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THE DIRECT AND INVERSE ELASTIC SCATTERING PROBLEMS
FOR TWO SCATTERERS IN CONTACT∗

JUN GUO† , HAO WU‡ , AND LEI XIAO§

Abstract. This paper is concerned with the elastic scattering problem of a combined scatterer,
which consists of a penetrable obstacle and a hard crack touching with each other. By using the
boundary integral equation method, the direct scattering problem is formulated as a boundary integral
system, then we obtain the existence and uniqueness of a weak solution according to Fredholm theory.
The inverse scattering problem we are dealing with is the shape reconstruction of the combined scatterer
from the knowledge of far field patterns due to the incident plane compressional and shear waves. Based
on an analysis of a particular transmission eigenvalue problem, the linear sampling method is established
to reconstruct the combined scatterer. The numerical experiments show the feasibility and validity of
the proposed method.
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1. Introduction
The scattering problems of elastic wave by obstacles have attracted great attention

and a lot of achievements have been made for different kinds of obstacle scattering.
Usually, it can be classified into rigid scatterers, cavities, penetrable bodies and cracks.
However, the scatterers may be in contact with each other in practical situation. In this
paper, we consider the elastic scattering of a combined scatterer, which is composed of
a penetrable obstacle and a hard crack in contact. Thus the elastic wave transmits to
the interior of the obstacle from the untouched part of the boundary.

Specifically, assume that the penetrable obstacle occupy a bounded domain Di⊂R2,
with smooth boundary ∂Di, and let the open smooth curve Σ⊂R2 denote the hard
crack. The unbounded domain R2\(Di∪Σ) is denoted by De. We assume that an
obstacle is located on the crack, the contacted portion of the boundary ∂Di is denoted
by Γ2, the other is denoted by Γ1. Furthermore, we assume that the crack can be
extended to a closed smooth curve ∂Ω including a bounded domain Ω, such that Di⊂Ω.
Both domains of Di and De are occupied by isotropic and homogeneous elastic medium
with constant density ρα, Lamé constants µα and λα satisfying µα>0,2µα+λα>0, for
α= i,e. The curves Γ1 and Σ do not form a cusp, so that Di, Ω\Di and De are all
Lipschitz domains. Then the scattering of time harmonic elastic plane wave uin by the
combined scatterer excites the scattered wave u in De and transmitted wave v in Di,
which are governed by the Navier equation{

µe∆u+(µe+λe)∇(∇·u)+ρeω
2u=0 in De,

µi∆v+(µi+λi)∇(∇·v)+ρiω
2v =0 in Di,

(1.1)
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Fig. 1.1. The penetrable isotropic and homogeneous elastic obstacle Di, which is situated on a
hard crack Σ, is illuminated by the elastic plane wave uin. The transmitted wave in Di is denoted by
v and the scattered wave in De is denoted by u

.

where ω>0 is the circular frequency. Hereafter, we will denote by ∆∗α the Lamé operator
µα∆+(µα+λα)∇(∇·) for brevity. The total displacement field ut is the superposition
of the incident filed uin and the scattered field u, i.e., ut=uin+u. The scattering
configuration is shown in Figure 1.1.

A description of some notations is given as follows. For x∈R2, let x̂ be the unit
vector x̂ :=x/|x| and x⊥ be the vector obtained by rotating x anticlockwise by π/2. As
usual, we use the notations a ·b to represent the scalar product and a×b to present the
vector product for a,b∈R2. For a vector function u= [u1,u2]> and a matrix function
W = [w1,w2]>, the symbols ∇u and ∇·W are denoted respectively by

∇u= [∇u1,∇u2]>, ∇·W = [∇·w1,∇·w2]>.

Let n be the unit outward normal vector of the boundaries ∂Di and ∂Ω. The
following transmission boundary conditions are satisfied on the penetrable part of the
boundary ∂Di {

u+uin=v on Γ1,
Teu+Teu

in=Tiv on Γ1.
(1.2)

Here, Tα is the surface stress operator on Γ1 which is given by

Tαw = (2µαn ·∇+λαn∇·−µαn⊥∇⊥·)w

=

 (λα+2µα)
∂w1

∂x1
+λα

∂w2

∂x2
µα(

∂w1

∂x2
+
∂w2

∂x1
)

µα(
∂w1

∂x2
+
∂w2

∂x1
) λα

∂w1

∂x1
+(λα+2µα)

∂w2

∂x2

n.

We impose the Dirichlet boundary condition on the touching part Γ2 and on the crack
Σ, respectively for v and u.

v =0 on Γ2. (1.3)
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u+uin=0 on Σ. (1.4)

Assume that the incident wave is given by either a longitudinal plane wave with the
form

uin=uinp =deikp,ex·d, d∈S

where S is the unit circle in R2 and d is the incident direction, or a transversal plane
wave with the form

uin=uins =qeiks,ex·d, q,d∈S

where q is the polarization direction such that q⊥d. The wave numbers of compressional
and shear waves kp,e and ks,e, respectively are given by

kp,e=ω

√
ρe

2µe+λe
and ks,e=ω

√
ρe
µe
.

The wave numbers kp,i and ks,i can be defined by a similar way.
By the Helmholtz decomposition theorem [1], the scattered field u can be decom-

posed as

u=up+us, up=− 1

k2
p,e

∇(∇·u), us=− 1

k2
s,e

∇⊥(∇⊥ ·u)

where up denotes the longitudinal wave and us is the transversal wave. It is well known
that ua(a=p,s) satisfies the Helmholtz equation

∆ua+k2
a,eua=0.

In addition, each displacement field u has to satisfy the Kupradze radiation condi-
tion [2]

lim
r→∞

√
r(
∂up
∂r
− ikp,eup) =0, lim

r→∞

√
r(
∂us
∂r
− iks,eus) =0, r= |x| (1.5)

uniformly in all direction x̂∈S. In other words, both of the compressional and shear
wave fields satisfy the Sommerfeld radiation condition. Throughout this paper, the
solution of Navier Equation (1.1) satisfying the Kupradze radiation condition is called
the radiating solution. It is hold that the radiating solution to the Navier equation has
the asymptotic expansions of the forms [3, 4]

u(x) =
eikp,e|x|√
|x|

u∞p (x̂)x̂+
eiks,e|x|√
|x|

u∞s (x̂)x̂⊥+O(|x|−3/2), |x|→∞ (1.6)

and

Te,x̂u(x) =
iω2

kp,e

eikp,e|x|√
|x|

u∞p (x̂)x̂+
iω2

ks,e

eiks,e|x|√
|x|

u∞s (x̂)x̂⊥+O(|x|−1), |x|→∞,

(1.7)
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where u∞p (x̂) is the compressional far field pattern of u and u∞s (x̂) is the shear far field
pattern of u. The far field pattern of the scattered field u is defined by

u∞(x̂) = (u∞p (x̂),u∞s (x̂)).

The direct scattering problem (1.1)–(1.5) is regarded as DP, and the classical
boundary integral equation method will be used to solve it since no related result can
be found. An equivalent boundary integral system of the first kind containing strongly
singular and hypersingular kernels is deduced, and based on the strong ellipticity the-
orem [10], the existence and uniqueness of the solution is obtained. We mention that
there are some results by applying the boundary integral equation method to solve elas-
tic crack scattering problems (see for examples [5–7]) and the elastic obstacle scattering
problems (see for examples [3, 8, 9, 11]).

For the inverse scattering problem, we are interested in the determination of the
crack Σ and obstacle Di. This problem will be called IP. The inversion data is the
knowledge of the far field pattern u∞(x̂,d;t) of the scattering field u(x,d;t) for the
following: all observation direction x̂∈S, incident direction d∈S and the polarization
t=d or q associated with the incident plane wave deikp,ex·d or qeiks,ex·d. We aim at
extending the linear sampling method to the inverse elastic scattering problems IP.

The linear sampling method was first introduced by Colton and Kirsch [12] to solve
inverse acoustic scattering problem in 1996. Since then it has been well studied and
proved to be an excellent method for inverse shape problems in acoustic, electromag-
netic, elastic scattering, electrical impedance tomography, as well as been developed
in time dependent partial differential equation. This approach has attracted so much
attention because no a priori information concerning geometry and boundary conditions
of the scattering obstacle is required and the numerical implementation is really simple.
See [13, 14] for the mathematical foundations of this method, refer to the book [15]
for a good understanding and survey, and recommend the papers [16, 17] for a new
development.

Historically, Arens firstly applied the linear sampling method for inverse elastic scat-
tering problem [18] to two-dimensional elastic scattering for the rigid body problem. The
rigid bodies or cavities in three dimensions are given in [19]. The elastic transmission
scattering problems for isotropic and anisotropic elastic media can be found in [20–22].
Finally, we mention that the near field linear sampling method is adopted to deal with
the reconstruction of elastic scatterers in semi-infinite solid [23] and the inverse fluid–
solid problem [24].

All of the aforementioned works treat with single obstacle or multiple scatterers
with the same properties. However, the mixed type scatterers may appear in the ac-
tual applied Science, and this kind of inverse scattering problem has received a number
of research results. In 2004, Grinberg and Kirsch [25] considered a multiple scatter-
ing problem and established the factorization method in the case when sound-soft and
sound-hard scatterers are a priori geometrically separated. In 2013, Kirsch and Liu [30]
studied the factorization method for recovering the location and shape of the mixed type
scatterer–a bounded impenetrable obstacle and a penetrable inhomogeneous medium
with compact support and later developed by the author Liu [31] for the union of
impenetrable and penetrable scatterers with different physical properties. For more rel-
evant results, please refer to [27–29] and [32], and to monograph [26] for a comprehensive
study of the multiple scattering in general.

Nevertheless, the direct and inverse scattering problems for mixed type scatterers
in contact with each other are rarely reported. The purpose of this paper is to make
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some effort on such issue and seek the solutions to direct elastic scattering problem
DP and inverse elastic scattering problem IP. A similar acoustic scattering problem
has been considered in [33], where the undetermined obstacle touches a known perfect
thin conductor and the linear sampling method is proposed to reconstruct the shape
and location of the obstacle from near field measurements. The under consideration is
different in two aspects: on one hand, we want to completely show the well posedness of
direct scattering problem, on the other, we want to simultaneously recover the obstacle
and the crack from far field data.

The outline of this paper is organized as follows. In Section 2, using the boundary
integral equation approach, an equivalent boundary integral system is deduced and the
Fredholm property of the related operator is proved by the Fredholm theorem. Therefore
the solvability of the problem DP is established. Section 3 gives a rigorous proof of the
linear sampling method for the reconstruction of the combined scatterer. As usual in
transmission problems, a special interior transmission problem needs to be discussed in
order to guarantee the injectivity of the far field operator. The numerical experiments
will be presented in Section 4 to demonstrate the correctness and effectiveness of the
proposed method.

2. The direct scattering problem
This section is concern with the direct scattering problem DP. Recall that the open

arc Σ belongs to a closed curve ∂Ω surrounding a bounded domain Ω. Let H1(Ω) and
H1
loc(R2\Ω) be the usual Sobolev spaces with H1/2(∂Ω) being the trace space. We

introduce the following trace spaces on Σ.

[H1/2(Σ)]2 ={u|Σ : u∈ [H1/2(∂Ω)]2},

[H̃1/2(Σ)]2 ={u∈ [H1/2(∂Ω)]2 : suppu⊆Σ},

[H−1/2(Σ)]2 =
(

[H̃1/2(Σ)]2
)′
, the dual space of [H̃1/2(Σ)]2,

[H̃−1/2(Σ)]2 =
(

[H1/2(Σ)]2
)′
, the dual space of [H1/2(Σ)]2.

Let us consider a general problem: Assume f ∈ [H1/2(Γ1)]2, g∈ [H−1/2(Γ1)]2 and
h∈ [H1/2(Σ)]2 seek a radiating solution u∈ [H1

loc(De)]
2 and v∈ [H1(Di)]

2 such that

∆∗eu+ρeω
2u = 0 in De,

∆∗iv+ρiω
2v = 0 in Di,

u−v = f on Γ1,
Teu−Tiv = g on Γ1,

v = 0 on Γ2,
u = h on Σ.

(2.1)

Lemma 2.1. The problem (2.1) has at most one solution.

Proof. Assume that (u,v) be a solution pair to the homogeneous boundary value
problem (2.1). For two vector fields p,q∈ [H1(D)]2, where D⊂R2 is a bounded and
smooth domain, let Eα(p,q) be given as

Eα(p,q) = (2µα+λα)
(∂p1

∂x1

∂q1

∂x1
+
∂p2

∂x2

∂q2

∂x2

)
+µα

(∂p1

∂x2

∂q1

∂x2
+
∂p2

∂x1

∂q2

∂x1

)
+λα

(∂p1

∂x1

∂q2

∂x2
+
∂p2

∂x2

∂q1

∂x1

)
+µα

(∂p1

∂x2

∂q2

∂x1
+
∂p2

∂x1

∂q1

∂x2

)
.
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Then for a circle Br center at the origin, with radius r large enough such that Di∪Σ is
included in, Betti’s first formula [2] in the domain De∩Br for u and u yields that by
noting the boundary condition on Σ in (2.1):∫

Br∩De
Ee(u,u)dx−

∫
Br∩De

ρeω
2|u|2dx=

∫
∂Br

Teu ·uds−
∫

Γ1

Teu ·uds.

Analogously, using the boundary condition on Γ2, we obtain the following for v in the
domain Di. ∫

Di

Ei(v,v)dx−
∫
Di

ρiω
2|v|2dx=

∫
Γ1

Tiv ·vds.

The sum of the above two identities and the transmission boundary conditions on
Γ1 show that∫

Br∩De

{
Ee(u,u)−ρeω2|u|2

}
dx+

∫
Di

{
Ei(v,v)−ρiω2|v|2

}
dx=

∫
∂Br

Teu ·uds.

(2.2)
Using the orthogonality of the compressional and the shear far field pattern, we have
that from the asymptotic representations (1.6) and (1.7)

Te,x̂u ·u=
iω2

kp,er
|u∞p (x̂)|2 +

iω2

ks,er
|u∞s (x̂)|2 +O(|r|−5/2).

Since ImEe(u,u) = 0 and ImEi(v,v) = 0, taking the imaginary part of equation (2.2)
we arrive at u∞p (x̂) = 0 and u∞s (x̂) = 0. Thus we obtain that up=0 and us=0 in De by
Rellich’s lemma [34]. The transmission boundary conditions and Holmgren’s uniqueness
theorem indicate that v =0 in Di. The proof is thus completed.

We now introduce the fundamental solution, also called Green’s tensor of the Navier
equation in free space, which is given by

Γα(x,y) =
i

4µ
H

(1)
0 (ks,α|x−y|)I+

i

4ω2
∇>x∇x(H

(1)
0 (ks,α|x−y|)−H(1)

0 (kp,α|x−y|))

for x,y∈R2 and x 6=y, where H
(1)
0 (·) is the Hankel function of the first kind of order

zero.
In what follows, to facilitate the description of the notations, we denote by Γ3

the open curve Σ. The four boundary integral operators in terms of the fundamental
solution will be used

(Hα
jlg)(x) =

∫
Γj

Γα(x,y)g(y)ds(y), x∈Γl,

(Kα
jlg)(x) =

∫
Γj

[Tα,yΓα(x,y)]>g(y)ds(y), x∈Γl,

(K
′α
jl g)(x) =

∫
Γj

Tα,xΓα(x,y)g(y)ds(y), x∈Γl,

(Lαjlg)(x) =Tα,x

∫
Γj

[Tα,yΓα(x,y)]>g(y)ds(y), x∈Γl,

for j,l= 1,2,3. They possess the mapping properties (see Chapter 6 in [10])

Hα
ll : [H̃−1/2(Γl)]

2→ [H1/2(Γl)]
2, Kα

ll : [H̃1/2(Γl)]
2→ [H1/2(Γl)]

2,
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K
′α
ll : [H̃−1/2(Γl)]

2→ [H−1/2(Γl)]
2, Lαll : [H̃1/2(Γl)]

2→ [H−1/2(Γl)]
2.

Remark 2.1. Note that for density in Sobolev spaces with negative exponent, the
boundary integral operators are understood in general sense. For the sake of consistency,
we still call them boundary integral operators in this paper.

Next we will use the layer potentials to reformulate the problem (2.1) and seek the
solution pair (u,v) in the form of combined single-and double-layer potentials

u(x) =

∫
Γ1

{
Γe(x,y)a(y)− [Te,yΓe(x,y)]>b(y)

}
ds(y)+

∫
Γ3

Γe(x,y)e(y)ds(y), x∈De.

(2.3)

v(x) =

∫
Γ1

{
[Ti,yΓi(x,y)]>b(y)−Γi(x,y)a(y)

}
ds(y)+

∫
Γ2

Γi(x,y)c(y)ds(y), x∈Di.

(2.4)

Here a∈ [H̃−1/2(Γ1)]2, b∈ [H̃1/2(Γ1)]2, c∈ [H̃−1/2(Γ2)]2 and e∈ [H̃−1/2(Γ3)]2 are the
undetermined densities. Note that the single-and double-layer potentials with such
functions ensure that (u,v) belongs to [H1

loc(De)]
2× [H1(Di)]

2.
By the well known jump relations of single-and double-layer potentials [10], we

obtain a boundary integral system from the boundary conditions in Equation (2.1)
He

11 +Hi
11 −Ke

11−Ki
11 −Hi

21 H
e
31

K
′e
11 +K

′i
11 −Le11−Li11 −K

′i
21 K

′e
31

−Hi
12 Ki

12 Hi
22 0

He
13 −Ke

13 0 He
33




a
b
c
e

=


f
g
0
h

. (2.5)

Denote by M the boundary integral operator appearing on the left side of above equa-
tion, and define the Sobolev spaces

X := [H̃−1/2(Γ1)]2× [H̃1/2(Γ1)]2× [H̃−1/2(Γ2)]2× [H̃−1/2(Γ3)]2,

X∗ := [H1/2(Γ1)]2× [H−1/2(Γ1)]2× [H1/2(Γ2)]2× [H1/2(Γ3)]2,

We can to observe that M :X→X∗ is bounded.
Next we show the solvability of the integral system (2.5).

Lemma 2.2. The operator M :X→X∗ is a Fredholm operator with index zero.

Proof. Extend a, b and c to the whole boundary ∂Di by zero and denote
them by ã∈ [H−1/2(∂Di)]

2, b̃∈ [H1/2(∂Di)]
2 and c∈ [H−1/2(∂Di)]

2, respectively. Let
ẽ∈ [H−1/2(∂Ω)]2 stand for the zero extension of e to the entire boundary ∂Ω. Take

H̃α
jl,K̃

α
jl,K̃

′α
jl and L̃αjl as the boundary integral operators similar to Hα

jl,K
α
jl,K

′α
jl and

Lαjl for j,l= 1,2,3, respectively. The integrals are defined on ∂Di for j= 1,2, on the
boundary ∂Ω for the case j= 3, and take values on the boundary ∂Di for l= 1,2, on the
boundary ∂Ω for the case l= 3. Then the operator M becomes a corresponding one M̃ .

The assumption on the Lamé constants ensures that the Navier equation is
strongly elliptic. Therefore there exists positive and bounded below operators Hα

l :
[H−1/2(∂Di)]

2→ [H1/2(∂Di)]
2 and −Lαl : [H1/2(∂Di)]

2→ [H−1/2(∂Di)]
2 for l= 1,2, i.e.,

Re〈Hα
l p,p〉≥ c‖p‖2[H−1/2(∂Di)]2

for p∈ [H−1/2(∂Di)]
2



864 INVERSE ELASTIC SCATTERING FOR TOUCHING SCATTERERS

and

Re〈−Lαl p,p〉≥ c‖p‖2[H1/2(∂Di)]2
for p∈ [H1/2(∂Di)]

2,

such that H̃α
l := H̃α

ll −Hα
l : [H−1/2(∂Di)]

2→ [H1/2(∂Di)]
2 and L̃αl :=−L̃αll+Lαl :

[H1/2(∂Di)]
2→ [H−1/2(∂Di)]

2 are compact operators (see Chapter 7 in [10]). Here
〈·,·〉 denotes the duality pairing between [H1/2(∂Di)]

2 and [H−1/2(∂Di)]
2. The same

result holds for the operator H̃α
33, the corresponding positive and bounded below

operator is denoted by Hα
3 : [H−1/2(∂Ω)]2→ [H1/2(∂Ω)]2 and we adopt the notation

H̃α
3 := H̃α

33−Hα
3 .

Let Kα
l and K

′α
l defined as K̃α

ll and K̃
′α
ll for l= 1,2, respectively, with Hankel

function replaced by − 1
2π ln|x−y| in the fundamental solution Γα(·,·). Then K̃α

l :=

K̃α
ll −Kα

l and K̃
′α
l := K̃

′α
ll −K

′α
l are compact operators since their integral kernels are

continuous [34].

Then the operator M̃ can be rewritten in the form

M̃ =


He

1 +Hi
1 −Ke

1−Ki
1 0 0

K
′e
1 +K

′i
1 −Le1−Li1 0 0

0 0 Hi
2 0

0 0 0 He
3

+


H̃e

1 +H̃i
1 −K̃e

1−K̃i
1 −H̃i

21 H̃
e
31

K̃
′e
1 +K̃

′i
1 L̃e1 + L̃i1 −K̃ ′i21 K̃

′e
31

−H̃i
12 K̃i

12 H̃i
2 0

H̃e
13 −K̃e

13 0 H̃e
3


= :M̃0 +M̃c.

Let

Y := [H−1/2(∂Di)]
2× [H1/2(∂Di)]

2× [H−1/2(∂Di)]
2× [H−1/2(∂Ω)]2,

Y ∗ :=∈ [H1/2(∂Di)]
2× [H−1/2(∂Di)]

2× [H1/2(∂Di)]
2× [H1/2(∂Ω)]2.

We see that M̃ :Y →Y ∗ is a bounded operator. Moreover, we have for χ̃ := [ã,b̃, c̃, ẽ]>∈
Y (

M̃0χ̃,χ̃
)

= 〈He
1 ã,ã〉+〈Hi

1ã,ã〉−〈Ke
1 b̃,ã〉−〈Ki

1b̃,ã〉+〈K
′e
1 ã,b̃〉+〈K

′i
1 ã,b̃〉

−〈Le1b̃,b̃〉−〈Li1b̃,b̃〉+〈Hi
2c̃, c̃〉+〈He

3 ẽ, ẽ〉. (2.6)

The real kernels of Kα
1 and K

′α
1 indicate that they are adjoint operators, which implies

that

Re
[
−〈Ke

1 b̃,ã〉−〈Ki
1b̃,ã〉+〈K

′e
1 ã,b̃〉+〈K

′i
1 ã,b̃〉

]
= 0.

Thus taking the real part of (2.6) we obtain that

Re
(
M̃0χ̃,χ̃

)
≥ c
(
‖ã‖2[H−1/2(∂Di)]2

+‖b̃‖2[H1/2(∂Di)]2
+‖c̃‖2[H−1/2(∂Di)]2

+‖ẽ‖2[H−1/2(∂Ω)]2

)
,

which shows that M̃0 is coercive. Noting that χ̃= [ã,b̃, c̃, ẽ]> is the extension by zero of

χ := [a,b,c,e]>∈X, we have the following for the restricted operator M̃0r :X→X∗ of

M̃0

Re
(
M̃0rχ,χ

)
=Re

(
M̃0χ̃,χ̃

)
,
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which leads to the coercive property of M̃0r.

On the other hand, since H̃α
l , K̃α

l , K̃
′α
l and L̃αl are compact operators as stated

above, the corresponding restricted operators still maintain compactness. In addition,
the other restricted operators in M̃c are compact due to the continuous kernels. We
summarize that the restricted operator M̃cr :X→X∗ of M̃c is compact.

Therefore the operator M :X→X∗ can be decomposed as the sum of a coercive
part and a compact part M =M̃0r+M̃cr. Thus we complete the proof of this lemma.

Lemma 2.3. The operator M :X→X∗ is injective.

Proof. Let χ := [a,b,c,e]> satisfy Mχ=0, and we next prove χ=0.
Recall the potentials u,v given by (2.3) and (2.4), respectively. The condition

Mχ=0 means that (u,v) solves problem (2.1) with homogeneous boundary value, and
Lemma 2.1 (the uniqueness result) shows that u=0 in De and v =0 in Di. Therefore,
the jump relation for Teu crossing the boundary Γ := Σ\Γ2 implies

e|Γ =Teu|Γ−−Teu|Γ+ =0.

So the density e belongs to [H̃−1/2(Γ2)]2 and the potential u is essentially defined on
the boundary Γ2. In this case, the fourth equation in (2.5) indicates

He
12a−Ke

12b+He
22e=0. (2.7)

Now, redefine the potentials u,v still the same forms as before and let u defined
in the domain Di and v defined in the domain De. Then u and v satisfy the Navier
equation in corresponding region.

Using the jump relations of the single-and-double layer potentials, we reduce that
on the boundary Γ1

(v−u)|Γ1 =−(Hi
11 +He

11)a+(Ki
11 +Ke

11)b+Hi
21c−He

31e

and

(Tiv−Teu)|Γ1
=−(K

′i
11 +K

′e
11)a+(Li11 +Le11)b+K

′i
21c−K

′e
31e.

A similar calculation yields that on the boundary Γ2

v|Γ+
2

=−Hi
12a+Ki

12b+Hi
22c,

and

u|Γ−2 =He
12a−Ke

12b+He
22e.

We arrive at the following problem from the fact Mχ=0 and relation (2.7)

∆∗eu+ρeω
2u = 0 in Di,

∆∗iv+ρiω
2v = 0 in R2\Di,

v−u = 0 on Γ1,
Tiv−Teu = 0 on Γ1,

v = 0 on Γ+
2 ,

u = 0 on Γ−2 ,

(2.8)

where v satisfies the Kupradze radiation condition. By a very similar derivation as
Lemma 2.1, it is easy to verify that problem (2.8) possess a unique trivial solution.
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We conclude from foregoing analysis that the following potentials u and v both
equal to zero.

u(x) =

∫
Γ1

{
Γe(x,y)a(y)− [Te,yΓe(x,y)]>b(y)

}
ds(y)+

∫
Γ2

Γe(x,y)e(y)ds(y), x∈R2\∂Di,

v(x) =

∫
Γ1

{
[Ti,yΓi(x,y)]>b(y)−Γi(x,y)a(y)

}
ds(y)+

∫
Γ2

Γi(x,y)c(y)ds(y), x∈R2\∂Di.

Hence, we obtain

a=Tiv|Γ+
1
−Tiv|Γ−1 =0, b=v|Γ+

1
−v|Γ−1 =0,

c=Tiv|Γ−2 −Tiv|Γ+
2

=0, e=Teu|Γ−2 −Teu|Γ+
2

=0,

which ends the proof of this lemma.

From Lemma 2.2 and Lemma 2.3 we derive that M :X→X∗ is invertible owing to
the Fredholm theorem. Thus the solution of problem (2.1) has the specific representation
(2.3) and (2.4) in term of the densities a, b, c and e determined by M−1[f ,g,0,h]>.
This assertion together with Lemma 2.1 imply the well posedness of the direct scattering
problem (2.1), which is stated as follows.

Theorem 2.1. Assume that f ∈ [H1/2(Γ1)]2, g∈ [H−1/2(Γ1)]2 and h∈ [H1/2(Σ)]2,
then there exists a unique solution (u,v)∈ [H1

loc(De)]
2× [H1(Di)]

2 to problem (2.1) sat-
isfying

‖u‖[H1(Br∩De)]2 +‖v‖[H1(Di)]2 ≤ c
(
‖f‖[H1/2(Γ1)]2 +‖g‖[H−1/2(Γ1)]2 +‖h‖[H1/2(Σ)]2

)
,

where Br is a disk of radius r containing Di∪Σ and c is a constant depending on r but
not on f ,g and h.

3. The linear sampling method for IP
This part is devoted to the inverse problem IP by using the linear sampling method.

Some of the arguments depend heavily on the conclusions of the paper [33].
We begin with the elastic Herglotz wavefunction with density τ = (τp,τs)∈ [L2(S)]2

defined by

vτ (x) =e−iπ/4
∫
S

{√kp,e
ω
eikp,ed·xdτp(d)+

√
ks,e
ω
eiks,ed·xd⊥τs(d)

}
ds(d), x∈R2.

(3.1)
The Hilbert space [L2(S)]2 in this paper is equipped with the inner product

〈g,h〉= ω

kp,e

∫
S
gphpds+

ω

ks,e

∫
S
gshsds, g,h∈ [L2(S)]2.

Denote by W the subset of elastic Herglotz wavefunctions satisfying

W :=
{

vτ :vτ |Γ2
=0
}
.

Remark 3.1. In this part, the elastic Herglotz wavefunction vτ is assumed to belongs
to the subset W , which may be due to the unusual scattering problem. This special
incident waves ensure that the linear sampling can be applied to the inverse problem
IP as we will see later.
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We set a hypothetical condition throughout this paper. Let’s consider the following
problem for f ∈ [H1/2(Γ1)]2∆∗αvf +ραω

2vf = 0 in Di,
vf = f on Γ1,
vf = 0 on Γ2.

(3.2)

Assumption 1. For α= i,e, the circular frequency ω is not a Dirichlet eigenvalue of
problem (3.2), i.e., problem (3.2) with boundary data f =0 has only trivial solution for
such ω.

Next we introduce two function spaces related closely to elastic Herglotz wavefunc-
tions. The space U(Di) is given by

U(Di) :=
{

u∈ [H1(Di)]
2 : ∆∗eu+ρeω

2u=0 in Di, u=0 on Γ2

}
.

It is well known that the vector elastic Herglotz wavefunctions are dense in the space
of solutions to the Navier equation in Di with respect to the [H1(Di)]

2-norm [36]. Of
course, the subset W is dense in the subspace U(Di) of [H1(Di)]

2, and we denote it
by H(Di). Hence it holds that H(Di) =U(Di). We consequently define a subspace of
[H1/2(Γ1)]2× [H−1/2(Γ1)]2 by

H(Γ1) :=
{

(u|Γ1
,Teu|Γ1

) :u∈H(Di)
}
. (3.3)

Based on the analysis in Theorem 3.1 of the paper [37], one can obtain that every
function in [H1/2(Γ3)]2 can be approximated by the trace of an elastic Herglotz wave-
function with respect to the [H1/2(Γ3)]2 norm. Now define the subspace of [H1/2(Γ3)]2

H(Γ3) =
{

u :u∈ [H1/2(Γ3)]2,u|Γ2
=0
}
, (3.4)

then the subset W is dense in H(Γ3) with respect to [H1/2(Γ3)]2-norm, i.e.,

H(Γ3) :=
{

vτ |Γ3 :vτ ∈H(Di)
}
. (3.5)

By an analogous argument as Lemma 4.3 in [33], we have that H(Γ1) is a closed
subset of [H1/2(Γ1)]2× [H−1/2(Γ1)]2 if Assumption 1 is satisfied.

Furthermore, it holds

Lemma 3.1. H(Γ1)×H(Γ3) is a closed subset of [H1/2(Γ1)]2× [H−1/2(Γ1)]2×
[H1/2(Γ3)]2 if Assumption 1 is satisfied and thus is a Banach space.

Denote by H : [L2(S)]2→ [H1/2(Γ1)]2× [H−1/2(Γ1)]2× [H1/2(Γ3)]2 the Herglotz
wave operator which takes values of the Herglotz wavefunction vτ on the boundaries,
that is

Hτ = (vτ |Γ1
,Tevτ |Γ1

,vτ |Γ3
), for vτ ∈H(Di). (3.6)

The definitions of the spaces H(Γ1) and H(Γ3) imply that

Lemma 3.2. The operator H : [L2(S)]2→H(Γ1)×H(Γ3) has dense range.
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According to the superposition principle [34], the elastic far field operator F :
[L2(S)]2→ [L2(S)]2 can be defined by

(Fτ)(x̂) =e−iπ/4
∫
S

{√kp,e
ω

u∞(x̂,d;d)τp(d)+

√
ks,e
ω

u∞(x̂,d;d⊥)τs(d)
}
ds(d), x̂∈S,

(3.7)
where u∞ is the far field pattern of the scattered field u to the problem (1.1)–(1.5). It
is exactly the far field pattern of the resulted scattered field inspired by the incidence
of Herglotz wavefunction.

We now consider the problem (2.1) with boundary data (f ,g,h)∈ [H1/2(Γ1)]2×
[H−1/2(Γ1)]2×H(Γ3). The well posedness of this problem defines an operator G map-
ping the boundary data (f ,g,h) to the far field pattern u∞∈ [L2(S)]2, i.e.,

G(f ,g,h)(x̂) =u∞(x̂), x̂∈S. (3.8)

Then it follows that

Fτ =−G(Hτ). (3.9)

Next, we focus our attention on the study of the operators F and G. To this end,
we introduce the so-called interior transmission problem, which is closely related to the
injectivity of the far field operator F . The interior transmission problem corresponding
to the scattering problem (2.1) reads: for given f ∈ [H1/2(Γ1)]2, g∈ [H−1/2(Γ1)]2 , find
w,v∈ [H1(Di)]

2 such that 

∆∗ew+ρeω
2w = 0 in Di,

∆∗iv+ρiω
2v = 0 in Di,

w−v = f on Γ1,
Tew−Tiv = g on Γ1,

v = 0 on Γ2,
w = 0 on Γ2.

(3.10)

One can treat this problem following the basic idea of paper [35]. A similar problem
has been investigated in [33] for the case of acoustic scattering. The values of ω for
which a non-trivial solution to the homogeneous interior transmission problem exists
are called transmission eigenvalues. Here, we assume, but without any proof, that the
set of transmission eigenvalues ω is discrete.

Lemma 3.3. Assume that ω is not the transmission eigenvalue, then the far field
operator F is injective with dense range.

Proof. As is presented in [20], we can examine that the adjoint F ∗ : [L2(S)]2→
[L2(S)]2 of the far field operator F is F ∗τ =RFRτ,τ ∈ [L2(S)]2, where (Rf)(d) := f(−d)
is the reflection operator. In view of this relation, the injectivity of F implies the
denseness of its range. Hence we just need to show that F is injective.

Now consider the solution (u,v) of the scattering problem (1.1)–(1.5) for the in-
cidence of Herglotz wavefunction vτ . Assume that Fτ =0 with τ 6=0, that is, the far
field pattern of scattered field u is zero. Then Rellich’s lemma gives that u=0 in
the domain De and thus vτ |Σ =0 from the boundary condition, which indicates that
vτ |Γ2 =0. Consequently, the non-zero function pair (v,vτ ) satisfies the homogeneous
interior transmission problem (3.10), which is contrary to the assumption. The proof is
then completed.
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We next turn to explore the properties of the operator G and the discussion follows
the basic ideas in [33]. It is different from the case of impenetrable scatterers, the
operator G is no longer injective. In fact, the well posedness of the problem (3.2)
defines the Dirichlet-to-Neumann operator Λ : [H1/2(Γ1)]2→ [H−1/2(Γ1)]2 by

Λf =Tαf |Γ1

. Following the proof procedure in Theorem 4.1 of paper [33], one can prove the result
below with necessary modifications.

Lemma 3.4. The kernel space of G is given by N (G) =
{

(f ,Λf ,0) : f ∈ [H1/2(Γ1)]2
}

under Assumption 1.

However, by restricting the domain of definition, we will show that the operator G
becomes injective. Let G0 be the restriction of G to the space H(Γ1)×H(Γ3).

Lemma 3.5. The operator G0 is compact, injective and has dense range in [L2(S)]2 if
ω is not a transmission eigenvalue.

Proof. Since G0 can be decomposed into the product of a bounded operator,
which maps the boundary data (f ,g,h)∈H(Γ1)×H(Γ3) to the scattering solution (u,v)
of problem (2.1), and a compact operator, which maps the radiating solution u to its
far field pattern, we observe that G0 is compact.

To prove the injectivity of G0, let G0(f ,g,h) =0, in other words, the far field pattern
of the radiating solution u is zero. Then u vanishes in De by the Rellich’s lemma, and
the trace theorem shows that u|Γ1

=0,Teu|Γ1
=0 and h=u|Γ3

=0. By the definition of
the space H(Γ1), there exists w∈H(Di) such that f =w|Γ1 ,g =Tew|Γ1 . We conclude
that (w,v) satisfies the homogeneous interior transmission problem (3.10). It follows
w =0,v =0 from the assumption that ω is not a transmission eigenvalue, whence f =
0,g =0. So the injectivity of G0 is proved.

Notice that the range of the far field operator F is included in the range of G, from
Lemma 3.3 we know that G possesses dense range if ω is not a transmission eigenvalue.
In order to prove the denseness of G0, it is enough to demonstrate R(G)⊂R(G0). Let
u∞∈R(G) with u∞ being the far field pattern of the radiating part u of the solution
pair (u,v). Consider the unique solution (w,v) of interior transmission problem with
boundary data (u|Γ1

,Teu|Γ1
), it follows immediately that (u,v) solves problem (2.1)

with boundary data (w|Γ1
,Tew|Γ1,,u|Γ3

)∈H(Γ1)×H(Γ3). As a result, u∞∈R(G0),
thus complete the proof.

The reconstruction algorithm of the linear sampling method is based on solving the
far field equation

(Fτ)(x̂) = Φ∞(x̂) for τ ∈ [L2(S)]2, x̂∈S, (3.11)

where Φ∞ is the far field pattern of the following potential

Φ(x) =

∫
L1

Γe(x,y)φ(y)ds(y)+

∫
L1

[Te,yΓe(x,y)]>ϕ(y)ds(y)

+

∫
L2

Γe(x,y)ψ(y)ds(y), x∈De (3.12)

with (φ,ϕ,ψ) being any functions in the space [H̃−1/2(Γ)]2× [H̃1/2(Γ)]2× [H̃−1/2(L)]2

such that Φ|Γ2
=0. Here L1,L2 are any two smooth non intersecting arcs without cusps

such that L1∩L2 =∅.
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In Equation (3.11), the measured data is stored in the far field operator F , and
Φ∞ is selected as the test function for any two open curves. However, why can this
information be used to find out the scatterers. The following result gives the answer by
noting the relation F =−G0H between F and G0.

Lemma 3.6. Assume that ω is not a transmission eigenvalue, then the far field pattern
Φ∞(x̂) of the potential Φ(x) given by (3.12) is in the range of G0 if and only if L1⊂Di

and L2⊂Γ3.

Proof. If L1⊂Di and L2⊂Γ3, consider the solution (w,v) of the interior transmis-
sion problem (3.10) with boundary data f =Φ|Γ1 ,g =TeΦ|Γ1 . We observe that (v,Φ)
solves problem (2.1) with boundary data (w|Γ1 ,Tew|Γ1 ,Φ|Γ3)∈H(Γ1)×H(Γ3). It fol-
lows that Φ∞(x̂)∈R(G0) from the definition of the operator G0.

Now we assume that at least one of the situation: L1⊂Di and L2⊂Γ3, is not
satisfied. Without loss of generality, let L1 6⊂Di and L2⊂Γ3, and on the contrary,
assume that Φ∞(x̂) belongs to R(G0). Then there exists w∈H(Di) and h∈H(Γ3)
such that

G0(w|Γ1
,Tew|Γ1

,h) = Φ∞.

Let (u,v) be the solution to problem (2.1) with boundary data (w|Γ1
,Tew|Γ1

,h), then
we have u∞= Φ∞ by the injectivity of G0. Rellich’s lemma and unique continuation
principle yield that u equals to Φ in the domain De\L1, which contradicts to the fact
that u belongs to H1

loc(De) but Φ does not, because of the singularity of Φ on the curve
L1.

For the case of L1⊂Di and L2 6⊂Γ3 or L1 6⊂Di and L2 6⊂Γ3, we can also derive a
contradiction by a similar discussion as above. The proof is completed.

The foregoing analysis leads to the mathematical foundation of the linear sampling
method, which shows the relation between the behavior of solution to (3.11) and the test
curves L1 and L2. When L1⊂Di and L2⊂Γ3 the norm of the solution τ is bounded,
otherwise, its becomes large and this phenomenon exactly reports the location of the
scatterers. So we can say that the behavior of the approximate solution to the far field
Equation (3.11) plays as an indicator function to characterize the mixed scatterer.

Theorem 3.1. Assume that ω is not a transmission eigenvalue and Assumption 1
is satisfied. Then for the far field Equation (3.11) the following holds:

(1) If L1⊂Di and L2⊂Γ3, for every ε>0 there exists a solution τ εL1,L2
∈ [L2(S)]2 sat-

isfying

‖Fτ εL1,L2
+Φ∞L1,L2

‖[L2(S)]2 <ε.

(2) If L1 6⊂Di or L2 6⊂Γ3, then for every ε>0 and δ>0, there exists a function τ ε,δL1,L2
∈

[L2(S)]2 such that

‖Fτ ε,δL1,L2
+Φ∞L1,L2

‖[L2(S)]2 <ε+δ,

and

lim
δ→0
‖τ ε,δL1,L2

‖[L2(S)]2 =∞.

Proof.
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(1) For the case L1⊂Di and L2⊂Γ3, there exists a solution (w,v) of the interior
transmission problem (3.10) with boundary data f =Φ|Γ1 ,g =TeΦ|Γ1 . We observe that
(v,Φ) solves problem (2.1) with boundary data (w|Γ1

,Tew|Γ1
,Φ|Γ3

)∈H(Γ1)×H(Γ3).
From Lemma 3.2, for every ε>0 there exists a function τ εL1,L2

∈ [L2(S)]2 such that

‖Hτ εL1,L2
−(w|Γ1 ,Tew|Γ1 ,Φ|Γ3)‖[H1/2(Γ1)]2×[H−1/2(Γ1)]2×[H1/2(Γ3)]2 <ε/‖G0‖,

(3.13)
since the operator G0 is bounded and we have

‖G0(Hτ εL1,L2
)−G0(w|Γ1 ,Tew|Γ1 ,Φ|Γ3)‖[L2(S)]2 <ε.

Hence we obtain

‖Fτ εL1,L2
+Φ∞L1,L2

‖[L2(S)]2 <ε

due to F =−G0H and G0(w|Γ1
,Tew|Γ1

,Φ|Γ3
) = Φ∞L1,L2

. Noting that w and vτεL1,L2

belong to H(Di), the inequality (3.13) implies that vτεL1,L2
converges to w in the space

[H1(Di)]
2 as ε→0. As a result the norm ‖τ εL1,L2

‖[L2(S)]2 is bounded.

(2) Next, we assume that L1 6⊂Di or L2 6⊂Γ3. In this case, Lemma 3.6 makes us
know that Φ∞L1,L2

is not in the range of G0, but Lemma 3.5 shows that G0 is com-

pact, injective and with dense range in [L2(S)]2. Hence, for every δ>0 we can con-
struct an unique Tikhonov regularized solution (fρ,gρ,hρ)∈H(Γ1)×H(Γ3) of equation
G0(f ,g,h) = Φ∞L1,L2

, such that

‖G0(fρ,gρ,hρ)−Φ∞L1,L2
‖[L2(S)]2 <δ,

where ρ is the regularization parameter (chosen by a regularization strategy, e.g., the
Morozov’s discrepancy principle). Then we obtain

‖(fρ,gρ,hρ)‖[H1/2(Γ1)]2×[H−1/2(Γ1)]2×[H1/2(Γ3)]2→∞ as ρ→0.

By Theorem 3.2, H has dense range, thus for ε>0 sufficiently small there exists τ ε,ρL1,L2

such that

‖Hτ ε,ρL1,L2
−(fρ,gρ,hρ)‖[H1/2(Γ1)]2×[H−1/2(Γ1)]2×[H1/2(Γ3)]2 <ε/‖G0‖.

Combining the above two equations we obtain that for every ε>0 and δ>0 there exists
τ ε,ρL1,L2

∈ [L2(S)]2 such that

‖Fτ ε,ρL1,L2
+Φ∞L1,L2

‖[L2(S)]2 =‖G0(Hτ ε,ρL1,L2
)−Φ∞L1,L2

‖[L2(S)]2

≤‖G0(Hτ ε,ρL1,L2
)−G0(fρ,gρ,hρ)‖[L2(S)]2

+‖G0(fρ,gρ,hρ)−Φ∞L1,L2
‖[L2(S)]2

<ε+δ.

Since limδ→0ρ(δ) = 0, it arrives at

lim
δ→0
‖(fρ,gρ,hρ)‖[H1/2(Γ1)]2×[H−1/2(Γ1)]2×[H1/2(Γ3)]2→∞.

So we deduce that limδ→0‖Hτ ε,ρL1,L2
‖[H1/2(Γ1)]2×[H−1/2(Γ1)]2×[H1/2(Γ3)]2→∞ and thus

limδ→0‖τ ε,ρL1,L2
|[L2(S)]2→∞ due to the boundedness of H. The proof is completed.
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4. The numerical examples
In this part, we present some numerical experiments to verify the validity of the

established linear sampling method in two dimensions. In all examples we assume that
the host elastic medium has Lamé constants λe= 1,µe= 2, the included medium has
Lamé constants λi= 1.5,µi= 2.5 and the mass densities take value ρe=ρi= 1.

The scheme of the numerical experiment for the linear sampling method is described
in the following steps.
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Fig. 4.1. The exact objects: the shape of circle arc and line (left), the shape of semi-ellipse and
line (right)
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Fig. 4.2. Reconstruction of the circle arc and line for q= [0,1]>, noise level=1%, with different
circular frequencies ω.
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Fig. 4.3. Reconstruction of the semi-ellipse and line for q= [0,1]>, noise level=1%, with different
circular frequencies ω.

Firstly, the forward data is generated synthetically by solving the direct scattering
problem (1.1)∼ (1.5), where the collocation and quadrature approaches [38, 39] are
used to treat the numerical solution procedure. Then the far field data of the elastic
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Fig. 4.4. Reconstruction of the circle arc and line for ω= 4, q= [1,0]> with different noise levels.
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Fig. 4.5. Reconstruction of the semi-ellipse and line for ω= 4, q= [0,1]> with different noise levels.

scattering field can be calculated through the combined potential (2.3), in which, the
far field patterns of the single-and double-layer potentials are computed by

(H∞j,ag)(x̂) =βa

∫
Γj

Ja(x̂)g(y)e−ika,ex̂·yds(y)

and

(K∞j,ag)(x̂) =γa

∫
Γj

Ja(x̂)B(x̂,y)g(y)e−ika,ex̂·yds(y),

respectively, with the coefficients

βp=
1

2µe+λe

eiπ/4√
8πkp,e

, βs=
1

µe

eiπ/4√
8πks,e

,

γp=
e−iπ/4

2µe+λe

√
kp,e
8π

, γs=
e−iπ/4

µe

√
ks,e
8π

,

and the matrices Jp= x̂x̂>/|x̂|2, Js= I−Jp and

B(x̂,y) =λex̂n(y)>+µen(y)x̂>+µen(y) · x̂I.

The second step involves dealing with far field Equation (3.11). For N incident
directions dl= (cos(2πl/N),sin(2πl/N))>,l= 1,. ..,N , and for N observation directions
x̂m= (cos(2πm/N),sin(2πm/N))>,m= 1,. ..,N , the limited data of the far field patterns
u∞(x̂,d;d) and u∞(x̂,d;d⊥) for N plane compressional and shear waves, respectively,
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Fig. 4.6. Reconstruction of the circle arc and line for ω= 4, noise level = 1% with different
polarization directions q.
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Fig. 4.7. Reconstruction of the semi-ellipse and line for ω= 4, noise level = 1% with different
polarization directions q.

are obtained and the discretized far field operator F is approximated by matrix FN ∈
C2N×2N given by

FN =
2π

N
e−iπ/4

√kp
ω u
∞
p (x̂m,dl;dl)

√
ks
ω u
∞
p (x̂m,dl;d

⊥
l )√

kp
ω u
∞
s (x̂m,dl;dl)

√
ks
ω u
∞
s (x̂m,dl;d

⊥
l )

.
Another aspect concerns the test function Φ∞(x̂) appearing on the right hand side

of the Equation (3.11), which is the far field pattern of the combined potential Φ given by
(3.12) and integrating on the test curve L1 and L2. It is hard to make the curve located
in the actual boundary Γ1 and the crack Σ. Furthermore, the assumption that Φ =0 on
Γ2 can not be ensured since the location of Γ2 is unknown. As a result, the numerical
experiment here is not completely consistent with the previous theoretical analysis. So,
we take the second best and choose the far field pattern (Γ∞p,e(x̂,z;p),Γ∞s,e(x̂,z;p)) of an
elastic point source Γe(x,z) ·p in z∈R2 with the polarization direction p∈S as the test
function. We think it will not fundamentally affect the numerical experiment because
the numerical integration on the test curve needs to be discretized into the values at
some points. This treatment has been adopted by Cakoni [37] to recovery cracks in
acoustic scattering. Thus the test function can be approximated by a column vector
Φ∞N ∈C2N given by

Φ∞N =

 1
2µ+λ

eiπ/4√
8πkp

e−ikpx̂m·zx̂m ·p
1
µ
eiπ/4√
8πks

e−iksx̂m·zx̂⊥m ·p

.
Due to the ill posedness of the far field equation, the Tikhonov regularization
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method is employed to solve the normal equation

ρτ+F δ∗N F δNτ =F δ∗N Φ∞N (·,z,p)

with regularization parameter ρ, where δ is the error level of the far field operator, i.e.,
‖F δN −FN‖L2(S)<δ. For each given ε and δ, the regularization parameter ρ is chosen by

the generalized Morozov’s discrepancy principle, i.e., ‖F δNτ(·,z,p)−Φ∞N (·,z,p)‖L2(S) =
ε+δ‖τ(·,z,p)‖L2(S). Assume ε� δ and thus can be ignored in above identity. We can
obtain the solution τ(·,z,p) by using a singular system {σj ,φj ,ψj}2Nj=1 for the operator

F δN as

τ(·,z,p) =
2N∑
j

σj
ρ+σ2

j

(Φ∞N (·,z,p),ψj)L2(S)φj ,

where ρ is the root of the monotonically increasing function

f(ρ) :=

2N∑
j

ρ2−δ2σ2
j

(ρ+σ2
j )2
|(Φ∞N (·,z,p),ψj)L2(S)|2.

The last step is to choose a region covering the expected obstacle, then for each
sampling point z lying in this region, the norm of ‖τ(·,z,p)‖L2(S) is calculated and we
plot 1/‖τ(·,z,p)‖L2(S) with 100 contour lines at fixed polarization p. The value of which
becomes large when z lies in the exact boundary Γ1 and the crack Σ and thereby can
be used as an indicator function to characterize the combined elastic scatterer. In the
reconstruction, the far-field data are given for 40 incident directions and 40 observation
directions equally distributed on the unit circle and we use a grid of 161×161 equally
spaced sampling points on the rectangle [−4,4]× [−4,4].

We show the reconstruction results in the following two examples. Consider the
circle arc

Γ1 :=
{(

cos
πs

3
,
1

2
+sin

πs

3

)
:−1≤s≤4

}
lying on the line

Σ :=
{

(−
√

3

2
cot

πs

6
,−
√

3

2
+

1

2
) : 1≤s≤5

}
in Figure 4.2, 4.4 and 4.6, and consider the semi-ellipse

Γ
′

1 :=
{(√

2cosπs,sinπs+
1

2

)
: 0≤s≤1

}
lying on the line

Σ
′
:=
{

(−cot
πs

6
,
1

2
) : 1≤s≤5

}
in Figure 4.3, 4.5 and 4.7. In all the examples, we show the reconstructions by using
the MATLAB routine contour (zx,zy,1/‖τ(·,z,p)‖L2(S)).

The numerical experiments show the viability of our method. In addition, we ob-
serve that:
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(1) The reconstructed scatterer is stable for noise, the quality of the reconstructions
increases with decreasing error level.

(2) The polarization direction p has a certain influence on the experiments, since the
norm of the indicator function ‖τ(·,z,p)‖L2(S) is related to the polarization direction,
different polarization direction implies different norm.

(3) The reaction to the circular frequency ω is sensitive in the numerical examples and
the experimental effect is just relatively good for ω= 4,5,6, this phenomenon may be
related to the size of the scatterer.
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