A Calabi-Yau Cartography
by Yang-Hui He*
1. Prologus Terræ Sanctæ
“La Géométrie, qui ne doit qu’obéir à la Physique
quand elle se réunit avec elle, lui commande quelquefois” (Geometry, which should only obey Physics,
when united with it sometimes commands it), so
wrote the great philosopher and mathematician Jean
d’Alembert in his Essai d’une nouvelle théorie de la résistance des fluides (1752). This coextensivity between
natural philosophy and geometry, conceived in antiquity, fashioned in Early Modernity and shaped in
the Industrial Age, fully blossomed in the XXth century.
The two corner-stones of modern physics – general relativity which describes the large structure of
space-time and quantum field theory, the elementary
particles which constitute all matter – are well understood as geometrical in nature. The former, is the
study of how the Ricci curvature of spacetime is induced by the energy-momentum tensor in an equality dictated by the Einstein-Hilbert action and the latter, how particles are realizations of connections and
representations of appropriate principal bundles governed by the Standard Model action. The brain-child
of this tradition of geometrization and unification,
dominating mathematical and theoretical physics as
we enter the XXIst century, is string theory.
It is well-known by now that string theory is a
quantum theory unifying gravity and field theory in
ten spacetime dimensions (or, equivalently, a conjectural M-theory in 11 dimensions). We must therefore
account for 10 − 4 = 6 “missing” dimensions. Over the
years, there has emerged a plethora of scenarios in
the interplay between the physics of our four dimensions and these 6 dimensions, our story here will fo*
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cus on the most traditional and the most richly developed, viz., the geometry of Calabi-Yau threefolds.
Indeed, so great is the number of possible scenarios
that it poses as one of the greatest theoretical challenges to modern physics, in what has become known
as the “vacuum degeneracy problem”, where one is
confronted with how to select our universe amidst
a landscape – a word which has become a technical
term – of solutions.
I shall not discuss the landscape here, nor its
philosophical, anthropological or statistical implications. For this purpose, I have carefully chosen the
word cartography in the title and will discuss some
of the progressive uncovering of the still mysterious
space of Calabi-Yau geometries, as if charting the geography of a vast and fertile land, and, with a historical outlook, review the explicit construction of CalabiYau threefolds for the sake of physics. For this purpose too I have named this introductory section after
the prologue of the famous medieval treatise on the
Holy Land [1] by Burchard, who ventured to produce
the best early maps of that alluring place.

2. Triadophilia
Our story begins with 1985, when Gross, Harvey,
Martinec, and Rhom – jocundly called the “Princeton
string quartet” – formulated1 the heterotic string. By
fusing the bosonic string (whose critical dimension is
26) with the superstring (whose critical dimension is
10) in the process of “heterosis” by assigning them
to be respectively left and right moving modes of the
string, the quartet obtained something quite revelatory: an interesting gauge group. Using the fact that
1

For an entertaining account of the history of string theory, aimed at the public and the specialist alike, the reader
is referred to [3]. For the history of Calabi-Yau manifolds,
especially in relation to string theory, the book [4] is highly
recommended.
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