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Series solution of a nonlocal dielectric test

model for a solute ball with point

charges in an ionic solvent

Hans W. Volkmer and Dexuan Xie†

This paper reports an analytical solution of a nonlocal dielectric
test model for a solute ball with multiple point charges in an ionic
solvent. The solution is derived in a single sum series of Legendre
polynomials and modified spherical Bessel functions so that it can
be calculated efficiently for a large set of charges or a large set
of mesh points. It also contains the series solution of a two-region
Kirkwood ball model as a special case. This series solution can be
valuable in the study of nonlocal dielectric continuum models and
in the validation tests on the numerical algorithms and software
packages for solving nonlocal Poisson-Boltzmann equation models.

1. Introduction

Modeling and calculation of electrostatics for an ionic solvated protein is one
fundamental task in biochemistry, biophysics, applied and computational
mathematics, and bioengineering due to their essential roles in the prediction
of biomolecular structures and properties. The Poisson-Boltzmann equation
(PBE) is one widely used dielectric continuum model to do so [4, 5, 19] due to
many PBE numerical algorithms developed by various advanced numerical
techniques such as finite difference [3, 6, 13, 18], finite element [1, 19], and
boundary element methods [10], along with its software packages [3, 14, 16,
25].

To reflect the polarization correlations of water molecules in the calcu-
lation of electrostatics, the nonlocal dielectric approach was proposed about
forty years ago [8, 9, 17] (see [2] for a good review). Remarkably, it has been
extended from a pure water solvent to an ionic solution in [22], and then led
to a nonlocal modified Poisson-Boltzmann equation (NMPBE) for a protein
in an ionic solvent in [20]. NMPBE is much more difficult to solve numerically

†Dexuan Xie is the corresponding author of this paper.
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than PBE because of its position-dependent dielectric permittivity function
over the whole space, which replaces PBE’s piecewise constant permittivity
function, and results in a derivative mixed convolution term. Even so, two
efficient numerical algorithms and software packages were developed, respec-
tively, in [20, 27], such that NMPBE becomes applicable in the calculation
of electrostatic solvation and binding free energies.

However, how to validate or compare numerical algorithms and software
packages for PBE and NMPBE remains an interesting research topic. In
the early time, the so called Born ball models were constructed by Pois-
son dielectric models using a solute ball with one central point charge, and
were used to validate and compare PBE’s numerical solvers. As their exten-
sions, we derived the exact solutions of three nonlocal Born ball test models
in [23]. Moreover, we recently constructed two nonlocal Poisson dielectric
test models using a solute ball containing multiple point charges, and then
obtained their exact solution as single sum infinite series in terms of Legen-
dre polynomials and modified spherical Bessel functions in [24]. These new
test models have played important roles not only in the study of nonlocal
dielectric models but also in the validation of NMPBE numerical solvers
[20, 21, 24, 27].

Following what we did in [24], in this paper, we first construct a new
nonlocal dielectric test model using a linear nonlocal PBE (LNPBE). Be-
cause of the new linear term caused by the ionic effects, new techniques are
required to search for the exact solution of the new test model. One of them
is reported in Lemma 1 to solve a system of coupled linear partial differen-
tial equations such that a solution of a fourth order differential equation is
split as a sum of two second order equation solutions. In this way, we can
express the exact solution in a series of Legendre polynomials and modified
spherical Bessel functions.

As a local dielectric test model, the three-region Kirkwood ball model
was proposed as early as 1930s, along with its exact solution in a double
sum series due to using associated Legendre polynomials [7, 11, 15]. Here, a
solute ball contains multiple charges, and is surrounded by a water region
and an ionic solvent region. Such a series solution is rarely applied to the
validation of PBE numerical solvers due to its complexity in calculation. By
ignoring the water region, the three-region Kirkwood ball model is reduced
to a two-region Kirkwood ball model, whose exact solution has been found
in a single sum series (see [26] for example). In this paper, we show that
the two-region Kirkwood ball model can be regarded as a special case of our
nonlocal test model so that its series solution can be regained directly from
the series solution of our nonlocal test model.
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Finally, we programmed the series solutions of the nonlocal test model
and the two-region Kirkwood ball model in Maple. We then did compari-
son tests with a solute ball containing one and three charges, respectively.
Numerical test results demonstrate the differences between the local and
nonlocal test models, and confirm that a nonlocal model can significantly
reduce the solution region and improve the solution smoothness of the cor-
responding local model.

The remaining part of this paper is organized as follows. In Section 2, we
present the nonlocal test model. In Section 3, we derive its series solution.
Numerical results are reported in Section 4.

2. A nonlocal spherical dielectric test model

Let the whole space R3 be decomposed into a spherical solute region, Dp =
{r | |r| < a}, a solvent region, Ds = {r | |r| > a}, and a spherical interface,
Γ = {r | |r| = a}, such that

(2.1) R3 = Dp ∪Ds ∪ Γ.

Here, a > 0, Ds holds a symmetric 1:1 ionic solvent, and Dp contains np
point charges with positions rj and charge numbers zj for j = 1, 2, . . . , np.
According to the NMPBE model [20], we define a nonlocal spherical test
model as follows:

(2.2)



−εp∆u(r) = α
np∑
j=1

zjδrj , r ∈ Dp,

−ε∞∆u(r) + εs−ε∞
λ2 [u(r)− (u ∗Qλ)(r)] + κ2u(r) = 0, r ∈ Ds,

u(s−) = u(s+), s ∈ Γ,

εp
∂u(s−)
∂n(s) = ε∞

∂u(s+)
∂n(s) + (εs − ε∞)∂(u∗Qλ)(s)∂n(s) , s ∈ Γ,

u(r)→ 0, as |r| → ∞,

where u is a dimensionless electrostatic potential, Dp and Ds have been
treated as two dielectric media with permittivity constants εp and εs, re-
spectively, δrj is the Dirac delta distribution at rj , λ is a nonlocal parame-
ter for characterizing the polarization correlations of water molecules, ε∞ is
another nonlocal parameter for indicating the dielectric constant for water
in the case λ→∞, n(s) is the unit outward normal vector of Dp, α and κ
are defined by

(2.3) α =
1010e2c
ε0kBT

, κ2 = 2
10−17NAe

2
c

ε0kBT
Is,
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and u ∗Qλ denotes the convolution of u with Qλ, which is defined by

(u ∗Qλ)(r) =

∫
R3

Qλ(r− r′)u(r′)dr′ with Qλ(r) =
e−|r|/λ

4πλ2|r|
.

Here, ε0 is the permittivity of the vacuum, ec is the electron charge, kB is the
Boltzmann constant, T is the absolute temperature, Is is an ionic solvent
strength, and NA is the Avogadro constant.

Using the values of ε0, ec, T , kB, and NA given in Table 1 of [19], we
can get

(2.4) α ≈ 7042.9399, κ2 ≈ 8.4827 Is.

To avoid the calculation of the convolution term u ∗Qλ, which is in-
tricate, we treat the convolution u ∗Qλ as an unknown function, w, such
that the test model (2.2) is reformulated as a partial differential equation
interface system of two unknown functions, u and w, as follows:

− εp∆u(r) = ρ(r), r ∈ Dp,(2.5a)

− ε∞∆u(r) +
εs − ε∞
λ2

[u(r)− w(r)] + κ2u(r) = 0, r ∈ Ds,(2.5b)

− λ2∆w(r) + w(r)− u(r) = 0, r ∈ R3,(2.5c)

u(s−)=u(s+), εp
∂u(s−)

∂n(s)
= ε∞

∂u(s+)

∂n(s)
+(εs−ε∞)

∂w(s)

∂n(s)
, s ∈ Γ,(2.5d)

u(r)→ 0, w(r)→ 0 as |r| → ∞,(2.5e)

where ρ(r) = α
N∑
j=1

zjδ(r− rj), and w satisfies the interface conditions

(2.6) w(s−) = w(s+),
∂w(s−)

∂n(s)
=
∂w(s+)

∂n(s)
, s ∈ Γ

due to the fact that w is twice continuously differentiable in R3.

3. Analytic solution of the test model

By the superposition principle, the solution (u,w) of the nonlocal spherical
test model (2.5) can be expressed as

(3.1) u(r) = α

np∑
j=1

zjuj(r), w(r) = α

np∑
j=1

zjwj(r), r ∈ R3,
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where α has been given in (2.3), and (uj , wj) denotes the solution of a special
test model of (2.5) using ρ(r) = δ(r− rj). Thus, the remaining work for us
to do is to derive the solution (uj , wj).

When rj 6= 0, the solution (uj , wj) is rotationally symmetric about the
vector rj . That is, it depends only on two variables, r and φj , where r = |r|,
and φj denotes the angle between the two vectors r and rj [24].

To look for the solution, we need the modified spherical Bessel functions
in(r) and kn(r) of the first kind and the second kind, respectively, and the
Legendre polynomial Pn for n = 0, 1, 2, . . .. As shown in [12, Section 10.47ff.],
the derivatives i′n(r) and k′n(r) of in(r) and kn(r) can be calculated by the
formulas

(3.2) i′n(r) =
n

r
in(r) + in+1(r), k′n(r) =

n

r
kn(r)− kn+1(r).

We also cite the following two theorems from [12, Section 10.47ff.] for com-
pleteness.

Theorem 3.1. If u is a rotationally symmetric solution to the Laplace
equation ∆u = 0 in Dp, then there are constants Cn such that

u(r) =

∞∑
n=0

Cnr
nPn(cosφ).

If u is a rotationally symmetric solution to the Laplace equation ∆u = 0 in
Ds with u(r)→ 0 as |r| → ∞, then there are constants Cn such that

u(r) =

∞∑
n=0

Cnr
−n−1Pn(cosφ).

Theorem 3.2. If u is a rotationally symmetric solution to ∆u− κ2u = 0,
κ > 0, in Dp, then there are constants Cn such that

u(r) =

∞∑
n=0

Cnin(κr)Pn(cosφ).

If u is a rotationally symmetric solution to ∆u− κ2u = 0, κ > 0, in Ds with
u(r)→ 0 as |r| → ∞, then there are constants Cn such that

u(r) =

∞∑
n=0

Cnkn(κr)Pn(cosφ).
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We now start to look for the solution with Lemma 1.

Lemma 1. Let λ1 and λ2 be two distinct real numbers. If w satisfies the
partial differential equation:

(3.3) (∆− λ1)(∆− λ2)w(r) = 0, r ∈ Ds,

then w can be split as a sum of two functions, ζ1 and ζ2, in the form:

(3.4) w(r) = ζ1(r) + ζ2(r), r ∈ Ds,

where ζ1 and ζ2 satisfy the following two Laplace-like equations, respectively:

(3.5) (∆− λ1)ζ1(r) = 0, (∆− λ2)ζ2(r) = 0, r ∈ Ds.

Proof. We set

ζ1(r) =
1

λ1 − λ2
(∆− λ2)w(r), ζ2(r) = − 1

λ1 − λ2
(∆− λ1)w(r).

Then (3.4) and (3.5) hold. �

We next present a general solution expression in Theorem 3.3.

Theorem 3.3. If rj 6= 0, the general solution (uj , wj) of the spherical test
model (2.5) using ρ(r) = δ(r− rj) has the series expressions:

(3.6) uj(r) =



1

4πεp

1

|r− rj |
+

∞∑
n=0

A1n|r|nPn
(

rj · r
|rj ||r|

)
, r ∈ Dp,

(1− λ2η21)

∞∑
n=0

A3nkn(η1|r|)Pn
(

rj · r
|rj ||r|

)
+(1− λ2η22)

∞∑
n=0

A4nkn(η2|r|)Pn
(

rj · r
|rj ||r|

)
, r ∈ Ds,



i
i

“3-Volkmer” — 2018/11/26 — 22:11 — page 257 — #7 i
i

i
i

i
i

Series solution of a nonlocal dielectric test model 257

and

(3.7) wj(r) =



1− e−|r−rj |/λ

4πεp|r− rj |
+

∞∑
n=0

A1n|r|nPn
(

rj · r
|rj ||r|

)
+

∞∑
n=0

A2nin( |r|λ )Pn

(
rj · r
|rj ||r|

)
, r ∈ Dp,

∞∑
n=0

A3nkn(η1|r|)Pn
(

rj · r
|rj ||r|

)
+

∞∑
n=0

A4nkn(η2|r|)Pn
(

rj · r
|rj ||r|

)
, r ∈ Ds,

where η1 and η2 are two positive constants defined by

η21 =
1

2ε∞λ2

(
εs + κ2λ2 +

√
(εs + κ2λ2)2 − 4ε∞λ2κ2

)
,(3.8)

η22 =
1

2ε∞λ2

(
εs + κ2λ2 −

√
(εs + κ2λ2)2 − 4ε∞λ2κ2

)
,(3.9)

and {Ain} for i = 1, 2, 3, 4 are the coefficient sequences to be determined.

Proof. Let φj denote the angle between r and rj . Then,

cosφj =
rj · r
|rj ||r|

.

Using Theorem 3.1 and (2.5a), we obtain

(3.10) uj(r) =
1

4πεp

1

|r− rj |
+

∞∑
n=0

A1n|r|nPn(cosφj), r ∈ Dp.

For r ∈ Dp, a particular solution to (2.5c) is given by

w̃j(r) =
1− e−|r−rj |/λ

4πεp|r− rj |
+

∞∑
n=0

A1n|r|nPn(cosφj).

Set U(r) = 1
4πεp

1
|r−rj | . We then can get

(U ∗Qλ)(r) =
1− e−|r−rj |/λ

4πεp|r− rj |
.
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Recall that wj = uj ∗Qλ and wj satisfies the equation of (2.5c). Thus, the
difference function wj − w̃j gives a smooth solution of the equation

−λ2∆W +W = 0.

Therefore, by Theorem 3.2, wj has a general expression of (3.7) in Dp.
We next look for the general solution expressions in the solvent re-

gion Ds.
Clearly, substituting (2.5c) into (2.5b) gives

ε∞λ
2∆2w(r)− (εs + κ2λ2)∆w(r) + κ2w(r) = 0, r ∈ Ds.

We can factor the above quadratic equation in terms of the Laplace operator
∆ in the form

(3.11) (∆− η21)(∆− η22)w(r) = 0, r ∈ Ds,

where η1 and η2 are given in (3.8) and (3.9). Since

(εs + κ2λ2)2 − 4ε∞λ
2κ2 = (κ2λ2 − 2ε∞ + εs)

2 + 4ε∞(εs − ε∞),

which is positive due to the assumption that 0 < ε∞ < εs, we conclude that
η1 and η2 are two distinct positive numbers. Thus, by Lemma 1, we get

(3.12) w(r) = ζ1(r) + ζ2(r), r ∈ Ds,

where ζ1 and ζ2 satisfy the following partial differential equations:

(3.13) ∆ζ1 = η21ζ1, ∆ζ2 = η22ζ2 in Ds.

Hence, the formula (2.5c) can be rewritten in the form

(3.14) u = (1− λ2η21)ζ1 + (1− λ2η22)ζ2.

From Theorems 3.2 and the boundary condition (2.5e), we obtain the solu-
tions of equations (3.13) in the expressions:

ζ1(r) =

∞∑
n=0

A3nkn(η1|r|)Pn(cosφj),

ζ2(r) =

∞∑
n=0

A4nkn(η2|r|)Pn(cosφj), r ∈ Ds.
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Therefore, substituting the above expressions to (3.14) and (3.12) gives the
general expressions (3.6) and (3.7) in Ds, respectively. This completes the
proof of Theorem 3.3. �

Lemma 2. Set Λ =
√
ε∞√
εs
λ. Then the constants η1 and η2 defined by (3.8)

and (3.9), respectively, satisfy

(3.15) 0 < η2 <
1

λ
<

1

Λ
< η1.

Proof. We construct a quadratic polynomial, h(z), in the expression

h(z) = ε∞λ
2z2 − (εs + κ2λ2)z + κ2.

Clearly, η1 and η2 are the two roots of h(z), and satisfy that

η22 < η21.

Since εs > ε∞ > 0, we can find that

h(λ−2) =
ε∞ − εs
λ2

< 0, h(Λ−2) =
ε∞ − εs
ε∞

κ2 < 0,

from which it implies the inequalities of (3.15). �

We next obtain the solution in Theorem 3.4 through determining the
coefficient sequences {Ain} for i = 1, 2, 3, 4 of the general expressions (3.6)
and (3.7) according to the interface conditions given in (2.5d) and (2.6).

Theorem 3.4. The spherical test model (2.5) using ρ(r) = δ(r− rj) for
rj 6= 0 has a unique solution, (uj , wj), in the series expressions of (3.6) and
(3.7), where the series coefficients Ain for i = 1, 2, 3, 4 and n = 0, 1, 2, . . . are
given in the expressions:

A3n =
M2nS1n − L2nS2n
L1nM2n − L2nM1n

, A4n =
L1nS2n −M1nS1n
L1nM2n − L2nM1n

,(3.16)

A1n =
1

an

[
A3n(1−λ2η21)kn(η1a)+A4n(1−λ2η22)kn(η2a)−

rnj
4πεpan+1

]
,(3.17)

A2n=
1

in( aλ)

[
A3nλ

2η21kn(η1a)+A4nλ
2η22kn(η2a)+

2n+ 1

2π2εpλ
in( rjλ )kn( aλ)

]
.(3.18)

Here, rj = |rj |, S1n and S2n are defined by

(3.19) S1n =
(2n+ 1)rnj

4πan+1
, S2n =

2n+ 1

4πεpan+1

[
in( aλ)rnj − in( rjλ )an

]
,
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and Lkn and Mkn for k = 1, 2 are defined by

Lkn = εpn(1− λ2η2k)kn(ηka)− aεs(1− Λ2η2k)ηkk
′
n(ηka),(3.20)

Mkn = aλη2kin+1(
a
λ)kn(ηka) + aηkin( aλ)kn+1(ηka).(3.21)

Proof. For every n = 0, 1, 2, . . . , using the interface conditions (2.5d) and
(2.6), we get a system of four linear equations for Ain for i = 1, 2, 3, 4 as
follows:

rnj
4πεpan+1

+A1na
n(3.22)

= A3n(1− λ2η21)kn(η1a) +A4n(1− λ2η22)kn(η2a),

−
rnj (n+ 1)

4πan+2
+A1nεpna

n−1(3.23)

= A3nεs(1− Λ2η21)η1k
′
n(η1a) +A4nεs(1− Λ2η22)η2k

′
n(η2a),

rnj
4πεpan+1

− (2n+ 1)

2π2εpλ
in
( rj
λ

)
kn
(
a
λ

)
+A1na

n +A2nin
(
a
λ

)
(3.24)

= A3nkn(η1a) +A4nkn(η2a),

−
rnj (n+ 1)

4πεpan+2
− (2n+ 1)

2π2εpλ2
in
( rj
λ

)
k′n
(
a
λ

)
+A1nna

n−1+A2n
1
λ i
′
n

(
a
λ

)
(3.25)

= A3nη1k
′
n(η1a) +A4nη2k

′
n(η2a).

We multiply (3.22) by εpn, (3.23) by −a, and add the equations to obtain

(3.26) L1nA3n + L2nA4n = S1n.

Then we multiply (3.22) by − a
λ in+1(

a
λ), (3.24) by a

λ i
′
n( aλ), (3.25) by −ain( aλ),

and add the equations. From (3.2) we can get

a

λ
i′n

(a
λ

)
=
a

λ
in+1

(a
λ

)
+ nin

(a
λ

)
.

We then use the above identity to obtain

(3.27) M1nA3n +M2nA4n = S2n,

where we have simplified the expressions for Mkn applying (3.2).
Let D denote the determinant of the coefficient matrix for the system of

two linear equations (3.26) and (3.27) for unknowns A3n and A4n. It can be
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found as

D = L1nM2n −M1nL2n.

Using the fact that in(r) > 0, kn(r) > 0, k′n(r) < 0 for r > 0 and (3.15), we
see that L1n < 0, and the three numbers L2n, M1n, and M2n are positive.
Thus, the determinant D is negative (and nonzero). Hence, this system has a
unique solution, and the solution can be found in the expressions of (3.16).
Then (3.17) follows from (3.22), and (3.18) from (3.22) and (3.24). This
completes the proof of Theorem 3.4. �

When the charge position rj is at the origin, the solution (uj , wj) of
the test model (2.5) with ρ(r) = δ(r− rj) becomes spherically symmetric.
It can be obtained from (3.6) and (3.7) directly by only keeping the first
term of each series (i.e., set all Ain = 0 except Ai0). In this case, i0(0) = 1,
the constants S10 and S20 of (3.19) are simplified as

S10 =
1

4πa
, S20 =

1

4πεpa

(
i0(

q
λ)− 1

)
,

and the constants Lk0 and Mk0 of (3.20) and (3.21) for k = 1, 2 become

Lk0 = −aεs(1− Λ2η2k)ηkk
′
0(ηka),

Mk0 = aλη2ki1(
a
λ)k0(ηka) + aηki0(

a
λ)k1(ηka),

where i0, k0, i1, k1, and k′0 are given as follows:

i0(r) =
sinh r

r
, k0(r) =

π

2

e−r

r
, i1(r) =

r cosh r − sinh r

r2
,

k1(r) = −k′0(r) =
π

2

(r + 1)

r2er
.

We present this special solution in Corollary 3.

Corollary 3. The solution (u,w) of the test model (2.5) using ρ(r) = δ(r)
is given in the analytical expressions

(3.28) u(r) =


1

4πεp

1

|r|
+A10, r ∈ Dp,

(1− λ2η21)A30k0(η1|r|)
+(1− λ2η22)A40k0(η2|r|), r ∈ Ds,
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and

(3.29) w(r) =


1− e−|r|/λ

4πεp|r|
+A10 +A20i0(

|r|
λ ), r ∈ Dp,

A30k0(η1|r|) +A40k0(η2|r|), r ∈ Ds,

where A30 and A40 are given in (3.16) by setting n = 0, A20 is given by

A20 =
1

i0(
a
λ)

[
A30λ

2η21k0(η1a) +A40λ
2η22k0(η2a) +

1

2π2εpλ
k0(

a
λ)

]
,

and A10 is given by

A10 = A30(1− λ2η21)k0(η1a) +A40(1− λ2η22)k0(η2a)− 1

4πεpa
.

Remark. Setting ε∞ = εs, we can reduce the nonlocal spherical test model
(2.5) to a two-region Kirkwood ball model as follows:

(3.30)


−εp∆u(r) = α

N∑
j=1

zjδ(r− rj), r ∈ Dp,

−εs∆u(r) + κ2u(r) = 0, r ∈ Ds,

u(s−) = u(s+), εp
∂u(s−)
∂n(s) = εs

∂u(s+)
∂n(s) , s ∈ Γ,

u(r)→ 0 as |r| → ∞.

Its series solution has been derived in [26]. It can also be derived directly
from (3.6) by setting ε∞ = εs because the local model (3.30) is a special case
of the nonlocal model (2.5). For completeness, we regain its series solution
in our notation as follows:

u(r) = α

np∑
j=1

zjuj(r),

where uj is given in the single sum series

(3.31) uj(r) =


1

4πεp

1

|r− rj |
+

∞∑
n=0

B1nr
nPn(

rj · r
|rj ||r|

), r ∈ Dp,

∞∑
n=0

B2nkn(ηr)Pn(
rj · r
|rj ||r|

), r ∈ Ds,
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(a) Solution u (b) Reaction function U

Figure 1. A comparison of the nonlocal test model (2.5) with the two-region
Kirkwood ball model (3.30) for the unit ball Dp with one unit positive charge
at (1/2, 0, 0).

with B1n and B2n being defined by

(3.32)

B1n =
|rj |n

4πan+2dn

[
εs
εp
ηak′n(ηa) + (n+ 1)kn(ηa)

]
,

B2n =
(2n+ 1)|rj |n

4πa2dn
.

Here dn = εpna
n−1kn(ηa)− εsanηk′n(ηa). If rj = 0, B1n = B2n = 0 for

n ≥ 1, and

B10 =
1

4πεsa2ηk1(ηa)

[
k0(ηa)− εs

εp
ηak1(ηa)

]
, B20 =

1

4πεsa2ηk1(ηa)
.

4. Comparison tests

We programmed the series solution u of the nonlocal spherical test model
(2.5), the series solution u of the two-region Kirkwood ball model (3.30), and
the reaction function U in Maple worksheet (https://www.maplesoft.com).
Here U is defined by

(4.1) U(r) = u(r)−G(r), r ∈ R3,
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Figure 2. A surface of solution
u(x, y, 0) for −3 ≤ x, y ≤ 3 for the
nonlocal model (2.5) using the unit
ball Dp with one unit positive charge
at (1/2, 0, 0).

Figure 3. A contour surface de-
fined by u(x, y, z) = 50 for the
nonlocal model (2.5) using the
unit ball Dp with one unit positive
charge at (1/2, 0, 0).

Figure 4. A comparison of the
nonlocal test model (2.5) with the
two-region Kirkwood ball model
(3.30) for the unit ball Dp with
three charges.

Figure 5. A surface of the reac-
tion U as a function of x and y for
−3 ≤ x, y ≤ 3 for the nonlocal test
model (2.5) with three charges in
the unit ball Dp.
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where G is given in the expression

(4.2) G(r) =
α

4πεp

np∑
j=1

zj
|r− rj |

.

Since the solutions of the local and nonlocal models (2.5) and (3.30) share
the same G, we may consider the reaction function U for a comparison of
the local and nonlocal models. Note that G collects all the singularity points
of u. Hence, U is continuous over the whole space and smooth within Dp

and Ds, respectively. These properties are valuable for validating our series
solutions and their numerical programs.

In the numerical tests, we set the physical parameters εp = 2, εs = 80,
ε∞ = 5, λ = 15, and Is = 0.15, which gave the model constants

α ≈ 7042.9399, κ ≈ 1.1280, η1 = 0.5675, η2 = 0.0592.

We then set the radius a = 1 for the solute region Dp, and approximated
each series as a partial sum of N terms. We set N = 20 for all the tests,
since it was found by numerical tests that a numerical value of u produced
by using N = 20 had at most an error of 10−5 in comparison to a numerical
value of u produced by using N = 50. We then used the formula (4.1) to
calculate the reaction function U approximately.

We did tests for the unit ball region Dp containing one charge (i.e.,
np = 1) at position r1 = (0.5, 0, 0) with charge number z1 = 1. The numerical
test results were reported in Figures 1 to 3.

Figure 1 compares the solution u and reaction function U of the nonlocal
test model (2.5) with that of the two-region Kirkwood ball model (3.30),
respectively, as a function of y for −3 ≤ y ≤ 3. From these test results it
can be seen that the nonlocal test model (2.5) has significantly reduced the
solution range and improved the solution smoothness of the local model
(3.30).

To check the continuity of the nonlocal model solution u across the
interface Γ, we found a value, 50, of u on Γ from Plot (a) of Figure 1. Here
Γ is a unit sphere defined by the equation x2 + y2 + z2 = 1 for r = (x, y, z).
We then plotted a contour surface of the nonlocal model solution using the
equation u(x, y, z) = 50 in Figure 3. Combining this figure with Figure 2, we
can see that the series solution u of the nonlocal test model is continuous
across the interface.

Furthermore, we calculated the local and nonlocal model solutions for the
unit ball region Dp containing three charges (i.e., np = 3) at positions r1 =
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(−0.6, 0,−0.1), r2 = (0, 0.2, 0.2), and r3 = (0.6, 0.2, 0.1) with charge num-
bers z1 = −1, z2 = 2, and z3 = −1, respectively. Figure 4 displays the differ-
ences between the local and nonlocal model solutions in terms of the reaction
function U as a function of y for −3 ≤ y ≤ 3. These numerical results fur-
ther confirm that the nonlocal test model has a much smaller solution region
and a much smoother solution than the corresponding local model. Finally,
Figure 5 further confirms the continuity of our series solution of the nonlocal
test model (2.5).
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