

x21 + x23 + 2tx2x4 = 0(20)

x22 + x24 + 2tx1x3 = 0
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([x1 : x2 : x3 : x4] are the homogeneous coordinates on P3 and t is the inho-
mogeneous coordinate on P1) is isomorphic to the Fermat quartic

(21) x4 + y4 + z4 + w4 = 0 ⊂ P3.

In this section, we determine the non-Abelian gauge symmetry that arises
in the F-theory compactification on Fermat quartic (20) times K3.

We compute the Jacobian fibration of complete intersection (20) to de-
termine the singular fibers of the complete intersection (20). We introduce
a parameter λ and add −λ times the second equation to the first equation
in (20) to obtain:

(22) x21 + x23 + 2tx2x4 − λ(x22 + x24 + 2tx1x3).

We arrange the coefficients of (22) into a symmetric matrix:

(23)


1 0 −tλ 0
0 −λ 0 t
−tλ 0 1 0

0 t 0 −λ

 .

We compute the determinant of 4 × 4 matrix (23) to obtain the equation of
the Jacobian fibration of complete intersection (20):

(24) τ2 = −t2λ4 + (t4 + 1)λ2 − t2.

Jacobian (24) is a double cover of P1 × P1; λ and t are the inhomogeneous
coordinates on the first P1 and second P1 in the product P1 × P1, respec-
tively.

Complete intersection K3 (20) and Jacobian (24) have identical discrim-
inant loci and singular fiber types. Thus, we can determine the types and
locations of the singular fibers of complete intersection K3 (20) by comput-
ing the singular fibers of Jacobian (24). Jacobian (24) transforms into the
following extended Weierstrass form:

(25) y2 =
1

4
x3 − 1

2
(t4 + 1)x2 +

1

4
(t4 − 1)2x.

The discriminant of Jacobian (24) is

(26) ∆ ∼ 16t4(t4 − 1)4.
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Therefore, we find from the discriminant (26) that the Jacobian fibration
(24) has six singular fibers at t = 0,∞,±1,±i. By completing the cube,
the extended Weierstrass form (25) can be transformed into the Weierstrass
form:

(27) y2 =
1

4
x3 − 1

12
(t8 + 14t4 + 1)x+

1

54
(t12 − 33t8 − 33t4 + 1).

We study the coefficients of the resulting Weierstrass form (27) to find that
the singular fibers are In fibers for some n. Thus, by studying the orders of
the zeros of the discriminant (26), we conclude that complete intersection
(20) has six I4 fibers at t = 0,∞,±1,±i.

We deduce from the discussion above that the gauge group that arises on
the 7-branes in the F-theory compactification on Fermat quartic (20) times
K3 is

(28) SU(4)6.

We will see in Section 3.5 that this F-theory compactification does not have
a U(1) gauge symmetry.

Fermat quartic is known to be an attractive K3, with a transcendental
lattice5

(29) TS =

(
8 0
0 8

)
.

Therefore, in this note, we denote the Fermat quartic by S[8 0 8]. Six I4 fibers
have reducible fiber type A6

3. From Table 2 of [57], we see that attractive
K3 with reducible fiber type A6

3 with a section is unique, and it has the

transcendental lattice TS =

(
4 0
0 4

)
. Attractive K3 with TS =

(
4 0
0 4

)
is

not the Fermat quartic; therefore, we conclude that the Fermat quartic with
six I4 fibers does not have a global section.

5The complex structure of an attractive K3 is specified by its transcendental
lattice [56]. See Section 4.1 for the relationship of complex structure and the tran-
scendental lattice.
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Jacobian (24) is attractive K3 with a section with six I4 fibers; therefore,
we deduce that Jacobian (24) is attractive K3 with the transcendental lattice

TS =

(
4 0
0 4

)
. We denote Jacobian (24) by S[4 0 4]

6.

3.3. Monodromy and anomaly cancellation condition

3.3.1. Monodromies around singular fibers. Each singular fiber type
has the specific monodromy, which takes value in the special linear group
SL2(Z), and each fiber type has the specific j-invariant. Monodromies and
their orders, the j-invariants of singular fibers, and the number of 7-branes7

associated with fiber types are displayed in Table 3 below. Kodaira [46]
derived the results in Table 3. “Regular” for the j-invariant of fiber type I∗0
in Table 3 means that the j-invariant of fiber type I∗0 may take any finite
value in C. The value of the j-invariant of fiber type I∗0 depends on the
situations.

In Section 3.4, we use the results in Table 3 to check the consistency
of the gauge symmetries on the 7-branes in F-theory compactifications on
double covers times K3, which we obtained in Section 3.1.

3.3.2. Anomaly cancellation condition. The cancellation condition of
the tadpole without a flux determines the form of the discriminant locus in
the base P1× K3 of the F-theory compactification on K3 × K3. The form
of the discriminant locus is as follows:

(30) {24 points (counted with multiplicity)} ×K3.

Here, the points are counted with multiplicity assigned; the actual number
of points can be smaller than 24. Thus, there are 24 7-branes, and they wrap
K3 surfaces in the base. See, for example, [38] for discussion. Using this, we
check the consistency of the gauge symmetries in Section 3.4.

6[58] mentions the facts that the Fermat quartic with six I4 fibers does not admit
a section, and the Jacobian of the Fermat quartic S[8 0 8] with six I4 fibers has the

transcendental lattice

(
4 0
0 4

)
.

7Euler numbers of the singular fiber types were computed in [46]. Euler numbers
of the fiber types have an interpretation as the numbers of 7-branes associated to
the fiber types.
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Fiber type J-invariant Monodromy Order of Monodromy # of 7-branes (Euler number)

I∗0 regular −

(
1 0

0 1

)
2 6

Ib ∞

(
1 b

0 1

)
infinite b

I∗b ∞ −

(
1 b

0 1

)
infinite b+6

II 0

(
1 1

−1 0

)
6 2

II∗ 0

(
0 −1

1 1

)
6 10

III 1728

(
0 1

−1 0

)
4 3

III∗ 1728

(
0 −1

1 0

)
4 9

IV 0

(
0 1

−1 −1

)
3 4

IV ∗ 0

(
−1 −1

1 0

)
3 8

Table 3: J-invariants, monodromies, and associated numbers of 7-branes for
fiber types.

3.4. Consistency check of gauge symmetries

We check the consistency of the gauge symmetries on the 7-branes obtained
in Sections 3.1 and 3.2, by considering monodromies around the singular
fibers and the consistency condition from the anomaly.

3.4.1. Double covers of P1×P1 ramified over bidegree (4,4) curve
times K3. As we stated in Section 2.1, the singular fibers of double covers
of P1 × P1 (3) have j-invariant 1728. From Table 3 in Section 3.3, we find
that the types of the singular fibers that have j-invariant 1728 are: III, I∗0
and III∗. (j-invariant of type I∗0 fiber can be 1728.) Corresponding gauge
symmetries on the 7-branes are: SU(2), SO(8) and E7. This agrees with
the results that we obtained in Section 3.1. Monodromies of order 2 and 4
characterize the types of singular fibers, and the corresponding gauge groups
on the 7-branes.
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We saw in Section 3.1 that F-theory compactifications on double covers
(3) times a K3 generically have 8 type III fibers. Sum of the number of 7-
branes associated with 8 type III fibers is 24; therefore, we confirm that this
result is in agreement with the consistency condition from the cancellation
of the tadpole.

We saw in Section 3.1 that, when two type III fibers collide, they are
enhanced to type I∗0 fiber. From Table 3, we confirm that this is consistent
with the associated numbers of the 7-branes. When a triplet of type III
fibers coincide, they are enhanced to type III∗ fiber. We confirm that this
is also consistent with the associated numbers of the 7-branes. Therefore,
all the gauge symmetries on the 7-branes obtained in Section 3.1 are in
agreement with the anomaly cancellation condition.

3.4.2. Fermat quartic times K3. As we saw in Section 3.2, F-theory
compactification on Fermat quartic (20) times a K3 has six I4 fibers. From
Table 3, we confirm that the sum of the number of the associated 7-branes
is 24. Therefore, the gauge symmetry obtained in Section 3.2 is consistent
with the anomaly cancellation condition.

3.5. Models without U(1) symmetry

3.5.1. Double covers of P1 × P1 ramified over bidegree (4,4) curve
times K3. We saw in Section 3.1 that the most enhanced gauge group on
the 7-branes in F-theory compactifications on double covers (13) times K3
is E7 × E7 × SO(8); for this case, double cover of P1 × P1 has two type III∗

fibers and one type I∗0 fiber. We stated in Section 3.1 that, for example, such
double cover is given by the following equation:

(31) τ2 = (t− α1)
3(t− α2)x

4 + (t− α2)(t− α3)
3.

Double cover (31) is an attractive K3 surface. Its Jacobian fibration is given
by:

(32) τ2 =
1

4
x3 − (t− α1)

3(t− α2)
2(t− α3)

3 x.

The sum of the ranks of the reducible fibers of the Jacobian (32) is 18;
therefore, we conclude that its Mordell–Weil rank is 0. Jacobian fibration
(32) is an attractive K3 surface with a section, with a Mordell–Weil rank 0.
Such a K3 surface is called an extremal K3 surface. Extremal K3 surfaces
were classified in [57].
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Jacobian fibration (32) has two type III∗ fibers and one I∗0 fiber, same
as double cover (31). Therefore, the reducible fiber type of Jacobian (32)
is E2

7D4. From Table 2 of [57], we find that the extremal K3 surface with
reducible fiber type E2

7D4 is uniquely determined, and its transcendental

lattice has the intersection matrix

(
2 0
0 2

)
. Therefore, the transcendental

lattice of Jacobian (32) has the intersection matrix

(
2 0
0 2

)
. We denote

Jacobian (32) by S[2 0 2]. The Mordell–Weil group of Jacobian (32) is Z2

[57]. Therefore, we find that the global structure of the non-Abelian gauge
symmetry is

(33) E2
7 × SO(8)/Z2.

We conclude from the argument above that the F-theory compactifica-
tion on double cover (31) times K3 does not have a U(1) symmetry. The
above-mentioned argument applies to the other cases, in which gauge group
E7 × E7 × SO(8) arises on the 7-branes in F-theory compactifications on
double covers of P1 × P1 times K3.

3.5.2. Fermat quartic times K3. We saw in Section 3.2 that the Ja-
cobian fibration of Fermat quartic (20) is the attractive K3 surface S[4 0 4],

whose transcendental lattice has the intersection matrix

(
4 0
0 4

)
. When the

attractive K3 surface S[4 0 4] has six I4 fibers, the reducible fiber type is A6
3;

therefore, the sum of the ranks of the reducible fibers is 18. From this, we
deduce that the Mordell–Weil rank is 0, and the Jacobian S[4 0 4] with six I4
fibers is an extremal K3 surface. The Mordell–Weil group of Jacobian S[4 0 4]

with six I4 fibers is Z4 × Z4 [57, 59, 60]. Therefore, we find that the global
structure of the non-Abelian gauge symmetry is

(34) SU(4)6/Z4 × Z4.

We conclude that the F-theory compactification on Fermat quartic (20)
times K3 does not have a U(1) gauge symmetry.

4. Matter fields on 7-branes

In this section, we compute the potential matter spectra that arise on the
7-branes in F-theory compactifications on double covers times K3, and com-
pactifications on the Fermat quartic times K3. Matter fields on the 7-branes
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arise from rank one enhancements of singularities. F-theory compactifica-
tions on product K3 × K3 gives a four-dimensional theory with N = 2 su-
persymmetry. 7-branes in F-theory on direct product K3 × K3 are parallel;
therefore, the only light matter fields on the 7-branes without a flux are
the adjoints of the gauge groups. With fluxes, half the supersymmetry is
broken, and F-theory on K3 × K3 with a flux gives four-dimensional the-
ory with N = 1 supersymmetry. By including fluxes, hypermultiplets split
into vector-like pairs. These vector-like pairs are candidates for the matter
spectra with a flux; vector-like pairs may vanish owing to the tadpole.

For special cases such as when K3 is attractive, the complex structure
of K3 can be determined. This enables us to study the cancellation of the
tadpole in detail. Fermat quartic is the attractive K3 surface S[8 0 8]. We
will find in Section 4.1 that the tadpole can be cancelled for F-theory com-
pactifications on the Fermat quartic times some appropriate attractive K3
surface, by including sufficiently many 3-branes. Vector-like pairs actually
arise for this particular compactification.

4.1. Cancellation of tadpole for Fermat quartic with flux

The complex structure of an attractive K3 surface is specified by its transcen-
dental lattice [56]. See, for example, [38] for a review of this correspondence.
For an attractive K3 surface, the intersection matrix of its transcendental
lattice is a 2 × 2 integral matrix of the following form:

(35)

(
2a b
b 2c

)
,

where a,b,c are in Z. In this note, we denote the attractive K3 surface, whose

transcendental lattice has the intersection matrix

(
2a b
b 2c

)
, by S[2a b 2c].

In the presence of 4-form flux G, the tadpole cancellation condition [40,
61] for F-theory on product K3×K3 is given by:

(36)
1

2

∫
K3×K3

G ∧G+N3 =
1

24
χ(K3×K3) = 24,

where N3 represents the number of 3-branes turned on. The 4-form flux G
is subject to the following quantization condition [41]:

(37) G ∈ H4(K3×K3,Z).
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[62] discussed M-theory flux compactification on the product of attrac-
tive K3’s S1 × S2. [62] considered the following decomposition of the 4-form
flux G:

(38) G = G0 +G1,

where

G0 ∈ H1,1(S1,R)⊗H1,1(S2,R)(39)

G1 ∈ H2,0(S1,C)⊗H0,2(S2,C) + h.c.(40)

Under the constraints

(41) G0 = 0

and

(42) N3 = 0,

all the pairs of attractive K3 surfaces S[2a b 2c] × S[2d e 2f ], for which tadpole
cancellation condition (36) can be satisfied, were determined in [62]. [63]
relaxed the condition (42) to

(43) N3 ≥ 0

and extended the list of attractive K3 pairs, for which the tadpole is can-
celled. There are only finitely many attractive K3 pairs in both the lists in
[62] and [63]; therefore, the complex structure moduli are fixed in [62, 63].

Fermat quartic surface S[8 0 8] appears in the list of [63]8. There is only
1 pair in the list, which contains S[8 0 8]: S[8 0 8] × S[2 0 2]. For this attractive
K3 pair, the tadpole anomaly is cancelled by turning on sufficiently many
3-branes. (N3 = 8 for the pair S[8 0 8] × S[2 0 2][63].) For this pair, we can say
that vector-like pairs will arise. SU(4)6 gauge group arises on the 7-branes
in the F-theory compactification on the Fermat quartic S[8 0 8] times K3,
and therefore matter fields arise from A3 singularities.

8[63] uses a different notational convention for attractive K3 surfaces. They de-
note the subscript by [a b c] for attractive K3, whose transcendental lattice has the

intersection matrix

(
2a b
b 2c

)
. In the list of [63], [1 0 1] represents the attractive

K3 surface, which is denoted by S[2 0 2] in this note. Similarly, [4 0 4] in the list of
[63] represents the Fermat quartic surface S[8 0 8].
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4.2. Matter spectra

4.2.1. Matter spectra on double cover of P1 × P1 ramified over a
bidegree (4,4) curve times K3. We deduced in Section 3.1, that the
gauge groups on the 7-branes in F-theory on double covers (13) times K3
are SU(2), SO(8), or E7. Therefore, the corresponding singularity structures
are A1, D4, or E7.

Matter fields do not arise from an A1 singularity. As we saw in Sec-
tion 3.1, SU(2)8 gauge group generically arises on the 7-branes in F-theory
on a double cover of P1 × P1 ramified over a bidegree (4,4) curve times K3.
Therefore, matter fields do not arise for this generic configuration of the
gauge groups. Matter fields arise only when singular fibers collide, and the
gauge group on the 7-branes is enhanced.

When two type III fibers collide, the resulting enhanced fiber is a I∗0
fiber. When a triplet of type III fibers coincide, the resulting fiber is a III∗

fiber. These enhanced singular fibers correspond to D4 and E7 singularities,
respectively. Therefore, matters arise from E7 and D4 singularities.

There are two enhancements for the E7 singularity:

E6 ⊂ E7(44)

A6 ⊂ E7.(45)

The adjoint of E7 decomposes into irreducible representations of E6 as [64]

(46) 133 = 78 + 27 + 27 + 1.

Similarly, the adjoint of E7 decomposes into irreducible representations of
A6 as

(47) 133 = 48 + [ 7( ) + 7 + 35( ) + 35 ] + 1.

Therefore, we see that the matters arising on the 7-branes from the E7

singularity are the adjoints 78 of E6 and the adjoints 48 of A6 without
fluxes. By including a flux, vector-like pairs 27 + 27 of E6 and 35 + 35 and
7 + 7 of A6 could also arise.

The enhancement for the D4 singularity is

(48) A3 ⊂ D4.
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Under this enhancement, the adjoint of D4 decomposes into irreducible rep-
resentations of A3 as

(49) 28 = 15 + 6( ) + 6 + 1.

It follows that the adjoints 15 of A3 will arise on the 7-branes from the
D4 singularity. Vector-like pairs 6 + 6 could also arise with a flux. This
enhancement is also discussed in [7].

4.2.2. Matter spectra on Fermat quartic times K3. As we saw in
Section 3.2, the Fermat quartic surface, presented as complete intersection
(20), has six I4 fibers. I4 fiber corresponds to an A3 singularity. Therefore, in
F-theory compactification on the Fermat quartic times a K3, matter fields
arise from A3 singularities.

The enhancement for the A3 singularity is

(50) A2 ⊂ A3.

Under this enhancement, the adjoint of A3 decomposes into irreducible rep-
resentations of A2 as

(51) 15 = 8 + 3( ) + 3 + 1.

It follows that the adjoints 8 of A2 will arise on the 7-branes. The vector-like
pairs 3 + 3 could also arise by including flux.

We saw in Subsection 4.1 that the tadpole is cancelled for F-theory
compactification on the pair S[8 0 8] × S[2 0 2] by including sufficiently many
3-branes. Therefore, in F-theory compactification on S[8 0 8] × S[2 0 2] with
flux, the vector-like pairs 3 + 3 also arise on the 7-branes.

5. Conclusion

Double covers of P1 × P1 ramified along a bidegree (4,4) curve and complete
intersections of two bidegree (1,2) hypersurfaces in P1 × P3 are genus-one
fibered K3 surfaces. Generic members of these K3 surfaces do not have a
global section. In this note, we investigated the gauge symmetries and matter
fields that arise on the 7-branes in F-theory compactifications on these K3
genus-one fibrations without a section times K3. To study the gauge theories
and matter spectra in detail, we particularly focused on the double covers
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of P1 × P1 given by the following equation:

(52) τ2 = a1(t)x
4 + a2(t).

(a1(t) and a2(t) are polynomials in t of the highest degree of 4.) Genus-
one fibers of double covers (52) possess complex multiplication of order 4;
this property enables us to analyze the non-Abelian gauge symmetries that
arise on the 7-branes in detail. For complete intersection K3 surface, we
particularly focused on the complete intersection given by the intersection
of the following two hypersurfaces in P1 × P3:

x21 + x23 + 2tx2x4 = 0(53)

x22 + x24 + 2tx1x3 = 0

We saw in Section 2.2 that complete intersection (53) is isomorphic to the
Fermat quartic surface in P3:

(54) x4 + y4 + z4 + w4 = 0.

Generic members of double covers (52) have eight type III fibers; there-
fore, a SU(2)8 gauge group arises on the 7-branes in F-theory compact-
ifications on double covers (52) times K3. When type III fibers collide,
SU(2)2 gauge symmetry on the 7-brane is enhanced to the SO(8) gauge
group. When a triplet of type III fibers coincide, SU(2)3 gauge symme-
try is enhanced to E7 gauge symmetry. Further enhancement breaks the
Calabi–Yau condition. The most enhanced gauge symmetry on the 7-branes
in F-theory on the double cover of P1 × P1 ramified over a bidegree (4,4)
curve times K3 is E7 × E7 × SO(8). When the non-Abelian gauge symme-
try is enhanced to E7 × E7 × SO(8), the Jacobian fibration of the double
cover has the Mordell–Weil group of rank 0; therefore, for such cases, F-
theory compactifications on double covers times K3 do not have a U(1)
gauge field.

Fermat quartic, presented as complete intersection (53), has six I4 fibers;
SU(4)6 gauge group arises on the 7-branes in F-theory compactifications on
Fermat quartic (53) times K3. The Jacobian fibration of the Fermat quartic
with six I4 fibers has the Mordell–Weil group of rank 0; therefore, F-theory
compactifications on Fermat quartic (53) times K3 do not have a U(1) gauge
symmetry.

All 7-branes are parallel in the F-theory compactification on direct prod-
uct K3 × K3; therefore, the only light matter fields on the 7-branes are the
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adjoints of the gauge groups without a flux. The included flux breaks half of
N = 2 supersymmetry, and vector-like pairs can also arise. We showed that
the tadpole can be cancelled for the F-theory compactification on the prod-
uct of the Fermat quartic S[8 0 8] times the attractive K3 surface S[2 0 2]. As a
result, we confirmed that vector-like pairs arise in the flux compactification
on S[8 0 8] × S[2 0 2].
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