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Note on “hook-length” as a graph invariant of trees∗

Hua Wang

The hook-length of a vertex v in a rooted tree T , analogous to
that defined in the Ferrers diagrams of integer partitions, is the
number of descendants of v (including v itself) in T . In this note
we consider two different types of “average” hook-length of vertices
in a rooted tree, yielding a graph invariant that has interesting
correlation to the distance functions in trees. This correlation is
observed and used throughout the study of related properties and
extremal questions.

1. Introduction

The hook-length of a vertex v in a rooted tree T is defined as the number

of descendants of v including itself and denoted by hT (v). This concept is

comparable with the hook-length of a cell v in the Ferrers diagram of integer

partitions, defined as the number of cells, in the same row and column as v,

above or to the right of v including v itself. Many recent studies examine the

hook-length formulas from various aspects. See, for instance, [5, 7, 8, 9, 12,

13, 23] and the references therein. It is natural to consider the hook-length

as a function on vertices of a tree and examine the corresponding graph

invariant. In this note, we start with two different concepts of the “average”

hook-length of a vertex.

For a tree T , the mean hook-length at v is defined as

mhT (v) :=
1

|V (T )|
∑

u∈V (T )

hTv
(u)

where Tv is the tree T rooted at v, i.e., mean hook-length of all vertices when

v is the root. Intuitively, the function mhT (.) provides some indication of

how “centered” a vertex is in T . Indeed we will see some evidence of this

intuition from the studies in this note. A closely related concept, named the
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average hook-length of v, is defined as

ahT (v) :=
1

|V (T )|
∑

u∈V (T )

hTu
(v).

From the definitions it is natural to conjecture that these two functions
are somewhat correlated. This correlation will be shown through various
observations in this note. Considering mhT (.) and ahT (.) as local functions
on each single vertex, the corresponding global functions are denoted by

mh(T ) :=
∑

v∈V (T )

mhT (v)

and

ah(T ) :=
∑

v∈V (T )

ahT (v).

One of the most well known distance based graph invariants is the sum
of distances, also known as the Wiener index for its applications in biochem-
istry [22]. Restricting our attention to trees, the Wiener index of a tree T is
defined as

W (T ) =
1

2

∑
v∈V (T )

d(v)

where

d(v) := dT (v) =
∑

u∈U(T )

d(u, v)

is the sum of distances from all other vertices to v.

Characterizing extremal trees that maximize or minimize a certain graph
invariant has been an active area of research. For W (T ), the extremal trees
maximizing the Wiener index has been vigorously studied for trees with
given maximum degree [6], trees with given degree sequence [4, 14, 20, 24],
etc. Such studies lead to some interesting observations on the correlation be-
tween the Wiener index and the number of subtrees, whose extremal struc-
tures coincide [11, 15, 25]. The correlations between different topological
indices are studied in [18].

While the above mentioned extremal results deal with the global func-
tion, the local functions corresponding to different invariants very well define
the “middle part” of a tree that maximize or minimize the value of such a
function. The examination of different middle parts and related extremal
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problems are studied for both distance functions and the number of sub-
trees [1, 2, 16, 17].

In this note, we first study the properties of mhT (.) and ahT (.) in Sec-
tion 2. An interesting connection with the distance functions of trees are
found and discussed. With these observations, the related extremal prob-
lems are considered in Section 3. In Section 4, we point out the extremal
structures regarding the global functions mh(T ) and ah(T ) as immediate
consequences of their correlation with the distance function. In Section 5,
the comparison of extremal structures are presented. This results in the
characterizations of many extremal structures as corollaries.

2. Middle parts defined by mhT(.) and ahT(.)

First recall that the centroid of a tree T , denoted by C(T ), is the set of
vertices in a tree T minimizing d(.). It is known that C(T ), along with other
middle parts of trees defined on the number of subtrees and distances, has
the interesting property that it contains one or two adjacent vertices. For
C(T ), this follows from the strict concavity of the function d(.) along any
path of the tree [10]. That is,

Proposition 2.1. For any three vertices x, y, z ∈ V (T ) such that xy, yz ∈
E(T ), we have

2d(y) < d(x) + d(z).

Proposition 2.1 implies that, on any path of T , there are at most two
adjacent vertices with the smallest d(.) (since the sequence of values of d(.)
is strictly unimodal). Consequently one can conclude that C(T ) contains at
most two adjacent vertices with minimum d(.).

We consider the analogous question for mhT (.) and ahT (.).

2.1. Behavior of mhT (.) and ahT (.) along any path of a tree

First we present the following simple but important observation showing the
close relation between mhT (.) and d(.).

Proposition 2.2. For a tree T of order n and any vertex v ∈ V (T ), we
have

n ·mhT (v) = d(v) + n.

Proof. By definition, we have

n ·mhT (v) =
∑

u∈V (T )

hTv
(u) =

∑
w∈V (T )

Dv(w)
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where Dv(w) is the number of ancestor of w in Tv. That is, the sum of
hook-lengths of all vertices is the sum of the numbers of times each vertex
contribute to the hook-length of its ancestor. Noting that

Dv(w) = d(w, v) + 1,

we have

n ·mhT (v) =
∑

w∈V (T )

Dv(w) =
∑

w∈V (T )

d(w, v) + n = d(v) + n.

Consequently, with given T of order n, mhT (.) behaves in exactly the
same way as d(.) along any path of T .

Corollary 2.3. For any three vertices x, y, z ∈ V (T ) such that xy, yz ∈
E(T ) (Figure 1), we have

2mhT (y) < mhT (x) +mhT (z).

Hence the values of mhT (.) along any path of T is strictly concave.

Figure 1: The tree T with vertices x, y, z.

Interestingly, ahT (.) behaves in exactly the opposite way.

Proposition 2.4. For any three vertices x, y, z ∈ V (T ) such that xy, yz ∈
E(T ), we have

2ahT (y) > ahT (x) + ahT (z).

Hence the values of ahT (.) along any path of T is strictly convex.

Proof. Let Tx, Ty, Tz be the connected components containing (respectively)
x, y, z in T −{xy}−{yz} (Figure 1). For convenience we consider n ·ahT (.)
in our arguments.

Now compare n · ahT (y) and n · ahT (x). Note that, for any v ∈ V (Tx),
we have

hTv
(y) = hTv

(x)− 1.
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Similarly,

hTv
(y) = hTv

(x) + 1

for any v ∈ V (Ty) ∪ V (Tz). Thus

n · ahT (y)− n · ahT (x) = |V (Ty)|+ |V (Tz)| − |V (Tx)|.

Similarly,

n · ahT (y)− n · ahT (z) = |V (Ty)|+ |V (Tx)| − |V (Tz)|.

Consequently

2n · ahT (y)− (n · ahT (x) + n · ahT (z)) = 2|V (Ty)| > 0.

2.2. Middle parts of a tree with respect to mhT (.) and ahT (.)

Let Cmh(T ) and Cah(T ) denote the set of vertices of T that (respectively)
minimize mhT (.) and maximize ahT (.). Corollary 2.3 and Proposition 2.4
imply that, along any path of a tree T , the value of mhT (.) (ahT (.)) is
minimized (maximized) in the middle at exactly one or two adjacent vertices
and maximized (minimized) at an end vertex of the path. Applying this fact
to all paths of T we easily obtain the following conclusion analogous to those
for other “middle parts” of a tree.

Corollary 2.5. For a tree T , Cmh(T ) and Cah(T ) each contain one or two
adjacent vertices. On the other hand, the maximum value of mhT (.) and
minimum value of ahT (.) are always obtained at some leaf vertex.

Given the similar (but opposite) behavior of mhT (.) and ahT (.), it is
natural to ask if Cmh(T ) and Cah(T ) are always the same for a given tree
T . We see, from the following lemmas, that this is indeed the case.

Lemma 2.6. Given a tree T and v ∈ Cmh(T ), let u be a neighbor of v. We
have

nuvv ≥ nuvu

where nuvv denotes the number of vertices closer to v than u in T , with
equality if and only if u is also in Cmh(T ).

Lemma 2.7. Given a tree T and v ∈ Cah(T ), let u be a neighbor of v. We
have

nuvv ≥ nuvu

with equality if and only if u is also in Cah(T ).
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Remark 1. Noting the connection between mhT (.) and d(.), Lemma 2.6
follows from exactly the argument for the same statement on d(.). See, for
instance, [19]. Lemma 2.7 follows the same idea and is an immediate con-
sequence of the proof of Proposition 2.4.

As stated by Lemmas 2.6 and Lemma 2.7, Cmh(T ) and Cah(T ) are char-
acterized by the same conditions. Further noting that nuvv ≥ nuvu implies
nuwu > nuww for a neighbor w (different from v) of u, there are at most
a pair of adjacent vertices u and v with nuvv = nuvu and strict inequality
holds in this condition for any other pair of vertices. Hence we have the
following.

Theorem 2.8. For any given tree T , Cmh(T ) and Cah(T ) are exactly the
same.

3. Extremal problems on mhT(.) and ahT(.)

As a first step of studying the related extremal problems, we consider the
characterizations of trees and the corresponding vertices that obtain the
maximum and minimum values of mhT (.) and ahT (.) among trees of given
order.

3.1. Among general trees

Among general trees, such extremal structures coincide with those with re-
spect to many other graph invariants, namely the star and the path.

Proposition 3.1. Among all trees of order n, the star T (with v being its
center) is the unique tree that obtains the minimum mhT (.) and maximum
ahT (.).

Proof. First consider n · mhT (v) =
∑

u∈V (T ) hTv
(u), note that each hTv

(u)
is at least 1 in the summation for u �= v and hTv

(v) = n, we have

n ·mhT (v) =
∑

u∈V (T )

hTv
(u) ≥ 2n− 1

with equality if and only if each u �= v is a leaf. This is exactly when T is a
star centered at v.

Similarly, in the summation n · ahT (v) =
∑

u∈V (T ) hTu
(v), hTu

(v) is at
most n− 1 unless u = v (in which case hTv

(v) = n). Hence

n · ahT (v) =
∑

u∈V (T )

hTu
(v) ≤ n2 − n+ 1

with equality if and only if T is a star centered at v.
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Considering the analogous question on maximizing d(.) among trees of
given order n, it is easy to see the following. We include the proof for com-
pleteness.

Proposition 3.2. Among all trees of order n, the path T (with v being one
of its end vertices) is the unique tree that obtains the maximum d(v) and
hence mhT (.).

Proof. Consider d(u, v) for any u �= v, d(u, v) = k ≥ 1 if and only if there is
a vertex w (possibly v) such that d(w, v) = k − 1. Hence

d(v) ≤ 1 + 2 + . . .+ (n− 1) =
n(n− 1)

2

with equality if and only if T is a path with v as a leaf.
Correspondingly,

mhT (v) ≤
1

n

(
n(n− 1)

2
+ n

)

with equality if and only if T is a path with v as a leaf.

Note that hTu
(v) = 1 for any leaf v and any u �= v, and hTu

(v) = n
if u = v, we have the following simple observation. Unlike other cases, the
extremal tree and vertex minimizing ahT (v) is by no means unique.

Proposition 3.3. Among trees of order n ≥ 2, the minimum

ahT (v) =
2n− 1

n

is obtained by any tree T with v being one of the leaves.

3.2. Among trees of given degree sequence

Extremal trees of given degree sequence (the non-increasing sequence of
degrees of all vertices) have been of great interests because of related appli-
cations and the generalization it provides for other categories of trees.

Among trees of given degree sequence, the caterpillar (a tree whose re-
moval of leaves yields a path) has been known as the analogue of the path
among general trees. In particular, it is known to maximize the Wiener in-
dex and minimize the number of subtrees [14, 20, 24]. However, the specific
characterization of the extremal caterpillar usually depends on the degree
sequence [4].
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Proposition 3.3 also answers the same question for trees with a given
degree sequence.

Corollary 3.4. Among all trees with a given degree sequence, the minimum
ahT (.) is obtained by any such tree with v being one of the leaves.

To maximize mhT (.) among trees with given degree sequence, consider-
ing the distance version of the problem yields that the caterpillar is indeed
extremal. Furthermore, the extremal caterpillar can be characterized.

Proposition 3.5. Among trees with given degree sequence

(d1, d2, . . . , dk, 1, . . . , 1)

(with k internal vertices and d1 ≥ d2 ≥ . . . ≥ dk ≥ 2), the maximum d(.)
and hence mhT (.) is uniquely obtained by a “biased” caterpillar T (defined
below) with v being one of the leaves.

Here T is formed by a longest path v0v1v2 . . . vkv and pendant edges
such that deg(vi) = di for 1 ≤ i ≤ k. Figure 2 shows an example of such a
“biased” caterpillar with the corresponding vertex v.

Proof. By Proposition 2.2, we only need to consider d(v) in T . Since the
maximum value must be obtained by a leaf, let v be such a leaf and P (u, v)
be a longest path from v with u being a leaf. Supposing for contradiction
that T is not a caterpillar, there exists a vertex v′ on P (u, v) such that a
neighbor w of v′ is neither a leaf nor on P (u, v). LetW denote the component
containing w in T − {v′w} (Figure 3).

Now consider a new tree T ′ resulted from T by detaching W from w
and reattaching to u (Figure 3), i.e., T ′ = T − {v′w}+ {uw}. Through this
operation the distances from v to any other vertex stay the same but the
distances from v to any vertex in W strictly increases (note that v′ is at
least distance 2 away from u), thus a contradiction.

Figure 2: A “biased” caterpillar with degree sequence (6, 5, 4, 4, 1, . . . , 1).
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Figure 3: The path P (u, v) and the vertices v, v′ and w.

Hence the maximum d(v) must be obtained by a caterpillar with a leaf
v that is one end of the longest path. It is obvious that, to maximize d(v),
larger degrees are assigned to internal vertices further away from v. This
results in exactly the structure of a “biased” caterpillar.

We now consider trees with given degree sequence that minimizemhT (.).
We first define the following greedy tree, known to be extremal with respect
to many other graph invariants such as (minimizing) the Wiener index or
(maximizing) the number of subtrees [14, 20, 24].

Definition 1 (Greedy trees). Given a tree degree sequence deg, the greedy
tree is achieved through the following “greedy” algorithm:

i) Start with a single vertex v as the root and give v the appropriate
number of children so that it has the largest degree;

ii) Label the neighbors of v as v1, v2, . . ., assign to them the largest
available degrees such that deg(v1) ≥ deg(v2) ≥ · · · ;

iii) Label the neighbors of v1 (except v) as v11, v12, . . . such that they
take all the largest degrees available and that deg(v11) ≥ deg(v12) ≥ · · · ,
then do the same for v2, v3, . . .;

iv) Repeat (iii) for all the newly labeled vertices, always start with the
neighbors of the labeled vertex with largest degree whose neighbors are not
labeled yet.

For example, Fig. 4 shows a greedy tree with degree sequence

(4, 4, 4, 3, 3, 3, 3, 3, 3, 3, 2, 2, 1, . . . , 1).

We will see that such a greedy tree and its root v indeed minimize d(v)
(and hencemhT (v)) but far less constrained structures can achieve the same.

Definition 2 (Semi-Greedy trees). With a given tree degree sequence deg,
a rooted tree is semi-greedy if deg(u) ≥ deg(w) for any two vertices u and
w where the height of w is larger than that of u.
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Figure 4: A greedy tree.

Remark 2. Note that the only difference between the semi-greedy trees and
the greedy tree is that we do not require the uniform ordering of degrees
of vertices of each “level” (height). It is easy to see that a greedy tree is
semi-greedy but not vice versa. Fig. 5 shows such an example.

Proposition 3.6. Among trees with given degree sequence, the minimum
d(v), and hence minimum mhT (v) is obtained by a semi-greedy tree and its
root. Such extremal trees are generally not unique.

Proof. Again consider the distance version of the question. To minimize d(v)
in the tree rooted at v, one simply wants to accommodate as many vertices
as possible at height 1, then 2, etc. This is exactly what the conditions of a
semi-greedy tree achieves (i.e., assigning larger degrees to vertices closer to
the root so that we have the largest possible number of vertices of height 1,
height 2, etc.).

Figure 5: A Semi-greedy tree that is not greedy.
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Next we consider trees of given degree sequence that maximize ahT (.).
For this purpose, consider the extremal tree T as rooted at v where the
maximum ahT (v) is obtained. Let T1, T2, . . . , Ts denote the connected com-
ponents in T −{v} and let ni = |V (Ti)| for 1 ≤ i ≤ s. We have the following.

Theorem 3.7. Under the above notations, among all trees of given degree
sequence, the maximum ahT (v) is obtained when the value

∑s
i=1 n

2
i is min-

imized. As a consequence, v has the largest degree in such an extremal tree.

Proof. First it is easy to see that

s∑
i=1

ni = n− 1 =

k∑
j=1

dj − k + 1

where d1, d2, . . . , dk are the degrees of internal vertices. See Figure 6.

Figure 6: The extremal tree T and the components Ti’s.

Note that, in the summation n · ahT (v) =
∑

u∈V (T ) hTu
(v), a vertex

w ∈ V (Ti) contribute to the term hTu
(v) if and only if u ∈ V (T − Ti). Thus

n · ahT (v) =
∑

u∈V (T )

hTu
(v) =

s∑
i=1

ni(n− ni) + n = n2 −
s∑

i=1

n2
i

is maximized when
∑s

i=1 n
2
i is minimized.

We also claim that v must be of the largest degree in such an extremal
tree, otherwise, let deg(v) = s < r = deg(w) for some vertex w ∈ V (T1)
(without loss of generality). Let the children of w be wi for 1 ≤ i ≤ r − 1,
denote by n′

i be the order of the subtree induced by wi and its descendants
for 1 ≤ i ≤ r − 1.

We now create a new tree T ′ by “switching” the degrees of v and w
through “moving” wi and its descendants from w to v (Figure 7) for 1 ≤
i ≤ d := r − s. That is,
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T ′ = T − {ww1, ww2, . . . , wwd}+ {vw1, vw2, . . . , vwd}

is a tree with the same degree sequence as T .

Figure 7: Generating T ′ from T .

Then

n · ahT ′(v) = n2 −
s∑

i=2

n2
i −

(
n1 −

d∑
i=1

n′
i

)2

−
d∑

i=1

(n′
i)
2

> n2 −
s∑

i=2

n2
i − n2

1

= n · ahT (v),

contradicting to the optimality of T .

Remark 3. As one can see from Theorem 3.7, the complete characteriza-

tion of the extremal trees that achieve the maximum ahT (v) depends on the

specific degree sequence. However, since the internal vertex degrees in each

Ti completely determines ni, Theorem 3.7 reduces the problem to a discrete

optimization question with specifically given degree sequences.

4. Extremal trees with respect to mh(T ) and ah(T )

If mhT (.) and ahT (.) are considered as “local” functions on hook-length,

thenmh(T ) and ah(T ) are the natural “global” versions. As aforementioned,

extremal questions on other graph invariants such as the Wiener index have

been vigorously studied.

First note the simple observation that
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n · ah(T )
=

∑
v∈V (T )

(n · ahT (v)) =
∑

v∈V (T )

∑
u∈V (T )

hTu
(v) =

∑
v∈V (T )

(n ·mhT (v))

=n ·mh(T ).

From Proposition 2.2 and the definition of W (T ), we easily obtain the
following observation.

Proposition 4.1. Given any tree T of order n, we have

n ·mh(T ) = 2W (T ) + n2.

Thus the extremal structures with respect to mh(T ) and ah(T ) follow
from the well known facts on W (T ) (see, for instance, [6, 20]).

Corollary 4.2. Among all trees of given order, mh(T ) = ah(T ) is mini-
mized by the star and maximized by the path; Among all trees of given degree
sequence, mh(T ) = ah(T ) is minimized by the greedy tree and maximized by
a caterpillar.

5. Comparison between trees of different degree sequence

As a final remark on the extremal structures among trees with given degree
sequence, we consider their ordering with different degree sequences. Such
results in previous works on other indices yield many characterizations of
extremal structures as immediate corollaries.

Definition 3. For two nonincreasing sequences π = (d0, · · · , dn−1) and
π′ = (d′0, · · · , d′n−1), π

′ is said to majorize π if for k = 0, · · · , n− 2

k∑
i=0

di ≤
k∑

i=0

d′i and

n−1∑
i=0

di =

n−1∑
i=0

d′i.

This is denoted by

π � π′.

Lemma 5.1. [21] Let π = (d0, · · · dn−1) and π′ = (d′0, · · · , d′n−1) be two
nonincreasing graphic degree sequences. If π�π′, then there exists a series of
graphic degree sequences π1, · · · , πm such that π � π1 � · · · � πm � π′, where πi
and πi+1 differ at exactly two entries, say dj (d′j) and dk (d′k) of πi (πi+1),
with d′j = dj + 1, d′k = dk − 1 and j < k.



222 Hua Wang

With Lemma 5.1, it is easy to compare mhT (v) of two semi-greedy trees

or biased caterpillars with degree sequences differing by only two entries,

i.e., consider

π = (d0, · · · dn−1) � (d
′
0, · · · , d′n−1) = π′

with d′j = dj + 1, d′l = dl − 1 for some j < l and all other entries the same.

For two biased caterpillars with degree sequences π and π′, it is obvious
that the one with degree sequence π′ has one vertex further away from v

than that with π while all other vertices stay the same. Hence we have the

following.

Proposition 5.2. Let T1 be a biased caterpillar of order n with degree se-

quence π1 and T2 of order n with degree sequence π2. If π1 � π2, then the

corresponding maximum value of d(.) (and hence mhT (.)) of T2 is at least

as large as that of T1.

Similarly, the semi-greedy tree with degree sequence π′ has some vertex

whose distance from v is at most that in the semi-greedy tree with degree

sequence π while all other vertices maintain the same distance from v. Thus

we have the following.

Proposition 5.3. Let T1 be a semi-greedy tree of order n with degree se-

quence π1 and T2 of order n with degree sequence π2. If π1 � π2, then the

corresponding minimum value of d(.) (and hence mhT (.)) of T2 is at most

as large as that of T1.

For instance, it is obvious that the star (path) has degree sequences

majorizing (being majorized by) all other degree sequences among general

trees. The statements regarding mhT (.) in Propositions 3.1 and 3.2 are then

simple consequences of the above observations. Similarly, if the number of

leaves of a tree is given, we have the following.

Corollary 5.4. Among trees with given order n and number of leaves l, the

“star-like tree” (a tree formed by joining ends of paths, whose lengths differ

by at most 1; Figure 8) achieves the minimum mhT (.) and the “comet” (a

tree formed by attaching pendant edges at one end of a path, also called a

“broom”; Figure 9) achieves the maximum mhT (.).

Proof. Indeed, the degree sequence

(l, 2, . . . , 2 1, . . . , 1︸ ︷︷ ︸
l 1’s

)
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majorizes all other degree sequences under the condition that there are ex-
actly l 1’s. The corresponding semi-greedy tree is a star-like tree and the
corresponding biased caterpillar is a comet.

Figure 8: A star-like tree with n = 11 and l = 4.

Figure 9: A comet or broom.

The analogous statement regarding the greedy trees of different degree
sequences that minimize n ·mh(T ) = n · ah(T ) = 2W (T )+n2, although not
stated explicitly before, easily follows from the properties of d(.) in greedy
trees. See for instance [3, 20].

Theorem 5.5. Let T1 be a greedy tree of order n with degree sequence π1
and T2 of order n with degree sequence π2. If π1 � π2, then

n·mh(T2)=n·ah(T2)= 2W (T2)+n2≤n·mh(T1)=n·ah(T1)= 2W (T1)+n2.

As an example of the application, the “extended good k-ary trees” is
defined as the greedy tree but with all vertex degrees equal to k in the
recursive construction until one runs out of vertices (hence there is at most
one vertex of degree strictly between 1 and k, see Figure 10). For trees with
given order n and maximum vertex degree k, it is obvious that the degree
sequence

(k, . . . , k, 1 ≤ r < k, 1, . . . , 1)

majorizes all other degree sequences. The corresponding greedy tree yields
an extended good k-ary tree, showing the following. Interested readers can
check [3, 25] for many more such applications.
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Corollary 5.6. Among all trees of order n and maximum vertex degree k,
the extended good k-ary tree minimizes W (T ) and hence mh(T ) and ah(T ).

Figure 10: An extended good 4-ary tree.

Acknowledgements

The author is in debt to the anonymous referee whose valuable suggestions

on both mathematical reasoning and presentation of the paper greatly im-
proved the quality of this manuscript. The author also thanks L. A. Székely
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