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REDUCTION AND DUALITY IN GENERALIZED
GEOMETRY

Shengda Hu

Extending our reduction construction in (S. Hu, Hamiltonian
symmetries and reduction in generalized geometry, Houston J. Math.,
to appear, math.DG/0509060, 2005.) to the Hamiltonian action of a
Poisson Lie group, we show that generalized Kähler reduction exists
even when only one generalized complex structure in the pair is
preserved by the group action. We show that the constructions in
string theory of the (geometrical) T -duality with H-fluxes for prin-
ciple bundles naturally arise as reductions of factorizable Poisson Lie
group actions. In particular, the groups involved may be non-abelian.

1. Introduction

In this article, we propose a candidate of the geometric realization of part of
the ansatz of T -duality with H-flux in the physics literature, using reductions
in generalized Kähler geometry. T -duality has long been intensively studied
in physics and has made its marks in mathematics as well, e.g., via mirror
symmetry [34]. The context of our reduction construction is the Hamiltonian
Poisson action of Poisson Lie group. Classically, such reduction in symplectic
category was first discussed in [24] and our construction here should be
viewed as the generalization of it to generalized geometry.

Generalized geometry is introduced by Hitchin [13] in the context of gen-
eralized Calabi–Yau manifolds. The general theory of generalized complex
and Kähler geometries is first developed by Gualtieri in his thesis [12]. Vari-
ous reduction constructions in the context of generalized geometry are devel-
oped by [7, 15, 23, 33, 37]. The approach taken here follows the point of
view of Hamiltonian symmetries [15].

It is now well known that a generalized complex structure induces a canon-
ical Poisson structure, e.g., [1, 10, 12, 15], also § 3.3. Let G be a Poisson
Lie group with dual group Ĝ, then the Hamiltonian Poisson action with
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moment map as defined in [24] (also see Definition B.12) can be adapted
to the generalized complex geometry (Definition 3.8), as well as the gener-
alized Kähler geometry (Definition 3.13). We then have the first results on
reduction (cf. Theorem 3.12 and 3.16):

Theorem 1.1. Suppose (M, J ) is an extended complex manifold with
Hamiltonian G-action, whose moment map is μ : M → Ĝ. Let M0 = μ−1(ê),
where ê ∈ Ĝ is the identity element. Suppose that ê is a regular value and the
geometrical action of G is proper and free on M0. Then there is a natural
extended complex structure on the reduced space Q = M0/G.

If furthermore, (M, J1,J2) is an extended Kähler manifold and the G-
action is J1-Hamiltonian. Then there is a natural extended Kähler structure
on the manifold Q.

The notion extended (+ structures) is adopted to emphasize that we con-
sider T M as an extension of TM by T ∗M , instead of as a direct sum, with
an exact Courant algebroid structure (cf. § 2.6). When a splitting is chosen,
or equivalently, T M is identified with TM with an H-twisted Courant alge-
broid structure, we will use the notion H-twisted generalized (+ structures).
Now, when the action of G preserves a splitting of T M , then the reduced
extended tangent bundle in the theorem naturally splits and the twisting
form on Q can be explicitly written down (cf. Corollary A.5).

In investigating T -duality, we are guided by the detailed computation in
[15] of the example of C

2 \ {(0, 0)} with non-trivial twisting class, which
we recall in Example 5.10. The following definition is crucial (cf. Definition
4.1).

Definition 1.2. Let (g̃, g, ĝ) be the Manin triple defined by a Poisson Lie
group G (cf. Theorem B.6, also [24]), with dual group Ĝ. The (infinitesimal)
action of g̃ on M is bi-Hamiltonian if it is induced by a J1-Hamiltonian
action of G together with a J2-Hamiltonian action of Ĝ.

Suppose that the Manin triple (g̃, g, ĝ) is the Lie algebras of the (local)
double Lie group (G̃, G, Ĝ) (cf. Theorem B.6). We impose two sets of assump-
tions, on the group G (Assumption 4.2(0)) and on the action of G̃ (the rest of
Assumption 4.2). Our first result in this direction is the factorizable reduction
(cf. Theorem 4.5).

Theorem 1.3. Under Assumption 4.2 and suppose that the action of G̃ on
M0 is proper and free, then the reduced space Q̃ = M0/G̃ of a bi-Hamiltonian
action of factorizable Poisson Lie group admits a natural transitive Courant
algebroid (Definition 4.4).

With further restrictions, i.e., the reduction exists with respect to either of
the actions of G and Ĝ as given in Theorem 3.16, the factorizable reduction
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as in Theorem 4.5 can be factored in two ways,

M0
/G−−→ Q

/Ĝ−−→ Q̃ or M0
/Ĝ−−→ Q̂

/G−−→ Q̃.

We then propose (cf. Definition 5.1).

Definition 1.4. The extended Kähler structures on Q and Q̂ are Courant
dual to each other.

We note that any of the groups G̃, G or Ĝ could be non-abelian. Thus
we have a candidate for the non-abelian duality with background twistings.
The more stringent but natural assumption that G and Ĝ commute in G̃
implies that G̃ is in fact a torus T̃ . The choice of terminology in the above
is supported by the following theorem (cf. Theorem 5.8) when the action of
T̃ preserves a splitting of T M .

Theorem 1.5. After applying a natural B-transformation on M, which does
not change the reduced Courant algebroid on Q̃, the twisting forms h and ĥ
of the structures on Q and Q̂, respectively, satisfy:

π̂∗ĥ − π∗h = d(Θ̂ ∧ Θ),

where π and π̂ are the quotient maps and Θ and Θ̂ are connection forms of
principle torus bundles.

We point out that the equation above appears as a part of the definition
of T -duality with H-flux of principle torus bundles in the literature (also
see below). Here, it appears as a geometrical consequence. The notion of T -
duality group in the literature can be recovered (§ 6) with our construction.

We describe the content of the article in the following. It is helpful
to recall the basics of Lu’s construction (see also § 8 Appendix B).
A Poisson Lie group G is a Lie group with a multiplicative Poisson struc-
ture, i.e., m : G × G → G is a Poisson map. Let (M, ω) be a symplectic
manifold, the action of G on M is called Poisson if the map G × M → M
defining the action is Poisson, with the product Poisson structure on G×M .
In [24], Lu defined momentum mapping for such Poisson actions (see also
Definition B.12 and Theorem B.13) and went on to show that symplectic
reduction can be carried out for Poisson actions with momentum mapping,
although in general, the symplectic structure ω is not invariant under Poisson
actions.

Section 2 recalls the useful facts concerning the action of the group of
generalized symmetries G̃ = Diff(M) � Ω2(M), the H-twisted Lie bracket
on X = Γ(TM) ⊕ Ω2

0(M), Courant algebroid and generalized complex
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structures and explain in more detail the notion of extended structures.
These results are not new and details may be found in, for example,
[8, 12, 13, 15] and the references therein.

We show in § 3 that the momentum mapping as defined in [24] can be
extended to the generalized geometry (Definition 3.8), and the reduction
construction for symplectic manifold can be extended to generalized complex
manifold, as well as generalized Kähler manifold (Theorem 1.1). Along the
way, we obtain Lemma 3.3, which can be viewed as an extension of Moser’s
argument for symplectic geometry (Remark 3.5). We note that similar to the
case of symplectic geometry in [24], the generalized complex structure may
not be preserved by the group action. In fact, in our construction of general-
ized Kähler reduction, none of the two generalized complex structures need
to be preserved by the group action, as long as certain sub-bundle of TM
is preserved (Remark 3.17). We remark that reduction of Courant algebroid
(§ 7, Appendix A) as well as reduction of generalized Kähler structure have
been discussed in various other works [12, 23, 33].

One of the features of generalized Kähler geometry is that the two gen-
eralized complex structures are on the same footing, which is not at all
obvious in the classical Kähler geometry. In fact, this is one of the reasons
that generalized Kähler geometry could serve as the natural category of dis-
cussing duality. Generalized Kähler geometry is relevant also from the result
in [12], that it is equivalent to the bi-Hermitian geometry, which has been
shown to be the string background for N = (2, 2) supersymmetry ([11, 6]
and references therein). The notion of T -duality with H-flux in abelian case
is proposed in [3] and then has been worked to much more general situ-
ations which involve non-commutative [26] and non-associative geometries
[5]. The motivation in physics is that the physical theories on T -dual spaces
are isomorphic and thus provides insights to what the physics is about. Here
we concentrate on the more geometrical duality and leave the non-classical
cases to furture work.

We first describe the construction of T -duality with H-flux from the exist-
ing literature in the following. To simplify matters, we restrict to T = S1,
where many complications do not arise. Let p : E → M be an S1-principle
bundle with connection form Θ ∈ Ω1(E) and curvature form Ω ∈ Ω2(M).
Let H ∈ Ω3(E)S1

be a closed S1-invariant 3-form representing integral
class [H] ∈ H3(E, Z). By construction, there is a form h ∈ Ω3(M) so that
p∗h = H − Θ ∧ Ω̂. Let Ω̂ ∈ Ω2(M) be the integration of H along the fibre
of E, then [Ω̂] ∈ H2(M, Z) and there is a principle S1-bundle p̂ : Ê → M

whose first Chern class is [Ω̂]. In particular, we may choose a connection
form Θ̂ ∈ Ω1(Ê) whose curvature form is Ω̂. Let Ĥ = p̂∗h + Θ̂ ∧ Ω, then
Ĥ ∈ Ω3(Ê)S1

is closed and the pair (Ê, Ĥ) is said to be T -dual to the pair
(E, H). One may also consider the correspondence space E ×M Ê, whose
projection to E and Ê is denoted π and π̂, respectively. Then the forms
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satisfy π̂∗Ĥ − π∗H = d(Θ̂ ∧ Θ). We may summarize this description with
the following diagram.

E ×M Ê

π

�������������
π̂

�������������

(E, H; Θ)

p ������������� (Ê, Ĥ; Θ̂)

p̂�������������

(M ; h, Ω, Ω̂)

For higher-dimensional torus, it is argued (see [26, 5] and references therein)
that various conditions are needed, on the action and twisting form H, in
order for the dual space to be classical. Otherwise, it would be of one of the
non-classical geometries.

The idea of applying generalized geometry in describing T -duality is intro-
duced by Gualtieri [12] and Cavalcanti [8], where the first efforts were made.
The guiding example for us is given in Example 5.10. By this example, we see
that it’s possible for the same function to serve as moment map for Hamilton-
ian group actions with respect to either generalized complex structure and
thus provides a diagram similar to the one above. Another important input
is from [8], where Cavalcanti showed that the Courant algebroids defined by
invariant sections on T -dual S1-principle bundles are isomorphic.

On the physics side, there is vast literature on T -duality, both with or
without H-flux, abelian or non-abelian, for principle bundles or fibration
with singular fibres. The approach of realizing dual theories by quotient
construction appeared in [30, 17], where it’s argued that gauging different
chiral currents produces dual σ-models. More recently, there is work of Hull
[16], which discusses T -duality in the doubled formalism. The formalism is
to look at the correspondence space as principle bundle of a doubled torus,
consisting of the product of a dual pair of torus with the natural pairing on
the Lie algebra. Then the group automorphisms preserving the pairing cor-
responds to the T -duality group. The idea of looking to Poisson Lie group in
considering duality goes back to a series of papers by Klimč́ik and/or Ševera
starting with [18, 20, 21], where Poisson Lie target space duality was pro-
posed as the framework of non-abelian T -duality. The papers [19, 16, 29, 35]
and references therein contain more recent developement in this direction.

Starting from § 4, we discuss T -duality with H-fluxes in the context of
generalized (Kähler) geometry, which includes both abelian and non-abelian
groups. In § 4, we define the notion of bi-Hamiltonian action (Definition 4.1)
and discuss reduction of bi-Hamiltonian action of factorizable Poisson Lie
groups (Theorem 4.5). The main point is that the reduced structure is a
transitive Courant algebroid on the reduced space (Definition 4.4). We note
that the reduction considered in § 4 can be factorized in two ways and in
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§ 5 we define the two intermediate stages as being Courant dual to each
other (Definition 5.1). Our construction then provides an isomorpism of
Courant algebroids defined by the invariant sections of Courant dual struc-
tures (Proposition 5.3), extending the result in [8], with a more geometri-
cal method. The upshot is that in Theorem 5.8, we show that T -duality, as
described above, can arise from a special case of Courant duality. The notion
of T -duality group is essential in the full picture of T -duality with H-fluxes
and we discuss it in § 6. We note that it is more desirable that T -duality
is constructed starting from (E, H; Θ) instead of from the correspondence
space as the approach here. The construction of the correspondence space
from one of the reduced space will be discussed in the forthcoming paper by
S. Hu and B. Uribe.

To make the paper more self-contained, in § 7 Appendix A, we present a
construction of reduction of extended tangent bundles which is used in this
article. In § 8 Appendix B, we collect various facts on Lie bialgebra, Poisson
Lie group and Hamiltonian action.

2. Preliminaries

We recall the preliminaries of generalized geometry and symmetries. As
mentioned in the introduction, the results are not new and for details, the
readers are referred to the literatures, for example [8, 12, 13, 15], and the
references therein.

2.1. For a smooth manifold M , let TM = TM ⊕T ∗M and G̃ = Diff(M)�

Ω2(M). Let λ, μ ∈ Diff(M) and α, β ∈ Ω2(M), then the product on G̃ is
given by

(λ, α) · (μ, β) = (λμ, μ∗α + β).

Let X = X + ξ with X ∈ TM and ξ ∈ T ∗M , then the (left) action of G̃ on
TM is given by

(λ, α) ◦ (X + ξ) = λ∗X + (λ−1)∗(ξ + ιXα).

The Lie algebra of G̃ is X̃ = Γ(TM)⊕Ω2(M) with the following Lie bracket:

[(X, A), (Y, B)] = ([X, Y ],LXB − LY A).

The 1-parameter subgroup generated by (X, A) is given by

et(X,A) = (λt, αt) =
(

etX ,

∫ t

0
λ∗

sA ds

)
.

Following the above notation, for B ∈ Ω2(M), we use eB to denote the
so-called B-transformation

eB ◦ (X + ξ) = X + ξ + ιXB.
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2.2. Let H ∈ Ω3
0(M), i.e., dH = 0. The H-twisted Loday bracket on TM

is defined by

(X + ξ) ∗H (Y + η) = [X, Y ] + LXη − ιY (dξ − ιXH).

Let 〈X+ξ, Y +η〉 = 1
2(ιXη+ιY ξ), then (TM, ∗H , 〈, 〉, a) defines a structure of

Courant algebroid, with a : TM → TM the natural projection (cf. Definition
2.2 below). The Loday bracket is not skew-symmetric, indeed we have

(X + ξ) ∗H (Y + η) + (Y + η) ∗H (X + ξ) = d〈X + ξ, Y + η〉.

The subgroup G = Diff(M) � Ω2
0(M) is the group of symmetries of the

Courant algebroid structure with H = 0. The Lie algebra of G is X =
Γ(TM) ⊕ Ω2

0(M) with the induced bracket. Let G̃H ⊂ G̃ be the symmetry
group of the Courant algebroid structure for general H and X̃H be its Lie
algebra. Consider the linear isomorphism:

ψH : X̃ −→ X̃ : (X, A) �−→ (X, A + ιXH),

and the H-twisted Lie bracket

[, ]H : X × X → X : [(X, A), (Y, B)]H = ([X, Y ],LXB − LY A + dιY ιXH),

then we have

Proposition 2.1 ([15]). For H, H ′ ∈ Ω3
0(M),

[ψH(X, A), ψH(Y, B)]H+H′ = ψH [(X, A), (Y, B)]H′

and ψH : (X̃H , [, ]) → (X , [, ]H) is a Lie algebra isomorphism.

Let X = X + ξ ∈ Γ(TM), then (X, dξ) ∈ X and generates a 1-parameter
subgroup in G̃H :

eψ−1
H (X,dξ) = (λt, αt) =

(
etX ,

∫ t

0
λ∗

s(dξ − ιXH)ds

)
.

The infinitesimal action of X on Y ∈ Γ(TM) that generates the above
subgroup is:

X ◦H Y = −X ∗H Y.

2.3. Let J : TM → TM be a generalized almost complex structure on
M , that is, J

2 = −11 and J is orthogonal with respect to the pairing 〈, 〉.
Let L ⊂ TCM be the i-eigensubundle of J, then L is isotropic and J

defines an H-twisted generalized complex structure if L is involutive with
respect to the H-twisted Loday bracket ∗H . Examples of generalized com-
plex structures include the symplectic and complex structures. Let ω (respec-
tively, J) be a symplectic (respectively, complex) structure on M , then the
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corresponding generalized complex structure is defined by the respective
isotropic subbundles:

Lω = {X − iιXω|X ∈ TM}

and

LJ = {X + ξ + i(J(X) − J∗(ξ))|X ∈ TM, ξ ∈ T ∗M}.

2.4. The space of complex valued differential forms Ω•(M ; C) is the spinor
space of generalized geometry. Let dH = d−H∧ be the H-twisted differential
on Ω•(M ; C). Each maximally isotropic sub-bundle L ⊂ TCM corresponds
to a pure line sub-bundle U of ∧•T ∗

C
M :

U = AnnC(L) := {ρ ∈ ∧•T ∗
CM |X·ρ = ιXρ+ξ∧ρ = 0 for all X = X+ξ ∈ L},

where · stands for the Clifford multiplication. A (nowhere vanishing) local
section ρ of U is called a pure spinor associated to the sub-bundle L. The
integrability of L with respect to the H-twisted Courant bracket is equivalent
to the condition dH(Γ(U)) ⊂ Γ(U1), where U1 = Γ(TCM) · U via Clifford
multiplication. More explicitly, there is a unique local section Y = Y + η of
L, so that

(2.1) dHρ = dρ − H ∧ ρ = Y · ρ = ιY ρ + η ∧ ρ,

where we use the convention of dH as in [27]. For a generalized complex
structure J, the complex line bundle U is called the canonical bundle of J.

2.5. In this paper we use the following equivalent definition of a Courant
algebroid from [22] (Definition 2.1 there):

Definition 2.2. Let E → M be a vector bundle. A Loday bracket ∗ on Γ(E)
is a R-bilinear map satisfying the Jacobi identity, i.e., for all X,Y,Z ∈ Γ(E),

(2.2) X ∗ (Y ∗ Z) = (X ∗ Y) ∗ Z + Y ∗ (X ∗ Z).

E is a Courant algebroid if it has a Loday bracket ∗ and a non-degenerate
symmetric pairing 〈, 〉 on the sections, with an anchor map a : E → TM
which is a vector bundle homomorphism so that

a(X)〈Y,Z〉 = 〈X,Y ∗ Z + Z ∗ Y〉(2.3)

a(X)〈Y,Z〉 = 〈X ∗ Y,Z〉 + 〈Y,X ∗ Z〉.(2.4)

The notion can be complexified, where the structures are required to be
C-linear.

The skew-symmetrization [, ] of ∗ in the definition is also called the
Courant bracket. The equivalence of the above definition to the more com-
mon variant, e.g., as in [7, 15] etc, follows from Theorem 2.1 of [22] together
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with the thesis of Roytenberg [31] (see also [36]). In particular, the datum
(TM, ∗H , 〈, 〉, a) as given in the previous subsections, for H ∈ Ω3

0(M), are
examples of Courant algebroids, where the corresponding Courant bracket
is usually denoted [, ]H .

2.6. Let T M be a Courant algebroid which fits into the following extension:

0 −→ T ∗M −→ T M
a−−→ TM −→ 0,

so that a is the anchor map. Such Courant algebroid is called exact [32]. The
set of isotropic splitting s : TM → T M is non-empty and is a torsor over
Ω2(M). The choice of such s determines a form H ∈ Ω3

0(M) and T M can
then be identified with the datum (TM, ∗H , 〈, 〉, a) as discussed above. The
action of B ∈ Ω2(M) on the set of splittings translates into H �→ H +dB on
the corresponding forms. It follows that [H] ∈ H3(M ; R) is well defined and
is the Ševera class of T M . We use the notion extended (+ structures) to
emphasize the absence of a splitting while reserve twisted generalized for the
situation where a splitting is (or can be explicitly) chosen. For example, an
extended complex structure J will represent a twisted generalized complex
structure J on TM (once a splitting is chosen), which is integrable with
respect to a twisted Loday bracket ∗H , where [H] gives the Ševera class of
the extended tangent bundle T M defined by the Courant algebroid structure
(TM, ∗H , 〈, 〉, a). Given a different choice of splitting of T M , J will represent
JB, which is J transformed by some B ∈ Ω2(M) and is integrable with
respect to ∗H+dB on TM . We note that the Courant algebroids are identical
(not only isomorphic) in either cases, since the difference is only the choice
of a splitting that gives the identification to TM .

3. Poisson Lie actions and reductions

This and the next section contain the main results on reductions. In this
section, we discuss the reduction under the Hamiltonian action of a Poisson
Lie group in the context of generalized complex and Kähler geometries.
This extends the reduction construction of [15] for Hamiltonian action of Lie
groups and that of [24] for Poisson Lie action on symplectic manifolds, which
we describe in the Appendix B (§ 8). The construction in this section form
the basis of our duality constructions. Again, when we use TM , J and etc,
we assume a choice of the splitting of the extended tangent bundle T M and
identify the corresponding structures as H-twisted generalized structures.

3.1. We first discuss the invariance of J under generalized actions. The
result we obtain here (Lemma 3.3) can be seen as an extension of the Moser’s
argument in symplectic geometry (Remark 3.5, see also [28]). On the other
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hand, it also shows that for Hamiltonian Poisson Lie group actions, the gen-
eralized complex structure will in general not be preserved (Remark 3.10).

Direct computation shows

Lemma 3.1. Let (λ, α) ∈ G̃ and ρ be the pure spinor defining J, then
(λ, α) ◦ ρ := (λ−1)∗(e−αρ) is the pure spinor defining (λ, α) ◦ J. If J is
H-twisted integrable, then (λ, α) ◦ J is (λ, α) ◦ H-twisted integrable, where
(λ, α) ◦ H = (λ−1)∗(H − dα). We have d(λ,α)◦H(λ, α) ◦ ρ = (λ, α) ◦ dHρ.

Remark 3.2. We note that when considering generalized symmetries, we
do not have to restrict to real 2-forms to stay with real twisting form, e.g.,
the group Diff(M) � (Ω2(M) ⊕ iΩ2

0(M)) acts on TCM . The infinitesimal
action of (X, A) ∈ X̃ ⊕ iΩ2

0(M) on the spinors is then given by

(X, A) ◦ ρ = −LXρ − A ∧ ρ.

For X = X + ξ ∈ Γ(TCM) so that X ∈ Γ(TM), let (X, A) = (X, dξ − ιXH)
and we compute the infinitesimal action on a section ρ of the canonical
bundle of J:

(3.1) X ◦H ρ = (−dH + Y·)X · ρ − 〈X,Y〉ρ.

We caution that when a generalized complex structure is concerned, such
complex actions in general might not preserve the real index.

Lemma 3.3. Suppose that L defines an extended complex structure J and
Xt ∈ Γ(L ∩ (T M ⊕ iT ∗M)) is a family of sections parametrized by R. Let
λ̃t be the family of generalized symmetries generated by Xt. Suppose that for
each p ∈ M there is an open neighbourhood Up and a compact set Vp so that
{λt ◦ Up} ⊂ Vp for all t, where λt is the geometrical part of λ̃t. Then λ̃t

preserves J for all t.

Proof. Choose a splitting and identify the structures with H-twisted struc-
tures. Write Xt = Xt + ξt under the splitting. Starting from any p ∈ M and
t0 ∈ R. Suppose that ρt0 = ρ is a local section of the canonical bundle U of
J and ρt = (λt, αt)∗ρ := (λt, αt)−1 ◦ ρ = eαtλ∗

t ρ. Then ρt is a local section of
the canonical bundle Ut of Jt = (λt, αt)−1◦J. Direct computation shows that

d

dt
ρt =

d

ds

∣∣∣∣
s=0

ρt+s = (λt, αt)∗((dH − Y·)Xt · ρ + 〈Xt,Y〉ρ).

Then by the assumption we have d
dtρt = ftρt for ft = λ∗

t 〈Xt,Y〉. The initial
condition of ρt0 = ρ then gives

ρt = e
∫ t

t0
fsds

ρ.

It follows that Ut = U wherever both ρ and ρt are defined, e.g. for a neigh-
bourhood of p. Since t0 is arbitrary and by the compactness assumption, we
have Ut = U for all t.
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The argument above shows that L is preserved by the family of
symmetries generated by Xt, which is independent of the splitting chosen.
The proposition then follows. �

Remark 3.4. Of course, when M is compact, the condition in the lemma
automatically holds. From the proof, we also see that when dHρ = 0, not
only the canonical line bundle is preserved, the spinor ρ is preserved as well.

Remark 3.5. The Moser’s argument in symplectic geometry can be seen as
a special case of the above lemma. The Moser’s argument goes as following
(see [28]). Consider a smooth family of symplectic forms ωt = ω0 + dβt

and ηt = d
dtβt. Let Yt be defined by ιYtωt + ηt = 0 and φt be the family of

diffeomorphisms generated by Yt via d
dtφt = φt∗(Yt), then φ∗

t ωt = ω0.
In light of Lemma 3.3, we consider ϕt = φ−1

t , which is generated by the
family of vector fields Xt = −ϕt∗(Yt). Then we define ξt = ιXtω0 = −φ∗

t (ηt).
It follows that Xt = Xt − iξt ∈ Γ(Lω0). The lemma then implies that the
following family of symmetries preserves Lω0 :

(ϕt, αt) =
(

ϕt,−id

∫ t

0
ϕ∗

sξsds

)
=

(
ϕt,−id

∫ t

0
ηsds

)
.

In this case, we have ρ0 = eiω0 and dρ0 = 0. It follows from Remark 3.4 that
ρ0 is preserved:

eiω0 = (ϕt, αt)∗eiω0 = e−id
∫ t
0 ηsdsϕ∗

t (e
iω0) = e−idβt(φ∗

t )
−1(eiω0),

which is equivalent to φ∗
t ωt = ω0 as in Moser’s argument.

3.2. We will use the following conventions.

Convention 3.6. Given a Lie group G, the Lie algebra g of G is identified
as the tangent space TeG at identity, as well as the space of right invariant
vector fields, i.e., τ → Xτ (g) = (Rg)∗τ . Then the dual ĝ = g∗ of the Lie
algebra is identified with the space of right invariant 1-forms on G. Let θr

τ̂ ∈
Ω1(G) denote the right invariant 1-form on G with θr

τ̂ (e) = τ̂ and θl
τ̂ the left

invariant 1-form on G with θl
τ̂ (e) = τ̂ , for τ̂ ∈ ĝ. Given a Poisson manifold

P with Poisson tensor πP , we consider πP also as a map πP : TP ∗ → TP
defined by ιπP (ξ)η = πP (ξ, η) for ξ, η ∈ Ω1(P ).

We note that for τ ∈ g, the right invariant vector field Xτ generates the
left action on G by the 1-parameter subgroup gt = etτ . Thus the left action
of G on M induces a homomorphism of Lie algebras ξ �→ XM

τ , where XM
τ is

the infinitesimal action generated by τ , while the right action of G induces
an anti -homomorphism of Lie algebras. With this convention, the map πP

and the Lie algebra (anti)-homomorphism are opposite to the convention
used in [24] and [25]. In the following, we will only consider left actions.
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We collected the relevant definitions and results on Poisson Lie groups and
actions in Appendix B (§ 8).

3.3. The basic setup is the following. Let (M, J ) be an extended complex
manifold with extended tangent bundle T M and anchor a : T M → TM .
Then there is a natural induced Poisson structure πJ on M defined by

πJ : T ∗M −→ T M
J−−→ T M

a−−→ TM.

If a splitting is chosen, we use TM , J and H-twisted when referring to the
respective structures, while the Poisson structure πJ does not depend on
the splitting. The following result is essential in establishing the definition
of Hamiltonian property (Definition 3.8) for an extended complex structure.

Lemma 3.7. Let (G, πG) be a connected Poisson Lie group and σ : G×M →
M a (left) Poisson action with respect to the Poisson structure πJ on M ,
with an equivariant moment map μ : M → Ĝ, as in Definition B.12. Let
J(μ∗θ̂τ ) = Xτ = Xτ + ξτ for τ ∈ g, then

ιXτ μ∗(θ̂τ ) = ιXτ ξτ = 0 and [(Xτ , dξτ ), (Xω, dξω)]H = (X[τ,ω], dξ[τ,ω]).

Proof. Let X̂τ = μ∗(Xτ ) be the dressing vector field on Ĝ generated by τ ∈ g

(cf. Definition B.10). Then we have ιXτ μ∗θ̂τ = μ∗(ιX̂τ
θ̂τ ) = μ∗(πĜ(θ̂τ , θ̂τ )) =

0. Because J preserves the pairing 〈, 〉, it follows that

ιXτ ξτ = 〈Xτ + ξτ , Xτ + ξτ 〉 = 〈J(μ∗θ̂τ ), J(μ∗θ̂τ )〉 = 〈μ∗θ̂τ , μ
∗θ̂τ 〉 = 0.

We then compute

[J(μ∗θ̂τ ) + iμ∗θ̂τ , J(μ∗θ̂ω) + iμ∗θ̂ω]H

= [Xτ , Xω] + LXτ ξω − ιXωdξτ + ιXω ιXτ H + i(LXτ μ∗θ̂ω − ιXωdμ∗θ̂τ ),

and the imaginary part is

LXτ μ∗θ̂ω − ιXωdμ∗θ̂τ = μ∗(Lμ∗Xτ θ̂ω − ιμ∗Xωdθ̂τ )

= μ∗(LX̂τ
θ̂ω − ιX̂ω

dθ̂τ ) = μ∗([θ̂τ , θ̂ω]∗) = μ∗θ̂[τ,ω]

Thus X[τ,ω] = [Xτ , Xω] and ξ[τ,ω] = LXτ ξω − ιXωdξτ + ιXω ιXτ H. The lemma
follows. �

We note that from the above lemma, the symmetry generated by X[τ,ω]
coincides with that of Xτ ∗H Xω, which only depends on the Loday bracket.

Definition 3.8. The action of a Poisson Lie group G on an extended com-
plex manifold (M, J ) is Hamiltonian with moment map μ : M → Ĝ, if the
action is Poisson with respect to πJ , together with an equivariant moment
map μ as in definition B.12, so that the G-action on T M is generated by
J (μ∗θ̂) = Xμ, via the Loday bracket ∗.
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Remark 3.9. In general, it is a non-trivial condition that Xμ generates a
G-action on T M . As an example, let M = C

2, H = 0 and J = ω⊕J , where ω
and J are the standard symplectic and complex structure on C. The Poisson
structure here is πJ = ω ⊕ 0. Let G = S1 and μ(z1, z2) = 1

2(|z1|2 + |z2|2),
then the geometric action of G on M by rotating the first coordinate is
Hamiltonian for the Poisson structure πJ, and μ is an equivariant moment
map. Let X be the infinitesimal action of 1 ∈ R, then it is easy to see that

J(dμ) = X + ξ where ξ = − i

2
(z2dz2 − z2dz2).

Since dξ = − i
2dz2 ∧dz2, the R

1-action on TM generated by X + ξ can never
be proper, i.e., J(dμ) does not generate a G-action.

Remark 3.10. We recall that in the Poisson category, the Poisson action
of a Poisson Lie group does not have to preserve the Poisson structure.
Thus the action as defined above does not have to preserve the extended
complex structure J . Lemma 3.3 implies that the action on T M generated
by J (μ∗θ̂) + iμ∗θ̂ does preserve the structure J . Thus the non-invariance
under the action of J (μ∗θ̂) can be seen as due to the non-vanishing of
dθ̂. When the Poisson structure on G is trivial, we have the definition for
Hamiltonian actions of Lie groups [15]. By Theorem B.13, μ is a Poisson
map. Let M0 = μ−1(ê), then μ∗(πJ |M0) = πĜ|ê = 0, and Xμ, i.e., the
geometrical action of G, preserves M0.

3.4. We may consider reduction by a Hamiltonian Poisson Lie group action.
Assume that

(1) the identity ê ∈ Ĝ is a regular value of μ,
(2) (the geometrical part of ) the G-action is free on M0.

Lemma 3.11. The sub-bundles (μ∗θ̂), J (μ∗θ̂) and L ⊕ (μ∗θ̂) are G-
equivariant.

Proof. Choose a splitting. It is enough to show that the infinitesimal actions
preserve the sub-bundles:

(Xω + ξω) ∗H (μ∗θ̂τ ) = LXωμ∗θ̂τ = μ∗(LX̂ω
θ̂τ ) = μ∗(θ̂[ω,τ ] − ιX̂τ

dθ̂ω),

(Xω + ξω) ∗H (Xτ + ξτ ) = [Xω, Xτ ] + LXωξτ − ιXτ dξω + ιXτ ιXωH

= X[ω,τ ] + ξ[ω,τ ],

(Xω + ξω) ∗H (Y + η) = [Xω, Y ] + LXωη − ιY dξω + ιY ιXωH

= (Xω + ξω + iμ∗θ̂ω) ∗H (Y + η) + iιY μ∗(dθ̂ω),

for Y + η ∈ Γ(L). We note that ιZμ∗(dθ̂ω) = −1
2 ιZμ∗([θ̂, θ̂]ω) ∈ (μ∗θ̂) for

any Z ∈ TM . �
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Theorem 3.12. Suppose that G is compact and the assumptions in § 3.4
hold, then there is a natural extended complex structure on the quotient
Q = M0/G. When the action of G preserves a splitting of T M , the reduced
structure TμQ admits a natural splitting up to a choice of connection form
on M0 → Q.

Proof. Because πĜ|ê = 0, we compute on M0:

〈μ∗θ̂τ ,J (μ∗θ̂ω)〉 = ιXωμ∗θ̂τ = μ∗ιX̂ω
θ̂τ = μ∗πĜ(θ̂ω, θ̂τ ) = 0.

Let K = μ∗θ̂, K′ = J (μ∗θ̂), it follows that K ⊕ K′ ⊂ Ann(K,K′). K and K′

satisfy the conditions (i)–(iii) of Lemma A.4 by definition. For example,

d(μ∗θ̂ω) = −1
2μ∗([θ̂, θ̂]ω) ⊂ Γ(∧2K).

Thus Lemma A.4 (1) applies and TμM0 = Ann(K,K′)/K ⊕ K′ descends to
an extended tangent bundle TμQ on Q.

Lemma 3.11 implies that L⊕(μ∗θ̂) is involutive with respect to the bracket
∗. It follows that (L ⊕ (μ∗θ̂)) ∩ Ann(μ∗θ̂, J (μ∗θ̂)) induces a sub-bundle L0
in Tμ,CM0 which coincides with the image of L under the subquotient. By
Lemma 3.11, the bundle L0 is G-equivariant and descends to a sub-bundle
Lμ of Tμ,CQ. That Lμ is maximally isotropic with real index 0 and integrable
follows from the same properties of L, i.e., Lμ defines an extended complex
structure Jμ. Corollary A.5 gives the last sentence. �

3.5. Let (M, J1) be an extended complex manifold. A second extended
complex structure J2 makes (M, J1,J2) into an extended Kähler manifold
if they are both defined on the same extended tangent bundle T M and
G = −J1J2 = −J2J1 defines a generalized metric (see [14]) on T M , i.e.,
〈G·, ·〉 defines a metric on T M . We show that just as symplectic reduction
admits induced Kähler structure when the original manifold is Kähler with
G preserving the complex structure, generalized complex reduction with
respect to J1 would admit extended Kähler structure if J2 is preserved.

Definition 3.13. A Poisson action of Poisson Lie group G on an extended
Kähler manifold (M, J1,J2) is J1-Hamiltonian if it is Hamiltonian with
respect to J1 and preserves J2.

3.6. We note that Ann(μ∗θ̂, J1(μ∗θ̂)) is not preserved by J2:

Ann(μ∗θ̂, J1(μ∗θ̂)) ∩ J2(Ann(μ∗θ̂, J1(μ∗θ̂)))

= Ann(μ∗θ̂, J1(μ∗θ̂),J2(μ∗θ̂),G(μ∗θ̂)).

The right-hand side of the above equation is again a G-equivariant sub-
bundle when restricting to M0, as the two terms on the left are both so.
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The next two lemmata concern the linear algebra of the generalized Kähler
reduction. Alternatively, they can be seen as the linear case for the reduction
construction of Theorem 3.16.

Lemma 3.14. Let V = V ⊕ V ∗ and (J1, J2; G) be a linear generalized
Kähler structure. Given subspace K ⊂ V ∗, let U

j
K = Ann(K, Jj(K)),

WK = Ann(K, J1(K), J2(K), G(K)) and (Uj
K)C, (WK)C be the respective

complexified versions, then Lj ∩ (WK)C = Lj ∩ (Ul
K)C for j = l. If

(1) K + J1(K) ⊂ U
1
K , then the following decomposition holds

U
1
K = WK ⊕ (K + J1(K)).

The + above becomes ⊕ if we suppose further that
(2) J1(K) ∩ V ∗ = {0}.

Proof. Obviously Lj ∩ (WK)C ⊂ Lj ∩ (Ul
K)C. Let X ∈ Lj ∩ (Ul

K)C, then
Jj(X) = iX and 〈X, K〉 = 〈X, Jl(K)〉 = 0. Then by orthogonality of Jj , we
find that 〈X, Jj(K)〉 = 〈X, G(K)〉 = 0, i.e., X ∈ Lj ∩ (WK)C.

For any subspace W ⊂ V we have V = W ⊕ Ann(GW ). In particular

V = WK ⊕ (K + J1(K) + J2(K) + G(K))

= W̃K ⊕ (J1(K) + J2(K) + G(K))

= U
j
K ⊕ (Jl(K) + G(K)) for j = l,

(3.2)

where W̃K = Ann(K, J1(K), J2(K)). With condition (1), by the last expres-
sion in (3.2) for j = 1 and l = 2, we see that the decomposition in the
statement holds. With condition (2), we have K + J1(K) = K ⊕ J1(K) and
it follows that all +s in (3.2) are ⊕s. �

Lemma 3.15. Continue from Lemma 3.14 and let N = a ◦ J1(K) where
a : V → V is the projection, then the restriction 〈, 〉K of 〈, 〉 on WK is a
non-degenerate pairing. There is a self-dual exact sequence with respect to
〈, 〉K

0 −→ W ∗
K

a∗
K−−→ WK

aK−−→ WK → 0

where

WK =
AnnV (K)

N
and W ∗

K =
AnnV ∗(N)

K
.

Furthermore, the restriction (J1,K , J2,K ; GK) of (J1, J2; G) to WK is a
generalized Kähler structure with respect to the pairing 〈, 〉K . Let VK =
Ann(K, K ′)/K ⊕ K ′ as in Lemma A.1, where K ′ = J1(K), then the inclu-
sion WK ↪→ Ann(K, J1(K)) induces a natural isomorphism WK � VK , and
the extension sequences correspond.



454 SHENGDA HU

Proof. Note that WK is preserved by G we see that for any X ∈ WK such
that 〈X, WK〉 = 0, it must satisfy 〈X, G(X)〉 = 0, i.e., X = 0. It implies that
the restriction 〈, 〉K is non-degenerate. It is obvious that the generalized
Kähler structure restricts.

Let aK : WK → WK be the map induced from the projection a. The kernel
of U

1
K → WK is AnnV ∗(N) ⊕ J1(K). It follows that the kernel of aK is

ker aK = (AnnV ∗(N) ⊕ J1(K)) ∩ WK .

Note that U
1
K = WK ⊕ (K ⊕ J1(K)) and K ⊕ J1(K) ⊂ AnnV ∗(N) ⊕ J1(K),

we find that AnnV ∗(N) ⊕ J1(K) = ker aK ⊕ (K ⊕ J1(K)), thus ker aK �
AnnV ∗(N)/K. Now ker aK is maximally isotropic with respect to 〈, 〉K and
the self-duality follows. The last sentence follows from direct checking. �

Similar to the classical Kähler case, we have now the generalized Kähler
reduction.

Theorem 3.16. Let (M, J1,J2; G) be an extended Kähler manifold. Suppose
that the action of G on M is J1-Hamiltonian with moment map μ : M → Ĝ.
When the assumptions in § 3.4 hold, then there is a natural extended Kähler
structure on the quotient Q = M0/G. If furthermore, the G-action preserves
a splitting of T M in to H-twisted generalized tangent bundle, the reduced
structure splits, up to a choice of connection form on M0 → Q.

Proof. All the bundles in the proof will be on the various spaces at μ = ê,
either the level set or the reduced space. Let

T ′
μM0 = Ann(μ∗θ̂, J1(μ∗θ̂),J2(μ∗θ̂),G(μ∗θ̂))

be the sub-bundle of T M |M0 , then it is a G-equivariant sub-bundle (§ 3.6).
Consider X,Y ∈ Γ(Ann(μ∗θ̂, J1(μ∗θ̂)))G and Xτ = J1(μ∗θ̂τ ), τ ∈ g, then

Xτ ∗ (X ∗ Y) = (Xτ ∗ X) ∗ Y + X ∗ (Xτ ∗ Y) = 0 ⇒ X ∗ Y is invariant.

That X ∗ Y ∈ Γ(Ann(μ∗θ̂, J1(μ∗θ̂))) follows from the proof of Lemma A.4
case (1) where we set K = (μ∗θ̂) and K′ = J1(μ∗θ̂). From Lemma 3.14 we
get the decomposition

(3.3) Ann(μ∗θ̂, J1(μ∗θ̂)) = T ′
μM0 ⊕ ((μ∗θ̂) ⊕ J1(μ∗θ̂)),

which by Lemma 3.11 is G-equivariant. Let π1 : Ann(μ∗θ̂, J1(μ∗θ̂)) → T ′
μM0

be the projection to the first factor in the above decomposition. Let 〈, 〉μ be
the restriction of 〈, 〉 to T ′

μM0 and define the bracket ∗1 on Γ(T ′
μM0)G by:

X ∗1 Y = π1(X ∗ Y), for X,Y ∈ Γ(T ′
μM0)G ⊂ Γ(Ann(μ∗θ̂, J1(μ∗θ̂)))G.

The structure (T ′
μM0, 〈, 〉μ, ∗1) descends to an extended tangent bundle T ′

μQ
on Q. Due to the decomposition (3.3), the extended tangent bundles T ′

μQ
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and TμQ (as given by Theorem 3.12, using J = J1) are naturally isomorphic
via the inclusion T ′

μM0 ↪→ Ann(μ∗θ̂, J1(μ∗θ̂)).
Then Lemma 3.15 implies that the restriction (J ′

1,J ′
2) of (J1,J2) to T ′

μM0
defines a generalized almost Kähler structure (J1,μ,J2,μ) on T ′

μQ, i.e., Jj,μ

are generalized almost complex structures and Gμ = −J1,μJ2,μ defines a
generalized metric on T ′

μQ.
We check the integrability. Let Lj be the i-eigensub-bundle of Jj in TCM .

Then L2 is G-equivariant because J2 is preserved. Lemma 3.14 implies that

L2 ∩ Ann(μ∗θ̂, J1(μ∗θ̂)) = L2 ∩ T ′
μ,CM0,

which defines J ′
2. It follows that J ′

2 is involutive with respect to ∗1 and J2,μ

is integrable in T ′
μQ. As to J1, it is easy to check that

(L1 ⊕ (μ∗θ̂)) ∩ T ′
μ,CM0

is involutive and isotropic. In fact, it gives the sub-bundle L0 of Tμ,CM0
in the proof of Theorem 3.12 under the natural identification. Thus J1,μ is
integrable. �

Remark 3.17. We notice from the proof that, in order to have extended
Kähler reduction, even the extended complex structure J2 does not have
to be preserved by the G-action either. The only thing that needs to be
preserved is the intersection L2 ∩ T ′

μ,CM0. Here, unlike the case in Theorem
3.12, where L1 ⊕ (μ∗θ̂) being equivariant provides descending of J1, Lemma
3.14 implies that such flexibility does not apply to J2.

Remark 3.18. Generalized Kähler reduction have been constructed by
several other works, e.g., [7], [23] and [33], with various generalities. The
construction we describe here, which fits our needs for discussing duality,
has not appeared in the stated form.

4. Bi-Hamiltonian action and factorizable reduction

In this section, we describe one more reduction construction that is central
to our geometric approach to T -duality. Let G be a Poisson Lie group with
dual group Ĝ. Let (g̃, g, ĝ) be the associated Manin triple (cf. Theorem B.6,
also [24]). Suppose that G and Ĝ both act on the extended Kähler manifold
(M, J1,J2), so that the actions are J1- and J2-Hamiltonian, respectively.
One observation we gain from the computation of the example of C

2\{(0, 0)}
in [15] (also see Example 5.10) is that the two moment map could coincide.
This observation leads to the following definition critical in our construction:

Definition 4.1. The (infinitesimal) (left) action of g̃ on M is bi-Hamiltonian
if it is induced by a (left) J1-Hamiltonian action of G together with a (left)
J2-Hamiltonian action of Ĝ.
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We will use μ and μ̂ to denote the moment maps of the G and Ĝ actions,
respectively. Suppose that G is a factorizable Poisson Lie group (Definition
B.8). Let S : Ĝ ��� G be the local diffeomorphism defined by s and the
exponential maps at the identity elements ê ∈ Ĝ and e ∈ G, then dS(ê) = s.
We consider the reduction by the bi-Hamiltonian action of G̃.

Assumption 4.2. We will need the following conditions.

(0) In the following, G is always a factorizable Poisson Lie group.
(1) The identity elements e ∈ G and ê ∈ Ĝ are regular values of μ̂ and μ,

respectively.
(2) μ̂−1(e) = μ−1(ê) and is denoted M0.
(3) Restricted over the identity elements, dμ̂ = dS ◦ dμ(= s ◦ dμ).

Remark 4.3. It follows from condition (2) that M0 is preserved by the G̃
action. By condition (3), we see that μ̂∗ = μ∗ ◦ s∗ = μ∗ ◦ s when restricted
to M0, since s is symmetric. Thus on M0 we have

μ̂∗θτ̂ = μ∗ ◦ s(θτ̂ ) = μ∗θ̂s(τ̂) for τ̂ ∈ ĝ.

The reduced structure will be a Courant algebroid of a more general type
instead of an extended tangent bundle, (also see [36] and the references
therein for the following definition):

Definition 4.4. A Courant algebroid E on M is a transitive Courant alge-
broid if it fits in the following diagram.

0 �� T ∗M �� E
p ��

a
��

E0 ��

��

0

TM

�� ����
��

��
��

0 0

where a is the anchor map and the sequences are all exact.

The usual constructions of B-transformation for B ∈ Ω2(M) and twisting
of the Courant bracket by H ∈ Ω3

0(M) are valid for a transitive Courant
algebroid E.

Theorem 4.5. Given Assumption 4.2, and let (G̃, G, Ĝ) be a (local) double
Lie group whose Lie algebras form the Manin triple (g̃, g, ĝ), where G̃ is
connected but not necessarily simply connected (compare to Theorem B.6).
Suppose that the action of g̃ induces an action of G̃, which is proper and
free on M0, then there is a transitive Courant algebroid TeQ̃ on Q̃ = M0/G̃.
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Proof. Let Γ(·)G̃ denote the set of G̃-invariant sections. By Lemma 3.11 we
see that

(μ∗θ̂, J1(μ∗θ̂),J2(μ∗θ̂),G(μ∗θ̂)) = (μ∗θ̂, J1(μ∗θ̂)) ⊕ J2(μ∗θ̂, J1(μ∗θ̂))

is preserved by the G-action. Similarly, it is also preserved by Ĝ and it
follows that it is preserved by the action of G̃. Analogously, the bundles
(μ∗θ̂, J1(μ∗θ̂),J2(μ∗θ̂)) and (μ∗θ̂) are preserved by the G̃-action. Let K =
(μ∗θ̂) and K′ = J1(μ∗θ̂) ⊕ J2(μ∗θ̂), then the conditions for Lemma A.4(2)
are satisfied. Thus T ′′

μ M0 = Ann(μ∗θ̂, J1(μ∗θ̂),J2(μ∗θ̂))/(μ∗θ̂) descends to
an Courant algebroid TeQ̃ on Q̃.

Another way to see the Courant algebroid structure is to follow Theorem
3.16. Using the decomposition in (3.2), where K there corresponds to (μ∗θ̂),
and W̃K corresponds to the domain of the map below, we define the following
projection

π : Ann(μ∗θ̂, J1(μ∗θ̂),J2(μ∗θ̂)) −→ T ′
μM0

and the bracket ∗μ:

X∗μY = π(X∗HY) for X,Y ∈ Γ(T ′
μM0)G̃ ⊂ Γ(Ann(μ∗θ̂, J1(μ∗θ̂),J2(μ∗θ̂))G̃.

By definition, Γ(T ′
μM0)G̃ is closed under ∗μ. Then the inclusion:

T ′
μM0 ↪→ Ann(μ∗θ̂, J1(μ∗θ̂),J2(μ∗θ̂))

induces a natural isomorphism to T ′′
μ M0, and the brackets coincide. �

Corollary 4.6. With the same assumptions as in Theorem 4.5, let (M, J ′
1,

J ′
2; G′) be the B1-transformed generalized Kähler structure for B1 ∈ Ω2(M)G̃.

Let all other choices be the same. Then the transitive Courant algebroid T ′
e Q̃

induced from (J ′
1,J ′

2; G′) is a b-transformation of TeQ̃, for some b ∈ Ω2(Q̃).

Proof. Choose a connection form θ̃ of the G̃-principle bundle M0 → Q̃ and
with respect to a choice of basis of g̃ we have θ̃j and X̃j . Consider the
form b̃ =

∏
j(1 − θ̃j ∧ ιX̃j

)B1|M0 , where the terms in brackets are consid-

ered operators on Ω2(M0). Then b̃ is horizontal with respect to G̃-action
and Ann(μ∗θ̂, J1(μ∗θ̂),J2(μ∗θ̂)) is preserved by the transformation eb̃, from
which the result follows. �

5. Courant and T -duality

Let (G̃, G, Ĝ) be a double Lie group and suppose that there is a bi-
Hamiltonian G̃-action on the generalized Kähler manifold (M, J1,J2),
as considered in Theorem 4.5. Since the actions of G and Ĝ are both
Hamiltonian, although with respect to different generalized complex
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structures, they could be both reduced as described in Theorem 3.16. We
introduce the following.

Definition 5.1. Consider a bi-Hamiltonian action as in Definition 4.1. Sup-
pose that the reduction of G- (resp. Ĝ-) action at ê ∈ Ĝ (resp. at e ∈ G) as
given in Theorem 3.16 exists and denote it (Q,J1,J2) (resp. (Q̂, Ĵ1, Ĵ2)).
The structures (Q,J1,J2) and (Q̂, Ĵ1, Ĵ2) are Hamiltonian dual to each
other. When the assumptions of Theorem 4.5 holds, the structures are said
to be Courant dual to each other.

Geometrically, the Hamiltonian duality as defined above has a significant
drawback: a priori, the level sets Mê = μ−1(ê) and Me = μ̂−1(e) might have
nothing to do with each other and the relation between the geometry and
topology of the quotients Q and Q̂ may not be clear. For Courant duality,
the relation of the topology and geometry can be understood much better.

Proposition 5.2. Assume the conditions in Theorem 4.5 and that (G̃, G, Ĝ)
is a connected double Lie group, and all the groups are compact, we have
the following diagram, where the maps are principle bundles of compact Lie
groups.

M0 = Q ×Q̃ Q̂

π

/G
		�����������

π̂

/Ĝ


�����������

Q

p

/Ĝ



������������� Q̂

p̂

/G

		�������������

Q̃

Proof. Recall that G × Ĝ → G̃ : (g, ĝ) �→ gĝ−1 as well Ĝ × G → G̃ : (ĝ, g) �→
ĝg−1 are diffeomorphisms for the double Lie group (G̃, G, Ĝ). The left action
of Ĝ on Q is induced from:

ĝ ◦ g−1x = ĝg−1x for x ∈ M0,

while the left action of G on Q̂ is induced from

g ◦ ĝ−1x = gĝ−1x for x ∈ M0.

These two actions are both free with the same quotient space Q̃ = M0/G̃.
�

The choice of terminology is justified by the following:

Proposition 5.3. With the same conditions as in Proposition 5.2, the
Courant algebroids on Q̃ formed by the invariant sections of T Q and T Q̂
are isomorphic to the one defined by Theorem 4.5.
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Proof. Note that the invariant sections of T Q lifts to M0 as the G̃-
invariant sections of Ann(μ∗θ̂, J1(μ∗θ̂))/(μ∗θ̂) ⊕ J1(μ∗θ̂), which is isomor-
phic to T ′′

μ M0 by Lemma 3.14. The proposition then follows. �

In case the subgroups G and Ĝ commute in G̃ we show that the double
Lie group is abelian. Infinitesimally, we have the following.

Proposition 5.4. Let (g̃, g, ĝ) be the Manin triple defined by a factorizable
Lie bialgebra g. If [g, ĝ] = 0, then [g̃, g̃] = 0, i.e., g̃ is abelian, and we write
(g̃, g, ĝ) = (̃t, t, t̂).

Proof. By (B.4), we have for τ ∈ g and ω̂ ∈ ĝ:

[(τ, τ), (r+(ω̂), r−(ω̂))] = ([τ, r+(ω̂)], [τ, r−(ω̂)]) = 0,

which implies that [τ, s(ω̂)] = 0. Since s is invertible, we see that g is
abelian. Then (g̃, g, ĝ) form a Manin triple implies that g̃ and ĝ are abelian
as well. �

Because of this, in the following we work under Assumption 4.2 and
that G̃ is abelian. The notations T̃ , T and T̂ will mean that the respective
groups are compact, i.e., torus. In this case, a new pairing can be defined
for t and t̂:

Lemma 5.5. Both J1 and J2 are preserved by the T̃ -action. For any τ ∈ t

and ω̂ ∈ t̂, we have d〈J1(μ∗θ̂τ ),J2(μ̂∗θω̂)〉 = 0. We define the pairing

(5.1) P : t ⊗ t̂ → R : τ ⊗ ω̂ �→ 2〈J1(μ∗θ̂τ ),J2(μ̂∗θω̂)〉
then P is non-degenerate, i.e., τ = 0 ∈ t ⇐⇒ P (τ, ω̂) = 0 for all ω̂ ∈ t̂ and
vice versa for ω̂.

Proof. By definition, the t-action preserves J2 and t̂-action preserves J1.
Then by the proof of Lemma 3.11 and dθ̂ = 0 (since t is abelian), it follows
that J1 as well as μ∗(θ̂τ ) are preserved by t. Thus the T̃ -action preserves
J1. Similarly, J2 and μ̂∗(θω̂) are preserved by the T̃ -action. We have

J1(μ∗θ̂τ ) ∗H J2(μ̂∗θω̂) = 0 and J2(μ̂∗θω̂) ∗H J1(μ∗θ̂τ ) = 0.

Add the above two equations, we see that

d〈J1(μ∗θ̂τ ),J2(μ̂∗θω̂)〉 = 0.

The non-degeneracy of P follows from that of the generalized metric G. �

Definition 5.1 for the case of the double Lie group (T̃ , T, T̂ ) is of special
interest and we give a seperate notion in this case.

Definition 5.6. The structures T Q and T Q̂ are said to be (Courant) T -dual
to each other.
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Assumption 5.7. In the rest of this section, we assume that the T̃ -action
preserves a splitting of T M into H-twisted generalized tangent bundle TM .

Consider the reduced structures on Q= M0/T and Q̂= M0/T̂ . By
Corollary A.5, the structures are both twisted generalized Kähler structures,
whose twisting form can be described with a choice of connection forms. Let
Θ̃ be a connection form on M0 as principle T̃ -bundle. Choose basis {τj} and
{τ̂j} of t and t̂ respectively, and denote θj , Xj + ξj , Θj and θ̂j , X̂j + ξ̂j , Θ̂j

the corresponding components. We define:

B̃ = B + B̂

=

⎛
⎝Θ ∧ ξ − 1

2

∑
j,k

Θj ∧ Θk · ιXk
ξj

⎞
⎠ +

⎛
⎝Θ̂ ∧ ξ̂ − 1

2

∑
j,k

Θ̂j ∧ Θ̂k · ιX̂k
ξ̂j

⎞
⎠.

(5.2)

Then B̃ is T̃ -invariant on M0. When the actions generated by t and t̃ are
proper, the forms Θ and Θ̂ become connection forms on M0 as, respectively
T and T̂ principle bundles.

Theorem 5.8. Suppose Assumption 4.2 holds and let (M, JB̃
1 , JB̃

2 ; GB̃) be
the −B̃-transformed structure on M , with B̃ defined above. Then the induced
Courant algebroid on Q̃ = M0/T̃ remains unchanged. Let h (resp. ĥ) be the
twisting form of the corresponding reduced structure on Q (resp. Q̂), then

(5.3) π̂∗ĥ − π∗h = d(Θ̂ ∧ Θ),

where on the right-hand side we use also the pairing (5.1).

Proof. Direct computation shows that the T̃ -horizontal part of B̃ is 0. Thus
by Corollary 4.6, the Courant algebroid structure on Q̃ remains unchanged
under the −B̃-transformation.

The −B̃-transformed structures on M has twisting form H̃ = H + dB̃.
Let J

B̃
1 = e−B̃

J1e
B̃ and so on. We compute

ιXl
B̃ = ξl − Θ̂ · ιXl

ξ̂ = ξl −
∑

j

Θ̂j · ιXl
ξ̂j

and it follows that J
B̃
1 (μ∗θ̂l) = Xl + ξ′

l, where ξ′
l =

∑
j Θ̂j · ιXl

ξ̂j . We note
that ιXjξ

′
l = 0, and the twisting form h satisfies

π∗h = H̃ + d(Θ ∧ ξ′).
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Similarly, we have π̂∗ĥ = H̃ + d(Θ̂ ∧ ξ̂′), where ξ̂′
l =

∑
j Θj · ιX̂l

ξj . More
explicitly, we compute

π̂∗ĥ − π∗h = d

⎛
⎝∑

j,k

Θ̂j ∧ Θk · ιX̂j
ξk −

∑
j,k

Θk ∧ Θ̂j · ιXk
ξ̂j

⎞
⎠

= d
∑
j,k

Θ̂j ∧ Θk · (ιX̂j
ξk + ιXk

ξ̂j)

= d
∑
j,k

Θ̂j ∧ Θk · 2〈J2(μ̂∗θj), J1(μ∗θ̂k)〉

= d(Θ̂ ∧ Θ).

where the last step we use the pairing P as given in (5.1). �

Remark 5.9. We note that the T - or T̂ -horizontal part of B̃, in gen-
eral, do not vanish. Thus the structures on Q and Q̂ are B-transformed
from their respective original structures. With Proposition 5.3, the theorem
above states that the Courant algebroid on Q̃ formed by the set of invariant
sections of T Q or T Q̂ are still isomorphic to the original one. We note also
that the equation (5.3) coincides with the equation in the physics literature,
where M0 is to be the correspondence space of the T -dual bundles Q and
Q̂. It is shown (e.g., [3]) that the twisted cohomology of T -dual principle
bundles are isomorphic. Since the twisted cohomology only depends on the
cohomology class of the twisting, the same is true for the structures on Q
and Q̂ before applying B-transformation. In [8], Proposition 5.3 is shown
when Q and Q̂ are T -dual S1-principle bundles, with twisted generalized
complex structures, by directly defining the isomorphism.

Example 5.10. The following example is considered in [15] and we recall
the setup and point out its relevance to the current discussion. Let M =
C

2\{(0, 0)} and consider the coordinates z = (z1, z2) = (x1+iy1, x2+iy2) =
(x1, y1, x2, y2). Let r2 = |z1|2 + |z2|2 and J =

(
0 −1
1 0

)
. Consider the following

structures:

J1 =

⎛
⎜⎜⎝

0 0 r2J 0
0 −J 0 0

r−2J 0 0 0
0 0 0 −J

⎞
⎟⎟⎠, J2 =

⎛
⎜⎜⎝

J 0 0 0
0 0 0 −r2J
0 0 J 0
0 −r−2J 0 0

⎞
⎟⎟⎠,

where the labelling on rows are (Tz1, T z2, T
∗z1, T

∗z2)T . Then (M, J1, J2) is
an H-twisted generalized Kähler structure where

H = − sin(2λ)dλ ∧ dφ1 ∧ dφ2
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in the polar coordinates (z1, z2) = r(eiφ1 sin λ, eiφ2 cos λ). In particular,
[H] = 0 ∈ H3(M) (cf. [12]).

Let T̃ = S1 × S1 and (eiθ1 , eiθ2) be the coordinates. It acts on M via

(eiθ1 , eiθ2) ◦ (z1, z2) = (eiθ1z1, e
−iθ2z2).

Let T and T̂ be the first and second S1, respectively, then (T̃ , T, T̂ ) is a dou-
ble Lie group and the action of T̃ is bi-Hamiltonian and satisfies Assump-
tion 4.2 with the common moment map f = ln r. The T and T̂ actions are
generated, respectively, by

J1(df) =
∂

∂φ1
− cos2 λdφ2 and J2(df) = − ∂

∂φ2
+ sin2 λdφ1.

It follows that 2〈J1(df), J2(df)〉 = 1, i.e., T and T̂ are dual tori in the stan-
dard sense. We note that the actions are not free. Consider the submanifold
M ′ = M \ ({z1 = 0}∪ {z2 = 0}), on which the actions are free. The reduced
structures of the T and T̂ action on M ′ are, respectively, the opposite and
standard Kähler structures on D2 \{0}. Our results then state that they are
T -dual to each other.

6. T -duality group

The group O(m, m; Z) is called the T -duality group in the physics literature
([27, 16] and the references therein). In the physics literature, for each ele-
ment of O(m, m; Z) it is associated a pair of related T -dual principle bundles
with H-fluxes. The physical theory on such related structures are expected
to be the same. In our picture, the group O(m, m; Z) also enters naturally,
as we will see in Corollary 6.3.

We first consider the linear case. Let V = V ⊕V ∗, K ⊂ V ∗ and (J1, J2; G)
a linear generalized Kähler structure. We note that the natural pairing on V

induces a pairing PK on J1(K) ⊕ J2(K), which can also be seen as induced
from the pairing 〈·, G(·)〉 defined on K by G. By the positive definiteness
of G we see that PK has signature (m, m) where m = dimK. Completely
parallel to Lemma 3.15, we have

Lemma 6.1. Let V = V ⊕ V ∗, a : V → V be the projection and (J1, J2; G)
a linear generalized Kähler structure. Let K ⊂ V ∗ and K ′ ⊂ J1(K) ⊕ J2(K)
a maximal isotropic subspace with respect to PK and N ′ = a(K ′). Assume
that for j = 1, 2

(1) K + Jj(K) ⊂ Ann(K, Jj(K))
(2) Jj(K) ∩ V ∗ = {0} and
(3) N1 ∩ N2 = {0}, where Nj = a ◦ Jj(K).

Then there is a self-dual exact sequence:

0 −→ W ∗
K′

a∗
K′−−→ WK

aK′−−→ WK′ −→ 0,
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with

WK′ =
AnnV (K)

N ′ and W ∗
K′ =

AnnV ∗(N ′)
K

,

where WK = Ann(K, K ′, G(K ′), G(K)) = Ann(K, J1(K), J2(K), G(K)).

Proof. By the assumption (2), we see that K ′ ∩ V ∗ = {0}, K ⊕ K ′ ⊂
Ann(K, K ′). Let aK′ be the map induced from a. Let UK′ = Ann(K, K ′),
then the kernel of the induced map UK′ → WK′ is AnnV ∗(N ′)⊕K ′ and thus
the kernel of aK′ is

ker aK′ = (AnnV ∗(N ′) ⊕ K ′) ∩ VK .

By the decomposition UK′ = WK ⊕ (K ⊕ K ′) and inclusion K ⊕ K ′ ⊂
AnnV ∗(N ′) ⊕ K ′, we see that ker aK′ � AnnV ∗(N ′)/K. Since ker aK′ is
maximally isotropic with respect to the induced pairing 〈, 〉K on WK , we see
that the exact sequence is self-dual. �

Using the notations in (the proof of) Theorem 3.16, we have

Proposition 6.2. Under the condition of Theorem 4.5 and let T ′ ⊂ T̃ be a
maximally isotropic subtorus of T̃ with respect to the pairing P as in (5.1),
i.e., the Lie algebra t′ is a Lagrangian subspace of t̃. Then the reduced space
Q′ = M0/T ′ has a natural extended Kähler structure.

Proof. By the proof of Theorem 4.5, the bundles (μ∗θ̂), (μ∗θ̂, J1(μ∗θ̂),
J2(μ∗θ̂)) and TμM0 are all preserved by the T̃ -action, and thus are pre-
served by the T ′-action. Let K = (μ∗θ̂) and K′ be the sub-bundle generated
by the infinitesimal fields {Xτ ′ +ξτ ′ |τ ′ ∈ K ′}, then it follows from the proofs
of Lemmata 3.7 and 5.5 that (μ∗θ̂, K′) is preserved by the T ′-action. Since
T ′ is isotropic, we have K ⊕ K′ ⊂ Ann(K,K′) and Lemma A.4(1) gives an
extended tangent bundle T Q′ on Q′. It follows from Proposition 5.5 that J1
and J2 are both invariant with respect to the T ′-action and thus descend to
J ′

1 and J ′
2 on T Q′, which define an extended Kähler structure. �

The following provides an interpretation of the T -duality group O(m, m; Z)
in the context of our reduction construction:

Corollary 6.3. Suppose that the action of T̃ preserves a splitting of T M .
Let g ∈ O(m, m; Z) and consider the pair of Lagrangian subgroups Tg and
T̂g with Lie algebra g(t) and g(̂t). Let Qg and Q̂g be the reduction of M0 by
the groups Tg and T̂g, respectively. Then the induced structures on Qg and
Q̂g are twisted generalized Kähler structures and the equation (5.3) holds for
this pair after applying certain B-transformation. The Courant algebroid on
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Q̃ defined by the T̂g-invariant sections of TQg is isomorphic to the one given
by Theorem 4.5.

Proof. Similar to (5.2), we choose basis {τ g
j } and {τ̂ g

j } of tg and t̂g respec-
tively and let Xg

j +ξg
j , Θg

j and X̂g
j +ξ̂g

j , Θ̂g
j be the corresponding components,

and define

B̃g = Bg + B̂g

=

⎛
⎝Θg ∧ ξg − 1

2

∑
j,k

Θg
j ∧ Θg

k · ιXg
k
ξg
j

⎞
⎠

+

⎛
⎝Θ̂g ∧ ξ̂g − 1

2

∑
j,k

Θ̂g
j ∧ Θ̂g

k · ιX̂g
k
ξ̂g
j

⎞
⎠.

In particular, the basis {τ g
j } and {τ̂ g

j } can be taken as the transformation
of {τj} and {τ̂j} by g. The proof of (5.3) is then completely parallel to
that of Theorem 5.8. The isomorphism of courant algebroids is straight
forward. �

Example 6.4. We consider in detail the special case when g = eb, where b :
t → t̂ is skew-symmetric with respect to the pairing P . Then g(t) = graph(b)
and g(̂t) = t̂. Let {τj} and {τ̂j} be basis of t and t̂, respectively, and (bij)
the matrix of b with respect to these basis. Then {τ b

j = τj +
∑

k bjkτ̂k} is a
basis of g(t), where b(τj) =

∑
k bkj τ̂k ∈ t̂. Let b to denote the objects for the

transformed structures, then{
Θb

j = Θj

Θ̂b
j = Θ̂j −

∑
k bjkΘk

and

{
X̂b

j + ξ̂b
j = X̂j + ξ̂j

Xb
j + ξb

j = Xj + ξj +
∑

k bkj(X̂k + ξ̂k).

Direct computation gives

(πb)∗hb = π∗h − d
∑
j,k,l

bljΘk ∧ Θj〈Xk + ξk, X̂l + ξ̂l〉

(π̂b)∗ĥb = π̂∗ĥ − d
∑
j,k,l

bljΘj ∧ Θk〈Xk + ξk, X̂l + ξ̂l〉

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

which implies

(π̂b)∗ĥb − (πb)∗hb = d
∑
j,k

Θ̂b
j ∧ Θb

k · (ιX̂b
j
ξb
k + ιXb

k
ξ̂b
j),

i.e., the equation (5.3) holds for the pair of reduced structures Qb and Q̂b.
Since t̂b = t̂, we have Q̂b = Q̂, while the twisting form ĥ is changed by an
exact term. As the situation for t and t̂ is symmetric, we may consider eβ

for skew-symmetric β : t̂ → t and obtain similar result.
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Example 6.5. The Example 5.10 discussed does not admit interesting T -
duality group action, because O(1, 1; Z) = {±1,± ( 0 1

1 0 )}. This can be com-
pensated by considering a product of these, e.g. twisted structures on M2, for
example, and apply Example 6.4. Instead, here we consider another situation
which is not quite covered by T -duality group. For Example 5.10, we consider
the anti-diagonal action generated by

Xd + ξd =
(

∂

∂φ1
+

∂

∂φ2

)
− (cos2 λdφ2 + sin2 λdφ1),

then ιXd
ξd = −1. Let K = (dμ) and K′ = (Xd + ξd), then the condition for

Lemma A.4 (1) does not hold. On the other hand, the condition for Lemma
A.4(2) holds and there is an induced transitive Courant algebroid on the
corresponding reduced space, i.e., S2. A more general result holds.

Proposition 6.6. Let T+ ⊂ T̃ be a non-degenerate subtorus of T̃ with
respect to P , i.e., the restriction of P on its Lie algebra t+ is non-degenerate,
then there is a natural transitive Courant algebroid on the reduced space
Q+ = M0/T+.

7. Appendix A: Reduction of extended tangent bundle

Special case of the reduction of Courant algebroid has been discussed impli-
citly in our paper [15] showing that extended complex structure exists as
the result of reduction of generalized complex manifold and, in general, it
has been discussed explicitly in the works [7], [33] and [37]. For the sake of
completeness, we prove the reduction of Courant algebroid in the relevant
context of our construction in this article, i.e., for extended tangent bundles.
We will use the notations in § 2.

Lemma A.1. Let V = V ⊕ V ∗ with the natural pairing 〈, 〉, K ⊂ V ∗ and
K ′ ⊂ V so that K ′ ∩ V ∗ = {0}. Define N ′ = a ◦ K ′, where a : V → V is the
projection. Assume that

(1) K ⊕ K ′ ⊂ Ann(K, K ′) and
Let VK = Ann(K, K ′)/K ⊕ K ′, then 〈, 〉 descends to non-degenerate pairing
〈, 〉K on VK and we have the self-dual exact sequence

0 −→ W ∗
K −→ VK

aK−−→ WK −→ 0 where WK =
AnnV (K)

N ′ .

Proof. See [15, Lemma 4.3] �

Lemma A.2. Using the same notations as in Lemma A.1 and replacing
assumption (1) by one of the following statements that are equivalent to
each other:

(1′) K ⊂ Ann(K, K ′) and 〈, 〉 induces a non-degenerate pairing on V
′
K =

Ann(K, K ′)/K,
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(1′′) K ⊂ Ann(K, K ′) and 〈, 〉 restricts to a non-degenerate pairing on K ′.
then we have the exact sequence:

0 −→ W ∗
K −→ V

′
K

a′
K−−→ AnnV (K) −→ 0.

Proof. The surjectivity of Ann(K, K ′) → AnnV (K) is easy and everything
then follows. �

Definition A.3. Let S be a subspace of sections in T M which is closed
with respect to ∗. A closed subspace S′ ⊂ S is a two-sided null ideal if
S ∗ S′ ⊂ S′, S′ ∗ S ⊂ S′ and 〈S′, S〉 = 0.

It follows that when S′ is a two-sided null idea of S, the structure (S, ∗, 〈, 〉)
induces one such structure on the quotient space S/S′, which also satisfies
(2.3) and (2.4).

Lemma A.4. Let (M, T M) be a manifold with an extended tangent bundle
T M and M0 ⊂ M a submanifold. Let K ⊂ T ∗M |M0 and K′ ⊂ T M |M0 be
two subbundles of rank m and m′, respectively, so that

(i) TM0 = AnnTM (K) and K′ ∩ T ∗M = {0},
(ii) K is generated by sections {θj}m

j=1 so that dθj ∈ Γ(∧2K) and
(iii) K′ is generated by sections {Xj}m′

j=1.

Let σ̃ be the infinitesimal action generated by {Xj}m′
j=1 via the Loday

bracket ∗. Suppose that Ann(K,K′) is preserved by σ̃.
If furthermore, we suppose that the action σ̃ on M0 is induced by a mor-

phism G → G̃H , where G is compact of dimension m′ and the geometrical
action σ is free. Let Q = M0/G then

(1) If K ⊕ K′ ⊂ Ann(K,K′), then Ann(K,K′)/K ⊕ K′ descends to an
extended tangent bundle on Q.

(2) If K ⊂ Ann(K,K′) is preserved by σ and 〈, 〉 induces a non-degenerate
pairing on K′, then Ann(K,K′)/K descends to a transitive Courant
algebroid on Q.

Proof. Let a : T M → TM be the projection. Let X,X′ ∈ Γ(Ann(K,K′)),
then

〈Xj ,X〉 = 0 and ιXθj = 0.

From the assumption (ii), AnnTM (K) is an integrable distribution and M0
is a leaf of this distribution. From the same assumption, we also obtain
〈X ∗H X′, θj〉 = ι[X,X′]θj = 0. It then follows that

〈X ∗H θj ,X
′〉 = X ′〈X, θj〉 − 〈X ∗H X

′, θj〉 = 0,
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i.e., X ∗H θj ∈ Γ(K ⊕ K′). Similarly we have θj ∗H X ∈ Γ(K ⊕ K′). Let
N ′ = a(K′), then N ′ ⊂ AnnTM (K). We see that the (geometrical) action of
G preserves M0 and the quotient Q is well defined.
Case (1). Let

S1 = {X ∈ Γ(Ann(K,K′))|Y ∗H X ∈ Γ(K ⊕ K′) for all Y ∈ Γ(K′)}.

For any X,X′ ∈ S1, Y ∈ Γ(K′) and Z ∈ Γ(Ann(K,K′)) we compute

〈X ∗H X
′,Y〉 = a(X)〈X′,Y〉 − 〈X′,X ∗H Y〉

= 〈X′,Y ∗H X〉 − a(X′)〈Y,X′〉 = 0,

〈X ∗H Y,Z〉 = a(Z)〈X,Y〉 − 〈Y ∗H X,Z〉 = 0.

Thus we have X ∗H X′ ∈ Γ(Ann(K,K′)) as well as X ∗H W and W ∗H X ∈
Γ(K ⊕ K′) for all W ∈ Γ(K ⊕ K′). It follows that

Y ∗H (X ∗H X
′) = (Y ∗H X) ∗H X

′ + X ∗H (Y ∗H X
′) ⇒ X ∗H X

′ ∈ S1,

i.e., S1 is closed under ∗H and Γ(K⊕K′) is a two-sided null ideal in S1. Thus
the structures (∗H , 〈, 〉) descend to (∗G, 〈, 〉G) on

S1

Γ(K ⊕ K′)
= Γ

(
Ann(K,K′)

K ⊕ K′

)G

.

Lemma A.1 implies that Ann(K,K′)/K ⊕ K′ descends to an extension EQ

of TQ by T ∗Q. The equations (2.2), (2.3) and (2.4) holds by the comment
above.
Case (2). Let

S2 = {X ∈ Γ(Ann(K,K′))|Xj ∗H X ∈ Γ(K)}.

Completely parallel to case (1) above, we see that S2 is closed under ∗H . By
definition Γ(K) is a two-sided null ideal in S2 with respect to (∗H , 〈, 〉). By
Lemma A.2, T ∗Q ⊂ ker a′

Q. �

Let Θ be a connection form on π : M0 → Q, and Θj the component dual
to Xj .

Corollary A.5. In the above lemma, suppose that the action of G on T M
preserves a splitting into TM with H-twisted structures. Let Xj = Xj + ξj

under the splitting. Then T Q splits into TQ with h-twisted structures, where
π∗h = H + dB with

B = Θ ∧ ξμ − 1
2

∑
j,k

Θj ∧ Θk · ιXk
ξj .

Proof. The action preserving the splitting implies that dξj = ιXjH and
LXjH = 0. It follows that LXτ B = 0 for all τ ∈ g. Let B′ =

∏
j(1 −

Θj ∧ ιXj )B be the horizontal part of B, where Θj ∧ ιXj is interpreted as an
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operator on Ω2(M). Direct computation gives ιXτ B = ξτ and B′ = 0. Apply
B-transformation (or choose a different splitting), we have Ann(K,K′) �→
Ann(K, {Xj}) and it defines a splitting of T Q. Under the B-transformation,
the twisting form becomes H ′ = H + dB and we compute

ιXj (H + dB) = ιXjH + LXjB − dιXjB = ιXjH − dξj = 0.

It follows that there is h ∈ Ω3
0(Q), so that π∗h = H + dB, which gives the

twisting form of the induced splitting of T Q. �

Remark A.6. We note that LXjH = 0 and dξj = ιXjH for all j implies that
dG(H +

∑
j ξjuj) = 0, where dG is the equivariant differential in the equi-

variant Cartan complex. Then h in the above gives an explicit description of
the image of [H+

∑
j ξjuj ] under the isomorphism H∗

G(M0)
�−→ H∗(Q). From

here, it again follows that [h] is independent of the choice of the connection
form.

8. Appendix B: Poisson Lie group and actions

The material in this subsection is taken from [9, 24, 25] (the first three
chapters). More details can be found there as well as the references therein.
We follow Convention 3.6.

Definition B.1. A Lie group G is called a Poisson Lie group if it is also
a Poisson manifold such that the multiplication map m : G × G → G is a
Poisson map, where G × G is equipped with the product Poisson structure.

Let πG be a multiplicative Poisson tensor on G, then πG|e = 0, where
e ∈ G is the identity, and the linearization of πG at e defines on ĝ = g∗ a
structure of Lie algebra [, ]̂. From [38],

Theorem B.2. The right (left) invariant 1-forms on a Poisson Lie group
(G, πG) form a Lie subalgebra of Ω1(G) with respect to the bracket

[θ·
τ̂ , θ

·
ω̂]∗ = −dπG(θ·

τ̂ , θ
·
ω̂) + LπG(θ·

τ̂ )θ
·
ω̂ − LπG(θ·

ω̂)θ
·
τ̂

= LπG(θ·
τ̂ )θ

·
ω̂ − ιπG(θ·

ω̂)dθ·
τ̂ for τ̂ , ω̂ ∈ ĝ.

(B.1)

The corresponding Lie algebra structure on ĝ coincides with the one given
by linearizing πG at the identity e ∈ G. In particular, θ·

[τ̂ ,ω̂]̂ = [θ·
τ̂ , θ

·
ω̂]∗ for

τ̂ , ω̂ ∈ ĝ and · = l or r.

The tangent Lie algebra g of a Poisson Lie group G is an example of Lie
bialgebra, as defined below.

Definition B.3. A Lie bialgebra is a vector space g with a Lie algebra
structure and a Lie coalgebra structure, which are compatible in the follow-
ing sense: the cocommutator mapping δ : g → g ⊗ g must be a 1-cocycle
(g acts on g ⊗ g by means of the adjoint representation). A triple of Lie
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algebras (p, p1, p2) is called Manin triple if p has a nondegenerate invariant
pairing 〈, 〉 and isotropic Lie subalgebras p1 and p2 such that as vector space
p = p1 ⊕ p2.

The cocommutator δ induces a Lie bracket on the dual ĝ of g and (g̃ =
g ⊕ ĝ, g, ĝ) with the natural pairing between g and ĝ form a Manin triple.
Conversely, the pi are dual to each other via the non-degenerate pairing 〈, 〉.
Definition B.4. Let Ĝ be a Lie group with Lie algebra (ĝ, [, ]̂) with a
Poisson Lie structure πĜ so that the linearization of πĜ at the ê ∈ Ĝ gives
(g, [, ]), then (Ĝ, πĜ) is a dual Poisson Lie group of G. When Ĝ is simply
connected, the structure πĜ always exists and Ĝ is called the dual group.

Definition B.5. Three Lie groups (G̃, G+, G−) form a double Lie group if
G± are both closed Lie subgroups of G such that the map G+ × G− → G̃ :
(g+, g−) �→ g+g− is a diffeomorphism. They form a local double Lie group
if there exist Lie subgroups G′

± of G̃ such that G′
i is locally isomorphic to

Gi for i = +,− and the map G′
+ × G′

− → G̃ : (g′
+, g′

−) �→ g′
+g′

− is a local
diffeomorphism near the identities.

Theorem B.6. Let G be a Poisson Lie group with dual group Ĝ, then g is
naturally a Lie bialgebra. Let G̃ be the connected and simply connected Lie
group with Lie algebra g̃ = g ⊕ ĝ as given above, then (G̃, G, Ĝ) form a local
double Lie group.

The local double Lie group (G̃, G, Ĝ) in the theorem will be called the
local double group of G. In general, if the Lie algebras of a (local) double Lie
group (G̃, G, Ĝ) coincide with the Manin triple defined by the Lie bialgebra
g, then we say that (G̃, G, Ĝ) is a (local) double group of G.
8.2. Let r =

∑
i ai ⊗ bi ∈ g ⊗ g, then it defines a cocommutator δ via

(B.2) δ : g → g ⊗ g : X �→ adXr,

which is a 1-cocycle because it is in fact a 1-coboundary. We write r = s+a,
where s (respectively a) is the symmetric (respectively antisymmetric) part
of r, then δ as given in (B.2) defines a Lie bialgebra iff

(1) s is ad-invariant and
(2) [[r, r]] is ad-invariant, where

(B.3) [[r, r]] =
∑
i,j

([ai, aj ] ⊗ bi ⊗ bj + ai ⊗ [bi, aj ] ⊗ bj + ai ⊗ aj ⊗ [bi, bj ]) .

Definition B.8. The Lie bialgebra defined by r ∈ g ⊗ g as above is called
a coboundary Lie bialgebra. It is factorizable if [[r, r]] = 0 and s is invertible.
In this case, r is also called a factorizable r-matrix. A (local) double Lie
group (G̃, G, Ĝ) is called factorizable if the corresponding Lie bialgebra is
factorizable. In this case, we will also call G a factorizable Poisson Lie group.
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For an element r ∈ g⊗g, let r : ĝ → g be the map defined by r(τ∗)(ω∗) =
(τ∗ ⊗ω∗)(r). Suppose that r is factorizable and let (g̃, g, ĝ) be the associated
Manin triple, then g̃ � g ⊕ g as Lie algebra. The isomorphism is given by
g ↪→ g ⊕ g : τ �→ (τ, τ) and

(B.4) ĝ ↪→ g ⊕ g : ω̂ �→ (r+(ω̂), r−(ω̂)) with r± = a ± s.

B.9. It follows from a general fact for Poisson manifolds that πG([θ·
τ̂ , θ

·
ω̂]∗) =

[πG(θ·
τ̂ ), πG(θ·

ω̂)], in Convention 3.6. Thus the map

(B.5) ρ· : ĝ → Γ(TG) : τ̂ �−→ X ·
τ̂ = π(θ·

τ̂ )

is a Lie algebra homomorphism, where · stands for l or r.

Definition B.10. For each τ̂ ∈ ĝ, the left (respectively right) dressing
vector field on G is

X l
τ̂ = πG(θl

τ̂ ) (resp. X r
τ̂ = −πG(θr

τ̂ )),

and θ·
τ̂ is the left or right invariant 1-form on G determined by τ̂ . Integrating

X ·
τ̂ gives rise to a local (global if the dressing vector fields are complete) left

(or right) dressing action of the dual group Ĝ on G, and we say that this
left (or right) dressing action consists of left (or right) dressing transforma-
tions. The Poisson Lie group (G, π) is complete if each left (or equivalently,
right) dressing vector field is complete. Analogously, we may define the cor-
responding concepts on Ĝ.

The dressing actions as defined above are the same as those in [24, 25].
Following [24]:

Definition B.11. A left action σl : G × P → P of Poisson Lie group
(G, πG) on a Poisson manifold (P, πP ) is Poisson if σl is a Poisson map,
where G × P is endowed with the product Poisson structure. Similarly a
right action σr : P × G → P is Poisson when σr is Poisson.

Definition B.12. A C∞ map μ : P → Ĝ is called a momentum mapping
for the left (respectively right) Poisson action σ : G × P → P (respectively
σr : P × G → P ) if for each τ ∈ g = ĝ∗, the infinitesimal action X l

τ

(respectively Xr
τ ) of τ is given by

X l
τ = πP (μ∗θ̂l

τ ) (resp. Xr
τ = −πP (μ∗θ̂r

τ )),

where θ̂·
τ is the left (or right) invariant 1-form on Ĝ determined by τ . The

moment map μ of the Poisson action σ· is G-equivariant if it is equivariant
with respect to the left (or right) dressing action of G on Ĝ.

In particular, when the moment map is equivariant, we have μ∗(X ·
τ ) = X̂ ·

τ ,
where X̂ ·

τ is the dressing vector field on Ĝ defined by τ ∈ g. Theorem 4.8 of
[24] then states
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Theorem B.13. Let G be a connected complete Poisson Lie group. A
momentum mapping μ : P → Ĝ for a Poisson action σ is G-equivariant
iff μ is a Poisson map.
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