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Membrane instantons from mirror symmetry
Daniel Robles-Llana, Frank Saueressig, Ulrich Theis

and Stefan Vandoren

We use mirror symmetry to determine and sum up a class of
membrane instanton corrections to the hypermultiplet moduli
space metric arising in Calabi–Yau 3-fold compactifications of type-
IIA strings. These corrections are mirror to the D1 and D(−1)-
brane instantons on the IIB side and are given explicitly in terms of
a single function in projective superspace. The corresponding
four-dimensional effective action is completely fixed by the Euler
number and the genus zero Gopakumar–Vafa invariants of the
mirror Calabi–Yau.

1. Introduction

Over recent years, it has become clear that non-perturbative aspects of
string theory play an important role in low-energy effective actions (LEEA)
that are relevant for model building. An active area of research has been to
determine instanton corrections to superpotentials in N = 1 flux compacti-
fications, since they can cause moduli stabilization in vacua with a positive
cosmological constant. The computation of non-perturbative superpoten-
tials in string or M-theory was initiated in [1, 2], following ideas that were
developed in [3] for N = 2 string compactifications. In these approaches,
one typically considers the first instanton correction that can be computed
using semiclassical methods in string theory. In general, it is very hard
to find expressions that are exact to all orders in the string coupling con-
stant gs, unless one can make use of string dualities. For superpotentials
in certain N = 1 flux compactifications this was demonstrated in [4], but
for Kähler potentials this is more complicated due to the absence of non-
renormalization theorems (see, however, [5] for some partial results).

In this paper, we study non-perturbative phenomena in string theory
in four dimensions with eight supercharges [3] and show that one can find
an exact solution for a class of instanton corrections to the LEEA. That
is, we are able to determine and sum up an infinite series of membrane
instanton corrections to all orders in gs. To obtain these exact results we
make use of various dualities and symmetries in N = 2 compactifications
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of string theories. Moreover, in contrast to the Kähler potential in N = 1
theories, N = 2 supersymmetry gives us full control over the perturbative
string loop corrections owing to a non-renormalization theorem that prevents
corrections beyond one-loop [6].

The models we consider are type-IIA strings compactified on Calabi–Yau
3-folds (CY) and their mirror versions, type IIB compactified on the mirror
CY, without any fluxes turned on. The resulting LEEA contains vector mul-
tiplets and hypermultiplets coupled to (ungauged) N = 2 supergravity. The
vector multiplet moduli space is well understood in terms of mirror symme-
try, and is not affected by inclusion of D-branes. Mirror symmetry between
the hypermultiplet moduli spaces in IIA and IIB is complicated by the fact
that both moduli spaces receive stringy perturbative and non-perturbative
corrections. The perturbative corrections are one-loop (as higher order cor-
rections can be absorbed in field redefinitions in the LEEA) and are pro-
portional to the Euler number, consistent with mirror symmetry [6]. The
non-perturbative corrections are much more complicated, and their full form
is unknown at present. However, their generic structure was argued in [3] to
be as follows. On the type IIB side non-perturbative corrections are given by
instantons arising from odd-dimensional Euclidean D-branes wrapping even
supersymmetric cycles, together with NS5/D5-branes wrapping the entire
CY. In type IIA they are given by membranes wrapping supersymmetric
three-cyles and NS5-branes again wrapping the entire CY. We will consider
membrane instantons only, i.e., Euclidean D2-branes wrapping supersym-
metric three-cycles in the CY, leaving the NS5-brane instantons for future
research. We comment on how to determine these corrections in figure 1.
More precisely, we consider membrane instantons coming from D2-branes
wrapping only half of the three-cycles, say the “electric” or A-cycles. These
are related to our recent results on D1 and D(−1) instanton corrections on
the type IIB side [7] by mirror symmetry in the presence of D-branes [8].
Geometrically, under the mirror map holomorphic two-cycles in the CY are
exchanged by special Lagrangian three-cycles in the mirror CY.

The main result of this paper is the implementation of the mirror map
and the explicit form of the instanton corrected hypermultiplet geometry. In
fact, recently the instanton corrections were determined in [9] in the conifold
limit of type IIB strings upon shrinking the size of a two-cycle. The results
showed precise agreement with the membrane instantons obtained in [10]
in type-IIA strings on the mirror CY, thereby providing a non-perturbative
test of mirror symmetry in the conifold limit. Here, we assume mirror sym-
metry to hold at a generic point in the moduli space, and use it to deter-
mine the instanton corrections to the effective action away from the conifold
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Figure 1: Prospective duality chain for determining the full quantum LEEA
of type II strings compactified on a generic CY X, and its mirror partner
Y . In the vector multiplet sector there are α′ corrections that appear on
the IIA side only and can be obtained via mirror symmetry; they comprise
worldsheet loop and instanton corrections. The c-map transfers these into
the IIB hypermultiplet sector. In addition, there is a one-loop gs correction,
in the figure denoted by 1�, determined in [6]. Imposing SL(2, Z) invari-
ance produces the non-perturbative corrections arising from D1-brane and
more general (p, q)-string instantons as well as D(−1) instantons [7]. The
latter naturally combine with the perturbative α′ and gs corrections. As
shown in this paper, applying mirror symmetry to these corrections gives
rise to the A-cycle D2-brane instanton contributions on the IIA side. Though
beyond the scope of this paper, one may now continue to employ various
dualities that should in principle produce all possible quantum corrections:
using electromagnetic (e/m) duality to impose symplectic invariance will
give the B-cycle D2-brane instantons. Mirror symmetry will map these
to the as of yet unknown D3- and D5-brane instanton corrections on the
IIB side. Another application of SL(2, Z) duality then will give rise to
pure NS5-brane and D5–NS5 bound state instantons. Finally, applying
mirror symmetry one last time will produce the NS5-brane corrections on
the IIA side.
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limit, where the hypermultiplet moduli space is quaternion-Kähler instead
of hyperkähler.

Finding the non-perturbative corrections to the hypermultiplet moduli
space by means of a microscopic instanton calculation has been a notori-
ously complicated problem. However, for rigid CY manifolds (h1,2 = 0),
yielding only the universal hypermultiplet, a microscopic string theory cal-
culation was performed in [11] following the procedure outlined in [3]. In
this approach, the one-instanton sector can be determined in the semiclassi-
cal approximation, up to an overall numerical coefficient that comes out of
the one-loop determinant of fluctuations around the instanton. The method
used in the present paper fixes this coefficient in terms of the Euler number
of the CY and allows us to go beyond the semiclassical approximation.

Finally, we wish to point out that if the CY is K3-fibered, our results are
related to a class of worldsheet instantons in the heterotic string on K3 × T 2

using string duality. The mapping of membrane instantons to worldsheet
instantons was recently investigated in [12], and it would be interesting to
study further how our results fit into that framework.

In the next section, we briefly review some general aspects of off-shell
effective actions for hypermultiplet and tensor multiplet couplings to N = 2
supergravity that are needed in later sections. In Section 3, we present
the connection with the string theory variables for both the type-IIA and
-IIB theories and discuss the breaking of isometries by instantons. Section
4 deals with microscopic aspects of mirror symmetry, including both the
NS–NS and RR sectors, and we construct the mirror map between the IIA
and IIB hypermultiplet moduli spaces. Finally, in Section 5, we implement
mirror symmetry to determine the membrane instanton correction starting
from previously known results on D1 and D(−1) instantons in IIB. We close
with some conclusions and further discussions on Section 6. Two appendices
are included at the end with technical details and useful formulas.

2. Off-shell effective actions

In this section, we describe general aspects of superspace LEEA for hyper-
multiplets and their dual tensor multiplets. After a short review of projective
superspace, we give the resulting tree-level and one-loop effective actions for
type II strings compactified on a CY.

The total moduli space M for a type II string compactification on a
generic CY locally factorizes into a direct product M = MVM × MHM,
where MVM and MHM denote the vector and hypermultiplet moduli space.
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Figure 2: Massless matter spectrum arising in CY compactifications of type
II strings. The moduli spaces for vector and hypermultiplets are denoted by
MVM and MHM, respectively, with their real dimensions below in terms of
the Hodge numbers hp,q of the CY. The last line indicates possible quantum
corrections to the respective sector. Here α′ and gs denote corrections from
the worldsheet conformal field theory and in the (four-dimensional) string
coupling constant, respectively. Note that the vector multiplet sector of the
type IIB compactification is classically exact.

The metrics on MIIA
VM/X and MIIB

VM/Y are entirely determined by the pre-
potentials F (X) on the moduli spaces of (complexified) Kähler deformations
on X and complex structure deformations on Y , respectively. As the four-
dimensional dilaton belongs to a hypermultiplet, the generic factorization of
the moduli space implies that the vector moduli spaces are exact at string
tree-level. This is summarized in figure 2.

The scalars of the hypermultiplets coupled to N = 2 supergravity
parametrize a quaternion-Kähler manifold [13]. For type-IIA (type-IIB)
compactifications, this manifold is spanned by h1,2 + 1 (h1,1 + 1) physical
hypermultiplets. Generic hypermultiplet couplings do not admit an off-shell
description with a finite number of auxiliary fields, so no simple superspace
formula exists for the effective action. As we explain in the next section, for
the problem at hand, there will be a suitable number of Peccei–Quinn-like
isometries that act as shifts on some of the scalars. In this case, the hyper-
multiplets have a dual description in terms of N = 2 tensor multiplets which
allow for an off-shell description with a finite number of auxiliary fields in
projective superspace [14, 15]. The N = 2 tensor multiplets are written as

(2.1) ηI(ζ) =
vI

ζ
+ xI − v̄Iζ,

where v and x denote N = 1 chiral and real linear (containing a real scalar
and a tensor) superfields, respectively, while ζ is a complex coordinate on
the Riemann sphere. In rigid N = 2 supersymmetry, superspace Lagrangian
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densities for the tensor multiplets can be written as

(2.2) L(xI , vI , v̄I) = Im
∮

C

dζ

2πiζ
H

(
ηI(ζ), ζ

)
,

with C an appropriately chosen contour that typically encloses the poles
and branch cuts of the function H. Supersymmetry does not pose any
constraints on C. By construction L, when taken as a function of the scalar
fields, automatically satisfies the constraint for rigid supersymmetry

(2.3) LxIxJ + LvI v̄J = 0,

where LxI denotes the derivative of L with respect to xI , etc.
The tensor multiplet action is obtained by integrating the superspace

Lagrangian L over half of superspace, with coordinates θiα, θ̄i
α̇, where i = 1, 2

is an SU(2)R index and α, β̇ = 1, 2 are Lorentz spinor indices. For vector
multiplet actions, one integrates superspace densities over a chiral subspace
spanned by the θiα only. Such terms are called F-terms. For tensor multi-
plets, one chooses a different subspace spanned by, say, θ1α and θ̄2

α̇. Such
terms can be called twisted F-terms, and the action for the tensor multiplets
then takes the form

(2.4) S =
∫

d4x d2θ d2θ̄ L.

For heterotic superstrings on K3 × T 2, which are dual to our models, pro-
jective superspace arises naturally from the hybrid formalism [16], whereas
for type II strings on a CY the situation is less clear; see [17] for more details.
Superspace effective actions have also been studied in [18].

To couple the resulting tensor multiplet action to supergravity, we use
the superconformal calculus and introduce a compensating tensor multi-
plet. The theory can then be made scale invariant, and the constraints
from conformal symmetry lead to the conditions that H has no explicit ζ
dependence and is homogeneous of degree 1 under the contour integral [19].
The resulting expression is then conformally coupled to the Weyl multiplet,
which contains the degrees of freedom of N = 2 conformal supergravity; it
is the gauge multiplet of the N = 2 superconformal algebra. Gauge-fixing
the SU(2)R and dilatations eventually gives the tensor multiplet couplings
to Poincaré supergravity in component language [20]. What is important
here is that the entire supergravity action is determined by a single function
L(x, v, v̄) of the tensor multiplet scalar components.
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At the superconformal level the dualization of the tensor multiplets
to hypermultiplets can be done by performing a Legendre transform on
the superspace Lagrangian density L [21]. The resulting function is the
hyperkähler potential on the hyperkähler cone describing superconformally
coupled hypermultiplets [22]. Taking the superconformal quotient as in [19]
leads to the quaternion-Kähler hypermultiplet moduli space.

Before doing the Legendre transform, one can construct a tensor
potential [20]

(2.5) χ(xI , vI , v̄I) = xILxI − L,

which satisfies the differential relations

(2.6) LxIxJ =
1
2

(χxIxJ + χvI v̄J ).

The two functions χ and L will play the central role in our discussion;
they encode all the quantum corrections, from string loops as well as from
instantons. It turns out to be particularly convenient to work with χ, since
symmetries of the effective action directly translate to invariances of the
tensor potential. In Section 5, we will give explicit formulas for the instanton
corrections to both of these functions. Further details will also be given in
Appendix B.

At string tree-level, the hypermultiplet moduli space can be determined
from the vector multiplet effective action in the T-dual theory by applying
the c-map [23]. The resulting quaternion-Kähler geometry was worked out
in [24], and the corresponding superspace Lagrangian takes the simple form
[25, 26] (also see [18])

(2.7) L = Im
∮

C0

dζ

2πiζ
F (ηΛ)

η0 .

Here, F is the vector multiplet prepotential of the T-dual theory, homoge-
neous of degree 2, but with the vector multiplets XΛ replaced by tensor
multiplets ηΛ. (See table 1 for index ranges.) Finally, η0 can be chosen to
be the conformal compensator. Equation (2.7) was first derived in a certain
SU(2)R gauge (v0 = 0) with the contour C0 chosen around the origin. It
was then rederived in [27] in a gauge-independent way with the contour C0
around one of the zeroes, say ζ+, of ζη0. In the gauge v0 = 0 one recovers
the results of [25].
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Table 1: Summary of indices used in the hypermultiplet sector. The index a runs
over one value less than Λ, making the coordinates za projective, and I = {0, Λ} also
includes the compensator. For X and Y mirror to each other, h1,2(X) = h1,1(Y )
so that the number of multiplets agrees.

type-IIA strings on X type-IIB strings on Y

I = 0, 1, . . . , h1,2(X) + 1 I = 0, 1, . . . , h1,1(Y ) + 1

Λ = 1, . . . , h1,2(X) + 1 Λ = 1, . . . , h1,1(Y ) + 1
a = 2, . . . , h1,2(X) + 1 a = 2, . . . , h1,1(Y ) + 1

At one-loop order in gs, the resulting action is given by [6]1

(2.8) L = ± Im
iχE

24π

∮
C1

dζ

2πiζ
η0 ln η0,

with the positive sign for IIB and the negative sign for type IIA. Here, χE

is the Euler number of the CY. Notice that the results for type IIA and IIB
are consistent with mirror symmetry, since the Euler number switches sign
for the mirror CY. The contour C1 is taken around the logarithmic branch
cut between the origin and ζ+ [28]. The formula (2.8) generalizes the results
for the universal hypermultiplet obtained in [29, 30]. Moreover, in [29] it was
shown that higher loop corrections can be absorbed by field redefinitions.
The effective absence of higher-loop corrections was given an explanation
in [6] in terms of a non-renormalization theorem in projective superspace,
where it can be generalized to an arbitrary number of hypermultiplets.

3. String theory variables

In the previous section, we gave generic formulas for tensor-/hypermultiplet
LEEA in string perturbation theory. To connect these formulas to a specific
string theory compactification, we need to specify the relation between the
tensor multiplet components and the four-dimensional physical fields aris-
ing from the dimensional reduction of the ten-dimensional massless modes,

1We use a slightly different normalization for the prepotential than in [6]. As
a result, the overall numerical coefficient in (2.8) relative to the classical term
(2.7) is different. With the conventions used in this paper, the monodromies
of the prepotential around the conifold point are integer-valued, as is common
in the literature.
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which are given by conformally and SU(2)R invariant combinations of the
tensor multiplet scalars. In this section, we state these relations for type-IIB
and type-IIA compactifications, and we analyze the breaking of isometries
due to instantons. In view of the discussion of mirror symmetry in the
next section, it is thereby useful to distinguish between the NS–NS and RR
sectors of the compactification.

3.1. Type IIB

In type IIB compactifications on a CY manifold Y , the four-dimensional
fields organize themselves into the gravitational multiplet, h1,2(Y ) vector
multiplets, h1,1(Y ) tensor multiplets, and a double-tensor multiplet [31].
The latter contains two tensors and two scalars and has an off-shell descrip-
tion in terms of two tensor multiplets, which contain the four compensating
scalar fields that restore the dilatation and SU(2)R symmetries. Thus, off-
shell there are h1,1(Y ) + 2 tensor multiplets.

The NS–NS sector of the compactification contains the ten-dimensional
dilaton φ and the complexified Kähler moduli za arising from integrating
the Kähler form J and the NS two-form BNS over a basis of two-cycles γa

(2)
of H2(Y, Z)

(3.1) za = ba + ita =
∫

γa
(2)

(
BNS + iJ

)
, a = 2, . . . , h1,1 + 1.

The dilaton provides one of the scalars of the double tensor multiplet, while
the za account for 2h1,1(Y ) of the tensor multiplet scalars.

In the RR sector, the axion coming from the zero form C0 corresponds
to the second scalar in the double-tensor multiplet, while the periods of the
RR two-form C2,

(3.2) ca =
∫

γa
(2)

C2,

make up the remaining h1,1(Y ) scalars. Furthermore, the four-dimensional
tensor fields are provided by the space-time parts of BNS and C2 together
with h1,1(Y ) tensors arising as the periods of the RR four-form C4 with
respect to γa

(2). The dilaton-axion system can be combined into the complex
scalar

(3.3) τ = τ1 + iτ2 = C0 + ie−φ.



690 Daniel Robles-Llana et al.

The relation between the “microscopic” scalars τ , za, ca and the scalars
appearing in the tensor multiplets (2.7) is given by [27]

τ =
1

(r0)2
(
r 0 · r 1 + i |r 0 × r 1|

)
,

za =
ηa
+

η1
+

, ca =
(r 0 × r 1) · (r 1 × r a)

|r 0 × r 1|2
.(3.4)

Here we have introduced

(3.5) r I =
[
2 vI , 2 v̄I , xI

]
, r I · r J = 2vI v̄J + 2vJ v̄I + xIxJ ,

and ηΛ
+ = ηΛ(ζ+), where ζ+ is one of the roots of ζη0(ζ). See Appendix B

for more details.
In the large volume limit, ba and ca are subject to continuous Peccei–

Quinn shift symmetries. Non-perturbatively, these symmetries are broken to
discrete subgroups by worldsheet instantons and D1 instantons, respectively.
Similarly, the shift symmetry of the axion τ1 is broken by D(−1) instantons.
In our set-up, we are still left with h1,1 + 2 tensors. Dualizing these tensors
to scalars again leads to h1,1 + 2 continuous shift symmetries. These will
also be broken by instantons; the first h1,1 by D3-brane instantons, and the
two remaining ones, originating from the double-tensor multiplet, by D5 and
NS5-brane instantons. Including these instanton corrections require a for-
mulation in terms of hypermultiplets which are not dual to tensor multiplets,
so the tensor multiplet framework used in this paper is no longer applicable.

3.2. Type IIA

When compactifying type-IIA strings on X, the off-shell formulation of the
hypermultiplet sector uses h1,2(X) + 2 tensor multiplets. Not counting the
conformal compensators, consisting of four scalars, we therefore have 3h1,2 +
2 physical scalars and h1,2 + 2 tensors.

The NS–NS sector contains the dilaton φ and the complex structure
deformations of X, which together account for 2h1,2(X) + 1 scalars. In
order to find the coordinates on the complex structure moduli space, we
introduce a symplectic basis of h1,2(X) + 1 A- and B-cycles {γΛ

(3), γ
(3)
Λ } of

H3(X, Z). The complex structure deformations can then be parametrized
by the periods of the holomorphic three-form Ω with respect to the A-cycles
γΛ

(3). Choosing γ1
(3) to be the cycle dual to Ω, the inhomogeneous (physical)
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complex structure moduli za are defined as

(3.6) XΛ =
∫

γΛ
(3)

Ω, zΛ ≡ XΛ

X1 =
(
1, za

)
.

In the RR sector, the periods of the RR three-form C3

(3.7) AΛ =
∫

γΛ
(3)

C3,

give the remaining h1,2(X) + 1 physical scalars. In principle, integrating C3
over the dual B-cycles gives rise to h1,2(X) + 1 additional scalars BΛ. In our
framework, these are dualized into tensors. Together with the space-time
part of BNS this gives h1,2 + 2 tensors, so the total number of degrees of
freedom works out correctly. Notice that upon interchanging h1,1 with h1,2,
the IIA spectrum precisely agrees with the one for the type IIB theory. This
is of course a manifestation of mirror symmetry. At the classical level, the
mirror map relating the tree-level IIA and IIB hypermultiplet moduli spaces
was found to be [31]

(3.8) φIIA = φIIB, A1 = τ1, Aa = −(ca − τ1b
a), za

IIA = za
IIB.

At the classical level, the RR fields AΛ have continuous Peccei-Quinn isome-
tries which will be broken to a discrete subgroup by the instanton correc-
tions. Using (3.4), the type-IIA scalars e−φ, za, AΛ are related to the tensor
multiplet components via

(3.9) e−φ =
1

(r0)2
|r 0 × r 1|, za =

ηa
+

η1
+

, AΛ =
1

(r0)2
(r 0 · r Λ).

In the next section, we show that the mirror map (3.8), in fact, also holds
in the presence of instantons, but with additional periodic identifications of
the fields.

Dualizing the scalars BΛ into tensor fields and keeping the NS two-form
makes the associated shift symmetries manifest. Non-perturbatively these
symmetries are broken by membrane instantons that wrap the B-cycles and
by NS5-brane instantons, respectively. These instanton corrections are not
taken into account in our analysis, since their inclusion cannot be described
by our off-shell tensor multiplet description.
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4. Mirror symmetry

Mirror symmetry can be phrased as the statement that the A-model topolog-
ical amplitudes on a CY X can be mapped to the B-model topological ampli-
tudes of the mirror CY Y . At the level of the four-dimensional LEEA this
implies that the vector multiplet moduli spaces MIIA

VM/Y and MIIB
VM/X are

isomorphic, i.e., there is a choice of holomorphic coordinates for which the
prepotentials (computed from the genus zero topological amplitude) under-
lying these spaces agree. Via the c-map (2.7) this entails that the hypermul-
tiplet moduli spaces MIIA

HM/X and MIIB
HM/Y agree at string tree-level. This

version of mirror symmetry is by now well established, see, e.g., [32].
For the purpose of this paper in which we also include D-branes, we

need a version of mirror symmetry that includes D-branes, in particular
wrapped Euclidean D-branes representing spacetime instantons. At the level
of the LEEA of type-IIA/IIB string theory, this version of mirror symmetry
states that MIIA

HM/X and MIIB
HM/Y are also isomorphic once non-perturbative

corrections are included. In this section, we assume mirror symmetry to hold
and determine the mirror map to relate the IIB and IIA hypermultiplet
moduli spaces non-perturbatively.

4.1. Mirror symmetry at string tree-level

Mirror symmetry between the prepotentials of complexified Kähler/complex
structure deformations of mirror CY’s is naturally formulated in terms of
two specific kinds of coordinates. On the complexified Kähler moduli space
of a CY Y , the natural coordinates arise through the expansion around the
large volume limit of Y . From the perspective of the N = 2 non-linear sigma
model with target space Y , they appear in the exponentials of the three-
point correlation functions of chiral primary operators Oa associated with
classes Aa in H1,1(Y, C) as computed from the topological A-model

(4.1) 〈OaObOc〉 =
∫

Y
Aa ∧ Ab ∧ Ac +

∑
kd

Nkd

abc e2πikdzd

.

Here ka runs over homology classes of rational curves in Y and Nkd

abc are
integers given by the intersection theory on the moduli space of rational
curves, which can be related to the genus zero Gopakumar–Vafa invariants of
Y . The expression (4.1) is the third derivative of the prepotential, which can
then be found by integration. The coordinates za agree with the coordinates
provided by the IIB moduli fields (3.1).
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The canonical coordinates on the moduli space of complex structures
of the mirror CY X are the so-called “flat” coordinates arising from an
expansion of the prepotential around the large complex structure limit of X.
The coordinates mirror to the za

IIB appearing in the large volume expansion
of the prepotential (4.1) can be constructed as follows [33, 34]. Using the
so-called monodromy weight filtration [35], one chooses a symplectic basis
{γΛ

(3), γ
(3)
Λ } of H3(X, Z) such that the cycle γ1

(3) spans H0,3(X, Z) (the dual
of the class H3,0(X) given by Ω(X)). It is singled out by having trivial
monodromy at the large complex structure limit. The other cycles γa

(3)
constitute a basis of H1,2(X, Z) and can be shifted in integer multiples of
γ1

(3) by monodromy transformations of H3(X, Z) around the large complex
structure limit.2 The flat (inhomogeneous) coordinates on the moduli space
of complex structures are then the normalized periods of Ω introduced in
(3.6). The period integrals over the dual B-cycles γ

(3)
Λ define first derivatives

of the prepotential on the complex structure moduli space of X

(4.2) FΛ(X) =
∫

γ
(3)
Λ

Ω.

The prepotential is obtained by using homogeneity, XΛFΛ = 2F (X).
In terms of the specific coordinates (3.1) and (3.6), mirror symmetry

between the CY’s Y and X is the statement that, under the identification
(called the mirror map [34])

(4.3) za
IIB ≡

∫
γa
(2)

(
BNS + iJ

)
=

∫
γa
(3)

Ω∫
γ1
(3)

Ω
≡ za

IIA,

the prepotentials derived from (4.1) and (4.2) agree. The exponential world-
sheet instanton corrections to the former arise from the expansion of the dual
period integrals around the large complex structure limit.

Furthermore, agreement between the hypermultiplet moduli spaces
requires the identification of the type-IIA and -IIB dilatons:

(4.4) φIIA = φIIB.

Since mirror symmetry is supposed to work order by order in string
perturbation theory, we will assume this identification to hold throughout.
To simplify our notation we will denote τ2 = e−φIIA = e−φIIB resorting to
(4.4) implicitly.

2See [35] for more mathematical details.
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4.2. Inclusion of D-branes

Quantum mirror symmetry between type IIA on X and type IIB on Y also
requires matching the non-perturbative string corrections in the respective
hypermultiplet sectors. The corrections of interest in this paper are the ones
found in [7] and come from D(−1) and D1-brane instantons in type IIB on
Y . In this subsection, we discuss generic aspects of the mirror symmetry
between these objects and D2-branes in type IIA on X and review the mirror
map between the relevant supersymmetric cycles and RR fields, which we
implement at the level of the LEEA in the next section.

Let us start by considering the D-brane worldvolume actions in type IIB
and type IIA, respectively. The D(−1) instanton couples to the RR scalar
C0 = τ1, and its action is given by3

(4.5) SD(−1) = 2πτ2 + 2πi τ1.

For D1-brane instantons wrapping a two-cycle with homology kaγ
a
(2), super-

symmetry imposes that the map embedding the worldvolume Σ into the
two-cycle be holomorphic and that the field strength F = dA of the world-
volume gauge field A is such that F/2π is an integral harmonic form on any
holomorphic two-cycle [3, 36]. The worldvolume action SDBI + STop for such
a D1-instanton is given by [36]

SD1/kaγa
(2)

= 2π

∫
Σ

τ2

√
det

(
Ĝ + (F/2π − B̂NS)

)

+ 2πi

∫
Σ

eF/2π−B̂NS ∧ (Ĉ0 + Ĉ2)

= 2πτ2
√

(kata)2 + (kaba + n)2 + 2πi
(
kac

a − τ1(kab
a + n)

)
.(4.6)

In the above formula, Ĝ and B̂ denote the pullback of the space-time fields
G and B, and n is an arbitrary integer which encodes the flux of F on the
two-cycle (i.e., the first Chern class of the U(1) bundle). Because of the way
the integer n appears in the topological Chern–Simons coupling in (4.6), it
is naturally associated with D(−1) charge inside the D1-instanton.

We now turn to the type-IIA compactification on X. Recall that in the
large volume limit, mirror symmetry aligns the integer homologies

⊕
H2k

(Y, Z) and H3(X, Z). More precisely, the zero homology H0(Y, Z) is mapped
to H0,3(X, Z) [37]. In the basis (3.6), the homology H0,3(X, Z) is spanned

3Here and henceforth we are setting 4π2α′ = 1. Furthermore, the inverse string
coupling constant is given by g−1

s = τ2.
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by the three-cycle γ1
(3). As a consequence, a D(−1)-instanton wrapping a

zero-cycle in Y maps to a D2-instanton wrapping the three-cycle γ1
(3) in X

[8]. The SYZ construction of mirror symmetry [38] then allows to identify
γ1

(3) as a special Lagrangian cycle with T 3 topology. This implies that also
the moduli spaces of the D(−1) and D2/γ1

(3) instantons agree.
For the two-cycles mirror symmetry aligns H1,1(Y, Z) with H1,2(X, Z)

and takes integral bases γa
(2) to γa

(3) after a suitable linear transformation. As
a consequence of the mixing of zero-forms and two-forms in the coupling of
the D1-branes to (F/2π − B̂NS) in (4.6), the mirror of a D1-instanton wrap-
ping the holomorphic two-cycle in homology kaγ

a
(2) with n units of flux and

action (4.6) is given by a D2-instanton wrapping a special Lagrangian cycle
in class kaγ

a
(3) + nγ1

(3) [8]. Equivalently, a shift of the B-field kab
a �→ kab

a + n

is mirror to a monodromy transformation kaγ
a
(3) �→ kaγ

a
(3) + nγ1

(3) [35].
Based on these considerations the worldvolume action of the D2-brane

instanton mirror to (4.5) is given by

(4.7) SD2/γ1
(3)

= 2πτ2 + 2πi A1,

while the worldvolume action of the D2-brane instanton mirror to (4.6) is

SD2/kaγa
(3)+nγ1

(3)
= 2πτ2

∣∣∣
∫

kaγa
(3)+nγ1

(3)

Ω
∣∣∣ − 2πi

∫
kaγa

(3)+nγ1
(3)

Ĉ3

= 2πτ2|n + kaz
a
IIA| − 2πi

(
kaA

a + nA1).(4.8)

Here we normalized Ω such that X1 = 1, Xa = za, and the fact that super-
symmetry on the worldvolume of the D2-branes constrains (F/2π − B̂NS) to
be zero [36].

Comparing the topological couplings in (4.5), (4.7) and (4.6), (4.8) iden-
tifies the remaining pieces of the mirror map

(4.9) A1 = τ1, Aa = −(ca − τ1 ba).

We remark that the shift of the axion by an element of H0(Y, Z) (i.e., τ1 �→
τ1 + 1, which is part of the SL(2,Z) symmetry of the type IIB string on Y )
gets identified with the shift of C3 by an element of H3,0(X, Z) so that these
integral structures of Y and X match [37].

We end this section by summarizing the mirror map that relates the
type-IIA and type-IIB variables

(4.10) φIIA = φIIB, A1 = τ1, Aa = −(ca − τ1b
a), za

IIA = za
IIB,
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where it is understood that type IIB is compactified on the mirror CY such
that the Hodge numbers are interchanged. This is precisely the closed string
mirror map found in [31] and in the conifold limit [9].

5. Membrane instantons from mirror symmetry

In this section, we finally determine the membrane instanton corrections
to the LEEA using the mirror symmetry results reviewed in the previous
section. As explained in Section 2, the LEEA is completely determined by
a single function L, the superspace Lagrangian density, or equivalently by
the tensor potential χ, as defined in (2.5).

5.1. Resummation of (p, q)-string contributions in IIB

The full (p, q)-string corrected tensor potential χIIB for type IIB strings
compactified on a generic CY Y was found in [7] as the SL(2, Z)-invariant
completion of the string tree-level tensor potential χIIB

tree. The latter arises
through the c-map by evaluating the general formula (we use that FΛ(z) =
∂F/∂XΛ(z) in the coordinates (3.6))

(5.1) χ = 4 r0τ2
2 Im(F1(z) + z̄aFa(z))

on the vector prepotential of the T-dual IIA compactification on Y (i.e.,
the prepotential on the moduli space of complexified Kähler deformations
of Y )4

(5.2) FKähler = Fcl + Fws-pert + Fws-inst.

The three terms on the right-hand side of the above equation correspond,
respectively, to the classical large volume limit prepotential, the four-loop σ-
model correction, and the contribution from worldsheet instantons. Substi-
tution of (5.2) in (5.1) gives rise to a tensor potential which correspondingly
can be split into three parts. Each of them is then separately completed into

4Note that the scheme-dependent terms in the prepotential (quadratic in XΛ

with real coefficients) do not contribute to the tensor potential. This is analogous
to the Kähler potential in the vector multiplet sector, where such terms drop out
as well.
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an SL(2, Z) invariant, resulting in the (p, q)-string corrected tensor potential

(5.3) χIIB = χIIB
cl + χIIB

(−1) + χIIB
(1) ,

from which the couplings in the effective Lagrangian can be determined [20].
Normalized as in [9], the above terms read

χIIB
cl = 4 r0 τ2

2
1
3!

κabc ta tb tc,

χIIB
(−1) =

r0τ
1/2
2

2(2π)3
χE(Y )

∑′

m,n

τ
3/2
2

|mτ + n|3 ,

χIIB
(1) = −r0τ

1/2
2

(2π)3
∑
ka

nka

∑′

m,n

τ
3/2
2

|mτ + n|3
(
1 + 2π|mτ + n| kat

a
)
e−Sm,n.(5.4)

The above expressions are written in terms of the fields introduced in Sec-
tion 3.1. χE(Y ) and κabc are the Euler number and classical triple intersec-
tion form on Y , respectively, and the primes in the sums indicate that the
(m, n) = (0, 0) term is excluded. Moreover

(5.5) Sm,n = 2πka

(
|mτ + n| ta − im ca − in ba

)
,

is the action of a (p, q)-string wrapped gcd(m, n) times around a holomorphic
2-cycle in homology ka with respect to the basis γa

(2) introduced in Section 3.
The different terms in (5.4) have then the following interpretation: χcl is

the classical contribution arising through the c-map from the large volume
limit Fcl of FKähler in (5.2). It is by itself modular invariant, reflecting the
SL(2, R) invariance of the classical action. χ(−1), the SL(2, Z) completion
of the perturbative σ-model correction, encodes the corrections to the cou-
plings in the LEEA arising from (p, q)-string maps in which the (p, q)-string
worldvolume is taken to a point in the CY. It includes the one-loop string
corrections, together with an infinite series of D(−1) instanton corrections.
Finally χ(1), the SL(2, Z) completion of the worldsheet instanton contribu-
tions, encompasses the instantons of the (p, q)-string for which the latter’s
worldvolume wraps holomorphically embedded two-cycles kaγ

a
(2) in the CY

(note that instantons of the (1, 0)-string are the worldsheet instantons). The
multiplicity of these cycles in each homology class is characterized by the
Gopakumar–Vafa integers nka

.
In order to map the above expressions to the mirror type-IIA compact-

ification, we first perform a Poisson resummation to go to an equivalent
representation, which has the virtue of making the role of D(−1)- and



698 Daniel Robles-Llana et al.

D1-brane instantons (i.e., their standard topological couplings to the RR
fields) manifest.

As shown in [7] one can resum χIIB
(−1) into

χIIB
(−1) =

χE(Y )
2(2π)3

r0√τ2

⎡
⎣2ζ(3) τ

3/2
2 +

2π2

3
τ

−1/2
2 + 8π τ

1/2
2

×
∑

m�=0,n>0

∣∣∣m
n

∣∣∣ e2πimnτ1 K1(2π|mn|τ2)

⎤
⎦.(5.6)

The first term arises from worldsheet perturbation theory, the second from
the one-loop string correction, while after expanding the Bessel function at
large τ2 (weak coupling) one observes that the sum is the contribution from
the D(−1) instantons to the tensor potential, including the perturbative
corrections around the instanton background:

χIIB
D(−1) =

r0τ2

2π3/2 χE(Y )
∑

m�=0,n>0

∣∣∣m
n

∣∣∣

×
[ ∞∑

k=0

Γ(3/2 + k)
k! Γ(3/2 − k)

(4π|mn|τ2)−k−1/2

]
e−2π|mn|τ2+2πimnτ1 .(5.7)

In a similar spirit we split off the worldsheet instanton contribution
(m = 0) in χ(1):

(5.8) χIIB
(1) = χIIB

ws-inst + χIIB
D1-inst.

We again perform a Poisson resummation on the unrestricted integer n in
χD1-inst (see Appendix A) and obtain

χIIB
D1-inst = − r0τ2

2π2

∑
ka

nka

∑
m�=0,n∈Z

× |z + n|
|m| K1(2π|mτ2||z + n|) e2πim(c−τ1(b+n)),(5.9)
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where we have denoted z = kaz
a, b = kab

a and c = kac
a. Expanding the

Bessel function for large τ2, we obtain

χIIB
D1-inst = −r0τ2

4π2

∑
ka

nka

∑
m�=0,n∈Z

|z + n|1/2

|m|3/2

×
[
1 +

∞∑
k=1

Γ(3/2 + k)
k! Γ(3/2 − k)

(4π|mτ2||z + n|)−k

]

× exp
[
− 2π|mτ2||z + n| + 2πim(c − τ1(b + n))

]
.(5.10)

The argument of the exponential reproduces the worldvolume action
expected from (4.6) for D1-instantons (with n units of flux) wrapped m
times around kaγ

a
(2).

5.2. Mirror symmetry and membrane instantons in type IIA

Using the mirror map discussed in Section 4, the expressions obtained in
the previous subsection for type IIB strings compactified on Y can now be
mapped to a type-IIA compactification on the mirror CY X.

We first consider the string tree-level tensor potential χIIB
tree for type IIB

compactified on Y . It consists of three parts

(5.11) χIIB
tree(z

a
IIB) = χIIB

cl + χIIB
ws-pert + χIIB

ws-inst

arising from the three terms in the prepotential FKähler(za
IIB) given in (5.2).

In Section 3 we saw that, under the identification (4.3), this prepotential is
equal to the prepotential on the moduli space of complex structure defor-
mations of X. We then conclude that (5.11) equals the type-IIA tree-level
tensor potential (5.1) as computed from the prepotential Fcs(za

IIA) on the
moduli space of complex structures on the mirror CY X. Furthermore, the
mirror map in Equation (4.3) provides the map between the NS–NS fields
in the type IIB and IIA compactifications.

Next, we turn to matching the string one-loop term χloop. In [6] it
was shown that this correction comes with opposite signs in IIA and IIB
compactifications on the same CY (consistent with the fact that the tensor
structures involved in the dimensional reduction of the ten-dimensional R4

terms come with different signs in the type-IIA and -IIB theories [39]). Tak-
ing into account that χE(Y ) = −χE(X), we conclude that this term is left
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invariant under mirror symmetry

(5.12) χIIA
loop = − 1

24π
r0 χE(X) =

1
24π

r0 χE(Y ) = χIIB
loop.

Finally, using the discussion in Section 4, the non-perturbative contri-
butions χIIB

D(−1) and χIIB
D1 can also easily be mapped to the type-IIA compact-

ification.
The D(−1) instantons, whose contribution is encoded in χIIB

D(−1) are
mapped to D2-brane instantons wrapping the cycle γ1

(3) with associated
tensor potential

(5.13) χIIA
D2/γ1

(3)
= − r0τ2

2π2

(
χE(X)

2

) ∑
m,n�=0

∣∣∣ n

m

∣∣∣ e−2πimnA1
K1(2π|mn|τ2),

which follows directly after substitution of the mirror map (4.10) in χIIB
D(−1).

Similarly, D1 instantons wrapping holomorphic cycles in homology kaγ
a
(2)

map to D2-brane instantons wrapping special Lagrangian cycles in homology
kaγ

a
(3) + nγ1

(3), whose contribution to the tensor potential is again found by
using the mirror map in χIIB

D1 given by (5.9). This results in

χIIA
D2/γa

(3)+nγ1
(3)

= −r0τ2

2π2

∑
ka

nka

∑
m�=0,n∈Z

|z + n|
|m|

× K1(2π|mτ2||z + n|) e−2πimkaAa

e−2πimnA1
,(5.14)

where z = kaz
a as above.

We can now combine the potentials (5.13) and (5.14) by introducing
vectors

(5.15) kΛ =
(
n, ka

)
, zΛ =

(
1, za

)
, AΛ =

(
A1, Aa

)
,

Λ ∈ {1, a}, and write the full non-perturbative IIA result as a sum over
vectors kΛ weighted by instanton numbers nkΛ as follows:

(5.16) χIIA
A−D2 = −r0τ2

2π2

∑
kΛ

nkΛ

∑
m�=0

|kΛzΛ|
|m| K1

(
2πτ2 |m kΛzΛ|

)
e−2πimkΛAΛ

.
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Here, the sum over ka now includes the zero-vector ka = 0, but kΛ = 0 is
excluded. The type-IIA instanton numbers read

(5.17) n(n,ka=0) =
1
2
χE(X), n(n,ka) = nka

as in type IIB.

This formula captures all type-IIA membrane instanton contributions arising
from Euclidean D2-branes wrapping the A-cycles of the CY.

Collecting our results, we write our final expression for the complete
tensor potential encoding the A-cycle membrane instanton corrected LEEA
for type-IIA compactifications on a generic CY X as

χIIA = χIIA
tree + χIIA

loop + χIIA
A−D2

= 4 r0τ2
2 Im[F1(zIIA) + z̄a

IIAFa(zIIA)] − 1
24π

r0 χE(X)

− r0τ2

2π2

∑
kΛ

nkΛ

∑
m�=0

|kΛzΛ|
|m| K1

(
2πτ2 |m kΛzΛ|

)
e−2πimkΛAΛ

.(5.18)

The latter formula implies that D2-brane instanton corrections to the LEEA
for type-IIA compactified on a CY X are determined by two kinds of topo-
logical invariants: the Euler characteristic χE(X) of the CY X, and the
Gopakumar–Vafa invariants nka

of the mirror CY Y .

5.3. Superspace description of the instanton corrections

As already discussed in Section 2, the hypermultiplet sector arising form
a type II string compactification on a generic CY can be encoded by the
tensor potential χ or the superspace density L. When implementing sym-
metries like the SL(2, Z) invariance of the type IIB string, it is natural to
work with χ since a symmetry of the effective action directly translates
into an invariance of χ. When trying to generalize the results above along
the lines of the conjecture made in [30] to include also NS5-brane instan-
tons, or motivated by making contact with the hybrid formalism on the
heterotic string side, it is desireable to also have a description of the instan-
ton corrections in terms of the projective superspace density L. Since the
corresponding derivation is somewhat technical and not very illuminating,
we restrict ourselves to giving the final result, while the details are collected
in Appendix B.

Defining the vector

(5.19) η̃Λ(ζ) =
(
nη0 + mη1, ηa

)
,
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Equations (B.5) and (B.10) can conveniently be combined into

L = Im

⎡
⎣ i

4π3

∑
kΛ

nkΛ

∑
m>0,n∈Z

∮
Cm,n

× dζ

2πiζ

1
m2

(η0)2

nη0 + mη1 e−2πimkΛη̃Λ/η0

]
.(5.20)

Here, the contours Cm,n enclose a zero ζ̂+ of ζ(nη0 + mη1), and nkΛ is given in
(5.17). Evaluating the contour integral using Cauchy’s Integral formula and
computing χ via (2.5), (5.20) reproduces χIIA

A-D2 given in (5.16). Note that
since both D(−1) and D1 instanton corrections in IIB and A-type membrane
corrections are encoded in the same superspace Lagrangian, our results pro-
vide the superspace description for both types of corrections simultaneously.

6. Discussion and conclusions

In this paper, we have used mirror symmetry to determine and sum up
a class of membrane instanton corrections, drawing on previous results on
D(−1) and D1 instanton corrections for type IIB strings compactified on a
generic Calabi–Yau threefold [7]. These non-perturbative corrections encom-
pass the instanton corrections of Euclidean D2-branes wrapping three-cycles
(A-cycles) dual to the supersymmetric zero- and two-cycles of the mirror
Calabi–Yau and can conveniently be encoded either in terms of the ten-
sor potenial (5.16) or the projective superspace density (5.20). The result-
ing formulas are completely fixed by the Euler number and the genus zero
Gopakumar–Vafa invariants of the mirror Calabi–Yau. On the type IIA
side, the instanton corrections thereby contain contributions from both rigid
(b1 = 0) and non-rigid (b1 
= 0) three-cycles, since, according to the SYZ
interpretation of mirror symmetry [38], the cycle mirror to the zero-cycle has
first Betti number b1 = 3. Thus, the mirror result automatically comprises
the integrations over the instanton moduli space including an appropriate
measure.

The results obtained in this paper rely on the dual corrections on the
type IIB side and non-perturbative mirror symmetry. It would be interesting
to rederive these corrections from a microscopic IIA computation. This will
require an interpretation of the Gopakumar–Vafa invariants of the mirror
Calabi–Yau in terms of properties of special Lagrangian three-cycles. A pro-
posal for a topological quantity capturing these properties has recently been
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made by Joyce [40], and it would be interesting to establish a connection
between this proposal and mirror symmetry results.

A natural question is how to generalize our results so as to include
the remaining membrane instanton corrections arising from the Euclidean
D2-branes wrapping supersymmetric B-cycles and possibly supersymmetric
combinations involving both A- and B-cycles. Figure 1 suggests that their
form can be deduced from imposing electric-magnetic duality invariance, i.e.,
invariance under discrete basis transformations in H3(X, Z), on the LEEA.
From the structure of (5.16) it is clear that, besides the Gopakumar–Vafa
invariants and the Euler number, the full result will also involve additional
topological invariants of the Calabi–Yau which encode a suitable multiplic-
ity of the B-cycles (or their dual four- and six-cycles on the mirror Calabi–
Yau). Furthermore, implementing these corrections in the low-energy effec-
tive action will require a generalization of the tensor multiplet framework
employed in this paper, since the corresponding corrections will break (some
of) the remaining shift symmetries which are manifest when working with
tensor multiplets. Thus, finding the complete membrane instanton cor-
rected low-energy effective action will require progress in formulating off-
shell N = 2 supergravity actions as well as a better understanding of the
topological invariants on the compactification manifolds. We hope to return
to these questions in the future.
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Appendix A. Poisson resummation revisited

In this appendix, we give the identities required for resumming the D1
instanton corrections in Section 5.1, following closely and extending
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Appendix B of [9]. They are based on the Poisson resummation formula

∑
n∈Z

f(x + na) =
1
a

∑
n∈Z

f̃

(
2πn

a

)
e2πinx/a with

f̃(k) =
∫ ∞

−∞
dx f(x) e−ikx.(A.1)

In order to establish Equation (5.9), we apply this identity to

χIIB
D1−inst = − r0τ2

2
(2π)3

∑
ka

nka

∑
m�=0

×
[ ∑

n∈Z

1
|mτ + n|3

(
1 + 2π|mτ + n| kat

a
)
e−Sm,n

]
(A.2)

with Sm,n given in (5.5). This requires performing an inverse Fourier trans-
form of the summand appearing in square brackets. Comparing to the
general formula (A.1), we identify

f̃(2πn) =
(2π)3(

α2 + (2πn + γ)2
)3/2

(
1 +

√
α2 + (2πn + γ)2 t

)

× e−
√

α2+(2πn+γ)2 t e2πimc,(A.3)

with a = 1, x = kab
a, and we set α = 2πmτ2, γ = 2πmτ1, t = kat

a, c = kac
a.

The inverse Fourier transform of this expression can be found making
the following observation. In [9], we gave the following formula for Fourier
Cosine transformations [41]

(A.4)
∫ ∞

0
dx

1√
x2 + α2

e−β
√

x2+α2
cos(xy) = K0

(
α

√
β2 + y2

)
.

Taking a derivative with respect to the parameter α leads to the identity

∫ ∞

0
dx

1 + β
√

x2 + α2

(x + α)3/2 e−β
√

x2+α2
cos(xy)

=
1
α

√
β2 + y2 K1

(
α
√

β2 + y2
)
.(A.5)

Comparing the integrand appearing on the LHS to (A.3), we observe that
this is precisely the Fourier transform required for resumming the D1 instan-
tons in (A.2). Carrying out the resummation then leads to the result (5.9).



Membrane instantons from mirror symmetry 705

Appendix B. Formulating the instanton corrections
in projective superspace

This appendix contains the derivation of the contour integral representation
of the instanton corrections given in Equation (5.20). Since both D(−1)
and D1 instanton corrections in IIB and A-type membrane corrections are
encoded in the same superspace Lagrangian, our results provide the super-
space description for both types of corrections simultaneously.

The derivation of this contour formulation is complicated by the fact
that Equation (2.5) cannot be solved for L without performing a non-trivial
integration. We will then employ the following strategy. Starting from the
instanton contributions in (5.4), we use the relation (2.6) to compute LxIxJ .
Using Mathematica, the resulting expressions can be integrated twice, and
one can explicitly check that the resulting function L satisfies the supersym-
metry constraint (2.3). The corresponding contour integral representation
is then found by trial and error. We first derive the contour formulation
for the D(−1) instantons before turning to the D1 instantons in the next
subsection.

B.1. The D(–1) instanton sector

We start by splitting the D(−1) instanton contribution χIIB
(−1) into the pertur-

bative worldsheet corrections m = 0, n 
= 0 and the contribution from D(−1)
instantons

(B.1) χ =
r0

2(2π)3
χE

∑
m�=0,n∈Z

τ2
2

|mτ + n|3 .

Substituting into (2.6), we find5

(B.2) Lx1x1 = − χE

(2π)3r0

∑
m>0,n∈Z

m2τ2
2 − 2 (mτ1 + n)2[

m2τ2
2 + (mτ1 + n)2

]5/2 .

Note that this result does not contain the perturbative one-loop correction
since, by virtue of the expansion (5.6), this does not contribute to Lx1x1 .
We now read τ1, τ2 as functions of the tensor multiplet scalars v, v̄, x (cf.
Equation (3.4)) and integrate Lx1x1(x, v, v̄) with respect to x1. In princi-
ple, this integration could give rise to two nontrivial integration functions

5Alternatively this result can be derived by computing Lx1x1 based on χIIB
D(−1)

given in (5.6) and performing a Poisson resummation.
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gi(v0, v̄0, v1, v̄1, x0) multiplied by terms independent and linear in x1. These
integration functions encode the one-loop correction which arises from the
known contour integal expression (2.8) and will be set to zero in the follow-
ing. The result can then be written in the following, suggestive form

(B.3) L =
χE(Y )
2(2π)3

∑
m>0,n∈Z

1
m2

1
|nr 0 + mr 1|

(
η0(ζ̂+)2 + η0(ζ̂−)2

)
.

Here

ηI(ζ̂±) = xI − nx0 + mx1

2

[
vI

nv0 + mv1 +
v̄I

nv̄0 + mv̄1

]

∓ |nr 0 + mr 1|
2

[
vI

nv0 + mv1 − v̄I

nv̄0 + mv̄1

]
,(B.4)

which is valid for all tensor multiplets I = 0, . . . , h1,1(Y ) + 1. One can then
check by explicit calculation that (B.3) satisfies the supersymmetry con-
straint LxIxJ + LvI v̄J = 0, Equation (2.3). Thus L must have a representa-
tion in terms of a contour integral (2.2).

Indeed one can verify that (B.3) can be obtained from evaluating

(B.5) L = Im

⎡
⎣ iχE

(2π)3
∑

m>0,n∈Z

∮
Cm,n

dζ

2πiζ

1
m2

(η0)2

nη0 + mη1

⎤
⎦,

with the contour Cm,n enclosing the zero ζ̂+ of ζ(nη0 + mη1),

(B.6) ζ̂± =
1

2(nv̄0 + mv̄1)
[
(nx0 + mx1) ∓ |nr 0 + mr 1|

]
.

In order to verify this statement explicitly, one uses Cauchy’s integral
formula. Noting that the denominator appearing in (B.5) may be written as

(B.7) ζ(nη0 + mη1) = −(nv̄0 + mv̄1) (ζ − ζ̂+) (ζ − ζ̂−),

one finds that the integrand has a simple pole at ζ = ζ̂+. Evaluating (B.7) at
this pole gives ζ(nη0 + mη1)|ζ=ζ̂+

= |nr 0 + mr 1|, while ηI(ζ)|ζ=ζ̂+
precisely

gives rise to (B.4).
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B.2. Superspace description of D1 instantons

Deriving the contour integral representation for the D1 instantons com-
pletely parallels the previous computation. We start from the D1 instanton
contribution contained in (5.4)

χ = −r0τ
1/2
2

(2π)3
∑
ka

nka

∑
m�=0,n∈Z

× τ
3/2
2

|mτ + n|3
(
1 + 2π|mτ + n| kat

a
)
e−Sm,n .(B.8)

Using Equation (2.6) we compute

(B.9) Lxaxb =
1

2πr0

∑
ka

nka
kakb

∑
m�=0,n∈Z

1
|mτ + n| e−Sm,n .

Again taking the Poincaré fields as functions of v, v̄, x, we note that the scalar
fields xa enter into this expression as linear terms in Sm,n only. This allows
to integrate Lxaxb with respect to xa, xb. In this step, we again dropped
the integration functions independent of and linear in xa which encode the
one-loop and D(−1) brane instanton corrections already determined. The
resulting expression for L is rather cumbersome, but can be written in terms
of ηI(ζ̂±) similar as in (B.3).

Using the techniques of the previous subsection, one can then explicitly
check that the resulting function L has the contour integral description

L = Im

⎡
⎣ i

4π3

∑
ka

nka

∑
m>0,n∈Z

∮
Cm,n

× dζ

2πiζ
1

m2
(η0)2

(nη0 + mη1)
e−2πimkaηa/η0

]
,(B.10)

where the contours Cm,n are again taken around the zero ζ̂+ of ζ(nη0 + mη1).
Evaluating the contour integral via Cauchy’s integral formula, it is then
straightforward, but tedious, to check that (B.10) correctly reproduces (B.9).
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