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Applications of Almgren-Pitts Min-max theory

Fernando C. Marques and André Neves

Abstract. We survey recent applications of Almgren-Pitts Min-max
theory found by the authors. Namely, the proof of the Willmore con-
jecture, the proof of the Freedman–He–Wang conjecture on the Möbius
energy of links (jointly with Ian Agol), and the proof that manifolds
with positive Ricci curvature metrics admit an infinite number of mini-
mal hypersurfaces.
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1. Introduction

The relation between critical points of a functional and the topology of
the underlying space, due to Morse, is one of the most insightful ideas in
Geometry.

In the Riemannian context, a natural pair to consider is the space of
all hypersurfaces in given manifold and the functional which assigns to each
hypersurface its volume. In this case, the critical points of the functional are
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2 F.C. MARQUES AND A. NEVES

called stationary or minimal hypersurfaces. The general philosophy consists
in finding some nontrivial topology in the space of all hypersurfaces and
then use that to better understand the geometric properties of the ambient
manifold.

Almgren and Pitts undertook the study of Morse Theory in the space
of all hypersurfaces in the late 70′s and developed what it is now called
Almgren-Pitts Min-max Theory. The aim of this notes is to explain how we
recently used Almgren-Pitts theory to solve some open problems in geome-
try.

We now describe the key geometric principles involved in a somewhat
informal way. The definitions and detailed work can be seen from Section 2
to Section 12.

1.1. Almgren-Pitts Min-max Theory: An overview. For the sake
of simplicity, the reader can think of Zn(M) as being the space of all ori-
entable compact hypersurfaces with possible multiplicities in a compact Rie-
mannian (n+1)-manifold (M, g). If we allow for non-orientable hypersurfaces
as well, the space is denoted by Zn(M ;Z2). These spaces come equipped with
a natural topology (flat topology) and with a natural functional, the mass
functional M, which associated to every element in Zn(M) (or Zn(M ;Z2))
its volume.

As it was previously mentioned, smooth minimal hypersurfaces are crit-
ical points for the mass functional and their index is the number of negative
eigenvalues for the second variation of the mass functional. It corresponds
to the maximum number of linearly independent directions in which we can
strictly decrease the volume of a minimal hypersurface.

Let G be either the group of integers or Z2. The guiding principle of
Almgren-Pitts Min-max Theory, just like Morse Theory, is that a homotopi-
cally non-trivial k-dimensional cycle in Zn(M ;G) should produce a minimal
hypersurface with index at most k.

Being more precise, suppose X is a topological space and Φ : X →
Zn(M ;G) a continuous function. Consider

[Φ] = {Ψ : X → Zn(M ;G) : Ψ homotopic to Φ}

or, in case of relative homotopies,

[Φ] = {Ψ : X → Zn(M ;G) : Ψ homotopic to Φ relative to ∂X}.

To each homotopy class [Φ] we associate the number

L([Φ]) = inf
Ψ∈[Φ]

sup
x∈X

M(Ψ(x)).

The Almgren-Pitts Min-max Theorem [37] (see also [40]) can be stated
as
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Min-max Theorem. Assume 2 ≤ n ≤ 6.
If L([Φ]) > 0 or, in the relative case, L([Φ]) > supx∈∂X M(Φ(x)), there

is a compact embedded minimal hypersurface Σ (with possible multiplicities)
such that

(1) L([Φ]) =M(Σ).

The Min-max Theorem allows for Σ to be a union of disjoint hypersurfaces,
each with some multiplicity. More precisely

Σ = n1Σ1 + . . .+ nkΣk,

where ni ∈ N, i = 1, . . . , k, and {Σ1, . . . ,Σk} are smooth embedded minimal
surfaces with disjoint supports. Naturally, if the space of parameters X is a
k-dimensional space, we expect the index of Σ, i.e., the number of linearly
independent deformations that decrease the area of Σ, to be less or equal
than k. Unfortunately, this fact has not been proven.

If M has dimension greater than or equal to 8, then Min-max Theorem
is still valid but, according to the regularity theory developed by Schoen and
Simon [40], Σ is only guaranteed to be smooth and embedded outside a set
of Hausdorff Hausdorff codimension 7.

The condition L([Φ]) > 0 (or L([Φ]) > supx∈∂X M(Φ(x)) in the relative
case) implies that [Φ] is capturing some nontrivial topology of Zn(M ;G).
The basic structure behind the work described in this notes consists in find-
ing examples of homotopy classes satisfying this condition and then use (1)
to deduce some geometric consequences.

The next example illustrates well this methodology. Given f : M → [0, 1]
a Morse function, consider the continuous map

Φ : [0, 1] → Zn(M), Φ(t) = ∂{x ∈ M : f(x) < t}.

We have Φ(0) = Φ(1) = 0 and Almgren showed in [2] that L([Φ]) > 0,
i.e., [Φ] is a nontrivial element in π1(Zn(M), {0}). Using (1), one obtains
the existence of a smooth embedded minimal hypersurface in (M, g). This
application was one of the motivations for Almgren and Pitts to develop
their Min-max Theory. Birkhoff [7] in 1917 used a similar approach to show
that every metric on a 2-sphere admits a closed geodesic.

1.2. Criterion for a 5-cycle in Z2(S3) to be nontrivial. Let Ik

denote a k-dimensional cube. Br(p) denotes the geodesic ball in S3 of radius
r centered at p.

We present, in general terms, a criterion to ensure that a map Φ : I5 →
Z2(S3) determines a nontrivial homotopy class.

Let Go be the set of all oriented geodesic spheres in Z2(S3). Each nonzero
element in Go is determined by its center and radius. Thus this space is
homeomorphic to S3 × [−π, π] with an equivalence relation that identifies
S3 × {−π} and S3 × {π} all with the same point.

The maps Φ we consider have the property that

Φ(I4 × {1}) = Φ(I4 × {0}) = {0} and Φ(∂I5) ⊂ Go.
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Hence Φ(I5) can be thought of as a 5-cycle in Z2(S3) whose boundary lies
in Go and thus [Φ] can be seen as an element of π5(Z2(S3),Go). The next
theorem gives a condition under which [Φ] �= 0 in π5(Z2(S3),Go).

1.3. Theorem. Let Φ : I5 → Z2(S3) be a continuous map such that:

(1) Φ(x, 0) = Φ(x, 1) = 0 for all x ∈ I4;
(2) for all x ∈ ∂I4 we can find Q(x) ∈ S3 such that

Φ(x, t) = ∂Bπt(Q(x)), 0 ≤ t ≤ 1

(3) the map Q : ∂I4 → S3 has deg(Q) �= 0.
Then

L([Φ]) > 4π = sup
x∈∂I5

M(Φ(x)).

1.4. Minimal surfaces with low index. The simplest minimal sur-
faces in S3 are great spheres and the Clifford torus S1

(
1√
2

)
× S1

(
1√
2

)
.

Lawson [26] found infinitely many distinct minimal surfaces in S3 but these
two are the only ones that have an explicit description.

Great spheres in S3 have index one because if we move a great sphere
in the direction of its normal vector with constant speed the area decreases
and any deformation of the great sphere that fixes the enclosed volume never
decreases the area. The Clifford torus has index five and the space of linearly
independent deformations that decrease the area is spanned by constant
speed normal deformations and the four dimensional space consisting of
conformal deformations modulo isometries (to be seen later).

Urbano in 1990 classified minimal surface of S3 with low index and he
showed

Urbano’s Theorem. Assume Σ is a closed embedded minimal surface
in S3 having index(Σ) ≤ 5.

Then Σ is either a great sphere (index one) or the Clifford torus (index
five) up to ambient isometries.

The proof is very geometric and given in Section 5.
Given Φ satisfying the conditions of Theorem 1.3, we have that

L([Φ]) > sup
x∈∂I5

M(Φ(x)) = 4π

and thus we can apply the Min-max Theorem to conclude the existence of
a minimal surface Σ with L([Φ]) = M(Σ). It is natural to expect that Σ
has index at most five because we are dealing with a 5-parameter family of
surfaces. On the other hand, we know from Urbano’s Theorem that, up to
rigid motions, there are only two minimal surfaces of S3 with index at most
five: the great sphere and the Clifford torus. If Σ were the great sphere then
L([Φ]) = 4π and this is impossible by Theorem 1.3. Hence Σ has to be the
Clifford torus (with area 2π2) and so we obtain
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2π2-Theorem. Given Φ satisfying the conditions of Theorem 1.3 we
have

sup
x∈I5

M(Φ(x)) ≥ 2π2.

Next, we outline applications of this theorem.

1.5. Application: Willmore Conjecture. The Willmore energy of a
closed surface Σ immersed in R3 is

W (Σ) =
∫
Σ

(
k1 + k2

2

)2

dμ =
∫
Σ

H2dμ

where k1, k2 are the principal curvatures of Σ, H = k1+k2
2 the mean curva-

ture, and dμ the area form of Σ.
The Willmore energy is obviously invariant under isometries of R3 and,

less obvious, is the fact already known to Blaschke [8] and Thomsen [43]
in the 1920s that this energy is also conformally invariant, i.e., W (F (Σ)) =
W (Σ) for any conformal map F of R3.

In the 1960s, Willmore proved the following result:

Theorem. Let Σ be a smooth closed surface in R3. Then W (Σ) ≥ 4π,
and equality holds if and only if Σ is a round sphere.

Thus, in some sense, the Willmore energy measures the deviation of
a given surface from being round. It is then natural to ask what is the
smallest possible Willmore energy among all surfaces of fixed topological
type. Motivated by the analysis of circular tori of revolution, Willmore made
a conjecture [45] for the case of genus one:

Willmore Conjecture (1965). Every torus immersed in R3 has W (Σ) ≥
2π2.

The equality is achieved by the torus of revolution whose generating
circle has radius 1 and center at distance

√
2 from the axis of revolution:

(u, v) 	→
(
(
√
2 + cos u) cos v, (

√
2 + cos u) sin v, sin u) ∈ R3.

The Willmore conjecture has been a heavily studied problem in Differential
Geometry with several contributions by many authors. For some history of
the problem and a collection of the progress made around the conjecture,
the reader can see [31] or the survey [33].

The conformal invariance of the Willmore energy implies that it trans-
forms nicely under stereographic projections. Indeed, if π : S3 \ {p} → R3

denotes a stereographic projection map, the reader can check that for every
surface Σ ⊂ S3 \ {p} and denoting Σ̃ = π(Σ) ⊂ R3, we have

(2)
∫
Σ̃

H̃2dμ̃ =
∫
Σ
(1 +H2)dμ

where H, dμ and H̃, dμ̃ are the mean curvature functions and area forms of
Σ ⊂ S3 and Σ̃ ⊂ R3, respectively.
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In light of this, we define the Willmore energy of a surface Σ in S3 to be

W(Σ) =
∫
Σ
(1 +H2) dμ.

As we explain shortly, the Willmore conjecture follows from the next
theorem, which we proved in [31]:

Theorem A. Let Σ ⊂ S3 be an embedded, smooth closed surface of
genus g ≥ 1. Then

W(Σ) ≥ 2π2,

and the equality holds if and only if Σ is the Clifford torus up to conformal
transformations of S3.

A corollary of Theorem A is

Corollary. The Willmore conjecture holds.

Proof. Let Σ̃ be a genus one surface in R3. If Σ̃ is immersed it was
shown by Li and Yau [27] that W (Σ̃) ≥ 8π and thus we can assume that Σ̃
is embedded. Denoting by Σ = π−1(Σ̃) ⊂ S3, we have from Theorem A that
W (Σ̃) = W(Σ) ≥ 2π2. �

The idea to prove Theorem A is the following.
The conformal maps of S3 (modulo isometries) can be parametrized by

the unit 4-ball B4, where to each nonzero v ∈ B4 we consider the conformal
dilation Fv centered at v/|v| and −v/|v|. Composing with the stereographic
projection π : S3 \ {−v/|v|} → R3, the map π ◦ Fv ◦ π−1 corresponds to a
dilation in space, where the dilation factor tends to infinity as |v| tends to
one.

Given a compact embedded surface S ⊂ S3 and −π ≤ t ≤ π, we denote
by St the surface at distance |t| from S, where St lies in the exterior (interior)
of S if t ≥ 0 (t ≤ 0). Naturally, St might not be a smooth embedded surface
due to the existence of possible focal points but it will always be well defined
in the context of Geometric Measure Theory.

We can now define the following 5-parameter family {Σ(v,t)}(v,t)∈B4×[π,π]
of surfaces in S3 given by

Σ(v,t) = (Fv(Σ))t ∈ Z2(S3).

One crucial property of this 5-parameter family, to be proven later, is the
following.

1.6. Heintze–Karcher Inequality. For every (v, t) ∈ B4 × [π, π] we
have

M(Σ(v,t)) ≤ W(Σ).
The Heintze–Karcher Inequality is more general than the one stated above.
The connection with the Willmore energy was made by Ros in [39].

After a careful analysis of the behaviour of Σ(v,t) as (v, t) approaches
the boundary of B4 × [π, π], we reparametrize it and obtain a continuous
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map Φ : I5 → Z2(S3) that satisfies conditions (1) and (2) of Theorem 1.3.
Moreover, Φ(I5) is equal to the closure of {Σ(v,t)}(v,t)∈B4×[π,π] in Z2(S3) and
thus we obtain from the Heintze–Karcher Inequaltiy that

sup
x∈I5

M(Φ(x)) ≤ W(Σ).

Finally, and most important of all, we show that if the genus of Σ is
positive then condition (3) of Theorem 1.3 is also satisfied. Thus we obtain
from the 2π2-Theorem that

2π2 ≤ sup
x∈I5

M(Φ(x)) ≤ W(Σ).

This proves the inequality in Theorem A.

1.7. Application: Freedman–He–Wang Conjecture. The second
application comes from the theory of links in R3. Let γi : S1 → R3, i = 1, 2,
be a 2-component link, i.e., a pair of closed curves in Euclidean three-space
with γ1(S1) ∩ γ2(S1) = ∅.

Every 2-component link has a numerical invariant called the linking num-
ber lk(γ1, γ2). Intuitively, it measures how many times each curve winds
around the other and it can be computed via the Gauss formula

(3) lk(γ1, γ2) =
1
4π

∫
S1×S1

det(γ′
1(s), γ

′
2(t), γ1(s)− γ2(t))

|γ1(s)− γ2(t)|3
ds dt.

To every 2-component link (γ1, γ2) we can associate an energy, called
the Möbius cross energy. Its definition is reminiscent of the electrostatic
potential energy and is given by ([36], [15]):

E(γ1, γ2) =
∫

S1×S1

|γ′
1(s)||γ′

2(t)|
|γ1(s)− γ2(t)|2

ds dt.

Like the Willmore energy, the Möbius energy has the remarkable property
of being invariant under conformal transformations of R3 [15]. Note that
the definition of the energy and its conformal invariance property extend to
any 2-component link in Rn [24].

Because of Gauss formula for the linking number, we immediately get
that E(γ1, γ2) ≥ 4π|lk(γ1, γ2)|. It is then natural to search for optimal con-
figurations, i.e., minimizers of the Möbius energy. Freedman, He and Wang
[15] considered this question and looking at the particular case where one of
the link components is a planar circle, they made the following conjecture.

Conjecture (1994). The Möbius energy should be minimized, among
the class of all nontrivial 2-component links in R3, by the stereographic pro-
jection of the standard Hopf link in S3.

The standard Hopf link (γ̂1, γ̂2) in S3 is described by

γ̂1(s) = (cos s, sin s, 0, 0) ∈ S3 and γ̂2(t) = (0, 0, cos t, sin t) ∈ S3,

and it is simple to check that E(γ̂1, γ̂2) = 2π2.
In a joint work with Agol [1] we showed
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Theorem B. Let γi : S1 → R3, i = 1, 2, be a 2-component link in R3

with |lk(γ1, γ2)| = 1. Then E(γ1, γ2) ≥ 2π2.
Moreover, if E(γ1, γ2) = 2π2 then there exists a conformal map F :

R4 → R4 such that (F ◦ γ1, F ◦ γ2) describes the standard Hopf link up to
orientation.

A previous result of He [22] said that it suffices to prove the conjecture
for links (γ1, γ2) with linking number lk(γ1, γ2) = ±1 and so Theorem B
implies the conjecture of Freedman, He, and Wang.

The approach to prove Theorem B is similar to the one used in Theorem
A. The conformal invariance of the energy implies that it suffices to consider
links (γ1, γ2) in S3. For each link (γ1, γ2) in S3 we construct a suitable
family Φ : I5 → Z2(S3) that satisfies conditions (1) and (2) of Theorem
1.3. Moreover, we will also show that if |lk(γ1, γ2)| = 1 then condition (3) of
Theorem 1.3 is will also be satisfied. Hence we can apply the 2π2-Theorem
and conclude that

sup
x∈I5

M(Φ(x)) ≥ 2π2.

On the other hand, the map Φ is constructed so that M(Φ(x)) ≤ E(γ1, γ2)
for each x ∈ I5 and this implies the inequality in Theorem B.

We give a brief indication of how the map Φ is constructed.
To every pair of curves in R4 there is a natural way to construct a

“torus” in S3. More precisely, given two curves (γ1, γ2) in R4, the Gauss
map g = G(γ1, γ2) is denoted by

g : S1 × S1 → S3, g(s, t) =
γ1(s)− γ2(t)
|γ1(s)− γ2(t)|

and we consider the push forward current (see [41] for definition)G(γ1, γ2)#(S1×
S1) in Z2(S3). Furthermore, one can check that

M(G(γ1, γ2)#(S1 × S1)) ≤ E(γ1, γ2).

For instance, if (γ1, γ2) is the Hopf link then G(γ1, γ2)#(S1 × S1) is the
Clifford torus and the inequality above becomes an equality.

Given v ∈ B4, we consider the conformal map Fv of R4 given by an
inversion centered at v. The conformal map Fv sends the unit 4-ball B4 to
some other ball centered at c(v) = v

1−|v|2 . We consider g : B4 × (0,+∞) →
Z2(S3) given by

g(v, λ) = G (Fv ◦ γ1, λ(Fv ◦ γ2 − c(v)) + c(v))# (S
1 × S1)

Intuitively, g(v, λ) is the image of the Gauss map of the link obtained by
applying the conformal transformation Fv to (γ1, γ2) and then dilating the
curve Fv ◦γ2 with respect to the center c(v) by a factor of λ. Note that both
curves Fv ◦ γ1 and λ(Fv ◦ γ2 − c(v)) + c(v) are contained in spheres centered
at c(v).
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A Heintze–Karcher type inequality also holds for the 5-parameter family
we just described, meaning that for all (v, λ) ∈ B4 × (0,+∞) we have

M(g(v, λ)) ≤ E(γ1, γ2).

The map Φ is constructed via a reparametrization of g.

1.8. Gromov–Guth families. The homotopy groups of the space Zn(M ;Z2)
can be computed through the work of Almgren [2]. It follows that all ho-
motopy groups vanish but the first one and π1(Zn(M ;Z2)) = Z2. Thus
Zn(M ;Z2) is weakly homotopic equivalent to RP∞ and so we should ex-
pect that Zn(M ;Z2) contains, for every p ∈ N, a homotopically nontrivial
p-dimensional projective space.

With that in mind, Gromov [17, 18, 19] and Guth [20] studied p-
sweepouts of M . Heuristically, given a simplicial complex X, a continuous
map Φ : X → Zn(M ;Z2) is called a p-sweepout if for every set {x1, . . . , xp} ⊂
M , there is θ ∈ X so that {x1, . . . , xp} ⊂ Φ(θ).

Denote the set of all p-sweepouts of M by Pp.
For instance, let f ∈ C∞(M) be a Morse function and consider the map

Φ : RPp → Zn(M ;Z2),

given by

Φ([a0, . . . , ap]) = ∂ {x ∈ M : a0 + a1f(x) + . . .+ apf
p(x) < 0} .

Note that the map Φ is well defined because opposite orientations on the
same hypersurface determine the same element in Zn(M ;Z2). It is easy to
see that Φ satisfies the heuristic definition of a p-sweepout given above.

The p-width of M is defined as

ωp(M) = inf
Φ∈Pp

sup{M(Φ(x)) : x ∈ dmn(Φ)},

where dmn(Φ) is the domain of Φ.
It is interesting to compare the p-width with the min-max definition of

the pth-eigenvalue of (M, g). Set V = W 1,2(M) \ {0} and recall that

λp = inf
(p+1)−plane P⊂V

max
{∫

M |∇f |2dVg∫
M f2dVg

: f ∈ P

}
.

Hence one can see {ωp(M)}p∈N as a nonlinear analogue of the Laplace spec-
trum of M , as proposed by Gromov [17].

Gromov and Guth’s Theorem. There exists a positive constant C =
C(M, g) so that, for every p ∈ N,

C−1p
1

n+1 ≤ ωp(M) ≤ Cp
1

n+1 .

The idea to prove the lower bound is, roughly speaking, the following.
Choose p disjoint geodesic balls B1, . . . , Bp with radius proportional to
p− 1

n+1 . For every p-sweepout Φ one can find θ ∈ dmn(Φ) so that Φ(θ) di-
vides each geodesic ball into two pieces with almost identical volumes. Hence
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the isoperimetric inequality implies Φ(θ) ∩ Bi has volume no smaller than
cp− n

n+1 for all i = 1, . . . , p, where c = c(M, g) is a constant depending only
on (M, g). As a result Φ(θ) has volume greater than or equal to cp

1
n+1 .

The upper bound can be proven using a bend-and-cancel argument in-
troduced by Guth [20]. In the case when M is a (n+1)-dimensional sphere
Sn+1, the upper bound has the following simple explanation: If we con-
sider the space spanned by all homogenous harmonic polynomials in Sn+1

with degree less or equal than d ∈ N, we obtain a vector space of dimen-
sion p(d) + 1, where p(d) grows like dn+1. Considering the zero set of all
these polynomials we obtain a map Φ from a p(d)-dimensional projective
plane into Zn(Sn+1;Z2). Crofton formula implies that the zero-set of each
of these polynomials has volume at most ωnd, where ωn is the volume of a
unit n-sphere. Thus, for every θ ∈ RPp(d), M(Φ(θ)) is at most a multiple of
p(d)

1
n+1 .

1.9. Application: Existence of infinitely many minimal hyper-
surfaces. The existence of minimal hypersurfaces has been a central ques-
tion in Differential Geometry. For instance, Poincaré [38] asked in 1905
whether every closed Riemann surface always admits a closed geodesic.

If the surface is not simply connected then we can minimize length in
a nontrivial homotopy class and produce a closed geodesic. At the end of
Section 1.1 we mentioned that, in the case of a 2-sphere with any given
metric, the question was settled by Birkhoff.

Later, in a remarkable work, Lusternik and Schnirelmann [29] showed
that every metric on a 2-sphere admits three simple (embedded) closed
geodesics (see also [5, 16, 25, 28, 42]). This suggests the question of
whether we can find an infinite number of geometrically distinct closed
geodesics in any closed surface. It is not hard to find infinitely many closed
geodesics when the genus of the surface is positive.

The case of the sphere was finally settled by Franks [14] and Bangert
[6] (see also [23]). Their works combined imply that every metric on a two-
sphere admits an infinite number of closed geodesics.

Likewise, one can ask whether every closed Riemannian manifold admits
a closed minimal hypersurface. We already saw that one of the consequences
of the Almgren–Pitts Theory was to show that every compact Riemannian
(n + 1)-manifold contains a closed embedded minimal hypersurface with
singular set of Hausdorff codimension at least 7.

Motivated by these results, Yau conjectured in [46] (first problem in the
Minimal Surfaces section) that every compact Riemannian three-manifold
admits an infinite number of smooth, closed, immersed minimal surfaces.

Using the Gromov–Guth families we show

Theorem C. Let (M, g) be a compact Riemannian manifold of dimen-
sion (n+ 1), with 2 ≤ n ≤ 6 and positive Ricci curvature.
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Then M contains an infinite number of distinct smooth, closed, embed-
ded, minimal hypersurfaces.

The idea behind the proof of Theorem C is the following.
Consider the sequence of p-widths {ωp(M)}p∈N. The sequence is nonde-

creasing and we use Lusternik-Schnirelmann theory to show that if ωp(M) =
ωp+1(M) then there are infinitely many embedded minimal hypersurfaces.
Thus we can assume that the sequence {ωp(M)}p∈N is strictly increasing.

We then argue by contradiction and assume that there exist only finitely
many smooth, closed, embedded minimal hypersurfaces. In this case we use
the positive Ricci curvature combined with the Min-max Theorem to show
that each min-max volume ωp(M) must be achieved by a connected, closed,
embedded minimal hypersurface with some integer multiplicity. Finally, we
use this and the fact that ωp(M) is strictly increasing to show that ωp(M)
must grow linearly in p. This is in contradiction with the sublinear growth
of ωp(M) in p given by the Gromov and Guth’s Theorem.

Acknowledgments. The first author was partly supported by CNPq-
Brazil and FAPERJ. The second author was partly supported by Marie
Curie IRG Grant and ERC Start Grant.

Both authors are grateful to Ezequiel Rodrigues and Nicolau Sarquis for
carefully reading this manuscript and for their suggestions.

2. Almgren–Pitts Min-max theory I

Let (M, g) be an orientable compact Riemannian (n+ 1)-manifold. We
assume M is isometrically embedded in RL and we denote by Br(p) the open
geodesic ball in M of radius r and center p ∈ M .

We now collect some key notions in Geometric measure theory. For an
introduction to the subject we recommend [35] and [41].

2.1. Geometric measure theory. In what follows, the group G will
always be either Z or Z2. The Min-max theory is set up using the following
spaces:

• the space Ik(M ;G) of k-dimensional integral currents in RL with
support contained in M and coefficients in G;

• the space Zk(M ;G) of integral currents T ∈ Ik(M ;G) with ∂T = 0
and coefficients in G;

• the closure Vk(M), in the weak topology, of the space of k-dimensional
rectifiable varifolds in RL with support contained in M . The space
of integral rectifiable k-dimensional varifolds with support con-
tained in M is denoted by IVk(M).

When G = Z, we use simply Ik(M) and Zk(M).
Informally, Ik(M) is a space that contains all smooth k-dimensional

submanifolds with smooth (k − 1)-dimensional boundary, that is closed un-
der addition and multiplication by integers, and that is compact assum-
ing uniform bounds on the k-dimensional volume and (k − 1)-dimensional
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boundary volume. Moreover, the support of T ∈ Ik(M) has a well defined
k-dimensional tangent plane almost everywhere and, denoting by Dk(RL)
the space of smooth k-forms with compact support, one can integrate k-
forms on T and the map φ ∈ Dk(RL) 	→ T (φ) defines a linear functional.
Finally, ∂T is well defined, belongs to Zk−1(M) and ∂T (φ) = T (dφ) for all
φ in Dk−1(RL).

Given a C1 map f : M → M and T ∈ Ik(M), then f#(T ) ∈ Ik(M) is
such that

f#(T )(φ) = T (f∗φ) for all φ ∈ Dk(RL).

Varifolds were introduced by Almgren in [4]. They are defined as Radon
measure on the Grassmanian bundle of k-planes in RL, Gk(RL), and the
reader can see their properties in [41]. The Radon measure associated to
V ∈ Vk(M) is denoted by ||V ||. Varifolds have a well defined notion of first
variation of area [41, Section 39] and so stationary varifolds are those for
which the first variation of area is zero for variations with compact support.
They provide a suitable generalization of minimal submanifolds. Rectifiable
k-varifolds are those which have tangent planes defined almost everywhere
and provide an alternative way to generalize the concept of a k-dimensional
submanifold.

Every T ∈ Ik(M) has a k-rectifiable varifold with integer coefficients
|T | ∈ IVk(M) naturally associated to it [41, Section 27.1]. The Radon
measure associated to |T | ∈ IVk(M) is denoted by ||T || (see [41, Section
26.8]).

The above spaces come with several relevant metrics.
The mass of T ∈ Ik(M) is defined as

M(T ) = sup{T (φ) : φ ∈ Dk(RL), ||φ|| ≤ 1},

where ||φ|| denotes the comass norm of φ, and is the analogue of k-dimensional
volume. It induces the metricM(S, T ) =M(S −T ) on Ik(M). We naturally
have ||T ||(M) =M(T ).

A property we will use quite often is that open sets A ⊂ M with finite
perimeter belong to In+1(M) and ∂A ∈ Zn(M) has finite mass (see [41,
Remark 27.2]).

The flat metric is defined by

F(S, T ) = inf{M(P )+M(Q) : S −T = P +∂Q, P ∈ Ik(M), Q ∈ Ik+1(M)},

for S, T ∈ Ik(M). Informally, T, S ∈ Zk(M) very close to each other in the
flat metric means that T − S is the boundary of Q ∈ Ik+1(M) with very
small mass. We also use F(T ) = F(T, 0) and one has that

F(T ) ≤ M(T ) for all T ∈ Ik(M).

The F-metric on Vk(M) is defined in Pitts book [37, page 66] as:

F(V, W ) = sup{V (f)− W (f) : f ∈ Cc(Gk(RL)),
|f | ≤ 1,Lip(f) ≤ 1},
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for V, W ∈ Vk(M). Here Cc(Gk(RL)) denotes the space of all real-valued con-
tinuous functions with compact support defined on Gk(RL). The F-metric
induces the varifold weak topology on Vk(M).

The F-metric on Ik(M) is defined by

F(S, T ) = F(S − T ) + F(|S|, |T |)
and one has

F(|S|, |T |) ≤ 2M(S − T ) for every S, T ∈ Ik(M).

We assume that Ik(M) and Zk(M) both have the topology induced by
the flat metric. When endowed with the topology of the mass norm, these
spaces will be denoted by Ik(M ;M) and Zk(M ;M), respectively. If endowed
with the F-metric, we will denote them by Ik(M ;F) and Zk(M ;F), respec-
tively. The space Vk(M) is considered with the weak topology of varifolds.

An important fact in the theory is that the mass is only lower semicon-
tinuous in the flat topology. The loss of mass in the limit is illustrated with
the following standard example: let

Qi = {(x, y) ∈ R2 : 0 ≤ x ≤ 1, 0 ≤ y ≤ i−1}.

Then ∂Qi tends to zero in the flat topology but M(∂Qi) tends to 2. The
mass is continuous with respect to the F-metric and the mass norm.

Following the example given above, ∂Qi tends to 2([0, 1] × {0}) in the
varifold sense, converges to zero in flat topology, and has no convergent
subsequence in the mass norm becauseM(∂(Qi −Qj)) ≥ 1 if i �= j. Another
simple example is to consider Ti = [0, 1] × {1/i}. Then Ti converges to
[0, 1] × {0} in the flat topology and in the varifold topology but does not
converge to T = [0, 1] × {0} in the mass topology because M(Ti − T ) = 2
for all i.

When G = Z2, Ik(M ;Z2) is defined via an equivalence relation where
if T − S = 2Q, T, S, Q ∈ Ik(M) then T ≡ S (see [12, Section 4.2.26] for
definition). Intuitively, this corresponds to allow submanifolds that are non-
orientable. All the concepts we mentioned for Ik(M) and Zk(M) can be
extended to Ik(M ;Z2) and Zk(M ;Z2) as well.

The following lemma will be useful.

2.2. Lemma. Let S be a compact subset of Zk(M ;G) with respect to
the F-metric. For every ε > 0 there is δ > 0 so that for every S ∈ S and
T ∈ Zk(M)

M(T ) < M(S) + δ and F(T − S) ≤ δ ⇒ F(S, T ) ≤ ε.

Proof. In [37, page 68], it is observed that limi→∞ F(S, Ti) = 0 if
and only if limi→∞ M(Ti) = M(S) and limi→∞ F(S − Ti) = 0, for Ti, S ∈
Zk(M ;G). The lemma then follows from the continuity property of the mass
functional and the compactness of S in Zk(M ;G) with respect to the F-
metric, via a standard finite covering argument. �
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The above lemma implies that if Ti ∈ Zk(M ;G) tends to T ∈ Zk(M ;G)
in the flat topology and M(Ti) tends to M(T ), then Ti tends to T in the
F-metric.

Finally, with ν either the flat, mass, or F-metric, we define

Bν
r (T ) = {S ∈ Zk(M ;G) : ν(T, S) < r}.

Given A,B ⊂ Vk(M), we also define

F(A,B) = inf{F(V, W ) : V ∈ A, W ∈ B}.

2.3. Continuous Min-max Theorem. X denotes a cubical subcom-
plex of some m-dimensional cube Im. The group G is either Z or Z2.

For the remainder of this notes, each map into Zn(M ;G) that we con-
sider is assumed to have image contained in {T ∈ Zn(M ;G) : M(T ) ≤ L}
for some L > 0.

2.4. Homotopy notions. Consider two continuous maps in the mass
topology Φ1,Φ2 : X → Zn(M ;M;G). We say Φ1 is homotopic with Φ2 if we
can find a continuous map in the mass topology

H : [0, 1]× X → Zn(M ;M;G)

so that

H(0, x) = Φ1(x) and H(1, x) = Φ2(x) for all x ∈ X.

The relation “is homotopic with” is an equivalence relation on the set of
all continuous maps Φ : X → Zn(M ;M;G) and we call such an equivalence
class a (X,M)-homotopy class of mappings into Zn(M ;M;G). The set of
all such homotopy classes is denoted by [X, Zn(M ;M;G)] or, in case X is
a k-dimensional sphere, also by πk(Zn(M ;M;G)). We denote by [Φ]M the
equivalence class of Φ.

The width of ΠM ∈ [X, Zn(M ;M;G)] is defined as

L(ΠM) = inf
Ψ∈ΠM

sup{M(Ψ(x)) : x ∈ X}.

Given a sequence {Φi}i∈N ⊂ ΠM we denote

L({Φi}i∈N) = lim sup
i→∞

sup{M(Φi(x)) : x ∈ X}

and the critical set C({Φi}i∈N) is denoted by

C({Φi}i∈N) = {V : V = lim
j→∞

|Φij (xj)| as varifolds, for some increasing

sequence {ij}j∈N and xj ∈ X and ||V ||(M) = L({Φi}i∈N)}

We say {Φi}i∈N ⊂ ΠM is an optimal sequence if L({Φi}i∈N) = L(ΠM).
The Pitts Min-max theorem can be stated as follows
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2.5. Theorem. Assume 2 ≤ n ≤ 6.
Consider ΠM ∈ [X, Zn(M ;M;G)] such that L(ΠM) > 0.
There is a stationary integral varifold Σ, whose support is a smooth

embedded minimal hypersurface, such that

||Σ||(M) = L(ΠM).

Moreover,

• if {Φi}i∈N is an optimal sequence then Σ can be chosen so that
Σ ∈ C({Φi}i∈N) and

• we can choose an optimal sequence {Ψi}i∈N so that every element
in C({Ψi}i∈N) is a stationary varifold.

This theorem was proven initially by Pitts for 2 ≤ n ≤ 5 and later Schoen
and Simon [40] extended the result to n ≥ 6, in which case the minimal
hypersurface has a singular set of Hausdorff codimension 7. The regularity
theory was only done when G = Z but, as it was proven in Theorem 2.11 of
[32], it also extends to G = Z2.

In rigor, Theorem 2.5 is not stated in those terms in Pitts book [37], but
it does follow from the work developed there combined with the interpolation
results proven in [31]. We explain how this is done in Section 11.

Pitts chose to work with the mass topology on Zn(M ;G) because, be-
sides the mass being continuous (unlike the flat metric), it can easily be
localized (unlike the F-metric), making it ideal for area comparisons, cut
and paste arguments, and thus, regularity theory.

The disadvantage of using the mass topology is that even the simplest
family, such has

Φ : [0, π] → Z2(S3), Φ(t) = ∂Bt(p),

is continuous with respect to the F-metric but not with respect to the mass
topology. This issue is overcome by approximating maps like the one just
given above by continuous maps in the mass topology. In order to state the
precise theorem we need to introduce one more definition.

2.6. Mass concentration. We say that a continuous map in the flat
topology Φ : X → Zn(M ;G) has no concentration of mass if

limr→0 sup{||Φ(x)||(Br(p)) : x ∈ X, p ∈ M} = 0.

2.7. Lemma. If Φ : X → Zn(M ;M;G) is continuous in the mass
norm, Φ has no concentration of mass.

Proof. Because Φ is continuous in the mass norm,

G : X × M × [0, 1] → [0,∞], G(x, p, r) = ||Φ(x)||(Br(p))

is continuous with G(X, M, 0) = {0}. This suffices to prove the result. �

For the purpose of applications, all maps we have encountered so far
have no concentration of mass.
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2.8. Example: Let Ci be a disjoint union of circles in {x2 + y2 ≤ 1/i}
with total length 1. One can construct Φ : [0, 1] → Z1(R2) continuous in the
flat topology with Φ(1/i) = Ci for all i ∈ N. The map Φ has

limr→0 sup{||Φ(x)||(Br(p)) : x ∈ [0, 1], p ∈ R2} = 1

and so it has concentration of mass.
Note that Ci tends to zero in the flat topology while in the F-topology,

|Ci| tends to a non-zero varifold C ∈ V1(R2), which is supported at the
origin. In particular, C is not a 1-rectifiable varifold.

All the homotopic notions considered in Section 2.4 extend straightfor-
wardly to the flat topology. Given a continuous map in the flat topology
Φ : X → Zn(M ;G) with no concentration of mass, we define [Φ] to be the
set of all maps with no concentration of mass that are homotopic with Φ in
the flat topology. The width of [Φ] is defined as

L([Φ]) = inf
Ψ∈[Φ]

sup{M(Ψ(x)) : x ∈ X}.

We remark that given Φ : X → Zn(M ;M;G) continuous in the mass topol-
ogy, every element in [Φ]M also belongs to [Φ]. We abuse notation, and say
simply [Φ]M ⊂ [Φ]. Naturally we have L([Φ]) ≤ L([Φ]M).

The interpolation result we will use in order to apply Theorem 2.5 is the
following.

2.9. Theorem. Let Φ be a continuous map in the flat topology Φ : X →
Zn(M ;G) with no concentration of mass.

There is ΠM a (X,M)-homotopy class of mappings into Zn(M ;M;G)
such that ΠM ⊂ [Φ] and a sequence {Φi}i∈N ⊂ ΠM satisfying

L([Φ]) ≤ L(ΠM ) ≤ L({Φi}i∈N) ≤ sup{M(Φ(x)) : x ∈ X}.

2.10. Continuous Min-max Theorem - Relative version. For the
purpose of applications, such as the Willmore conjecture, it is important to
have a min-max theorem that applies to homotopy classes relative to the
boundary. For simplicity, we consider the case where the parameter space
X is a m-cube Im and the currents have integer coefficients, i.e., G = Z.

We assume Φ0 : ∂Im → Zn(M ;F) is a continuous map in the F-metric.
We denote by E(Φ0) the set of all continuous maps in the flat topology

with no mass concentration Φ : Im → Zn(M) so that Φ = Φ0 on ∂Im.
We denote by E(Φ0;M) the set of all continuous maps in the F-metric

Φ : Im → Zn(M ;F) such that Φ is continuous in the mass topology when
restricted to the interior of Im and Φ = Φ0 on ∂Im.
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2.11. Homotopy notions - Relative version. Consider two maps
Φ1, Φ2 ∈ E(Φ0;M). We say Φ1 is homotopic with Φ2 if Φ1−Φ2 is homotopic
to zero in the mass topology relative to ∂Im, i.e., we can find a continuous
map in the mass topology

H : I × Im → Zn(M ;M)

so that H(I × ∂Im) = {0},
H(0, x) = (Φ1 − Φ2)(x) and H(1, x) = 0 for all x ∈ Im.

The relation “is homotopic with” is an equivalence relation on E(Φ0;M)
and we call such an equivalence class a (X,M)-homotopy class of mappings
into (Zn(M ;M),Φ0). The set of all such homotopy classes is denoted by
πm(Zn(M ;M),Φ0) and we denote by [Φ]M the equivalence class of Φ ∈
E(Φ0;M).

The remaining notions, such as width, critical set and so on, can be
extended in an obvious way. For the sake of simplicity, we use the same
notation as in Section 2.4 because it will be clear from the context whether
we are using relative homotopies or not.

The relative version of the min-max theorem can now be stated.

2.12. Theorem. Assume 2 ≤ n ≤ 6.
Consider ΠM ∈ πm(Zn(M ;M),Φ0) such that L(ΠM) > supx∈∂Im M(Φ0(x)).
There exists a stationary integral varifold Σ, whose support is a smooth

embedded minimal hypersurface, such that

||Σ||(M) = L(ΠM).

Moreover,

• if {Φi}i∈N is an optimal sequence then Σ can be chosen so that
Σ ∈ C({Φi}i∈N) and

• we can choose an optimal sequence {Ψi}i∈N so that every element
in C({Ψi}i∈N) is a stationary varifold.

In Section 11 we explain how this theorem follows from the min-max
theorem in [37].

In order for Theorem 2.12 be of use, we need to approximate maps in
E(Φ0) by maps in E(Φ0;M).

Given Φ ∈ E(Φ0), we denote by [Φ] the equivalence class of maps Ψ ∈
E(Φ0) that are homotopic to Φ in the flat topology relative to ∂Im. The
width of [Φ] is defined as

L([Φ]) = inf
Ψ∈[Φ]

sup{M(Ψ(x)) : x ∈ Im}.

We remark that given Φ ∈ E(Φ0;M) we have, with an obvious abuse of
notation, [Φ]M ⊂ [Φ] and so L([Φ]) ≤ L([Φ]M).

The interpolation result we will use in order to apply Theorem 2.12 is
the following.
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2.13. Theorem. Choose Φ ∈ E(Φ0).
There is ΠM a (Im,M)-homotopy class of mappings into (Zn(M ;M),Φ0)

such that ΠM ⊂ [Φ] and a sequence {Φi}i∈N ⊂ ΠM satisfying

L([Φ]) ≤ L(ΠM) ≤ L({Φi}i∈N) ≤ sup{M(Φ(x)) : x ∈ Im}.

2.14. Almgren isomorphism. In [2], Almgren gave an optimal crite-
rion to determine when a continuous map in the flat topology Φ : [0, 1] →
Zn(M) with Φ(0) = Φ(1) = 0 cannot be homotoped to a constant map rela-
tive to the boundary of [0, 1]. Almgren’s result extends straightforwardly to
the case where the currents have Z2 coefficients or the maps are parametrized
by the unit circle S1.

We describe Almgren’s construction. He showed the existence [2, The-
orem 2.4] of a constant νM and ρ = ρ(M) ≥ 1 so that if S, T ∈ Zn(M ;G)
have F(S − T ) < νM , then one can find a unique Q ∈ In+1(M ;G) so that

∂Q = S − T and M(Q) ≤ ρF(S − T ).

Given a continuous map in the flat topology Φ : S1 → Zn(M ;G), choose
k sufficiently large so that,

(4) F(Φ(e2πix),Φ(e2πiy)) ≤ νM for all x, y with |x − y| ≤ 3−k.

Hence, for j = 0, . . . , 3k − 1, there is Qj ∈ In+1(M ;G) so that

∂Qj = Φ(e2πiaj+1)−Φ(e2πiaj ) and M(Qj) ≤ ρF(Φ(e2πiaj+1)−Φ(e2πiaj )),

where aj = j3−k. Hence
∑3k−1

j=0 Aj ∈ Zn+1(M ;G) and therefore it defines a
homology class (see [12, Section 4.4]):

FM (Φ) =

⎡⎣3k−1∑
j=0

Aj

⎤⎦ ∈ Hn+1(M ;G).

In [2], Almgren showed that FM (Φ) does not depend on how k was
chosen provided (4) is satisfied and that if Ψ is homotopic to Φ in the flat
topology, then FM (Φ) = FM (Ψ). Hence, he obtains a map,

FM : π1(Zn(M ;G)) → Hn+1(M ;G), [Φ]F 	→ FM (Φ),

where [Φ]F denotes the equivalence class of all maps homotopic to Φ in
the flat topology. In Section 3 of [2], Almgren shows that FM is an isomor-
phism when restricted to connected components of Zn(M ;G). In particular,
FM (Φ) = 0 if and only if Φ is homotopic in the flat topology to a constant
map.

We call the map FM the Almgren isomorphism.
An analogous discussion holds for continuous maps in the flat topology

Φ : [0, 1] → Zn(M ;G) with Φ(0) = Φ(1) = 0. Namely, denoting by [Φ]F the
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equivalence class of maps homotopic to Φ in the flat topology relative to the
boundary of [0, 1], one also constructs an isomorphism

FM : π1(Zn(M ;G), {0}) → Hn+1(M ;G)

and FM ([Φ]F ) = 0 if and only if Φ is homotopic to zero in the flat topology
relative to the boundary of [0, 1].

2.15. Sweepout. A continuous map in the flat topology Φ : S1 →
Zn(M ;G) or Φ : [0, 1] → Zn(M ;G) with Φ(0) = Φ(1) = 0, is called a
sweepout if FM ([Φ]F ) �= 0 in Hn+1(M, G). If FM ([Φ]F ) = 0 the map is
called trivial.

2.16. Remark: In Theorem 4.6 of [37], Pitts showed that the groups

π1(Zn(M ;G), {0}), π1(Zn(M ;M;G), {0}), and Hn+1(M ;G)

are all naturally isomorphic via the Almgren isomorphism. Hence if the map
Φ : [0, 1] → Zn(M ;M;G) with Φ(0) = Φ(1) = 0 is homotopic to zero in the
flat topology relative to the boundary of [0, 1], then Φ is also homotopic to
zero in the mass topology relative to the boundary of [0, 1].

2.17. Lemma. Let T be a finite set of Zn(M ;G). There is ε > 0 de-
pending on T so that continuous maps in the flat topology

Φ : S1 → Zn(M ;G) or Φ : [0, 1] → Zn(M ;G) with Φ(0) = Φ(1) = 0

such that

Φ(S1) ⊂ BF
ε (T ) or Φ([0, 1]) ⊂ BF

ε (T ),

respectively, are trivial.

Proof. We consider first the case where T = {0}. From either Proposi-
tion 3.5 of [32] or Theorem 8.2 of [2] in the relative case, we see the existence
of ε0 so that if either

Φ(S1) ⊂ BF
ε0(0) or Φ([0, 1]) ⊂ BF

ε (0),

respectively, then Φ is homotopic to zero and thus trivial.
In the general case consider d = min{F(S, T ) : S, T ∈ T , S �= T} and

set ε = min{ε0, d/3}. Then

Φ(S1) ⊂ BF
ε (T ) or Φ([0, 1]) ⊂ BF

ε (T )

for some T ∈ T . Thus Φ is homotopic to a constant map (from the first case
considered) and thus trivial. �
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2.18. Standard sweepout. With p ∈ S3 fixed, consider

(5) Φ : [0, 1] → Z2(S3), Φ(t) = ∂Btπ(p).

We explain in detail how Theorem 2.12, Theorem 2.13, and Lemma 2.17,
are used to show that

L([Φ]) = 4π = sup
x∈[0,1]

M(Φ(x)),

where we recall that [Φ] is the equivalence class of continuous maps with
no concentration of mass that are homotopic with Φ in the flat topology
relative to the boundary of [0, 1].

We have FM ([Φ]F ) = [S3] and so Φ is a sweepout. Thus, using the fact
that [Φ] ⊂ [Φ]F , we obtain from Lemma 2.17 that

4π = sup
x∈[0,1]

M(Φ(x)) ≥ L([Φ]) ≥ inf
Ψ∈[Φ]F

sup
x∈[0,1]

M(Ψ(x)) > 0.

Suppose there is Ψ ∈ [Φ] so that supx∈[0,1]M(Ψ(x)) < 4π. From The-
orem 2.13 we obtain ΠM a ([0, 1],M)-homotopy class of mappings into
(Z2(S3;M), 0) so that

0 < L([Φ]) ≤ L(ΠM ) ≤ sup
x∈[0,1]

M(Ψ(x)) < 4π.

Thus Theorem 2.12 gives the existence of a minimal surface in S3 with area
less than 4π and this is impossible.

3. Criterion for a 5-cycle in Z2(S3) to be nontrivial.

In Section 2.14 we saw a criterion that determines when a continuous
map in the flat topology Φ : [0, 1] → Zn(M ;G) cannot be deformed into a
constant map. We devote this section to give a criterion under which a map
Φ : I5 → Z2(S3) cannot be deformed into the space of all round spheres in
S3.

Recall that the geodesic ball in S3 centered at p ∈ S3 and with radius
r is denoted by Br(p). We use the notions of relative homotopies defined in
Section 2.11 and the standard sweepout is defined in Section 2.18.

3.1. Theorem. Let Φ0 : ∂I5 → Z2(S3;F) be a continuous map in the
F-topology such that:

(1) Φ0(x, 0) = Φ0(x, 1) = 0 for any x ∈ I4;
(2) there is a map Q : ∂I4 → S3 so that

Φ0(x, t) = ∂Btπ(Q(x)) for all (x, t) ∈ ∂I4 × I;

(3) the map Q : ∂I4 → S3 has deg(Q) �= 0.
Every Φ ∈ E(Φ0) has

L([Φ]) > 4π.

Before we prove Theorem 3.1 we make several comments about its hy-
pothesis.
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Let Go denote the set of all oriented geodesic spheres in Z2(S3). A
nonzero element in Go is uniquely given by ∂Br(p), where p ∈ S3 and
0 < r < π.

One consequence of condition (2) in Theorem 3.1 is that Φ0(x, 1/2) =
∂Bπ/2(Q(x)) for all x ∈ ∂I4 and, given y ∈ ∂I4, Φ0(y, t) is a great sphere if
and only if t = 1/2.

Conditions (1) and (2) in Theorem 3.1 mean that Φ(∂I5) ⊂ Go. Infor-
mally, [Φ] can be thought of as an element of the relative homotopy group
π5(Z2(S3),Go) and the theorem is giving conditions under which [Φ] �= 0 in
π5(Z2(S3),Go).

Condition (3) is crucial, as the next example shows. Consider

Φ : I5 → Z2(S3), Φ(x, t) = ∂Bπt(p),

where p is a fixed point in S3. With Φ0 = Φ|∂I5 , we see that conditions (1)
and (2) of Theorem 3.1 are satisfied but L([Φ]) = 4π because Φ(I5) ⊂ Go.

The sweepout requirement in condition (2) of Theorem 3.1 is also im-
portant. To see this, choose a continuous map Q1 : S3 → S3 with non-zero
degree and set

Φ̃ : B4 × [0, 1] → Z2(S3),
where

Φ̃(x, t) = ∂B2π|x|t(1−t)(Q1(x/|x|)) if x �= 0 and Φ(0, t) = 0.

With D a homeomorphism from I4 to B
4, the map Φ(x, t) = Φ̃(D(x), t)

satisfies conditions (1) and (3) of Theorem 3.1 but L([Φ]) = 4π because
Φ(I5) ⊂ Go.

Denote by T ⊂ V2(S3) the set of all (unoriented) great spheres in S3,
which is homeomorphic to RP3 via [p] ∈ RP3 	→ |∂Bπ/2(p)|. Hence we have
a map

(6) |Φ0| : ∂I4 × {1/2} → T ≈ RP3, |Φ0|(x, 1/2) = |∂Bπ/2(Q(x))|
whose degree is 2 deg(Q).

The idea for the proof of Theorem 3.1 is, in general terms, the following.
We argue by contradiction and assume that L([Φ]) = 4π. Hence we can find
Φi ∈ [Φ] so that

lim
i→∞

sup
x∈I5

M(Φi(x)) = L([Φ]) = 4π.

For ε sufficiently small and all i sufficiently large we find a hypersurface R(i)
in I5 with

R(i) ⊂ {x ∈ I5 : F(|Φi(x)|, T ) = ε}, ∂R(i) ⊂ ∂I4 × I,

and
[∂R(i)] = [∂I4 × {1/2}] in H3(∂I4 × I, Z).

We then use the fact that Φi coincides with Φ0 on ∂I5 to perturb |Φi| on
R(i) and obtain a continuous map fi : R(i) → T ≈ RP3 so that

(fi)∗[∂R(i)] = |Φ0|∗[∂I4 × {1/2}] = 2deg(Q)[RP3] �= 0.
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On the other hand,

(fi)∗[∂R(i)] = ∂[fi(R(i))] = 0 in H3(RP3, Z),

and this is a contradiction.

3.2. Proof of Theorem 3.1. Consider the cubical complex I(5, k) ob-
tained by subdividing I5 into 5-cubes of side length 3−k. We abuse notation
and identify a sum of p-cells in I(5, k) with its support and with the corre-
spondent integral current in Ip(I5).

Suppose L([Φ]) = 4π. Using Theorem 2.13 we choose a sequence {Φi}i∈N

in E(Φ0;M) so that
lim
i→∞

sup
x∈I5

M(Φi(x)) = 4π.

Fix ε0 small to be chosen later and, for each i ∈ N, choose ki ∈ N so
that for every 5-cell α in I(5, ki) we have

(7) sup{F(|Φ(x)|, |Φ(y)|) : x, y ∈ α} ≤ ε0/2.

Set A(i) to be the connected component of

{x ∈ I5 : F(|Φi(x)|, T ) ≥ ε0/2}
that contains I4 × {0} and let A(i) ∈ I5(I5) be the sum of all 5-cells in
I(5, ki) that are contained in A(i).

3.3. Lemma. For all i sufficiently large, the support of A(i) does not
intersect I4 × {1}.

Proof. Fix x0 ∈ ∂I4 and consider the standard sweepout Ψ : [0, 1] →
Z2(S3) given by Ψ(t) = Φ0(x0, t).

Assume by contradiction the existence of a subsequence {xij}j∈N with
xij ∈ suppA(ij)∩I4×{1}. Then xij ∈ A(ij) and so we can find a continuous
path

γj : [0, 1] → A(ij) with γj(0) ∈ I4 × {0} and γj(0) ∈ I4 × {1}.

Note that Ψj = Φij ◦ γi is homotopic with Ψ in the flat topology relative to
∂[0, 1] and thus, by Remark 2.16, they all determine the same ([0, 1],M)-
homotopy class of mappings into (Z2(S3;M), 0) that we denote by ΠM.
Moreover we also have

L(ΠM) ≤ lim
j→∞

sup
t∈[0,1]

M(Ψj(t)) ≤ lim
j→∞

sup
x∈I5

M(Φij (x)) = 4π

and, from Section 2.18,

lim
j→∞

sup
t∈[0,1]

M(Ψj(t)) ≥ L(ΠM) ≥ L([Ψ]) = 4π.

Therefore, {Ψj}j∈N is a critical sequence for ΠM and Theorem 2.12 implies
the existence of 0 ≤ tj ≤ 1 so that a subsequence of {|Ψj(tj)|}j∈N tends to a
great sphere in varifold norm. But F(|Ψj(tj)|, T ) ≥ ε0/2 from the way A(i)
and Ψj were defined and this gives us a contradiction. �
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The current ∂A(i) ∈ Z4(I5) can be written as the sum of 4-cells in
I(5, ki). Thus we can decompose it as

∂A(i) = −I4 × {0}+ C(i) +R(i),

where C(i) ∈ I4(∂I4 × I) and R(i) has the property that no 4-cell contained
in R(i) is contained in ∂I4 × I.

3.4. Lemma. We have

(i) ∂R(i) ∈ Z3(∂I4 × I);
(ii) [∂R(i)] = [∂I4 × {1/2}] in H3(∂I4 × I, Z);
(iii) for all i sufficiently large,

x ∈ suppR(i) =⇒ F(|Φi(x)|, T ) < ε0.

Proof. From the definition of R(i) we see that

∂R(i) = ∂(I4 × {0})− ∂C(i) = ∂I4 × {0} − ∂C(i)

and hence ∂R(i) ∈ Z3(∂I4 × I). Moreover the identity above implies as well
that

[∂R(i)] = [∂I4 × {0}] = [∂I4 × {1/2}] in H3(∂I4 × I, Z).

To prove (iii) choose i large so that Lemma 3.3 applies. Given x ∈ R(i),
there is a 4-cell σ ∈ I(5, ki) containing x and such that α is not contained
in ∂I4 × I ∪ I4 × {0}. Because ∂A(i) does not intersect I4 × {1}, then α is
the boundary of some 5-cell α ∈ I(5, ki) that does not belong to the support
of A(i). From the definition of A(i) we see that this implies the existence of
y ∈ α such that y /∈ A(i), which means that F(|Φi(y)|, T ) < ε0/2. From (7)
we obtain that

F(|Φi(x)|, T ) ≤ F(|Φi(x)|, |Φi(y)) + F(|Φi(y)|, T ) < ε0

and this implies the desired result. �

On ∂I4 × I consider the map

Φ̂0 : ∂I4 × I → T , Φ̂0(x, t) = |Φ0(x, 1/2)| = |∂Bπ/2(Q(x))|.

3.5. Lemma. For all i large, there is a continuous function

fi : R(i) → T ≈ RP3 with fi = Φ̂0 on ∂R(i).

Sketch of proof. The lemma is proven in Lemma 9.10 of [31] and so
we simply outline the main ideas.

The integral current R(i) is a sum of 4-cells in I(5, ki) and we denote
the set of the p-cells in R(i) or ∂R(i) by R(i)p and ∂R(i)p , respectively.

The idea is to first define fi on the 0-cells of R(i), then extend the
definition to the 1-cells of R(i), and proceed inductively until fi is defined
on all of R(i).
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The map fi : R(i)0 → T is defined as follows: if x ∈ ∂R(i)0 we set
fi(x) = Φ̂0(x), otherwise we choose fi(x) ∈ T such that

F(fi(x), |Φi(x)|) = F(|Φi(x)|, T ).

Given any η small we can find, using (7) and Lemma 3.4 (iii), ε0 small
so that any two adjacent vertices x, y in R(i)0 have F(fi(x), fi(y)) ≤ η. The
topology induced by the F-metric on T ≈ RP3 coincides with the topology
induced by the geodesic distance of RP3. Thus, by requiring η to be small
enough, we can ensure that fi(x), fi(y) lie in the same geodesically convex
neighborhood in RP3 whenever x and y are adjacent vertices in R(i)0. Hence,
if α is a 1-cell in ∂R(i)1 we extend fi to α by defining it to be Φ̂0 and if
α ∈ R(i)1 \ ∂R(i)1 we use the fact that fi(∂α) is contained in the same
geodesically convex neighborhood to extend fi continuously to α. This can
be done in a way that, for every α ∈ R(i)1, we still have fi(α) contained
in the same geodesically convex neighborhood of T and so we can proceed
inductively to obtain fi defined on R(i). �

This lemma implies that, in homology,

(Φ̂0)∗[∂R(i)] = fi∗[∂R(i)] = [fi#∂(R(i))] = ∂[fi#(R(i))] = 0.

On the other hand using (6) and the fact that ∂R(i) is homologous to
∂I4 × {1/2} in ∂I4 × I we obtain

(Φ̂0)∗[∂R(i)] = (Φ̂0)∗[∂I4 × {1/2}]
= |Φ0|∗[∂I4 × {1/2}] = 2 deg(Q)[RP3] �= 0.

We have reached a contradiction and thus L([Φ]) > 4π.

4. Canonical family of surfaces

In this section we construct maps to which we can apply Theorem 3.1.
Namely we devote this section to show:

4.1. Theorem. Let Σ ⊂ S3 be an embedded closed surface of genus g.
There is a continuous map in the flat topology Φ : I5 → Z2(S3) with no

concentration of mass and satisfying the properties:

(1) Φ(x, 0) = Φ(x, 1) = 0 for any x ∈ I4;
(2) there is a map Q : ∂I4 → S3 so that

Φ(x, t) = ∂Btπ(Q(x)) for all (x, t) ∈ ∂I4 × I;

(3) sup{M(Φ(x)) : x ∈ I5} ≤ W(Σ);
(4) the center map Q : ∂I4 → S3 satisfies deg(Q) = g.

The discovery of a map Φ with such good properties, namely Theorem
4.1 (3) and (4), was what made possible the proof of the Willmore conjecture.
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4.2. Canonical family. Recall that B4 is the unit 4-ball. For each
v ∈ B4 consider the conformal map

(8) Fv : S3 → S3, Fv(x) =
(1− |v|2)
|x − v|2 (x − v)− v.

The map F0 is the identity and, for v �= 0, Fv is a conformal dilation of S3

with fixed points v/|v| and −v/|v|.
Let Σ ⊂ S3 be an embedded closed surface of genus g and choose an

open set A so that Σ = ∂A. For any v ∈ B4 consider Av = Fv(A) with
boundary Σv = Fv(Σ).

Define the signed distance dv : S3 → R to Σv ⊂ S3 as

dv(x) =
{

d(x,Σv) if x /∈ Av,
−d(x,Σv) if x ∈ Av,

where d(x,Σv) denotes the distance from x to Σv.
Finally, we consider the following 5-parameter family of surfaces associ-

ated to Σ:

Σ(v,t) = ∂
{
x ∈ S3 : dv(x) < t

}
, where (v, t) ∈ B4 × [−π, π].

As we will see in Theorem 4.4, the region

A(v,t) =
{
x ∈ S3 : dv(x) < t

}
has finite perimeter and so Σ(v,t) ∈ Z2(S3) for all (v, t) in B4 × [−π, π].

The diamater of S3 is π and thus Σ(v,π) = Σ(v,−π) = 0 in Z2(S3).

4.3. Heintze–Karcher type-inequality. The next theorem is one of
the reasons why the canonical family is interesting. A related result appears
in Proposition 1 of [39].

4.4. Theorem. We have, for every (v, t) ∈ B4 × (−π, π),

area
(
Σ(v,t)

)
≤ W(Σ).

Moreover, if Σ is not a geodesic sphere and

area
(
Σ(v,t)

)
= W(Σ),

then t = 0 and Σv is a minimal surface.

Proof. Let Nv be the normal vector to Σv = Fv(Σ) and consider the
smooth map

ψ(v,t) : Σv → S3, ψ(v,t)(y) = expy(tNv(y)) = cos t y + sin tNv(y).

Clearly Σ(v,t) ⊂ ψ(v,t)(Σv) but in fact the following stronger inclusion holds

Σ(v,t) ⊂ ψ(v,t)({p ∈ Σv : Jac ψ(v,t)(p) ≥ 0})
because if q ∈ Σ(v,t) and γ is the minimizing geodesic connecting γ(0) ∈ Σv

to γ(t) = q, then γ contains no focal points to Σv (except possibly q).
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Claim: We have

Jac ψ(v,t)(y) = (1 +H(v)2)− (sin t+H(v) cos t)2 − (k1(v)− k2(v))2

4
sin2 t,

where k1(v) and k2(v) are the principal curvatures of Σv at y and H(v) =
k1(v)+k2(v)

2 is the mean curvature.

We proceed like in [39]: Let {e1, e2} ⊂ TyΣv be an orthonormal basis of
principal directions with principal curvatures k1(v) and k2(v), respectively.
Hence

Dψ(v,t)|yei = (cos t − ki(v) sin t)ei,

from which we conclude that

Jac ψ(v,t)(y) = (cos t − k1(v) sin t)(cos t − k2(v) sin t).

The claim follows by expanding this out.

Using the area formula, the above claim, and the conformal invariance
of the Willmore energy we obtain

area(Σ(v,t)) ≤ area
(
ψ(v,t)({Jac ψ(v,t)(p) ≥ 0})

)
≤
∫

{Jac ψ(v,t)≥0}
(Jac ψ(v,t)) dμ

≤
∫

{Jac ψ(v,t)(p)≥0}
(1 +H(v)2)− sin2 t

(k1(v)− k2(v))2

4
dμ

≤
∫
Σv

1 +H(v)2 dμ = W(Fv(Σ)) = W(Σ).

If equality holds for some (v, t) ∈ B4 × (−π, π), we obtain from the set of
inequalities above that {Jac ψ(v,t) ≥ 0} = Σ and

sin2 t

2

∫
Σv

|Å|2dμ =
sin2 t

2

∫
Σ

|Å|2dμ = 0,

where Å denotes the trace-free part of the second fundamental form. This
implies the rigidity statement. �

4.5. Boundary behavior. It is important that to understand the be-
havior of Σ(v,t) as (v, t) approaches ∂(B4 × [−π, π]). Before stating the main
result, we discuss which behavior should one expect.

Denote by A∗ the “exterior” of Σ = ∂A, i.e., A∗ = S3/Ā.
If (vn, tn) ∈ B4 × [−π, π] tends to (v, t) ∈ A∗ × [−π, π], then one can see

from (8) that Fvn(A) tends to {−v}. Thus Σ(vn,tn) is expected to converge
to ∂Bt(−v).

If (vn, tn) ∈ B4 × [−π, π] tends to (v, t) ∈ A × [−π, π], then one can
see from (8) that Fvn(A) tends to B̄π(v) = S3. Thus Σ(vn,tn) is expected to
converge to ∂Bπ+t(v).
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The case where (vn, tn) ∈ B4 × [−π, π] tends to (v, t) ∈ Σ × [−π, π] is
subtler, as we now explain.

Indeed, if v ∈ Σ, then Σtv converges, as t tends to 1, to the unique
great sphere tangent to Σ at v. Thus the continuous function in S3 given
by p 	→ M(Σtp) tends, as t → 1, to a discontinuous function that is zero
outside Σ and 4π along Σ. Hence, for any 0 < α < 4π, there must exist a
sequence {vi}i∈N in B4 tending to Σ so that M(Σvi) tends to α.

Therefore it is natural to expect that the behavior of Σ(vn,tn) depends on
how vn approaches v ∈ Σ and this is what we confirm in the next proposition.

Choose N the normal vector to Σ that points into A∗. For p ∈ Σ and
k ∈ [−∞,+∞], set

Qp,k = − k√
1 + k2

p− 1√
1 + k2

N(p) ∈ S3 and rk =
π

2
−arctan k ∈ [0, π].

4.6. Proposition. Consider a sequence (vn, tn) ∈ B4 × [−π, π] con-

verging to (v, t) ∈ B
4 × [−π, π].

(i) If v ∈ B4 then

lim
n→∞

F
(
Σ(vn,tn) − Σ(v,t)

)
= 0.

(ii) If v ∈ A then

lim
n→∞

F
(
Σ(vn,tn) − ∂Bπ+t(v)

)
= 0.

(iii) If v ∈ A∗ then

lim
n→∞

F
(
Σ(vn,tn) − ∂Bt(−v)

)
= 0.

(iv) If v = p ∈ Σ and

vn = (1−sn1)(cos(sn2)pn+sin(sn2)N(pn)), lim
n→∞

sn2

sn1
= k ∈ [−∞,+∞],

then

lim
n→∞

F
(
Σ(vn,tn) − ∂Brk+t(Qp,k)

)
= 0.

4.7. Remark: In (iv), θ = arctan k is the limit of the angle with which
vn approaches pn and

Qp,k = − sin θp − cos θN(p), rk =
π

2
− θ.

Sketch of proof of Proposition 4.6. We assume for simplicity that
tn = 0 for all n. The proof in the general case can be found in [31, Propo-
sition 5.3].

The symmetric difference between two sets B, C ⊂ S3 is denoted by
BΔC = B \ C ∪ C \ B.

If v ∈ B4 then Fvn converges to Fv and so Proposition 4.6 (i) follows.
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If v ∈ A, choose r small so that Br(v) ⊂ A. From (8) we see that
Fvn(Br(v)) is a geodesic ball that tends to S3 = Bπ(v) as n tends to infinity.
Thus, given any δ > 0, Bπ−δ(v) ⊂ A(vn,0) for all n large and so

A(vn,0)ΔBπ(v) ⊂ Bδ(−v).

In particular, limn→∞ M
(
A(vn,0)ΔBπ(v)

)
= 0 and so, because

F
(
Σ(vn,0) − ∂Bπ(v)

)
≤ M

(
A(vn,0)ΔBπ(v)

)
,

Proposition 4.6(ii) follows.
Proposition 4.6 (iii) follows in the same way.
To prove property (iv) we note that we can choose r0 sufficiently small

so that, for all q ∈ Σ, we can find a ball of radius r0 contained in A and
tangential to Σ at q, and another ball of radius r0 contained in the exterior
of A, that we denoted by A∗, and tangential to Σ at q. These balls are given,
respectively, by

(9) Br0 ((cos r0)q − (sin r0)N(q)) ⊂ A,

and Br0 ((cos r0)q + (sin r0)N(q)) ⊂ A∗.

For any q ∈ Σ, consider Bq = Bπ/2(−N(q)), whose boundary is a great
sphere tangent to Σ at q.

We have for all q ∈ Σ that

Br0 ((cos r0)q − (sin r0)N(q)) ⊂ Bq,

Br0 ((cos r0)q + (sin r0)N(q)) ⊂ S3 \ Bq

and so it follows from (9) that

AΔBpn ⊂ S3 \
(
Br0 ((cos r0)pn + (sin r0)N(pn))

∪ Br0 ((cos r0)pn − (sin r0)N(pn))
)
.

Denoting the set on the right hand side by Δ(pn, N(pn), r0) we have from
the inclusion above that

Fvn(Bpn) \ Fvn(Δ(pn, N(pn), r0)) ⊂ Fvn(A)

⊂ Fvn(Bpn) ∪ Fvn(Δ(pn, N(pn), r0)).

In Proposition B.1. of [31, Appendix B], after some long computations,
we showed that given δ > 0 we have, for all n sufficiently large,

Brkn−δ(Qpn,kn
) ⊂ Fvn(Bpn) \ Fvn(Δ(pn, N(pn), r0)) ⊂ Fvn(A)

and
Fvn(Bpn) ∪ Fvn(Δ(pn, N(pn), r0)) ⊂ Brkn+δ(Qpn,kn

),

where kn = sn1/sn2. This implies that

Brkn−δ(Qpn,kn
) ⊂ Fvn(A) ⊂ Brkn+δ(Qpn,kn

).
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Because rkn and Qpn,kn
converge to rk and Qp,k, respectively, we obtain

from the inclusion above and the arbitrariness of δ that

lim
n→∞

M
(
Fvn(A)ΔBrk

(Qp,k)
)
= 0

and so, because

F
(
Σ(vn,0) − ∂Brk

(Qp,k)
)

≤ M
(
Fvn(A)ΔBrk

(Qp,k)
)
,

we obtain Proposition 4.6 (iv). �

4.8. Boundary blow-up. We use Proposition 4.6 to extend the canon-
ical family defined in Section 4.2 to a continuous map C from B

4× [−π, π] to
Z2(S3). Later, we reparametrize the map C to obtain a map Φ that satisfies
Theorem 4.1.

For any s = (s1, s2) ∈ R2 and p ∈ Σ, set

Λ(p, s) = (1− s1)(cos(s2)p+ sin(s2)N(p)).

With ε chosen sufficiently small and r ≤ 3ε, let Ωr be a tubular neighborhood
of radius r around Σ in B

4:

Ωr = {Λ(p, s) : |(s1, s2)| < r, s1 ≥ 0, p ∈ Σ}.

Consider the continuous map T : B4 → B
4 such that

• T is the identity on B
4 \ Ω3ε;

• on Ω3ε we have

(10) T (Λ(p, s)) = Λ(p, φ(|s|)s),

where φ is smooth, zero on [0, ε], strictly increasing on [ε, 2ε], and
one on [2ε, 3ε].

Note that T maps B4 \Ωε homeomorphically onto B4 and T maps Ωε onto
Σ by nearest point projection

Recall the expressions for Qp,k and rk in Section 4.5 and consider the
functions Q : Ωε → S3 such that

Q (Λ(p, (s1, s2))) = Qp,k where k =
s2√

ε2 − s22
,

and r : Ωε → [0, π] such that

r (Λ(p, (s1, s2)) = rk where k =
s2√

ε2 − s22
.

Note that Q and r are constant along the radial directions and the reason
why we considered these functions is because of the following theorem.
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4.9. Theorem. The map below is well defined and continuous in the
flat topology:

C : B4 × [−π, π] → Z2(S3),

C(v, t) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

Σ(T (v),t) if v ∈ B4 \ Ωε,

∂Bπ+t(T (v)) if v ∈ A \ Ωε,

∂Bt(−T (v)) if v ∈ A∗ \ Ωε,

∂Br(v)+t(Q(v)) if v ∈ Ωε.

Furthermore,

M(C(v, t)) ≤ W(Σ) for all (v, t) ∈ B
4 × [−π, π].

Sketch of proof. We go through some of the main computations and
leave the remaining details for the reader to see in [31, Theorem 5.1].

The functions Q and r are continuous and so C is continuous on Ωε ×
[−π, π].

The map T sends B4 \ Ωε homeomorphically onto B4 and so we have
from Proposition 4.6 (i) that C is continuous on B4 \ Ωε × [−π, π].

Suppose now that (vn, tn) in B4 \ Ωε tends to (v, t) with v ∈ A \ Ωε.
From the properties defining T we have that T (vn) tends to T (v) ∈ A and
so we obtain from Proposition 4.6 (i) that, in the flat topology,

lim
n→∞

C(vn, tn) = lim
n→∞

Σ(T (vn),tn) = ∂Bπ+t(T (v)) = C(v, t).

A similar reasoning shows that if (vn, tn) in B4 \ Ωε tends to (v, t) with
v ∈ A∗ \ Ωε, then C(vn, tn) tends to C(v, t). Thus C is continuous on B

4 \
Ωε × [−π, π].

The last case we consider is when (vn, tn) tends to (v, t) with vn ∈ B4\Ωε

and v ∈ B4 ∩ ∂Ωε. The remaining cases can be seen in [31, Theorem 5.1].
We have

v = Λ
(

p,

(√
ε2 − s22, s2

))
for some |s2| < ε, p ∈ Σ,

and vn = Λ(pn, sn) so that

lim
n→∞

pn = p and lim
n→∞

sn = lim
n→∞

(sn1, sn2) =
(√

ε2 − s22, s2

)
.

From (10) we have T (vn) = Λ(pn, φ(|sn|)sn) and thus we obtain from Propo-
sition 4.6 (iv) that, in the flat topology,

lim
n→∞

C(vn, tn) = lim
n→∞

Σ(T (vn),tn) = ∂Brk+t(Qk)

where
k = lim

n→∞
sn2

sn1
=

s2√
ε2 − s22

.
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Because
C(v, t) = ∂Brk+t(Qk), where k =

s2√
ε2 − s22

,

we have that C(vn, tn) tends to C(v, t) in the flat topology.
Finally, if (v, t) ∈ B

4 \Ωε, we have from Theorem 4.4 thatM(C(v, t)) ≤
W(Σ). If (v, t) ∈ S3 ∪Ωε, then C(v, t) is a round sphere and soM(C(v, t) ≤
4π ≤ W(Σ) because every compact surface has Willmore energy no smaller
than 4π. �

4.10. Extended Gauss map. From Theorem 4.9 we see that for every
(v, t) ∈ S3, C(v, t) is a geodesic sphere centered at Q(v) given by (with an
obvious abuse of notation)

Q : S3 → S3, Q(v) =

⎧⎨⎩
−T (v) if v ∈ A∗ \ Ωε,

T (v) if v ∈ A \ Ωε,
Q(v) if v ∈ S3 ∩ Ωε,

(11)

where, with v = Λ(p, (0, s2)) ∈ S3 ∩ Ωε, recall that

Q(v) = − k√
1 + k2

p − 1√
1 + k2

N(p) where k =
s2√

ε2 − s22
.

In particular, note that Q(Λ(p, (0, 0)) = −N(p) is simply the Gauss map.

4.11. Theorem. The map Q : S3 → S3 has degree g, the genus of Σ.

Proof. We will use the fact that Q is piecewise smooth. Let dV denote
the volume form of S3 and ∇ the induced connection on S3.

Since Q = −T on A∗ \Ωε, we have from the definition of T that Q is an
orientation-preserving diffeomorphism of A∗ \ Ωε onto −A∗. Therefore

(12)
∫

A∗\Ωε

Q
∗(dV ) =

∫
−A∗

dV = vol(A∗).

Since Q = T on A \ Ωε, we have from the definition of T that Q is an
orientation-preserving diffeomorphism of A \ Ωε onto A. Therefore

(13)
∫

A\Ωε

Q
∗(dV ) =

∫
A

dV = vol(A).

Recall that {e1, e2, e3} ∈ TpS
3 is a positive basis if {e1, e2, e3, p} is a

positive basis of R4, and {e1, e2} ∈ TpΣ is a positive basis if {e1, e2, N(p)}
is a positive basis of TpS

3.
Consider the diffeomorphism G : Σ× [−π/2, π/2] → S3 ∩ Ωε defined by

G(p, θ) = Λ(p, (0, ε sin θ)) = cos (ε sin θ) p+ sin (ε sin θ)N(p).

The orientation of Σ× [−π/2, π/2] is chosen so that {e1, e2, ∂θ} is a positive
basis whenever {e1, e2} is a positive basis of Σ. We have

G∗(e1 ∧ e2 ∧ ∂θ)|(p,0) = εe1 ∧ e2 ∧ N(p)

and thus G is orientation preserving.
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Consider Q = Q ◦ G : Σ× [−π/2, π/2] → S3 given by

Q(p, θ) = − sin θ p − cos θ N(p).

Hence∫
S3∩Ωε

Q
∗(dV ) =

∫
Σ×[−π/2,π/2]

G∗(Q∗(dV )) =
∫
Σ×[−π/2,π/2]

Q∗(dV ).

Let {e1, e2} be a positive orthonormal basis of TpΣ which diagonalizes
the second fundamental form:

∇eiN = −kiei for i = 1, 2.

We have

DQ|(p,θ)(∂θ) = − cos θ p+ sin θ N(p),

and

DQ|(p,θ)(ei) = (− sin θ + cos θ ki) ei for i = 1, 2,

and thus, denoting by volR4 the standard volume form of R4, we have

Q∗(dV )|(p,θ)(e1, e2, ∂θ) = dV|Q(p,θ)(DQ(e1), DQ(e2), DQ(∂θ))

= volR4 |Q(p,θ)(DQ(e1), DQ(e2), DQ(∂θ), Q(p, θ))

= (− sin θ + cos θ k1) (− sin θ + cos θ k2) (−1)

since

DQ|(p,θ)(∂θ) ∧ Q(p, θ) =

(− cos θ p+ sin θ N(p)) ∧ (− sin θ p − cos θ N(p)) = −N(p) ∧ p.

The Gauss equation implies that K = 1 + k1k2, where K denotes the
Gauss curvature of Σ and so we conclude that

(14)
∫
Σ×[−π/2,π/2]

Q∗(dV )

= −
∫
Σ

∫ π/2

−π/2

(
k1k2 cos2 θ − (k1 + k2) sin θ cos θ + sin2 θ

)
dt dμ

= −π

2

∫
Σ
(K − 1) dμ − π

2

∫
Σ

dμ = −π2χ(Σ) = π2(2g − 2).

In the calculation above we have used that

•
∫ π/2
−π/2 cos

2 θ dθ =
∫ π/2
−π/2 sin

2 θ dθ = π
2 ,

•
∫ π/2
−π/2 sin θ cos θ dθ = 0,
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Finally, since vol(S3) = 2π2, we combine (12), (13), and (14) to obtain∫
S3

Q
∗(dV ) =

∫
A∗\Ωε

Q
∗(dV ) +

∫
A\Ωε

Q
∗(dV ) +

∫
S3∩Ωε

Q
∗(dV )

= vol(A∗) + vol(A) +
∫
Σ×[−π/2,π/2]

Q∗(dV )

= 2π2 + π2(2g − 2) = 2π2g = g

∫
S3

dV.

It follows that deg(Q) = g.
�

4.12. Sketch of proof of Theorem 4.1. The map Φ will be obtained
by composing the map C given by Theorem 4.9 with a suitable homomor-
phism from I5 to B

4 × [−π, π].
From the expression defining the map C we have at once that C(B4

, π) =
C(B4

,−π) = 0 because the range of the function r is [0, π] and, as we
remarked at the end of Section 4.2, Σv,π = Σv,−π = 0 for all v ∈ B4.

Hence we can extend C to B
4 × R by defining

C = 0 on B
4 × (R \ [−π, π]).

We also extend r to be defined on B
4 in the following way. First set r to

be π on A \ Ωε and 0 on A \ Ωε. This way we obtain, by Theorem 4.9, a
continuous function on S3 ∪Ωε that we can extend, in any chosen way, to a
continuous function r : B4 → [0, π].

We now have

(15) C(v, t) = ∂Br(v)+t(Q(v)) for all (v, t) ∈ S3 × R.

Choose an orientation preserving homeomorphism f : I4 → B
4 (hence

f|∂I4 is a homeomorphism from ∂I4 onto S3) and consider

γ : R → R, γ(s) = 0 if s ≤ 1
2
, γ(s) = 2s − 1 if s ≥ 1

2
.

The map Φ : I5 → Z2(S3) is given by

Φ(x, t) = C
(
f(x), 2π (2t − 1) + γ(|f(x)|)

(π

2
− r (f(x))

))
.

Theorem 4.1 (1) and (2) follow from (15). Theorem 4.1 (3) follows from
Theorem 4.9 and Theorem 4.1 (4) follows from Theorem 4.11 because Q =
Q ◦ f and the degree is invariant by composition with homeomorphisms.

To show the map Φ has no concentration of mass we refer the reader to
[31, Section 13] because the proof is rather lengthy due to the fact that one
needs to examine carefully how the conformal maps Fv deform the surface
Σ as |v| tends to one.
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5. 2π2-Theorem

In this section we combine Theorem 3.1 and Theorem 4.1 with a char-
acterization, found by Urbano, of the Clifford torus in terms of its index in
order to show that the Clifford torus is the minimal surface of least area
after a great sphere. As a corollary we deduce an improvement of Theorem
3.1 that we call the 2π2-Theorem.

5.1. Urbano’s Theorem. Let Σ be a closed embedded minimal sur-
face in S3. Its Jacobi operator is defined to be

Lf = Δf + (|A|2 + 2)f, f ∈ C∞(Σ).

The Jacobi operator is the second variation for the area functional. More
precisely, if N is the unit normal vector to Σ, then for every f ∈ C∞(Σ) we
have

d2

(dt)2 |t=0
area (Pt(Σ)) = −

∫
Σ

fLf dμ,

where {Pt}−ε<t<ε is a one parameter family of diffeomorphisms generated
by the normal vector field X = fN .

The index of Σ, denoted by index(Σ), is defined to be the number of
negative eigenvalues of -L.

Urbano proved in [44] the following elegant characterization of the Clif-
ford torus.

5.2. Theorem. Assume Σ is a closed embedded minimal surface in S3

having index(Σ) ≤ 5.
Then Σ is either a great sphere or the Clifford torus up to ambient isome-

tries

Sketch of proof: Let f0 be the lowest eigenfunction for L and set

fi(x) = 〈ei, N(x)〉, i = 1, . . . , 4,

where ei ∈ R4 is a coordinate vector and N is a unit normal vector to Σ.
Denote by V the vector subspace of C∞(Σ) spanned by f1, . . . , f4.

Claim: If dimV ≤ 3, then Σ is a great sphere.
In this case we can find a vector 0 �= w ∈ R4 so that 〈w, N(x)〉 = 0

for all x ∈ Σ. Let h : S3 → R be given by h(x) = 〈x, w〉. The way w was
chosen implies that the conformal vector field U(x) = ∇h(x) of S3 satisfies
U(x) ∈ TxΣ for all x ∈ Σ. This means Σ is invariant by the flow generated
by U , but this is only possible if Σ is totally geodesic.

A simple computation shows that Δfi = −|A|2fi and so L(fi) = 2fi for
all i = 1, . . . , 4 and thus V is a negative eigenspace. The lowest eigenvalue
always has multiplicity one and so if index(Σ) ≤ 4, then dimV ≤ 3, in which
case the claim above implies Σ is a great sphere with index one.
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Assume now Σ has index 5. From [27] we can find a conformal map Fv

of S3 so that ∫
Σ
〈Fv(x), ei〉f0(x)dμ = 0 for all i = 1, . . . 4.

Hence, because the second eigenvalue is −2, we have

(16) −
∫
Σ

L(〈Fv(x), ei〉)〈Fv(x), ei〉dμ ≥ −2
∫
Σ
〈Fv(x), ei〉2dμ, i = 1, . . . 4

and so, after integrating by parts and adding,

4∑
i=1

∫
Σ

|∇〈Fv(x), ei〉|2dμ ≥
4∑

i=1

∫
Σ

|A|2〈Fv(x), ei〉2dμ =
∫
Σ

|A|2dμ.

The left hand side is 2 area (Fv(Σ)) and thus, using Gauss Bonnet, the in-
equality above becomes

2 area (Fv(Σ)) ≥ 2 area (Σ)− 8π(1− g).

From formula (1.12) of [34] we have that

(17) area(Fv(Σ)) = area(Σ)− 4
∫
Σ

〈v, N(x)〉2
|x − v|4 dμ

and this implies

2π(1− g) ≥
∫
Σ

〈v, N(x)〉2
|x − v|4 dμ.

This inequality forces the genus g to be either 0 or 1. If g = 0, then Almgren
[4] showed that Σ is a great sphere and thus cannot have index 5. Hence
g = 1, v must be zero, and the inequalities derived above become equalities.
In particular, equality holds in (16) with v = 0 and this implies that the
coordinate functions satisfy Lxi = −2xi for all i = 1, . . . , 4. Because the
coordinate functions are harmonic on Σ this means that |A|2 = 2. A classical
result [10] states that Σ has to be a Clifford torus up to ambient isometries.

�

Theorem 3.1 and Theorem 4.1 allows us to go from a local characteriza-
tion of the Clifford torus in terms of its index to a global characterization
in terms of its area.

5.3. Theorem. Let Σ ⊂ S3 be a closed embedded minimal surface of
genus g ≥ 1.

Then area(Σ) ≥ 2π2, and area(Σ) = 2π2 if and only if Σ is the Clifford
torus up to isometries of S3.
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5.4. Sketch of proof of Theorem 5.3. Choose Σ to be the minimal
surface with least area among all minimal surfaces in S3 with genus greater
than or equal to 1. (The existence of Σ follows from standard arguments in
Geometric Measure Theory. This is explained in Appendix A of [31].)

It suffices to show that Σ is the Clifford torus up to isometries of S3.
Consider the family Φ : I5 → Z2(S3) associated to Σ that is given by

Theorem 4.1. Set Φ0 = Φ|∂I5 and consider the relative homotopy class [Φ]
defined in Section 2.11.

5.5. Lemma. L([Φ]) = supx∈I5 M(Φ(x)) = area(Σ).

Proof. From the fact that Σ is a minimal surface we obtain at once
from Theorem 4.1 (3) that

L([Φ]) ≤ sup
x∈I5

M(Φ(x)) ≤ area(Σ).

It suffices to show that L([Φ]) ≥ area(Σ).
Suppose there is Ψ ∈ [Φ] so that supx∈I5 M(Ψ(x)) < area(Σ). Using

Theorem 2.13 we obtain ΠM a (I5,M)-homotopy class of mappings into
(Z2(S3;M),Φ0) such that

L([Φ]) ≤ L(ΠM) ≤ sup{M(Ψ(x)) : x ∈ I5} < area(Σ).

Because the genus of Σ is positive, we obtain from Theorem 4.1 that all
conditions of Theorem 3.1 are satisfied and hence L(ΠM) ≥ L([Φ]) > 4π.
Thus one can use Theorem 2.12 to conclude the existence of a minimal
surface S (with possible multiplicities) so that

(18) 4π < L([Φ]) ≤ M(S) = L(ΠM) < area(Σ) ≤ 2π2,

where the last inequality follows from the fact that Σ must necessarily have
area smaller or equal than the area of the Clifford torus.

From the inequality above we deduce that S has to be a multiplicity
one minimal surface because otherwise its area would be bigger or equal
than 8π and that S cannot have genus zero because then it would be a
great sphere [4] with area 4π. Hence, from the way Σ was selected, we have
area(S) ≥ area(Σ) and this contradicts (18). �

The goal now is to show that Σ has index (Σ) ≤ 5. If true, the theorem
follows because we obtain from Theorem 5.2 that Σ is either a great sphere
or a Clifford torus. Only the latter case can happen because the genus of Σ
is positive and so Σ is the Clifford torus up to isometries of S3.

Assume index (Σ) ≥ 6. The idea is to slightly perturb the 5-dimensional
canonical family associated with Σ defined in Section 4.2 in order to produce
a map Φ′ : I5 → Z2(S3) in [Φ] so that

L([Φ]) ≤ sup
x∈I5

M(Φ′(x)) < M(Σ) = L([Φ]).

This is a contradiction.
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We now give some details of the construction. In what follows Nv is the
unit normal vector to Fv(Σ) with the same direction as DFv(N). Choose
δ > 0 small such that the map

P : B4
δ (0)× (−δ, δ)× Σ → S3, P(v,t)(x) = (cos t)Fv(x) + (sin t)Nv(x)

has Σ(v,t) = P(v,t)(Σ) and P(v,t) is an embedding of Σ into S3.

5.6. Lemma. The function f : B4×[−π, π] → [0,∞], f(v, t) =M(Σv,t)
has a unique global non-degenerate maximum at the origin.

Proof. From Lemma 4.4 we have that f(v, t) ≤ W(Σ) = f(0, 0) for all
(v, t) in B4 × [−π, π]. Suppose equality holds for some (v, t).

Because Σ is not a round sphere we obtain from Lemma 4.4 that Σv is
a minimal surface with the same area as Σ. Thus, identity (17) implies that
h(x) = 〈N(x), v〉 vanishes on Σ and we already saw that implies Σ to be a
round sphere (see proof of Theorem 5.2). This is a contradiction and so

f(v, t) < f(0, 0) fort all (v, t) ∈ B4 × [−π, π] \ {(0, 0)}.

It remains to see that f has a non-degenerate maximum at the origin.
Let {e1, e2, e3, e4} be the standard orthonormal basis of R4. For x ∈ Σ,

define ψi(x) = 〈N(x), ei〉 for each 1 ≤ i ≤ 4, and ψ5(x) = 1. Denote by
E the subspace of C∞(Σ) spanned by {ψi}1≤i≤5. Notice that Lψi = 2ψi

for 1 ≤ i ≤ 4 (see [44]), a fact which was already observed in the proof of
Theorem 5.2.

If 1 ≤ i ≤ 4, x ∈ Σ, we have〈
d

ds |s=0
P(sei,0)(x), N(x)

〉
= −2〈ei, N(x)〉 = −2ψi(x)

and so, from the second variation formula, we have

d2

(ds)2 |s=0
f(sei, 0) = −4

∫
Σ

ψiLψi dμ,

d2

(ds)2 |s=0
f(0, s) = −

∫
Σ

ψ5Lψ5 dμ.

The fact that f has a non-degenerate maximum at the origin follows at
once from the following claim.

Claim: −
∫
Σ ψLψ dμ < 0 for every ψ ∈ E \ {0}.

Because f has a global maximum at the origin we have D2f(0, 0) ≤ 0 and
this means that

−
∫
Σ

ψLψ dμ ≤ 0 for every ψ ∈ E.

Suppose the claim is not true. We can find φ ∈ E \ {0} such that

−
∫
Σ

φLψ dμ = −
∫
Σ

ψLφ dμ = 0 for every ψ ∈ E.
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Hence

(19)
∫
Σ

φ ψi dμ = 0 for every 1 ≤ i ≤ 4, and
∫
Σ

Lφ dμ = 0.

This implies, since ψ5 = 1 ∈ E, the existence of c0, . . . , c4 ∈ R such that

1 = c0φ+ ψ, where ψ =
4∑

i=1

ciψi.

Thus, because Lψ = 2ψ, we have∫
Σ
(|A|2 + 2) dμ =

∫
Σ

L(1) dμ =
∫
Σ
(c0Lφ+ Lψ) dμ = 2

∫
Σ

ψ dμ.

On the other hand, we also have 1 = c20φ
2 + 2c0φψ+ ψ2. If we integrate

over Σ, we obtain from (19)

area(Σ) =
∫
Σ
(c20φ

2 + 2c0φψ + ψ2) dμ ≥
∫
Σ

ψ2 dμ =
∫
Σ

ψ(1− c0φ) dμ

=
∫
Σ

ψ dμ.

Hence

2 area(Σ) ≤
∫
Σ
(|A|2 + 2) dμ = 2

∫
Σ

ψ dμ ≤ 2 area(Σ).

This implies A = 0 and so Σ is a great sphere. This is a contradiction and
so the claim holds. �

Because we are assuming index(Σ) ≥ 6, there exists ϕ ∈ C∞(Σ) such
that

• −
∫

ϕLϕdμ < 0,
• −

∫
ϕLψidμ = 0 for 1 ≤ i ≤ 5.

Let X be any vector field such that X = ϕN along Σ, and let {Γs}s≥0
be the one parameter group of diffeomorphisms generated by X. We abuse
notation and define f : B4

δ (0)× (−δ, δ)× (−δ, δ) → R by

f(v, t, s) =M(Γs ◦ P(v,t)(Σ)).

We have f(0, 0, 0) = M(Σ), and Df(0, 0, 0) = 0 since Σ is minimal. It
follows from the choice of ϕ, the second variation formula, and Lemma 5.6
that D2f(0, 0, 0) < 0. This means that there exists 0 < δ1 ≤ δ such that

(20) area(Γs ◦ P(v,t)(Σ)) < f(0, 0, 0) = area(Σ)

for every (v, t, s) ∈ (B4
δ1
(0)× (−δ1, δ1)× (−δ1, δ1)) \ {(0, 0, 0)}.

Let β : R5 → R be a smooth function such that 0 ≤ β(y) ≤ δ1/2 for
y ∈ R5, β(y) = 0 if |y| ≥ δ1/2 and β(y) = δ1/2 if |y| ≤ δ1/4. We then define

C ′(v, t) = Γβ(v,t) ◦ P(v,t)(Σ) ∈ Z2(S3) for |(v, t)| < δ1.
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We have that C ′(v, t) = C(v, t) if δ1/2 < |(v, t)| < δ1, where C is the map
given by Theorem 4.9, and this means we can extend C ′ to a continuous
map in the flat topology

C ′ : B4 × [−π, π] → Z2(S3)

by defining C ′(v, t) = C(v, t) if |(v, t)| ≥ δ1. Moreover, the map C ′ is homo-
topic with C in the flat topology relative to the boundary of B

4 × [−π, π]
and, from (20),

sup{M(C ′(v, t)) : |(v, t)| < δ1} < M(Σ) = L([Φ]).

The procedure described in Section 4.12 gives us Φ′ : I5 → Z2(S3) that
coincides with Φ outside a neighborhood of the center of I5, belongs to [Φ]
and, from Lemma 5.6 and the inequality above, that

M(Φ′(x)) < M(Σ) = L([Φ]) for all x ∈ I5.

This completes the proof of Theorem 5.3 modulo the following technical
comment.

5.7. Technical remark: Due to the fact that the mass is not contin-
uous with respect to the flat topology, the inequality above does not imply
that

sup
x∈I5

M(Φ′(x)) < M(Σ),

which is needed to get a contradiction and conclude the proof of Theorem
5.3. In principle it could happen that for some xi tending ∂I5 we have Φ′(xi)
tending to a sphere in the flat topology butM(Φ′(xi)) tends to M(Σ). The
fact that this does not occur is proven in Section 10 of [31] and the reader
can see there the details.

5.8. 2π2-Theorem. Let Φ0 : ∂I5 → Z2(S3;F) be a continuous map in
the F-topology such that:

(1) Φ0(x, 0) = Φ0(x, 1) = 0 for any x ∈ I4;
(2) there is a map Q : ∂I4 → S3 so that

Φ0(x, t) = ∂Btπ(Q(x)) for all (x, t) ∈ ∂I4 × I;

(3) the map Q : ∂I4 → S3 has deg(Q) �= 0.
Every Φ ∈ E(Φ0) has

sup{M(Φ(x)) : x ∈ I5} ≥ 2π2.

Proof. Given Φ ∈ E(Φ0) we use Theorem 2.13 to obtain ΠM a (I5,M)-
homotopy class of mappings into (Z2(S3;M),Φ0) such that

L([Φ]) ≤ L(ΠM) ≤ sup{M(Φ(x)) : x ∈ I5}.
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From Theorem 3.1 we know that L(ΠM) ≥ L([Φ]) > 4π and so we can
use Theorem 2.12 to conclude the existence of a minimal surface S (with
possible multiplicities) so that

4π < M(S) = L(ΠM) ≤ sup{M(Φ(x)) : x ∈ I5}.

Without loss of generality we can assume that 4π < M(S) < 8π and so S is
a minimal surface of positive genus. Theorem 5.3 implies that area(S) ≥ 2π2

and this completes the proof. �

6. Application: The Willmore Conjecture

We use the 2π2-Theorem to show

6.1. Theorem. Let Σ ⊂ S3 be a closed embedded surface of genus g ≥
1.

Then

W(Σ) ≥ 2π2,

and the equality holds if and only if Σ is the Clifford torus up to conformal
transformations of S3.

As we explained in Section 1, this implies the Willmore Conjecture.

Sketch of proof. Consider the family Φ : I5 → Z2(S3) associated to
Σ that is given by Theorem 4.1 and set Φ0 = Φ|∂I5 . Because the genus of Σ is
positive, we obtain from Theorem 4.1 that all conditions of the 2π2-Theorem
are satisfied and hence

2π2 ≤ sup{M(Φ(x)) : x ∈ I5} ≤ W(Σ),

where the last inequality follows from Theorem 4.1 (3).
We leave the details of the rigidity statement for the reader to check in

[31, Section 11] but the idea is the following. If Σ has W(Σ) = 2π2, then
the map Φ has

2π2 ≤ L([Φ]) ≤ W(Σ) = 2π2

and so equalities must hold. Hence map Φ is optimal and we use this to
show that Σ is conformal to a minimal surface of area 2π2, which we know
it has to be the Clifford torus. �

7. Canonical family of links

The material in this section and the next one corresponds to the joint
work between the authors and Ian Agol [1].

Let γi : S1 → R4, i = 1, 2, be a 2-component link, i.e., a pair of rectifiable
curves with γ1(S1)∩γ2(S1) = ∅. After a reparametrization, we can assume γ1
and γ2 are Lipschitz and parametrized proportionally to arc length. The aim
of this section is to construct a 5-parameter family Φ to which we can apply
the 2π2-Theorem. More precisely, we want to prove the following theorem,
which was first shown in [1]:
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7.1. Theorem. Let (γ1, γ2) be a 2-component link in S3 with |lk(γ1, γ2)| =
1.

There is a continuous map in the flat topology Φ : I5 → Z2(S3) with no
concentration of mass and satisfying the properties:

(1) Φ(x, 0) = Φ(x, 1) = 0 for any x ∈ I4;
(2) there is a map Q : ∂I4 → S3 so that

Φ(x, t) = ∂Btπ(Q(x)) for all (x, t) ∈ ∂I4 × I;

(3) sup{M(Φ(x)) : x ∈ I5} ≤ E(γ1, γ2);
(4) the center map Q : ∂I4 → S3 satisfies deg(Q) = 1.

7.2. Gauss map. There is an interesting connection between links
(γ1, γ2) in R4 and surfaces in S3 that we now explain.

The Gauss map of (γ1, γ2) in R4, denoted by g = G(γ1, γ2), is the Lips-
chitz map

g : S1 × S1 → S3, g(s, t) =
γ1(s)− γ2(t)
|γ1(s)− γ2(t)|

.

One can then consider the current g#(S1 × S1) ∈ Z2(S3) defined by

g#(S1 × S1)(φ) =
∫

S1×S1
G(γ1, γ2)∗φ, φ ∈ D2(R4),

where, recall, D2(R4) denotes the space of smooth 2-forms in R4 with com-
pact support.

The next lemma shows that the mass of g#(S1×S1) is controlled by the
Möbius energy of (γ1, γ2).

7.3. Lemma. For almost every (s, t) ∈ S1 × S1,

|Jac g|(s, t) ≤ |γ′
1(s)||γ′

2(t)|
|γ1(s)− γ2(t)|2

and

M(g#(S1 × S1)) ≤
∫

S1×S1
|Jac g| ds dt ≤ E(γ1, γ2).

Proof. We have
∂g

∂s
=

1
|γ1 − γ2|

(γ′
1 − 〈g, γ′

1〉g) and
∂g

∂t
= − 1

|γ1 − γ2|
(γ′

2 − 〈g, γ′
2〉g).

Thus∣∣∣∣∂g

∂s

∣∣∣∣2 ∣∣∣∣∂g

∂t

∣∣∣∣2 −
〈

∂g

∂s
,
∂g

∂t

〉2

≤
∣∣∣∣∂g

∂s

∣∣∣∣2 ∣∣∣∣∂g

∂t

∣∣∣∣2
=

|γ′
1|2 − 〈g, γ′

1〉2
|γ1 − γ2|2

|γ′
2|2 − 〈g, γ′

2〉2
|γ1 − γ2|2

≤ |γ′
1|2|γ′

2|2
|γ1 − γ2|4
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and this proves the first inequality in the lemma. The second inequality
follows because

M(g#(S1 ×S1)) ≤
∫

S1×S1
|Jac g| ds dt ≤

∫
S1×S1

|γ′
1|2|γ′

2|2
|γ1 − γ2|4

ds dt = E(γ1, γ2).

�

7.4. Canonical family. Given v ∈ R4, we define the conformal map

Fv : R4 \ {v} → R4, Fv(x) =
x − v

|x − v|2 .

For every r > 0 and x ∈ R4 we denote S3
r (x) = ∂B4

r (x). If v ∈ B4 we have
that

Fv(S3
1(0)) = S3

1
1−|v|2

(c(v)) where c(v) =
v

1− |v|2 .

Given w ∈ R4 and λ ∈ R, we set Dw,λ(x) = λ(x−w)+w, where x ∈ R4.
Finally, given v ∈ B

4 and z ∈ (0, 1), we also define

a(v, z) = 1 +
(1− |v|2)(2z − 1)
(1− |v|2 + z)(1− z)

.

For each v ∈ B4 fixed, z → a(v, z) is a nondecreasing parametrization of
(0,+∞) where a(v, 1/2) = 1.

Suppose now that γ1(S1)∪ γ2(S1) ⊂ S3. The canonical five-dimensional
family of surfaces associated to (γ1, γ2) is given by

C : B4 × (0, 1) → Z2(S3), C(v, z) = g(v,z)#(S
1 × S1) ∈ Z2(S3),

where g(v,z) : S1 × S1 → S3 is defined by

g(v,z)(s, t) =
(Fv ◦ γ1)(s)− (Dc(v),a(v,z) ◦ Fv ◦ γ2)(t)
|(Fv ◦ γ1)(s)− (Dc(v),a(v,z) ◦ Fv ◦ γ2)(t)|

.

Note that g(v,z) = G(Fv ◦ γ1, Dc(v),a(v,z) ◦ Fv ◦ γ2). Furtermore, g(v,1/2) =
G(Fv ◦ γ1, Fv ◦ γ2), since a(v, 1/2) = 1.

The following proposition is the analogue of Theorem 4.4.

7.5. Proposition. For every (v, z) ∈ B4 × (0, 1),

M(C(v, z)) ≤ E(γ1, γ2).

Proof. An explicit computation [1, Lemma 2.4] shows

|Fv ◦ γ1 − Dc(v),a(v,z) ◦ Fv ◦ γ2|2 = a(v, z)|Fv ◦ γ1 − Fv ◦ γ2|2 + b(v, z)2.

Moreover

|(Dc(v),a(v,z) ◦ Fv ◦ γ2)′(t)| = a(v, z)|(Fv ◦ γ2)′(t)|.
Thus, combining with Lemma 7.3, we obtain for almost all (s, t) ∈ S1 × S1



APPLICATIONS OF ALMGREN-PITTS MIN-MAX THEORY 43

|Jac g(v,z)|(s, t) ≤
|(Fv ◦ γ1)′(s)||(Dc(v),a(v,z) ◦ Fv ◦ γ2)′(t)|
|Fv ◦ γ1(s)− Dc(v),a(v,z) ◦ Fv ◦ γ2(t)|2

≤ a(v, z)|(Fv ◦ γ1)′(s)||(Fv ◦ γ2)′(t)|
a(v, z)|Fv ◦ γ1(s)− Fv ◦ γ2(t)|2 + b(v, z)2

≤ |(Fv ◦ γ1)′(s)||(Fv ◦ γ2)′(t)|
|Fv ◦ γ1(s)− Fv ◦ γ2(t)|2

.

Hence, using the conformal invariance of the Möbius energy,

M(C(v, z)) ≤
∫

S1×S1

|(Fv ◦ γ1)′(s)||(Fv ◦ γ2)′(t)|
|Fv ◦ γ1(s)− Fv ◦ γ2(t)|2

dsdt

= E(Fv ◦ γ1, Fv ◦ γ2) = E(γ1, γ2).

�

7.6. Continuity of the family. We analyze the continuity of C de-
fined in the previous section. In order to do that, we first extend the defini-
tion of g(v,z) to hold for all (v, z) ∈ B

4 × [0, 1].
We start with the following remark. Choose {vi}i∈N a sequence in B4

tending to v ∈ S3. Then for every x ∈ S3 \ {v} and 0 < z < 1 we have

lim
i→∞

Dc(vi),a(vi,z) ◦ Fvi(x) = lim
i→∞

a(vi, z)Fvi(x)− vi
a(vi, z)− 1
1− |vi|2

= Fv(x)− 2z − 1
z(1− z)

v.

In light of this we define, for every 0 < z < 1, the hyperplane

P(v,z) = {x ∈ R4 : 〈x, v〉 = −1/2− b(z)}, where b(z) =
2z − 1

z(1− z)

and the smooth map

L(v,z) : S
3 \ {v} → P(v,z), L(v,z)(x) = Fv(x)− b(z)v.

Note that indeed

〈L(v,z)(x), v〉 =
〈

x − v

|x − v|2 , v

〉
− b(z) =

〈x, v〉 − 1
2− 2〈x, v〉 − b(z) = −1/2− b(z).

Thus, with

Sv = (γ−1
1 (v)× S1) ∪ (S1 × γ−1

2 (v))

(which is empty if v /∈ γ1 ∪ γ2) we set for v ∈ S3 and 0 < z < 1

(21) g(v,z) : (S
1 × S1) \ Sv → S3, g(v,z) = G(Fv ◦ γ1, L(v,z) ◦ γ2).
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7.7. Proposition. The canonical family can be extended to a continu-
ous map in the flat metric

C : B4 × [0, 1] → Z2(S3)

with the following properties:

(i) C(v, 0) = C(v, 1) = 0 for all v ∈ B
4
.

(ii) If v ∈ S3 \ (γ1(S1) ∪ γ2(S1)) and 0 < z < 1 then

C(v, z) = g(v,z)#(S
1 × S1).

Sketch of proof. This result was proven in [1, Proposition 3.1] and
so we just present the main ideas.

First we showed that the set Sv ⊂ S1 × S1 has measure zero for all
v ∈ S3.

Moreover, if (vi, zi) ∈ B4 × (0, 1) tends to (v, z) ∈ B
4 × (0, 1), it was

also shown that g(vi,zi) and Dg(vi,zi) converges pointwise, respectively, to the
Lipschitz map g(v,z) and Dg(v,z) almost everywhere. Furthermore, in Lemma
2.6 of [1] it was shown the existence of a constant C > 0 such that for all
(v, z) ∈ B4 × (0, 1) we have |Jac g(v,z)|(s, t) ≤ C almost everywhere.

Hence, from the Lebesgue’s Dominated Convergence Theorem, we have
that for all φ ∈ D2(R4)

lim
i→∞

C(vi, zi)(φ) = lim
i→∞

∫
S1×S1

g∗
(vi,zi)(φ) =

∫
(S1×S1)\Sv

g∗
(v,z)(φ).

In Proposition 3.1 of [1] we used this identity to show that the map C can
be continuously extended to B

4 × (0, 1).
Proposition 7.7 (i) follows from the fact that, with v ∈ B4 fixed and z

tending to 0 or 1, g(v,z) tends, respectively, to the map

(s, t) 	→ Fv ◦ γ1(s)− c(v)
|Fv ◦ γ1(s)− c(v)| or (s, t) 	→ − Fv ◦ γ2(t)− c(v)

|Fv ◦ γ2(t)− c(v)| ,

which has vanishing Jacobian. �
7.8. Boundary behavior. Like in Section 4.5 when one was study-

ing the canonical family of surfaces, it is important that the map C when
restricted to ∂

(
B4 × (0, 1)

)
detects topological information.

7.9. Proposition. There exists a constant c > 0 such that for every
p ∈ S3 we have

(i) C(p, 1/2) = −lk(γ1, γ2) · ∂Bπ/2(p),
(ii) supp(C(p, z)) ⊂ Bπ/2(p) \ Br(z)(p) if z ∈ [1/2, 1],
(iii) supp(C(p, z)) ⊂ Bπ/2(−p) \ Bπ−r(z)(−p) if z ∈ [0, 1/2],

where

r(z) = cos−1

(
b(z)√

|b(z)|2 + c2

)
∈ [0, π] and b(z) =

2z − 1
z(1− z)

.
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Notice that r(0) = π, r(1/2) = π/2, and r(1) = 0.

Proof. Given p ∈ S3 \ (γ1(S1) ∪ γ2(S1)), (Fp ◦ γ1, Fp ◦ γ2) is a link in
the affine hyperplane

P(p,1/2) = {x ∈ R4 : 〈x, p〉 = −1/2},

where Fp sends the exterior unit normal of S3 into p. This implies that

suppC(p, 1/2) ⊂ G(Fp ◦ γ1, Fp ◦ γ2)(S1 × S1) ⊂ ∂Bπ/2(−p),

and so by the Constancy Theorem [41, Theorem 26.27] we have that

C(p, 1/2) = k · ∂Bπ/2(−p)

for some integer k.
Let P be the oriented hyperplane with normal vector p ∈ S3 and let ωP

be its volume form. Let ω, ωS3 , ωR4 denote, respectively, the volume form of
∂Bπ/2(−p) ⊂ S3 (the exterior unit normal is p), S3, and R4. We also have

∂Bπ/2(−p) = {x ∈ R4 : 〈x, p〉 = 0} ∩ S3 ⊂ P.

With g = G(γ̃1, γ̃2) and γ̃i = Fp ◦ γi, i = 1, 2, we have

g∗ω

(
∂

∂s
,

∂

∂t

)
= ω

(
∂g

∂s
,
∂g

∂t

)
= ωS3

(
∂g

∂s
,
∂g

∂t
, p

)
= ωR4

(
∂g

∂s
,
∂g

∂t
, p, g

)
= −ωR4

(
∂g

∂s
,
∂g

∂t
, g, p

)
= −ωP

(
∂g

∂s
,
∂g

∂t
, g

)
= −det

(
∂g

∂s
,
∂g

∂t
, g

)
=
det(γ̃′

1, γ̃
′
2, γ̃1 − γ̃2)

|γ̃1 − γ̃2|3
,

and so, using Gauss formula (3) to compute linking numbers, we have

k =
1
4π

C(p, 1/2)(ω) =
1
4π

∫
S1×S1

g∗ω

=
1
4π

∫
S1×S1

det(γ̃′
1, γ̃

′
2, γ̃1 − γ̃2)

|γ̃1 − γ̃2|3
dsdt = lk(γ̃1, γ̃2) = lk(γ1, γ2).

By continuity of C, we also have C(p, 1/2) = −lk(γ1, γ2) · ∂Bπ/2(p) for
p ∈ γ1(S1) ∪ γ2(S1). This proves item (i).

We now prove Proposition 7.9 (ii) and (iii). If z = 0 or z = 1, we
have C(p, z) = 0 and so (ii) and (iii) hold. Suppose z ∈ (0, 1) and p ∈
S3 \ (γ1(S1) ∪ γ2(S1)). Then from Proposition 7.7 we have

supp(C(p, z)) ⊂ g(p,z)(S
1 × S1).

We first argue that C(p, z) lies inBπ/2(p) for z ∈ [1/2, 1] and inBπ/2(−p)
for z ∈ [0, 1/2]. From (21) and the fact that (Fp ◦ γ1, Fp ◦ γ2) lies in P(p,1/2)
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we have

〈g(p,z), p〉 =
〈

Fp ◦ γ1 − L(p,z) ◦ γ2

|Fp ◦ γ1 − L(p,z) ◦ γ2|
, p

〉
=

〈
Fp ◦ γ1 + 1

2p − (L(p,z) ◦ γ2 + 1
2p)

|Fp ◦ γ1 − L(p,z) ◦ γ2|
, p

〉

=
b(z)

|Fp ◦ γ1 − L(p,z) ◦ γ2|
.

Hence 〈g(p,z), p〉 ≥ 0 if z ∈ [1/2, 1], and 〈g(p,z), p〉 ≤ 0 if z ∈ [0, 1/2].
Using the fact that for some constant c > 0 we have (see [1, Proposition

4.1])
|Fp ◦ γ1(s)− Fp ◦ γ2(t)|2 ≥ c2

for all p ∈ S3 and (s, t) ∈ S1 × S1, it follows that

|〈g(p,z)(s, t), p〉| ≤ |b(z)|√
c2 + b(z)2

.

This proves items (ii) and (iii) of the proposition for z ∈ [0, 1] and p ∈
S3 \ (γ1(S1) ∪ γ2(S1)).

Since S3 \ (γ1(S1) ∪ γ2(S1)) is everywhere dense in S3, and C : S3 ×
[0, 1] → Z2(S3) is continuous in the flat topology, the proposition also holds
for p ∈ γ1(S1) ∪ γ2(S1). �

7.10. Sketch of proof of Theorem 7.1. Without loss of generality
we assume that lk(γ1, γ2) = −1.

The map C does not have the property that C(v, z) is a round sphere
when (v, z) ∈ S3 × [0, 1]. Nonetheless, the information given by the previous
proposition is enough to find an extension of C having that property and
this is what we explain now.

Let p ∈ S3, λ ∈ [0, π/2]. For t ∈ [0, 1], we define a retraction map

R(p,λ,t) : Bπ/2(p) \ Bλ(p) → Bπ/2(p) \ Bλ(p)

by

R(p,λ,t)(x) = expp

((
(1− t) + t

λ

d(p, x)

)
exp−1

p (x)
)

,

where the geometric quantities are computed with respect to the canonical
metric on S3. Notice that R(p,π/2,t) : ∂Bπ/2(p) → ∂Bπ/2(p) is the identity
map for every p ∈ S3 and t ∈ [0, 1]. In Proposition 4.2 of [1] we show that
R(p,λ,t) are length-decreasing maps that satisfy

• R(p,λ,0)(x) = x for all x ∈ Bπ/2(p) \ Bλ(p),
• R(p,λ,1)

(
Bπ/2(p) \ Bλ(p)

)
⊂ ∂Bλ(p).
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We now define C̃ : B4
2(0)× [0, 1] → Z2(S3) by

C̃(v, z) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

C(v, z) if v ∈ B
4
1(0)

and t ∈ [0, 1],
R(− v

|v| , π − r(z), |v| − 1)#C
(

v
|v| , z

)
if v ∈ B

4
2(0) \ B

4
1(0)

and z ∈ [0, 1/2),
R( v

|v| , r(z), |v| − 1)#C
(

v
|v| , z

)
if v ∈ B

4
2(0) \ B

4
1(0)

and z ∈ [1/2, 1],

where the function r is the one given in Proposition 7.9.
Choose an orientation-preserving homeomorphism f : I4 → B

4
2(0) and

set
Φ : I5 → Z2(S3), Φ(x, t) = C̃(f(x), r−1(tπ)).

One can check that C̃ is continuous (see [1, Proposition 4.3] for details)
and so Φ is continuous as well. Theorem 7.1 (1) follows from Proposition 7.7
(i).

If v ∈ ∂B
4
2(0), then supp(C̃(v, z)) ⊂ ∂Br(z)

(
v
|v|

)
. By the Constancy

Theorem there exists k(v, z) ∈ Z such that

C̃(v, z) = k(v, z) · ∂Br(z)

(
v

|v|

)
.

Because of the continuity of C̃ in the flat topology, there must exist k ∈ Z
such that k(v, z) = k for every v ∈ ∂B4

2(0) and z ∈ [0, 1].
Next, we argue that k = −lk(γ1, γ2) = 1 and this suffices to show Theo-

rem 7.1 (2). Indeed, given p ∈ S3 we have C(p, 1/2) = −lk(γ1, γ2)·∂Bπ/2( v
|v|)

by Proposition 7.9 (i) and so

C̃(2p, 1/2) = R(p,r(1/2),1)#(C(p, 1/2))

= R(p,π/2,1)#(∂Bπ/2(p))

= id#(∂Bπ/2(p)) = ∂Bπ/2(p).

Theorem 7.1 (3) follows from Proposition 7.5 and the fact that, because
R(p,λ,t) are length-decreasing, then

M(C̃(v, z)) ≤ M

(
C̃

(
v

|v| , z
))

for all v ∈ B
4
2(0) \ B

4
1(0), 0 ≤ z ≤ 1.

Finally, Theorem 7.1 (4) follows because Q(x) = f(x) when x ∈ ∂I4 and
f|∂I4 is a homemorphism into S3.

8. Application: Freedman–He–Wang Conjecture

We have now all the available tools to prove the following result that, as
it was explained in Section 1.7, confirms a conjecture of Freedman, He, and
Wang.
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8.1. Theorem. Assume (γ1, γ2) ⊂ S3 is a 2-component link with |lk(γ1, γ2)| =
1. Then E(γ1, γ2) ≥ 2π2.

Moreover, if E(γ1, γ2) = 2π2 then (γ1, γ2) is conformal to the standard
Hopf link up to orientation and reparameterization.

Sketch of proof. We prove only the inequality. The rigidity state-
ment is proven in [1].

Consider the family Φ : I5 → Z2(S3) associated to (γ1, γ2) that is given
by Theorem 7.1 and set Φ0 = Φ|∂I5 . We obtain from Theorem 7.1 that all
conditions of the 2π2-Theorem are satisfied and hence

2π2 ≤ sup{M(Φ(x)) : x ∈ I5} ≤ E(γ1, γ2).

where the last inequality follows from Theorem 7.1 (3). �

9. Gromov–Guth families

In what follows (M, g) is a compact Riemannian (n + 1)-manifold and
X denotes a cubical subcomplex of Im = [0, 1]m, for some m.

Almgren [2] showed that Zn(M ;Z2) has all homotopy groups vanishing
except the first one, which is Z2, and so it is weakly homotopic to RP∞.
Thus its cohomology ring has a single generator λ̄ ∈ H1(Zn(M ;Z2), Z2).

Denoting by λ̄p the cup product of λ̄ with itself p-times, Guth [20] and
Gromov [17, 18, 19] studied continuous maps Φ from a cellular complex
X into Zn(M ;Z2) that detect λ̄p i.e., Φ∗(λ̄p) �= 0. We now describe some of
their results.

Recall the definition of sweepout in Section 2.18.

9.1. p-sweepout. A continuous map in the flat topology Φ : X →
Zn(M ;Z2) is a p-sweepout if

Φ∗(λ̄p) �= 0 ∈ Hp(X;Z2).

This is equivalent to say that there exists λ ∈ H1(X;Z2) such that:
(i) for any curve γ : S1 → X, we have λ(γ) �= 0 if and only if Φ ◦ γ :

S1 → Zn(M ;Z2) is a sweepout;
(ii) the cup product λp = λ � . . . � λ is nonzero in Hp(X;Z2).

9.2. Remark:

(1) A continuous map in the flat topology homotopic to a p-sweepout
is also a p-sweepout.

(2) If γ, γ′ are homotopic to each other in X, then Φ ◦ γ is a sweepout
if and only if Φ ◦ γ′ is a sweepout. This will be useful to check
condition (i) above on specific examples.

Informally, one can think of a p-sweepout as a map Φ with the fol-
lowing property: For every set {x1, . . . , xp} ⊂ M , there is θ ∈ X so that
{x1, . . . , xp} ⊂ Φ(θ).

We say X is p-admissible if there is a p-sweepout Φ : X → Zn(M ;Z2)
that has no concentration of mass. The set of all p-sweepouts Φ that have
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no concentration of mass is denoted by Pp. Note that two maps in Pp can
have different domains.

Similarly to Guth [20, Appendix 3], we define the p-width of M as

ωp(M) = inf
Φ∈Pp

sup{M(Φ(x)) : x ∈ dmn(Φ)},

where dmn(Φ) is the domain of Φ.

Notice that if a map Φ : X → Zn(M ;Z2) is a p-sweepout, then it is also
a q-sweepout for every q ≤ p. Hence ωp(M) ≤ ωp+1(M) for every p ∈ N.

The next result was proven by Gromov (see [17, Section 4.2.B] or [18,
Section 8]) and later Guth [20] used a bend–and–cancel argument to give a
somewhat different proof.

9.3. Theorem. For each p ∈ N, the set Pp is non-empty.
Moreover, there exists a constant C = C(M, g) > 0 so that, for every

p ∈ N,

C−1p
1

n+1 ≤ ωp(M) ≤ Cp
1

n+1 .

9.4. Remark: We only present the proof of the upper bound estimate
because that suffices for the application discussed in the next section. The
reader can find the proof for the lower bound estimate in [17, Section 4.2.B],
[20, Section 3], or [30, Section 8]

Proof of upper bound estimate. We follow Guth’s presentation [20].
First we show that Pp �= ∅. Let f ∈ C∞(M) be a Morse function. We

then define a function

Ψ̂p : {a ∈ Rp+1 : |a| = 1} → Zn(M ;Z2)

by

Ψ̂p(a0, . . . , ap) = ∂ {x ∈ M : a0 + a1f(x) + . . .+ apf
p(x) < 0} .

The set {x ∈ M : a0 + a1f(x) + . . .+ apf
p(x) < 0} has finite perimeter and

so Ψ̂p(a0, . . . , ap) is well defined. The fact that we are using Z2 coefficients
implies that Ψ̂p(a) = Ψ̂p(−a), and therefore Ψ̂p induces a map

Ψp : RPp → Zn(M ;Z2).

This map is continuous in the flat topology and has no concentration of
mass (see [30, Section 5] for details). The curve

γ : S1 → RPp, eiθ 	→ [(cos(θ/2), sin(θ/2), 0, . . . , 0)],

is a generator of π1(RPp). Then

Ψp ◦ γ : S1 → Zn(M ;Z2), eiθ 	→ ∂{x ∈ M : f(x) < − cot(θ/2)},

is a sweepout of M . The generator λ ∈ H1(RPp;Z2) satisfies λ(γ) = 1,
λp �= 0, and so Ψp is a p-sweepout. In particular, Pp �= ∅.
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We now present the bend–and–cancel argument. Choose a “cubication”of
M , i.e., a (n+1)-dimensional cubical subcomplex K of Im for some m, and
a Lipschitz homeomorphism G : K → M such that G−1 : M → K is also
Lipschitz. For each k ∈ N, K(k) denotes the cubical complex one gets by
subdividing each cube in K into smaller cubes of side length 3−k. The set
of all q-cells of K(k) is denoted by K(k)q and we denote by c(k) ⊂ M
the image under G of the set consisting of the centers of the (n + 1)-cubes
σ ∈ K(k)n+1.

Using a retraction from In+1 minus a neighborhood of its center into
∂In+1, one can find a retraction from M minus a neighborhood of c(k) onto
the n-skeleton G(K(k)n).

9.5. Proposition. There exist positive constants C1 and ε0, depending
only on (M, g), so that for all k ∈ N and 0 < ε ≤ ε0 we can find a Lipschitz
map F : M → M such that

• F is homotopic to the identity;
• F (M \ Bε3−k(c(k))) ⊂ G(K(k)n);
• |DF | ≤ C1ε

−1.

The proof can be found in [20, Section 5] or [30, Section 5].
In Lemma 5.3 of [30] we show that the Morse function f can be chosen

so that, for every k ∈ N, each level set f−1(t) intersects c(k) in at most
one point and no critical point of f belongs to c(k). Thus, we can find ε
sufficiently small so that for all t ∈ R and k ∈ N

M
(
f−1(t)�Bε3−k(c(k))

)
≤ 2ωnεn3−nk,

where ωn is the volume of the unit n-ball.
Given p ∈ N choose a non-negative integer k so that 3k ≤ p

1
n+1 ≤ 3k+1.

For a choice of ε so that the inequality above holds, consider the map F
given by Proposition 9.5 and set

Φ : RPp → Zn(M ;Z2), Φ(θ) = F#(Ψp(θ)).

Since F is Lipschitz and homotopic to the identity we obtain that Φ ∈ Pp.
We now estimate M(Φ(θ)) for all θ ∈ RPp. We have

M
(
F#
(
f−1(t)�Bε3−k(c(k))

))
≤ (sup

M
|DF |)nM

(
f−1(t)�Bε3−k(c(k))

)
≤ 2(sup

M
|DF |)nωnεn3−nk ≤ 2Cn

1 ωn3−nk.

Because each Ψp(θ) consists of at most p level surfaces of f , we obtain

(22) M (F# (Ψp(θ)�Bε3−k(c(k)))) ≤ 2pCn
1 ωn3−nk

for all θ ∈ RPp.
Set B = M \ Bε3−k(c(k)). From the second property of Proposition 9.5

we have that the support of F#(Ψp(θ)�B) is contained in the n-skeleton
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G(K(k)n). Since we are using Z2 coefficients the multiplicity is at most one.
Hence

M
(
F#(Ψp(θ)�B)

)
≤ M(G(K(k)n))

≤ 2(n+ 1)C2(sup
K

|DG|)n3k(n+1)3−kn = C33k,

where C2 is the number of (n + 1)-cells in the cell complex K and C3 =
2(n+ 1)C2(supK |DG|)n depends only on M .

Combining this inequality with (22) and since 3k ≤ p
1

n+1 ≤ 3k+1 we
have, for some constant C = C(M, g),

M(Φ(θ)) ≤ 2pCn
1 ωn3−nk + C33k ≤ Cp

1
n+1 for all θ ∈ RPp.

Therefore ωp(M) ≤ Cp
1

n+1 . �

10. Application: Existence of infinitely many minimal
hypersurfaces

We apply Almgren-Pitts Min-max Theory to the families discussed in
the previous section and prove

10.1. Theorem. Let (M, g) be a compact Riemannian manifold of di-
mension (n+ 1), with 2 ≤ n ≤ 6, and positive Ricci curvature.

Then M contains an infinite number of distinct smooth, closed, embed-
ded, minimal hypersurfaces.

Before we prove this theorem we need to establish some preliminary
results.

Denote by Pp,M the subset of Pp made by those maps which are contin-
uous in the mass topology. It follows at once from Theorem 2.9 that

ωp(M) = inf
Φ∈Pp,M

sup{M(Φ(x)) : x ∈ dmn(Φ)}.

A priori, it is not clear whether ωp(M) equals L([Φ]M) for some Φ ∈
Pp,M. The next proposition characterizes the case where that never occurs.

10.2. Proposition. Assume 2 ≤ n ≤ 6. If there is p ∈ N such that

ωp(M) < L([Φ]M) for every Φ ∈ Pp,M,

then there are infinitely many distinct minimal embedded hypersurfaces with
area uniformly bounded.

Proof. If Φ ∈ Pp,M we have that every element Ψ ∈ [Φ]M also belongs
to Pp,M and so ωp(M) ≤ L([Φ]M). Hence, under the assumptions of the
proposition, we can find a sequence of p-admissible cubical subcomplexes
Xk and a sequence of p-sweepouts Φk ∈ Pp,M with domain Xk such that

L([Φ1]M) > · · · > L([Φk]M) > L([Φk+1]M) > . . .
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and
lim

k→∞
L([Φk]M) = ωp(M).

Theorem 2.12 implies L([Φk]M) = ||Vk||(M) for some smooth closed em-
bedded minimal hypersurface Vk, possibly disconnected and with integer
multiplicities, and thus the proposition follows. �

10.3. Lusternik-Schnirelmann theory. We apply Lusternik-Schnirelmann
theory to prove:

10.4. Theorem. Assume that 2 ≤ n ≤ 6 . If ωp(M) = ωp+1(M) for
some p ∈ N, then there exist infinitely many distinct smooth, closed, embed-
ded minimal hypersurfaces in M .

Sketch of proof. We explain the main ideas and refer the reader to
[30, Section 6] for details.

By Proposition 10.2, we can assume that there exist a (p+1)-admissible
cubical subcomplex X and a (p+1)-sweepout Φ ∈ Pp,M so that ωp+1(M) =
L([Φ]M). Thus, by Theorem 2.5, we can choose a sequence Φi ∈ [Φ]M so that
supx∈X M(Φi(x)) tends to ωp+1(M) and every element in C({Φi}i∈N) is a
stationary varifold.

Suppose, by contradiction, that there are only finitely many smooth,
closed, embedded minimal hypersurfaces in M . Let T be the set of all
T ∈ Zn(M ;Z2) with M(T ) ≤ wp+1(M) and such that either T = 0 or
the support of T is a smooth closed embedded minimal hypersurface. By
the contradiction hypothesis, T is a finite set.

Claim: There is ε > 0 so that every continuous map in the flat topology
Ψ : S1 → Zn(M ;Z2) with

Ψ(S1) ⊂ BF
ε (T ) = {T ∈ Zn(M ;Z2) : F(T, T ) < ε}

is homotopically trivial.

If ε is chosen small enough (depending on T ), then there must exist S ∈ T
so that

Ψ(S1) ⊂ BF
ε (S).

In this case, Ψ is homotopic to a constant map by Proposition 12.2 and so
Ψ cannot be a sweepout.

With this choice of ε, set

Yi = {x ∈ X : F(Φi(x), T ) ≥ ε}.

10.5. Lemma. For all i sufficiently large we have (Φi)|Yi
∈ Pp,M.

Proof. The map (Φi)|Yi
is continuous in the mass topology and thus

we only need to check that it is a p-sweepout.
Let λ = Φ∗

i (λ) ∈ H1(X;Z2). Then, since Φi is a (p + 1)-sweepout, we
have

• for every curve γ : S1 → X, λ(γ) �= 0 if and only if Φi ◦ γ is a
sweepout;
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• λp+1 �= 0 in Hp+1(X;Z2).
Let Zi = X \ Yi. If we show that λp �= 0 in Hp(Yi;Z2), it follows at once

that (Φi)|Yi
is a p-sweepout.

For any closed curve γ : S1 → Zi, we have that

Φi ◦ γ(S1) ⊂ BF
ε (T ),

and so Φi ◦ γ : S1 → Zn(M ;Z2) is not a sweepout. Thus λ(γ) = 0 and this
means λ = 0 in H1(Zi;Z2) because H1(Zi;Z2) = Hom (H1(Zi);Z2), by the
Universal Coefficient Theorem.

From the natural exact sequence

H1(X, Zi;Z2)
j∗
→ H1(X;Z2)

i∗→H1(Zi;Z2)

we obtain that λ = j∗λ1 for some λ1 ∈ H1(X, Zi;Z2).
Suppose λp = 0 in Hp(Yi;Z2). Then the exact sequence

Hp(X, Yi;Z2)
j∗
→ Hp(X;Z2)

i∗→ Hp(Yi;Z2)

implies that j∗λ2 = λp for some λ2 ∈ Hp(X, Yi;Z2).
Thus

j∗λ1 � j∗λ2 = λp+1 �= 0 in Hp+1(X;Z2).

On the other hand, from the relative cup product (see [21], p 209):

H1(X, Zi;Z2) � Hp(X, Yi;Z2) → Hp+1(X, Yi ∪ Zi;Z2).

But Yi ∪ Zi = X, hence Hp+1(X, Yi ∪ Zi;Z2) = Hp+1(X, X;Z2) = 0. In
particular, λ1 � λ2 = 0. This is a contradiction because

j∗(λ1 � λ2) = j∗λ1 � j∗λ2 = λp+1 �= 0.

Hence λp �= 0 in Hp(Yi;Z2) and the proof is finished.
�

Set
L = lim sup

i→∞
max{M(Φi(y)) : y ∈ Yi}.

Naturally, L ≤ ωp+1(M) and the previous lemma implies L ≥ ωp(M) =
ωp+1(M), which means that equality holds.

We now describe the idea to exclude the case L = ωp(M) and obtain
a contradiction. The argument in [30, Section 6] requires the use of the
discrete theory of Almgren–Pitts and the reader can see there the details.

Consider the set

C = {V : ||V ||(M) = L, V = lim
j→∞

|Φij (yj)| as varifolds,

for some increasing sequence {ij}j∈N and yj ∈ Yij}.

Every element in C is a stationary varifold because C ⊂ C({Φi}i∈N).
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10.6. Lemma. No V ∈ C has smooth, closed, embedded support.

Proof. Suppose the claim is false for some V ∈ C. This implies that
spt||V || is a smooth, closed, embedded minimal hypersurface which belongs
to T because M(V ) ≤ ωp+1(M).

From the definition of the set Yi we see that we can find a sequence
{Tk} ⊂ Zn(M ;Z2) with F(|Tk|, V ) < 1/k and F(Tk, T ) ≥ ε for every k.
By compactness, there exists a subsequence {Tl} ⊂ {Tk} that converges in
the flat topology to some T ∈ Zn(M ;Z2) and whose associated sequence of
varifolds {|Tl|} converges in varifold topology to V . In particular, F(T, T ) ≥
ε andM(T ) ≤ ωp+1(M). We also have, by lower semicontinuity of mass, that

M (T�(M \ spt||V ||)) = 0.

This implies that the support of T is contained in spt||V || and so, by the
Constancy Theorem ([41]), T ∈ T . This contradicts F(T, T ) ≥ ε.

�

The above lemma implies that no element in C is Z2 almost minimizing
in annuli (see Definition 2.10 of [30]) and so the combinatorial Theorem of
Pitts [37, Theorem 4.10] produces Ψ∗

i ∈ [(Φi)|Yi
]M with

sup
y∈Yi

M(Ψ∗
i (y)) < L = ωp+1(M) = ωp(M)

for all large i. This is a contradiction because, by Lemma 10.5, Ψ∗
i ∈ Pp,M

and so ωp(M) ≤ supy∈Yi
M(Ψ∗

i (y)).
Therefore there must be infinitely many distinct smooth, closed, embed-

ded minimal hypersurfaces in M . �

10.7. Proof of Theorem 10.1. The proof is by contradiction. Sup-
pose that the set L of all smooth, closed, embedded minimal hypersurfaces
of M is finite.

It follows from Proposition 10.2 that for every p ≥ 1 we can find p-
admissible Xp and Φp ∈ Pp,M with domain Xp so that

ωp(M) = L([Φp]M).

By Theorem 2.12 we have

ωp(M) = ||Vp||(M)

for some Vp ∈ IVn(M), where Vp is the varifold of a smooth, closed, embed-
ded minimal hypersurface, with possible multiplicities.

Since the support of Vp is embedded and the ambient manifold has pos-
itive Ricci curvature, Frankel’s Theorem [13] implies that the support of Vp

is connected. Hence Vp = npΣp for some Σp ∈ L and np ∈ N, for all p ∈ N.
And since we are assuming that L is finite, we must have by Theorem 10.4
that

||Vp||(M) < ||Vp+1||(M) for all p ∈ N.
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Combining this with the fact that

np|Σp| = ||Vp||(M) = ωp(M) ≤ Cp
1

n+1 for all p ∈ N,

by Theorem 9.3, we have

#{a = k|Σ| : k ∈ N, Σ ∈ L, k|Σ| ≤ Cp
1

n+1 }
≥ #{ωk(M) : k = 1, . . . , p} = p.

But if N denotes the number of elements of L, and δ > 0 is such that
|Σ| ≥ δ for every Σ ∈ L, then we also have

#{a = k|Σ| : k ∈ N,Σ ∈ L, k|Σ| ≤ Cp
1

n+1 } ≤ 1
δ
CNp

1
n+1 .

We get a contradiction for sufficiently large p. Hence L is infinite.

11. Almgren–Pitts Min-max theory II

We set up the Almgren–Pitts Min-max theory following closely [37].
Let X be a cubical subcomplex of the m-dimensional cube Im = [0, 1]m.

Each k-cell of Im is of the form α1⊗· · ·⊗αm, where αi ∈ {0, 1, [0, 1]} for every
i and

∑m
i=1 dim(αi) = k. Notice that every polyhedron is homeomorphic to

the support of some cubical subcomplex of this type [9, Chapter 4].
The group G is either Z or Z2. When the group is omitted from the

notation it means G = Z.
Finally, Φ0 : ∂Im → Zn(M ;F) is a continuous map in the F-metric.

11.1. Discrete setting. For each j ∈ N, I(1, j) denotes the cube com-
plex on I1 whose 1-cells and 0-cells (those are sometimes called vertices) are,
respectively,

[0, 3−j ], [3−j , 2 · 3−j ], . . . , [1− 3−j , 1] and [0], [3−j ], . . . , [1− 3−j ], [1].

We denote by I(m, j) the cell complex on Im:

I(m, j) = I(1, j)⊗ . . . ⊗ I(1, j) (m times).

Then α = α1⊗· · ·⊗αm is a q-cell of I(m, j) if and only if αi is a cell of I(1, j)
for each i, and

∑m
i=1 dim(αi) = q. We often abuse notation by identifying a

q-cell α with its support: α1 × · · · × αm ⊂ Im.
The cube complex X(j) is the union of all cells of I(m, j) whose support

is contained in some cell of X. We use the notation X(j)q to denote the set
of all q-cells in X(j). Two vertices x, y ∈ X(j)0 are adjacent if they belong
to a common cell in X(j)1.

For the relative version, we also need to consider I0(n, j) the subcom-
plex of I(n, j) generated by all cells whose support is contained in ∂In and
I0(n, j)p denotes the set of all p-cells of I(n, j) whose support is contained
in ∂In;

Given i, j ∈ N we define n(i, j) : X(i)0 → X(j)0 so that n(i, j)(x) is the
element in X(j)0 that is closest to x (see [37, page 141] or [31, Section 7.1]
for a precise definition).
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Given a map φ : X(j)0 → Zn(M ;G), we define the fineness of φ to be

f(φ) = sup {M(φ(x)− φ(y)) : x, y adjacent vertices in X(j)0} .

The reader should think of the notion of fineness as being a discrete measure
of continuity with respect to the mass norm.

11.2. Homotopy notions. Let φi : X(ki)0 → Zn(M ;G), i = 1, 2. We
say that φ1 is X-homotopic to φ2 in Zn(M ;M;G) with fineness δ if we can
find k ∈ N and a map

ψ : I(1, k)0 × X(k)0 → Zn(M ;G)

such that
(i) f(ψ) < δ;
(ii) if i = 1, 2 and x ∈ X(k)0, then

ψ([i − 1], x) = φi(n(k, ki)(x)).

Instead of considering continuous maps from X into Zn(M ;M;G), the
Almgren-Pitts theory deals with sequences of discrete maps into Zn(M ;G)
with finenesses tending to zero.

11.3. Definition. A

(X,M)-homotopy sequence of mappings into Zn(M ;M;G)

is a sequence of mappings S = {φi}i∈N,

φi : X(ki)0 → Zn(M ;G),

such that φi is X-homotopic to φi+1 in Zn(M ;M;G) with fineness δi and
(i) limi→∞ δi = 0;
(ii) sup{M(φi(x)) : x ∈ X(ki)0, i ∈ N} < +∞.

The next definition explains what it means for two distinct homotopy
sequences of mappings into Zn(M ;M;G) to be homotopic.

11.4. Definition. Let S1 = {φ1
i }i∈N and S2 = {φ2

i }i∈N be (X,M)-
homotopy sequences of mappings into Zn(M ;M;G). We say that S1 is ho-
motopic with S2 if there exists a sequence {δi}i∈N such that

• φ1
i is X-homotopic to φ2

i in Zn(M ;M;G) with fineness δi;
• limi→∞ δi = 0.

The relation “is homotopic with” is an equivalence relation on the set of
all (X,M)-homotopy sequences of mappings into Zn(M ;M;G). We call the
equivalence class of any such sequence a (X,M)-homotopy class of sequence
of mappings into Zn(M ;M;G). We denote by [X, Zn(M ;M;G)]# the set of
all equivalence classes.

11.5. Homotopy notions - Relative version. Recall that Φ0 : ∂Im →
Zn(M ;F) is a continuous function in the F-metric.



APPLICATIONS OF ALMGREN-PITTS MIN-MAX THEORY 57

11.6. Definition. Let φi : I(m, ki)0 → Zn(M), i = 1, 2. We say that
φ1 is m-homotopic to φ2 in (Zn(M ;M),Φ0) with fineness δ if we can find
k ∈ N and a map

ψ : I(1, k)0 × I(m, k)0 → Zn(M)

such that
(i) f(ψ) < δ;
(ii) if i = 1, 2 and x ∈ I(m, k)0, then

ψ([i − 1], x) = φi(n(k, ki)(x));

(iii)

sup {F(ψ(t, x)− Φ0(x)) : (t, x) ∈ I(1, k)0 × I0(m, k)0} ≤ δ,

M(ψ(t, x)) ≤ M(Φ0(x)) + δ for any (t, x) ∈ I(1, k)0 × I0(m, k)0.

In particular we must have

sup{F(φi(x)− Φ0(x)) : x ∈ I0(m+ 1, ki)0} ≤ δ,

and
sup{M(φi(x))−M(Φ0(x)) : x ∈ I0(m+ 1, ki)0} ≤ δ,

for each i = 1, 2.

11.7. Definition. A

(Im,M)-homotopy sequence of mappings into (Zn(M ;M),Φ0)

is a sequence of mappings {φi}i∈N,

φi : I(m, ki)0 → Zn(M),

such that φi is m-homotopic to φi+1 in (Zn(M ;M),Φ0) with fineness δi and
(i) limi→∞ δi = 0;
(ii) sup{M(φi(x)) : x ∈ I(m, ki)0, i ∈ N} < +∞.

The next lemma says that φi restricted to the boundary of its domain
tends to Φ0 in the F-metric.

11.8. Lemma. Let S = {φi}i∈N be a (Im,M)-homotopy sequence of
mappings into (Zn(M ;M),Φ0). If I(m, ki)0 denotes the domain of φi, then

lim
i→∞

sup{F(φi(x),Φ0(x)) : x ∈ I0(m, ki)0} = 0.

Proof. Since Φ0 is continuous in the F-metric, Φ0(∂Im) is a compact
subset of Zn(M ;F). The lemma follows from condition (iii) in Definition
11.6 and Lemma 2.2. �

The notion of S1 and S2 two distinct (Im,M)-homotopy sequences of
mappings into (Zn(M ;M),Φ0) to be homotopic is given below
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11.9. Definition. Let S1 = {φ1
i }i∈N and S2 = {φ2

i }i∈N be (Im,M)-
homotopy sequences of mappings into (Zn(M ;M),Φ0). We say that S1 is
homotopic with S2 if there exists a sequence {δi}i∈N such that

• φ1
i is m-homotopic to φ2

i in Zn(M ;M) with fineness δi;
• limi→∞ δi = 0.

The relation “is homotopic with” is an equivalence relation on the set of
all (m,M)-homotopy sequences of mappings into (Zn(M ;M),Φ0). We call
the equivalence class of any such sequence a (Im,M)-homotopy class of se-

quence of mappings into (Zn(M ;M),Φ0). We denote by π#
m(Zn(M ;M),Φ0)

the set of all equivalence classes.

11.10. Min-max definitions. Given Π in either

[X, Zn(M ;M;G)]# or π#
m(Zn(M ;M),Φ0),

let L : Π → [0,+∞] be defined by

L(S) = lim sup
i→∞

max{M(φi(x)) : x ∈ dmn(φi)}, where S = {φi}i∈N.

Note that L(S) is the discrete replacement for the maximum area of a con-
tinuous map into Zn(M ;M;G).

Given S = {φi}i∈N ∈ Π, we also consider the compact subset K(S) of
Vn(M) given by

K(S) = {V : V = lim
j→∞

|φij (xj)| as varifolds, for some increasing

sequence {ij}j∈N and xj ∈ dmn(φij )}.

This is the discrete replacement for the image of a continuous map into
Zn(M ;M;G).

11.11. Definition. The width of Π is defined by

L(Π) = inf{L(S) : S ∈ Π}.

We say S ∈ Π is a critical sequence for Π if

L(S) = L(Π).

The critical set C(S) of a critical sequence S ∈ Π is given by

C(S) = K(S) ∩ {V : ||V ||(M) = L(S)}.

11.12. Proposition. There exists a critical sequence S∗ ∈ Π. For each
critical sequence S∗, there exists a critical sequence S ∈ Π such that

• C(S) ⊂ C(S∗);
• every Σ ∈ C(S) is either a stationary varifold or, if we are in the

relative case, every Σ ∈ C(S) is either a stationary varifold or
belongs to |Φ0|(∂Im).

The proof consists of a pull-tight argument and can be seen in Theorem
4.3 of [37] (see also Section 15 of [31]).
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11.13. Min-max Theorem. We now adapt the celebrated Pitts Min-
Max Theorem to our setting.

11.14. Theorem. Assume 2 ≤ n ≤ 6. Consider Π in either

[X, Zn(M ;M;G)]# or π#
m(Zn(M ;M),Φ0)

and assume, respectively, that

L(Π) > 0 or L(Π) > sup{M(Φ0(x)) : x ∈ ∂Im}.

Then there exists a stationary integral rectifiable varifold Σ such that

(1) ||Σ||(M) = L(Π);
(2) the support of Σ is a smooth compact embedded minimal hypersur-

face.

Moreover,

• if S∗ is a critical sequence for Π then Σ can be chosen so that
Σ ∈ C(S∗);

• we can choose a critical sequence S so that every element in C(S)
is a stationary varifold.

Proof. We consider first the case where Π ∈ [X, Zn(M ;M;G)]#.
In Theorem 4.10, Pitts showed that given a critical sequence S∗ ∈ Π

there exists a stationary varifold Σ satisfying (1) which is G almost min-
imizing in annuli (see [37, Section 3.1] for the definition). He showed this
when X = Im but the argument extends immediately when X is a cubical
subcomplex.

When G = Z, Schoen and Simon showed that the support of Σ is a
compact embedded minimal hypersurface, which is smooth outside a set
of Hausdorff codimension 7. Hence, when 2 ≤ n ≤ 6, the support of Σ is
smooth. This regularity result was also shown by Pitts [37] for 2 ≤ n ≤ 5.

When G = Z2, Schoen and Simon arguments also give that the support
of Σ is a smooth compact embedded minimal hypersurface when 2 ≤ n ≤ 6
and this is explained in Theorem 2.11 of [32].

We consider now the case where Π ∈ π#
m(Zn(M ;M),Φ0).

Choose a critical sequence S∗, consider S = {ϕi}i∈N ∈ Π given by Propo-
sition 11.12, and let

0 < ε = L(S)−max{M(Φ0(x)) : x ∈ ∂Im}.

Because every Σ ∈ C(S) satisfies

||Σ||(M) = L(Π) > max{M(Φ0(x)) : x ∈ ∂Im},

we obtain that every Σ in C(S) must be stationary. Since the construction
of [37, Theorem 4.10] can be made to not affect those ϕi(x) with

M(ϕi(x)) ≤ L(S)− ε/2,

and since
M(ϕi(x)) ≤ max{M(Φ(x)) : x ∈ ∂Im}+ ε/2
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for every x ∈ dmn(ϕi) ∩ ∂Im and sufficiently large i, we obtain that the
competitor {ϕ∗

i }i∈N constructed by Pitts belongs to Π. Therefore, as in [37],
we can find an almost-minimizing (in annular regions) Σ ∈ C(S). The regu-
larity theory we mentioned in the previous case implies that Σ is an integral
varifold whose support is a smooth embedded minimal surface. �

11.15. Interpolation from discrete to continuous. In order to de-
duce Theorem 2.5 and Theorem 2.12 from Theorem 11.14 we need to to be
able to construct a continuous map in the mass topology out of a discrete
map with small fineness.

The next theorem follows from Theorem 14.1 in [31].

11.16. Theorem. There exist positive constants C0 = C0(M, m) and
δ0 = δ0(M, m) so that if Y is a cubical subcomplex of I(m, k) and

φ : Y0 → Zn(M ;G)

has f(φ) < δ0, then there exists a map

Φ : Y → Zn(M ;M;G)

continuous in the mass norm and satisfying

(i) Φ(x) = φ(x) for all x ∈ Y0;
(ii) if α is some j-cell in Yj, then Φ restricted to α depends only on the

values of φ assumed on the vertices of α;
(iii)

sup{M(Φ(x)− Φ(y)) : x, y lie in a common cell of Y } ≤ C0f(φ).

We call Φ given by Theorem 11.16 the Almgren extension of φ.

11.17. Interpolation from continuous to discrete. Recall the def-
inition of E(Φ0) in Section 2.4.

The next theorem follows from Theorem 13.1 in [31]. There we used
X = Im and G = Z but the proof adapts with no modifications. This result
is essential to prove Theorem 2.9 and Theorem 2.13.

11.18. Theorem. Let Φ : X → Zn(M ;G) be a continuous map in the
flat topology with no concentration of mass. There exist a sequence of maps

φi : X(ki)0 → Zn(M),

with ki < ki+1, and a sequence of positive numbers {δi}i∈N tending to zero
such that

(i) S = {φi} is a (X,M)-homotopy sequence of mappings into Zn(M ;M;G)
with f(ψi) < δi.

(ii)

max{M(φi(x)) : x ∈ X(ki)0} ≤ sup{M(Φ(x)) : x ∈ X}+ δi;

(iii)
sup{F(φi(x)− Φ(x)) : x ∈ X(ki)0} ≤ δi;
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If X = Im and Φ ∈ E(Φ0), then S is a (Im,M)-homotopy sequence of
mappings into (Zn(M ;M),Φ0) with f(ψi) < δi.

12. Proof of Min-Max Theorems of Section 2

We now prove Theorem 2.5, Theorem 2.9, Theorem 2.12, and Theorem
2.13.

In order to do this, we need to show that continuous maps in the mass
or flat topology which are close to each other are homotopic in the mass or
flat topology, respectively.

12.1. Proposition. Fix m ∈ N and let ν denote either the mass or flat
metric.

There are positive real numbers γm and μm, depending only on M and
m, with the following property:

For every continuous map in the ν topology Φ : Ik → Zn(M ; ν;G) with

Φ(Ik) ⊂ Bν
γm
(0) and Φ(x) = 0 for all x ∈ ∂Ik, k ≤ m,

there exists a homotopy H : Ik+1 → Zn(M ; ν;G) with the following proper-
ties:

• H is continuous in the ν topology;
• H(0, x) = 0 and H(1, x) = Φ(x) for every x ∈ Ik;
• H(t, x) = 0 for every x ∈ ∂Ik and t ∈ [0, 1];
• sup{ν(H(w)) : w ∈ Ik+1} ≤ μm sup{ν(Φ(x)) : x ∈ Ik}.

Proof. The result follows, as we shall see, from [2, Theorem 6.6] when
ν is the flat metric and from Theorem 11.16 when ν = M. The arguments
are identical and so we prove only the latter case.

Set γm = δ0/(2(C0+1)) and μm = (1+2C0)2, where δ0 and C0 are given
by Theorem 11.16.

Define ai : I(1, i)0 × I(k, i)0 → Zn(M ;G) as

a1([0], x) = 0, ai([0], x) = Φ(n(i, i − 1)(x)) if i > 1,

and
ai(t, x) = Φ(x) if t �= [0].

We have f(ai) < 2γm < δ0 for all i ≥ 1 and so we can apply Theorem 11.16
to obtain an Almgren extension Ai of ai. We have Ai(I × ∂Ik) = {0} for all
i ≥ 1 and A1({0} × Ik) = {0}.

Consider bi : I(1, i+ 1)0 × I(k, i+ 1)0 → Zn(M ;G) given by

bi([0], x) = Ai(1, x) and bi(t, x) = Φ(n(i+ i, i)(x)) if t �= [0].

We have f(bi) ≤ C0f(ai) + f(ai+1) < δ0 and so we can apply Theorem
11.16 to obtain an Almgren extension Bi of bi. From Theorem 11.16 (ii)
we obtain that Bi(I × ∂Ik) = {0} for all i ≥ 1, Bi(0, x) = Ai(1, x) and
Bi(1, x) = Ai+1(0, x) for all x ∈ Ik.
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For each i ∈ N set ti = 1 − 1/(2i − 1), qi = 1 − 1/(2i) and define
H : [0, 1]× Ik → Zn(M ;G) as

H(t, x) =

⎧⎪⎨⎪⎩
Ai((qi − ti)−1(t − ti), x) if ti ≤ t < qi,

Bi((ti+1 − qi)−1(t − qi), x) if qi ≤ t < ti+1,

Φ(x) if t = 1.

We leave to the reader to check that H has all the required properties.
�

The previous proposition has the following consequence:

12.2. Proposition. Let Y be a cubical subcomplex of some I(m, l) and
let ν denote either the mass or flat metric.

If Φ1,Φ2 : Y → Zn(M ; ν;G) are continuous maps in the mass ν with

δ := sup{ν(Φ1(y)− Φ2(y)) : y ∈ Y } < γmμ−m
m ,

there exists a homotopy H : [0, 1] × Y → Zn(M ; ν;G) in the ν topology
between Φ1 and Φ2 such that

sup{ν(H(y, t)− Φ1(y)) : (w, t) ∈ [0, 1]× Y } ≤ μm+1
m δ.

Proof. Let Ψ = Φ2 −Φ1 and denote by Y (j) the union of all cells of Y
with dimension at most j, respectively, for every j = 0, . . . , m.

12.3. Claim. For each j = 0, . . . , m, there exists a map H : I ×Y (j) →
Zn(M ; ν;G) that satisfies:

• H is continuous in the ν topology;
• H(0, y) = 0 and H(1, y) = Ψ(y) for every y ∈ Y (j);

• sup{ν(H(w)) : w ∈ [0, 1]× Y (j)} ≤ μj+1
m δ.

We will construct the homotopy by an inductive process. Proposition
12.1 gives us the existence of H : I × Y (0) → Zn(M ; ν;G) that satisfies

• H is continuous in the ν topology;
• H(0, y) = 0 and H(1, y) = Ψ(y) for every y ∈ Y (0);
• sup{ν(H(w)) : w ∈ [0, 1]× Y (0)} ≤ μmδ.

Let us suppose now that we have constructed a map H : I × Y (j−1) →
Zn(M ; ν;G) that satisfies

• H is continuous in the ν topology;
• H(0, y) = 0 and H(1, y) = Ψ(y) for every y ∈ Y (j−1);
• sup{ν(H(w)) : w ∈ [0, 1]× Y (j−1)} ≤ μj

mδ.

We can extend H continuously to {1} × Y (j) by putting H(1, y) = Ψ(y) for
each y ∈ Y (j), and we still have

sup{ν(H(w)) : w ∈ (I × Y (j−1)) ∪ ({1} × Y (j))} ≤ μj
mδ.
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Let σ ∈ Y
(j)
j be a j-dimensional cell of Y and choose a homeomorphism

fσ : Ij+1 → I × σ such that fσ({1} × Ij) = ({1} × σ) ∪ (I × ∂σ). Then
H ◦ fσ is well-defined on {1} × Ij . Since fσ(∂({1} × Ij)) ⊂ {0} × ∂σ, then
(H ◦ fσ)(x) = 0 for all x ∈ ∂({1} × Ij). Proposition 12.1 gives again a map
Hσ : I × Ij → Zn(M ; ν;G) that satisfies:

• Hσ is continuous in the ν topology;
• Hσ(0, x) = 0 and Hσ(1, x) = (H ◦ fσ)(x) for every x ∈ Ij ;
• Hσ(t, x) = 0 for every x ∈ ∂Ij and t ∈ [0, 1];
• sup{ν(Hσ(w)) : w ∈ I × Ij} ≤ μj+1

m δ.

We can extend H to a map H : I × Y (j) → Zn(M ; ν;G) by setting
H = Hσ ◦ f−1

σ on each I × σ, σ ∈ Y
(j)
j . This proves the claim.

By applying the claim with j = m, we get a homotopy H relative to Z
between the zero map and Ψ = Φ2 − Φ1. Then H̃(z) = H(z) + Φ1(z) for
z ∈ Y × I is the desired homotopy.

�

12.4. Proof of Theorem 2.5. We need the following proposition.

12.5. Proposition. Given ΠM in [X, Zn(M ;M;G)] there is

Π ∈ [X, Zn(M ;M;G)]#

so that

(1) for all Ψ ∈ ΠM there is S = {ψi}i∈N ∈ Π so that

L(S) = sup{M(Ψ(x)) : x ∈ X}
and

lim sup
i→∞

max{M(Ψ(x)− ψi(x)) : x ∈ dmn(ψi)} = 0;

(2) for all S′ ∈ Π there is a sequence {Ψj}j∈N in ΠM so that

L(S′) = L({Ψj}j∈N) and C(S′) = C({Ψj}j∈N).

In particular, L(Π) = L(ΠM).

Proof. Choose Φ ∈ ΠM. For each i ∈ N pick ki ∈ N so that

x, x′ ∈ X and |x − x′| < 3−ki =⇒ M(Φ(x)− Φ(x′)) < 1/i

and set φi : X(ki)0 → Zn(M ;G) to be φi(x) = Φ(x). Then {φi}i∈N is a
(X,M)-homotopy sequences of mappings into Zn(M ;M;G) and we denote
its homotopy class by Π.

We now prove (1). For any Ψ ∈ ΠM there is a homotopy H between Φ
and Ψ. Thus, for each i ∈ N choose ji ∈ N so that

(s, x), (s′, x′) ∈ [0, 1]× X and |(s, x)− (s′, x′)| < 3−ji

=⇒ M(H(s, x)− H(s′, x′)) < 1/i.
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Set
ψi : X(ji)0 → Zn(M), ψi(x) = H(1, x).

Like before, we have that S = {ψi}i∈N is a (X,M)-homotopy sequences of
mappings into Zn(M ;M;G) that belongs to Π. Moreover, from the con-
struction of S follows at once that

L(S) = sup{M(Ψ(x)) : x ∈ X}
and

lim sup
i→∞

max{M(Ψ(x)− ψi(x)) : x ∈ dmn(ψi)} = 0.

We now prove (2). Given S′ = {ψi}i∈N ∈ Π, let σi : I(1, li)0×X(m, li)0 →
Zn(M ;G) be the X-homotopy between ψi and φi with fineness smaller than
δi, where δi tends to zero.

Let Hi be the Almgren extension given by Theorem 11.16 of σi (which
is defined for all i ≥ i1 for some i1 ∈ N) and set

Ψi : X → Zn(M ;M;G) x 	→ Hi(0, x)

Φ̂i : X → Zn(M ;M;G) x 	→ Hi(1, x).
Theorem 11.16 implies as well that

L(S′) = L({Ψi}i∈N,i≥i1) and C(S′) = C({Ψi}i∈N,i≥i1).

We need to show that Ψi ∈ ΠM for all i large. Indeed, from Theorem
11.16 and the way φi was constructed, we also have that for all i ≥ i1

sup{M(Φ̂i(x)− Φ(x)) : x ∈ X} ≤ (C0 + 1)δi + 1/i.

Thus Proposition 12.2 implies that, for all i sufficiently large, there is a
homotopy in the mass topology between Φ̂i and Φ. But Ψi is homotopic in
the mass topology to Φi and so Ψi ∈ ΠM for all i large.

�
We now prove Theorem 2.5. Given ΠM in [X, Zn(M ;M;G)] consider

the discrete homotopy class Π given by Proposition 12.5. We have L(Π) =
L(ΠM) > 0 and thus we can apply Theorem 11.14. Hence there is a smooth
minimal hypersurface Σ (with multiplicities) so that L(ΠM) = ||Σ||(M).

If {Φi}i∈N is an optimal sequence, we want to show that Σ can be chosen
to belong to C({Φi}i∈N). Proposition 12.5 (1) gives us a sequence Si =
{φi

j}j∈N ∈ Π with
lim
i→∞

L(Si) = L(Π)

and
lim sup

j→∞
max{M(Φi(x)− φi

j(x)) : x ∈ dmn(φi
j)} = 0.

Pick an increasing sequence {ni}i∈N so that we have, for all j ≥ ni,

• max{M(φi
j(x)) : x ∈ dmn(φi

j)} ≤ L(Si) + 1/i;
• max{M(Φi(x)− φi

j(x)) : x ∈ dmn(φi
j)} ≤ 1/i;

• φi
j is X-homotopic with φi

j+1 with fineness 1/i;
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• and φk
j is X-homotopic with φk+1

j with fineness 1/i for any 1 ≤ k ≤
i.

Let φ∗
j be given by φ∗

j = φ1
j if j ≤ n2 − 1, and φ∗

j = φi
j if ni ≤ j ≤ ni+1 − 1.

Then S∗ = {φ∗
j} ∈ Π and L(S∗) = L(Π), which means S∗ is a critical

sequence. From Theorem 2.5 we know that Σ can be chosen so that Σ ∈
C(S∗) and, from the construction of S∗, we have C(S∗) ⊂ C({Φi}i∈N).

Finally, we want to find an optimal sequence {Ψi}i∈N so that every
element in C({Ψi}i∈N) is a stationary varifold. Theorem 2.5 gives a critical
sequence S so that every element in C(S) is a stationary varifold and thus
Proposition 12.5 (2) gives us the desired optimal sequence {Ψi}i∈N.

12.6. Proof of Theorem 2.9. Given Φ : X → Zn(M ;G) a con-
tinuous map in the flat topology with no concentration of mass, consider
S = {φi}i∈N the (X,M)-homotopy sequence of mappings into Zn(M ;M;G)
given by Theorem 11.18. Let σi : I(1, li)0 × X(m, li)0 → Zn(M ;G) be the
X-homotopy between φi and φi+1 with fineness smaller than δi, where δi is
a sequence tending to zero.

Let Hi be the Almgren extension given by Theorem 11.16 of σi (which
is defined for all i ≥ i1 for some i1 ∈ N) and set

Φi : X → Zn(M ;M;G) x 	→ Hi(0, x)

Φ̂i+1 : X → Zn(M ;M;G) x 	→ Hi(1, x).
Theorem 11.16 implies as well that

L({Φi}i∈N,i≥i1) = L(S) ≤ sup{M(Φ(x)) : x ∈ X}
and note that we also have

sup{M(Φ̂i+1(x)− Φi+i(x)) : x ∈ X} ≤ 2(C0 + 1)δi.

Thus Proposition 12.2 implies that, for all i sufficiently large, there is a
homotopy in the mass topology between Φ̂i+1 and Φi+1. But Φi is homotopic
in the mass topology to Φ̂i+1 and so all Φi belong to the same homotopy
class, that we denote by ΠM.

We now argue that ΠM ⊂ [Φ]. From Theorem 11.16 (i), (iii), and Theo-
rem 11.18 (iii) we have that

lim
i→∞

sup{F(Φi(x)− Φ(x)) : x ∈ X} = 0

and so Proposition 12.2 implies that for all i sufficiently large Φi ∈ [Φ],
which means that ΠM ⊂ [Φ]. This completes the proof.

12.7. Proof of Theorem 2.12. Let c0 be the center of the cube Im

and let Qt denote the cube with center c0 and side length t, 0 < t ≤ 1.
Consider also the homeomorphism

Rt : Qt → Im, Rt(x) =
1
t
(x − c0) + c0

and set ti = 1− (2i)−1, i ∈ N .
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12.8. Proposition. Given ΠM in πm(Zn(M ;M),Φ0) there is

Π ∈ π#
m(Zn(M ;M),Φ0)

so that

(1) for all Ψ ∈ ΠM there is S = {ψi}i∈N ∈ Π so that

L(S) = sup{M(Ψ(x)) : x ∈ Im}
and

lim sup
i→∞

max{M(Ψ ◦ R−1
ti
(x)− ψi(x)) : x ∈ dmn(ψi)} = 0;

(2) for all S′ ∈ Π there is a sequence {Ψj}j∈N in ΠM so that

L(S′) = L({Ψj}j∈N) and C(S′) = C({Ψj}j∈N).

In particular, L(Π) = L(ΠM).

Proof. Choose Φ ∈ ΠM. We have a continuous function in the F-metric

F : Im × (0, 1] → Zn(M ;F), F (x, t) = Φ ◦ R−1
t (x)

that is continuous in the mass topology when F is restricted to Im × (0, 1).
Thus, for each i ∈ N choose ki ∈ N so that for every

(x, t), (x′, t′) ∈ Im × [ti, ti+1] with |(x, t)− (x′, t′)| < 3−ki

we have that
M(F (x, t)− F (x′, t′)) < 1/i.

Set
φi : I(m, ki)0 → Zn(M), φi(x) = F (x, ti).

Note that, because F is continuous in the F-metric and F (x, 1) = Φ0(x) for
all x ∈ ∂Im, we have that for all δ > 0 there is 0 < t̄ < 1 so that

M(F (x, t)) ≤ M(Φ0(x)) + δ and F(F (x, t)− Φ0(x)) ≤ δ

for all (x, t) ∈ ∂Im × [t̄, 1].
As a result we obtain that {φi}i∈N is a (Im,M)-homotopy sequence of

mappings into (Zn(M ;M),Φ0) and we denote its homotopy class by Π.
We now prove (1). For any Ψ ∈ ΠM there is a homotopy H between

Φ−Ψ and zero in the mass topology relative to ∂Im. Consider the continuous
function in the F-metric

F1 : [0, 1]×Im×(0, 1] → Zn(M ;F), F1(s, x, t) = H(s, R−1
t (x))+Ψ◦R−1

t (x).

F1 is continuous in the mass topology when restricted to [0, 1]× Im × (0, 1).
Thus, for each i ∈ N choose ji ∈ N so that for every

(s, x, t), (s′, x′, t′) ∈ [0, 1]× Im × [ti, ti+1] with |(s, x, t)− (s′, x′, t′)| < 3−ji

we have that
M(F1(s, x, t)− F1(s′, x′, t′)) < 1/i.
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Set

ψi : I(m, ji)0 → Zn(M), ψi(x) = F1(1, x, ti) = Ψ ◦ R−1
ti
(x).

Like before, we have that S = {ψi}i∈N is a (Im,M)-homotopy sequences
of mappings into (Zn(M ;M),Φ0) that belongs to Π. Moreover, from the
construction of S follows at once that

L(S) = sup{M(Ψ(x)) : x ∈ Im}
and

lim sup
i→∞

max{M(Ψ ◦ R−1
ti
(x)− ψi(x)) : x ∈ dmn(ψi)} = 0.

We now prove (2). For each 0 < t′ < t ≤ 1 consider homeomorphisms
Rt′,t : Qt \ Qt′ → [0, 1]× ∂Im so that

Rt′,t(x) = (0, Rt′(x)) if x ∈ ∂Qt′

and
Rt′,t(x) = (1, Rt(x)) if x ∈ ∂Qt.

Given S′ = {ψi}i∈N ∈ Π, let σi : I(1, li)0 × I(m, li)0 → Zn(M) be the
m-homotopy between ψi and φi with fineness smaller than δi, where δi tends
to zero.

Let H1
i be the Almgren extension given by Theorem 11.16 of σi (which

is defined for all i ≥ i1 for some i1 ∈ N) and set

Ψ̂i : Im → Zn(M ;M) x 	→ H1
i (0, x)

Φ̂i : Im → Zn(M ;M) x 	→ H1
i (1, x).

From Definition 11.6 (iii) we have that for all i ≥ i1

sup{M(H1
i (s, x))−M(Φ0(x)) : (s, x) ∈ [0, 1]× ∂Im} ≤ (C0 + 1)δi,

sup{F(H1
i (s, x)− Φ0(x)) : (s, x) ∈ [0, 1]× ∂Im} ≤ (C0 + 1)δi.

In particular, the two inequalities above when combined with Lemma 2.2
imply that

(23) lim sup
i→∞

sup{F(H1
i (s, x),Φ0(x)) : (s, x) ∈ [0, 1]× ∂Im} = 0.

Theorem 11.16 implies as well that

(24) L(S′) = L({Ψ̂i}i∈N,i≥i1) and C(S′) = C({Ψ̂i}i∈N,i≥i1).

Set Φi = Φ◦R−1
ti
. From Theorem 11.16 and the way φi was constructed,

we have that for all i ≥ i1

sup{M(Φ̂i(x)− Φi(x)) : x ∈ Im} ≤ (C0 + 1)δi + 1/i.

The inequality above and Proposition 12.2 imply the existence of i2 ∈ N so
that for all i ≥ i2 we have a homotopy in the mass topologyH2

i : [0, 1]×Im →
Zn(M ;M) between Φ̂i and Φi. Moreover

(25) lim sup
i→∞

sup{F(H2
i (s, x),Φ0(x)) : (s, x) ∈ [0, 1]× ∂Im} = 0.
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Consider, for all i ≥ i2, the function Ψi : Im → Zn(M) given by

Ψi(x) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Ψ̂i

(
Rti/3(x)

)
if x ∈ Qti/3,

H1
i

(
Rti/3,2ti/3(x)

)
if x ∈ Q2ti/3 \ Qti/3,

H2
i

(
R2ti/3,ti(x)

)
if x ∈ Qti \ Q2ti/3,

Φ(x) if x ∈ Im \ Qti .

The function Φi is continuous in the F-topology and continuous in the mass
topology on Im \ ∂Im. Moreover, Ψi|Qti

is homotopic in the mass topology
to Φi ◦ Rti = Φ relative to ∂Qti . Thus Ψi − Φ is homotopic to zero in the
mass topology relative to ∂Im and so Ψi ∈ ΠM for all i ≥ i2.

From (23) and (25) we have

lim sup
i→∞

(
sup

x∈Im\Qti/3

inf{F(Ψi(x),Φ0(y)) : y ∈ ∂Im}

+ sup
y∈∂Im

inf{F(Ψi(x),Φ0(y)) : x ∈ Im \ Qti/3}
)
= 0

and hence, recalling (24) and Lemma 11.8, we obtain that

L({Ψi}i∈N,i≥i2) = L(S′) and C({Ψi}i∈N,i≥i1) = C(S′).

�
Theorem 2.12 follows by combining Theorem 11.14 with Proposition 12.8

in the same way that Theorem 2.5 followed by combining Theorem 11.14
with Proposition 12.5.

12.9. Proof of Theorem 2.13. Given Φ ∈ E(Φ0), consider S = {φi}i∈N

the (Im,M)-homotopy sequence of mappings into Zn(M ;M; Φ0) given by
Theorem 11.18.

We will use the following notation introduced in Proposition 12.8: Qt,
Rt, Rt′,t, and ti = 1− 1/2i.

Let σi : I(1, li)0 × I(m, li)0 → Zn(M) be the m-homotopy between φi

and φi+1 with fineness smaller than δi, where δi tends to zero.
Let H1

i be the Almgren extension given by Theorem 11.16 of σi (which
is defined for all i ≥ i1 for some i1 ∈ N) and set

Ψi : Im → Zn(M ;M) x 	→ H1
i (0, x)

Ψ̂i+1 : Im → Zn(M ;M) x 	→ H1
i (1, x).

Theorem 11.16 implies as well that

L({Ψi}i∈N,i≥i1) = L(S) ≤ sup{M(Φ(x)) : x ∈ Im},

and

sup{M(H1
i (s, x))−M(Φ0(x)) : (s, x) ∈ [0, 1]× ∂Im} ≤ (C0 + 1)δi,

sup{F(H1
i (s, x)− Φ0(x)) : (s, x) ∈ [0, 1]× ∂Im} ≤ (C0 + 1)δi.
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The two inequalities above when combined with Lemma 2.2 imply that

(26) lim sup
i→∞

sup{F(H1
i (s, x),Φ0(x)) : (s, x) ∈ [0, 1]× ∂Im} = 0.

Moreover from Theorem 11.16 (i), (iii), and Theorem 11.18 (iii) we have
that

(27) lim
i→∞

sup{F(Ψi(x)− Φ(x)) : x ∈ Im} = 0.

Finally, we note that

(28) sup{M(Ψ̂i+1(x)−Ψi+i(x)) : x ∈ X} ≤ 2(C0 + 1)δi

Proposition 12.2, (26), and (28) imply the existence of i2 ≥ i1 ∈ N so that
for all i ≥ i2 we have a homotopy in the mass topology H2

i : [0, 1] × Im →
Zn(M ;M) between Ψ̂i+1 and Ψi+1 such that

lim sup
i→∞

sup{F(H2
i (s, x),Φ0(x)) : (s, x) ∈ [0, 1]× ∂Im} = 0.

Thus, combining H1
i with H2

i , we obtain a homotopy between Ψi and Ψi+1
given by Hi : [0, 1]× Im → Zn(M ;M), where

(29) lim sup
i→∞

sup{F(Hi(s, x),Φ0(x)) : (s, x) ∈ [0, 1]× ∂Im} = 0.

Consider, for all i ≥ i2, the function Φi : Im → Zn(M) given by

Φi(x) =

⎧⎪⎪⎨⎪⎪⎩
Ψi ◦ Rti(x) if x ∈ Qti ,

Hj

(
Rtj+1,tj (x)

)
if x ∈ Qtj+1 \ Qtj and j ≥ i,

Φ0(x) if x ∈ ∂Im.

The function Φi is continuous in the mass topology on Im \ ∂Im and, due
to (29), is also continuous in the F-topology on Im. Thus Φi ∈ E(Φ0;M) for
all i ≥ i2. Note that (29) implies as well that

L({Φi}i∈N,i≥i2) = L({Ψi}i∈N,i≥i1) = L(S).

We remark that Φi = Φi+1 on Im\Qti+1 . Moreover, Φi|Qti+1
is homotopic

in the mass topology to Φi+1|Qti+1
relative to ∂Qti+1 . Thus Φi+1 − Φi is

homotopic to zero in the mass topology relative to ∂Im and so Φi belong all
to the same homotopy class ΠM.

To finish the proof we need to show that ΠM ⊂ [Φ]. Consider the auxil-
iary maps Ωi : Im → Zn(M) given by

Ωi(x) = Φ◦Rti(x) if x ∈ Qti and Ωi(x) = Φ̂0 ◦R1,ti(x) if x ∈ Im \Qti ,

where Φ̂0 : [0, 1]× ∂Im → Zn(M) is given by Φ̂0(t, x) = Φ0(x). The map Ωi

belongs to E(Φ0) and to [Φ]. From (27) we have

lim
i→∞

sup{F(Ψi ◦ Rti(x)− Φ ◦ Rti(x)) : x ∈ Qti} = 0
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and hence we obtain from (29) that

lim
i→∞

sup{F(Φi(x)− Ωi(x)) : x ∈ Im} = 0.

Thus we obtain from Proposition 12.1 that Φi − Ωi is homotopic to zero in
the flat topology relative to ∂Im for all i large, which means that Φi ∈ [Φ]
for all i ≥ i2.
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