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FUSION OF TWO SOLUTIONS 

OF A PARTIAL DIFFERENTIAL EQUATION 

Pierre Blanche! and Paul M. Gauthier 

ABSTRACT. Several theorems are proved which give sufficient conditions for 
melding two solutions of a partial differential equation, or inequality, on 
"adjacent" domains. In particular, one obtains theorems concerning removable 
singularities for harmonic functions, solutions of the heat equation, subharmonic 
functions, and holomorphic functions of several variables. 

1. Introduction 

This work contains a number of recipes for melding two solutions of a linear partial 
differential equation or inequality along a common edge. This problem belongs to the 
field of removable singularities of solutions of PDE's, a subject which has attracted 
considerable interest in recent years (see the survey of J. Polking [11]). Some of our 
results are closely related to work of R. Harvey and J. Polking [3]. Our methods 
are elementary, modulo the use of standard results on smoothness of solutions of 
(hypo)elliptic equations. The main differences with [3] are that our operators are 
less general, which allows more to be said about their solutions, that our coefficients 
and hyper surf aces are not assumed to be C^-smooth, that our hypotheses are such 
that one gets additional smoothness of the solution, that various explicit examples are 
examined, and that some differential inequalities are treated as well. 

In particular, we extend Theorem 5.2 of Harvey and Polking [3] for removable 
singularities on C^-smooth hypersurfaces to a result on removable singularities on 
a (71-smooth hypersurface for solutions of partial differential equations as well as 
inequalities. As Harvey and Polking point out in [3], their Theorem 5.2 for C^-smooth 
hypersurfaces can be reduced to (or deduced from) the hyperplane case by means of 
local coordinate transformations. For our case of C1-smooth hypersurfaces it is not 
so clear how to perform such a reduction, for in this context, the local coordinate 
transformations which straighten the hypersurface are only C^-smooth so that the 
smoothness of the coefficients may be decreased by such coordinate transformations. 

Most of the results of this paper were found while the first author was writing 
his thesis at the Universite de Montreal. Theorem 2.1 concerns solutions of elliptic 
equations of second order and is a tool which the first author made use of in his 
thesis [2]. This theorem was the starting point of this work and its proof has led to 
the statements of the other results. These concern hypoelliptic equations (Section 3), 
subharmonic functions (Section 4) and solutions of the equation du — f (Section 5). 
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2. Elliptic equations of second order 

We consider, first, solutions of elliptic equations with mild regularity assumptions on 
the coefficients. We now introduce these solutions. 

Let D be a domain of M771, m > 2. Consider the following linear partial differential 
operator 

m r\2 rn o 

with real-valued coefficients a^- = a^ G C2'a(£>), ft E C1^^), c e C1^), a e (0,1), 
and i, j = 1,... ,ra. 

We assume that L is of elliptic type in D. This means that 

m 

E aijixMj > 0 (2.2) 

for each ^ = (£i,..., fm) G Mm\{0} and for each re G D. 
An operator 1/ given by (2.1) and whose principal part satisfies (2.2) enjoys the 

following property. 

Weyl's Lemma. [6, page 199] Let f £ C0>a(D). If u is locally integrable in D and 
satisfies 

[ u(x)L(p(x)dV= [ f(x)ip{x)dV (2.3) 
JD JD 

for every cp £ C^0(D), then u coincides almost everywhere in D with a function v in 
C2^{D). 

Therefore if u G C0(I}) satisfies (2.3) for every <p G C^0(D), then at each point 
x G D, u satisfies the equation Au(x) = f(x), where 

Au(x) = J2 Q^T. {aij(xHx)) - Yl -fa:(ft^M*)) + C(XMX)-    (2-4) 

Let S be a hypersurface of class C1 in D.   If n(x) = (ni(x),... ,nm(^)) is a 
continuous vector field normal to S, then, setting 

m 

Vifa) = ^2aij(x)nj(x)i    ^ = l,...,m, (2.5) 
i=i 

we define a continuous vector field z7(x) = (^i(x),... ,z/m(x)) on 5 and a first-order 
differential operator as follows: 

f) rri f) 
_ = f;.V= ^-n, —. (2.6) 

If dij = 8ij, then v = n. By (2.2), is • ri > 0 and z/ is never tangent to 5. 
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We shall say that two disjoint domains Di and D2 are adjacent at a, free hypersurface 
S of class C1 if S is a hypersurface of class C1 in dDiP\dD2 and if dist(x, dDk\S) > 0 
for each x £ S and each k = 1, 2. If Di and -D2 are two such domains, then for k = 1,2, 
w/e £ C^^D/c U 5) will mean that u^ £ C1(Z)/e) and that i^ together with all its partial 
derivatives of first order extend continuously to Dj-US. Therefore, if Uk £ C1 (Dk U 5), 
then there exist m + 1 functions ^, i = 0,1,..., m, continuous on Dk U 5, such that 
$£ = Uk and ^ = duk/dxi for i = 1,..., m on Dk- In that case we set, by abuse of 
notation, Uk = d®, duk/dxi = #£. for i = 1, —,ra, Vw^ = (1?^,... ,^). We denote 
by nk = (rii,..., n^J the unit normal on S exterior to Dk, by uk = (z/f,..., z/^J the 
corresponding vector field with components 

m 

^ = ^a^nj'    i = l,...,m, (2.7) 

and we set d/duk = uk • V, duk/duk = vk • (duk/dxi,..., duk/dxm). 
We may now state our first result. 

Theorem 2.1. Let Di and .D2 6e £wo disjoint domains ofW71 (m > 2) adjacent at a 
free hypersurface S of class C1, and let A be a partial differential operator of the form 
(2.4) satisfying (2.2) in the domain D = Di U D2 U S, with coefficients a^- £ C2,a(D), 
Pi eC^iD), ceC1(D),i,j = l,:..,m, a £(0,1). Let f £ C0>a(D), m eC2^), 
and U2 £ C2(D2) satisfy Au\ — f in D\ and Au2 = f in D2. If ui £ C1(JDi U S), 
U2 eC1(D2US), and 

dux      du2 f     . 
Ul = U2> d^=d^ (2-8) 

on S with k = 1 or 2, then there exists u £ C2,a(D) such that Au = f in D, u = ui 
in D\, and u = U2 in D2. 

Proof. Let u be the function on Di U D2 which equals Uk on Dk- Then by (2.8) u 
extends continuously to D = Di U D2 U S. We show that u satisfies in D a relation of 
the form (2.3) 

/ u(x)L(p(x)dV = [ f(x)(p(x)dV (2.9) 
JD JD 

for every ip £ C^D). Let (p be an element of C^iD). If the support of ip is in DiUi^2, 
then (2.9) is clear since in that case Au = f in a neighborhood of the support of (p. If 
the support of ip intersects 5, then we consider a subdomain W C W C D containing 
the support of ip and such that, for k = 1,2, the boundary of Wk = W D Dk is of 
class C1. By using the divergence theorem [12, page 100] and the hypothesis (2.8), we 
easily obtain that 

/  u(x)L(p(x)dV = ^2        (p(x)Auk{x)dV 
JD k=1 Jwk 

and formula (2.9) follows. By applying Weyl's Lemma, we see that u satisfies all the 
conclusions of Theorem 2.1 and this completes the proof. 
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3.  Hypoelliptic equations 

In this section, we consider an operator A of the form (2.4) having all its real-valued 
coefficients of class C00, but we no longer assume that these satisfy (2.2). We denote 
by Vf(D) the set of all distributions T in D and we let AT be the distribution defined 
by AT{(p) = T(Lip) for every cp e C™(D). 

By definition, the singular support of T G Vf(D), denoted singsupp T, is the set 
of points in D having no open neighborhood to which the restriction of T is a (7°° 
function. An operator A on V'(D) is then said to be hypoelliptic if 

singsupp T = singsupp AT (3.1) 

for every T <E £>'(£>). 
According to a theorem of L. Hormander [8, page 151], (see also [10, page 139]), the 

principal part of a hypoelliptic operator A must be a positive or negative semi-definite 
quadratic form. More precisely this means that for any point x in D 

m m 

either     ^ aij(x)^j > 0    or     ^ aij(x)C^j < 0 

for all £ G Mm. We must beware of drawing the false conclusion (as Oleinik and 
Radkevic did) that if the principal part is positive semi-definite at one point then it 
must be positive semi-definite at every point. In fact, Kannai gave an example of a 
hypoelliptic operator with principal part x(dl + dy)\ This makes results like Theorem 
3.1 below more striking. 

Set 

m 

a>(x,Z,'n)=1%2a>ij(x)€iVj (3-2) 
i,j = l 

for £ = (£i,..., £m), rj = (771,..., rim) in ^m and assume (without loss of generality) 
that, at a fixed point x in D, a(x, £, £) > 0 for all £ G Mm. Then a(x, •, •) is a positive 
semi-definite symmetric bilinear form on lRm and therefore satisfies the inequality 
aiZiCiV)2 ^ a(iEJ^)Oa(a::>77»7/) for a^ Z)7} € ^m- In particular, if we choose x G 5, 
£ = n(x) = (774(2;),..., nm(x)) normal to 5, and rj = ej = (0,..., 1,..., 0), the unit 
vector along the j-th coordinate axis, this becomes 

m 2 m 

1=1 i,fc=l 

Inequality (3.3) shows that the vector field V defined by (2.5) on the hypersurface S in 
D in terms of the coefficients of a hypoelliptic operator A is transversal to S (v-n > 0) 
at each point when z? does not vanish. 

We may now state the following result which is nothing but an immediate corollary 
of the proof of Theorem 2.1. 

Theorem 3.1. Let Di and D2 be two disjoint domains of Rm (m > 2) adjacent 
at a free hypersurface S of class C1. Let A be a partial differential operator of the 
form (2.4) with coefficients in C00(D) and which is hypoelliptic.   Let f G C00{D), 
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in 

ui G C2(Di), and 112 G C2(D2) satisfy Aui = / in Di and Au^ — f in D2. If 
ui G C1^! U 5), U2 G C1^ U S), and 

dux      du2 .     v 
Ul=U^        ^ = ^ (3*4) 

on S with k = 1 or 2, then there exists u G C00(D) such that Au = f in D, u = ui v 
Di, and u = U2 in D2. 

Proof. Let u be the continuous function on D which equals Uk on Dk- By taking / 
this time in C00(D), we may repeat all the steps leading to formula (2.9) in the proof 
of Theorem 2.1, and we obtain that Tu(Ltp) — Tfi^f) for every (p G C™(D), where Tu 

and Tf are the distributions defined by u and /. This shows that singsupp ATU = 0. 
Therefore (3.1) implies that u is of class C00 in a neighborhood of each point of D. 
Thus u satisfies all the conclusions of Theorem 3.1 and this completes the proof. 

A new feature of Theorem 3.1 with respect to Theorem 2.1 is that it applies to 
solutions of the heat equation 

Axu(x,t) = du(x,t)/dt (3.5) 

where x = (#1,..., #m_i) and A^ = Y^i  d2/dxf. In this case, (3.4) becomes 

ra—1 r\ m—1        0 
EkOUi v-^     kOU2 

If Di and D2 are adjacent at So defined by t = 0, then by Theorem 3.1, we can 
extend two solutions ui and U2 of (3.5) in Di and D2 to a solution u of (3.5) in 
Di {JD2 U So under the sole hypothesis that ui = U2 on 5o, since then n^ = 0 for each 
i = 1,... ,ra — 1. 

The above remark, obtained from Theorem 3.1, is a corollary of a result of Harvey 
and Polking [3, Theorem 5.2] as well, since the heat operator (3.5) has normal order 
one with respect to So (see [3, page 48]). It serves as a foretaste for our next result. 
In order to state this result, we now briefly recall some basic concepts. 

A vector £ G Mm is said to be characteristic for A at x G D if a(:r,£,£) = 0, 
where a(x, •, •) is the bilinear form (3.2). We denote by char;E(A) the set of all such 
£. A hypersurface in D is called characteristic for A at x if its normal vector n(x) 
is in chare (^4). A hypersurface is called a characteristic hypersurface for A if it is 
characteristic at each of its points. 

We again consider two disjoint domains of iT72 adjacent at a free hypersurface S, 
and we set D = Di U D2 U S. We assume that S is given (locally) by an equation of 
the form p{x) = 0 with 

pe&tD) , Vp(x)^0onS, 
(3.6) 

D1 = {x:p(x) <0} , D2 = {x:p(x) >0}, 

and that S is a characteristic hypersurface for A. This means that 

771 

^2 dij(x)ni(x)nj(x) = 0 (3.7) 
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for each x G S with n(x) = (ni(x),..., nm(x)) the normal vector. By inequality (3.3), 
this implies that the components 

m 

3=1 

of the vector field i7(x) vanish on S. We assume, moreover, the stronger condition (see 
[1, page 74]) 

a(x, Vp(x), Vp(x)) = 0, in D. (3.8) 

The following result generalizes the preceding example. 

Theorem 3.2. Let Di and D2 be two disjoint domains o/Rm (m > 2) adjacent at a 
free hypersurface S of class C1, and set D = Di UD2US. Let A be a partial differential 
operator of the form (2.4) with coefficients in C00(D) satisfying (3.1). Assume that S 
is a characteristic hypersurface for A defined by an equation p(x) — 0 with p satisfying 
(3.6) and (3.8). Let f G C00^), m G C2(L>i); and w2 G C2(£>2) satisfy Am = f in 
Di and Au2 = f in D2. If ux G C0(^i U S), U2 G CP^ U S), and m = U2 on S, 
then there exists u G C00(D) such that Au — f in D, u = ui in D\, and u = U2 in 
D2. 

Using the terminology of Harvey and Polking [4, page 185], Theorem 3.2 can be 
rephrased by simply saying that these characteristic hypersurfaces are removable for 
continuous functions with respect to the hypoelliptic operator A. 

In the proof of Theorem 3.2, we shall make use of the following identity [10, page 20]. 

Green's Identity. Let W be a subdomain with compact closure in D and with C1 

boundary dW. If u, v G C2(W), then 

/ {v(x)Lu(x) - u(x)Av(x)}dV = [    [v(x),u(x)} (3.9) 
Jw Jew 

with 

where 

du ( X ) UV ( X 1 
[v(x),u(x)] = <{ v(x)— u(x)— h en(x)u(x)v(x) \ ds, 

en(x) = ^2ei(x)ni(x), 
i=l 

m 

ei(x) = pi(x) -y^daij(x)/dxj,    i = 1,... ,ra, 

and where ni(x) are the components of the unit normal exterior to W. 

Proof of Theorem 3.2. Let u be the continuous function on D = D^ U D2 U S which 
equals Uk on Dk- We show that Tu(Lip) = Tf(cp) for every ip G C^C(D). 
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For £i < 0 given, set S£l = {x : p(x) = £1} and Dl1 = {x : p(x) < £1 }. Let 
<p G C^0(D) and assume that the support of </? intersects 5. On S£l we consider the 
following surface integral: 

where 

and where n^ = (nj^,... ,nlim) is the unit normal on Sei which is exterior to D^1. 
If £1 is chosen sufficiently close to zero, then by (3.9) and the hypothesis, we have 

/    [uUip]£l= (u1L<p-(pAu1)dV= uxLydV-l     yfdV. (3.10) 
Js£1 JDI

1 JDI
1 JDI

1 

By (3.8), 5ei is characteristic and (3.10) becomes 

/     eni ui(pds£l = /      uiLipdV— /      iff dV. (3.11) 
Jsei     

£1 JDI
1 JD^ 

Letting £1 tend to zero in (3.11), we find 

/    u1L(pdV=      eniu1yds+ I   (pfdV. (3.12) 
JDX JS JD1 

Now let £2 > 0 be given and set S£2 = { x : p(x) = £2 }, D22 = { x : p(x) > £2 }• Then, 
as above, we have for £2 sufficiently small, 

/    [u2,<p]e2= /     uzLipdV- /     yfdV. 
Js£2 JD

£
2
2 JD

£
2
2 

Since S£2 is characteristic, this becomes 

/     en2 U2(pds£2=  /      U2L(pdV— /      <pfdV, (3.13) 

where n2
£2 is the unit normal on S£2 which is exterior to D^. Letting £2 tend to zero 

in (3.13), we find 

/    U2LnpdV = / en2U2ipds+ /    yf dV. (3-14) 
J D<2 J S JD2 

Therefore by using (3.12), (3.14), the hypothesis, and the fact that n1 = — n2 on 5, 
we have 

Tu(L(p)=  /    u1L(pdV+ /    U2L(pdV 
J D1 JD2 

= [ ennpim - U2)ds + Tf{ip) = Tf(<p). (3.15) 
Js 

From (3.15) and the hypoellipticity of A, we conclude that u satisfies all the conclusions 
of Theorem 3.2. This completes the proof. 
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Before ending this section, we present two additional examples of equations to which 
the above theorems apply. The first one is in M2 and the second in M3. 

By setting xi = x — t, xz = x +1, the equation d2u/dx2 = du/dt becomes 

d2u d2u        d2u _  du       du (o-\a\ 
dx2       dxidx2     dx2      8x2     dxi' 

In this case the corresponding vector field z/ = (1/1,1/2) = (^1 +™2> ^1+^2) will vanish 
on any straight line where ni = —712. In particular, z/i = z/2 = 0 on the straight line 
xi = X2 and we can meld two solutions ui and U2 of (3.16) if ui = U2 on this line. 

Let us consider Kolmogorov's equation 

2+*l— -1^=/- (3-17) 
d2u du      du 

dx\ 8x2      dt 

This equation is hypoelliptic (see [8, page 147]), and z7 = (ni,0,0) will vanish on the 
planes t = G and X2 = 0, but not on the plane xi = 0. We can therefore meld two 
solutions of (3.17) on t = 0 or on X2 = 0 if these two solutions coincide there. However, 
z7 = (1,0, 0) on the plane xi = 0, and (3.4) becomes ui = U2, dui/dxi — du2/dxi. 

4.   Subharmonic functions 

We now present a result on the "fusion" of two solutions of a partial differential 
inequality. For simplicity, we consider only the case of subharmonic functions. 

Theorem 4.1. Let Di and D2 be two disjoint domains ofW71 (m > 2) adjacent at a 
free hypersurface S of class C1. Let ui G C2(Di) and U2 6 C2(D2) be subharmonic 
inD1 andD2. If v,! G C1(D1 U S), U2 G C1^ U S), and 

duj      duk 

on S with j,k = 1,2 and j ^ k, then there exists a continuous function u subharmonic 
in D — Di U D2 U S such that u = ui in Di and u = U2 in D2. 

In order to illustrate Theorem 4.1, let us consider the continuous function u(x) 
defined in M3 by 

u(x) = 

Setting Dx = {x G M3 : \x\ < 1} and D2 — M3\JDi, we conclude from Theorem 4.1 
that u is subharmonic. Even if Ui and U2 are in fact harmonic in Di and I^ it is 
clear that there is no hope for u to be harmonic. From this point of view, Theorem 
4.1 can be seen as a "back door" to be used when Theorem 2.1 fails. 

In the complex plane C, let us consider the continuous function u(z) defined by 

, x     Jo ^   M < 1, 
v J     \log\z\    if   \z\ >1. 

As in the preceding example, we see, by using Theorem 4.1, that u(z) is subharmonic 
in C. 

We now prove Theorem 4.1. 
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As above we denote by AT the distribution defined by AT(^) = T(Aip) where 
A = Y%Li d2/dx2

i. We shall say that AT > 0 if AT(<p) > 0 for every non-negative 
test function tp. We shall make use of the following result (see for example [9, pages 
74 and 77]). 

Theorem A. If u is a real-valued locally integrable function in an open set D in 
W71 satisfying ATU > 0, then Tu is a subharmonic function. Conversely, if u is 
subharmonic in D, then u is locally integrable and ATU > 0. 

In particular, u G C2(D) is subharmonic if and only if Au > 0. The function which 
is — oo identically is excluded in Theorem A. 

Proof of Theorem J^.l. Let u be the continuous function in D — Di U D2 U S which 
equals Uk in Dk- We show that 

ATn>0. (4.2) 

Let ip G C^0(D), (p > 0. If the support of cp is in Di U 1)2, the inequality (4.2) is 
clear, since in that case, by Theorem A, Au > 0 in a neighborhood of the support 
of (p. If the support of (p intersects 5, then we consider a subdomain W C W C D 
containing the support of ip and such that for k = 1, 2, the boundary of Wk = Wr\Dk 
is of class C1. Then there exist functions pk G (71(Mrn) with Vpk / 0 on dWk 
such that Wk = {x G Mm : Pk(x) < 0}, (see for example [9, page 59]). We set 
W£ = {x G Mm : Pk(x) <s}, where e < 0. Then Wl C Wk for each s < 0, W£ /* Wk 
when e / 0, and the family {VF^j^o is an exhaustion of W^ by domains having 
boundaries of class C1. We denote by n^ the unit normal exterior to W£. Then we 
have 

ATW(^) = lim /     wiA^dy+lim/    ^A^dV, (4.3) 

and by Green's Identity 

Since 

and 

'k 

we see that the limit 

/     UkA(pdV= (pAukdV+ /       [uk-z-i: - V-z-r) dse. 
Jw* Jw* Jaw* V    dris        dneJ 

lim  /     Uk Acp dV —I     Uk Acp dV 
£-*0Jwe Jwk 

r       f       f      d(P duk\   7 f       (      9(p duk\   . ^L: r ^ - ^)dS£=U r »* - ^)ds' 
lim /     ip Auk dV > 0 
^0 J w£ 

exists and is equal to 

LukAipdv-LXuk^-^)ds- 
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Thus, by (4.3), 

and (4.2) follows from (4.4) and the fact that by (4.1) we have 

with j, k = 1,2 and j ^ k. Therefore, by Theorem A, (4.2) implies that u coincides 
almost everywhere with a subharmonic function v in D. But since u G C0(D), we 
have v(x) = u(x) for each x G D, and we see that u is subharmonic in D and equals 
ui in Di and U2 in D2. This completes the proof of Theorem 4.1. 

A first corollary of the proof of Theorem 4.1 can be stated as follows. If D is a 
bounded domain in Rm having a boundary of class C1 and if u G C2(D) D (71(5), 
then the limit 

lim /    AudV lim / 

exists.   If moreover Au > 0 in D, then, by the monotone convergence theorem, we 
have 

/   AudV / [ AudV 
JD£ JD 

when e tends to zero, and then Au is integrable on D. Thus, for such a domain D, if 
u G C2(D) fl Cfl(5) is subharmonic, then Au is integrable on D. 

5.  Solutions of du = f 

In this section, we consider complex-valued functions defined on subsets of the m- 
dimensional complex number space 

Cm = { z : z = (21,..., zm), Zj = Xj + iyj G C,  1 < j < m }. 

We first introduce some standard notations. 

^Z--i^-    >     j = l,...,m, 
d 

dzj 
_ 1 / d     . d 
~ 2 [dxj     'dyj 

d 
dzj 

ltd      . d 
—                    \  I 

2 \dxj       dyj 
—    ,    j = l,...,m, 
dyjj 

dzj = dxj + i dyj,    j = 1,..., m, 

d% = dxj — i dyj,    j = 1,..., m, 

dV(z) = (l/2i)7n(dz1 A dzi) A • • • A (dzm A d2;m) 

= d^i A d^/i A • • • A dxm A d2/m. 

If a = (ai,..., ap) G Np and /? = (/3i,..., Pq) G N9 are multi-indices, then 

dz" = dzai A • • • A d^p, 

d^ = dzf31 A • • • A df ^^. 
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If A and B are two ordered subsets of {1,... >m}, then we set e^ = signvr if A = B 
as sets and TT is a permutation which takes A into B, and £# = 0 in all other cases. 

In order to state our result we now recall some definitions. 
In a domain D of Cm, m > 1, we consider the equation Bu = /, where 

/ = 53/a7dz0AdfTr 

a,7 

is in the class C^+1(Z}) of all continuous differential forms of type (p, g+1) on £). The 
sum is therefore taken over all strictly increasing multi-indices a = (ai,..., o^) G Np 

and 7 = (71,... ,7g+i) £ N9+1 with 0^,7* G {1,... ,m}. If 

w = V^ WQ,^ dza A d^^ 

is in C^q(D), then 

3 = 1    cx,f3 J 

where this time J2a 3 ls taken over all strictly increasing multi-indices a G W and 
/3 G W, and therefore 

5« = (-i)pE £4^ ^aA^7 C5-1) 

where j = 1,..., m and 7 G N^+1. 
We shall say that u G Cpq(D) satisfies Bu = f in D if 

(-1),,+1 5>i/9 / ti^^d^= / fcnVdV (5.2) 

for every (^ G C^0(D) and each strictly increasing multi-index a G Np, 7 G N9+1. In 
particular, if u G C^q{D) satisfies (5.2), then 

^p JD       ozj JD 

and therefore 

for each z G D_and each a G W, 7 G N9+1. The system (5.3) means (by (5.1)) that 
the two forms Bu and / have the same coefficients and thus that u satisfies du = f in 
D in the classical sense. 

Our next result concerns solutions oiBu — f defined on adjacent domains of Cm. 
Two disjoint domains Di and D2 of Cm will be said to be adjacent at a free 

hypersurface 5 of class C1 if S is a hypersurface of class C1 in dDi n dDz and if 
dist(Z)dDk\S) > 0 for each z G S, k = 1,2. If .Di and D2 are two such domains, 
then we denote by Cp^Dk^S) the class of all elements in Cpq(Dk) whose coefficients 
admit a continuous extension to Dk U S. 
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Theorem 5.1. Let Di and D2 be two disjoint domains of Cm adjacent at a free 
hypersurface S of class C1, and set D = D1 U D2 U S. Let f G C^q+1(D), 
u1 G Cpq(Di), and u2 G C*q(D2) be such that du1 = f in D\ and du2 = f in 
D<2. Ifu1 G C^q(D1 U S), u* G C^q(P2 U S), and u1 = u2 on S, then there exists 
u G Cpiq(D) such that du = / in D, u — u1 in Di, and u = u2 in D2. 

It is not possible in general to draw the conclusion that the form u, in Theorem 5.1, 
belongs to C~(D) when / G C~+1(D). To see this, let v G C^_1p)\(7^_1p) 
and set u = dv G C*iq(D). Then du = ddv = 0 but u £ C^q{D). However, when 
u is a function satisfying du = /, then this follows from a known result (see [7, Cor. 
2.1.6]). This observation leads us to the following. 

Corollary 5.2. Let Di and D2 be two disjoint domains of Cm adjacent at a free 
hypersurface S of class C1, and set D = Di U D2 U 5. Let f G CQ I(^) with £ > 0, 
u1 G C1(JDi), and u2 G C1(D2) be such that du1 = f in D1 and du2 = f in D2. If 
u1 G C0(L>i U S), u2 G C0(i^2 U S), and u1 = u2 on S, then there exists u G Ci+a(D) 
for each 0 < a < 1, such that du — f in D, u — u1 in D\, and u = u2 in D2. 

The corollary contains the classical result that a continuous function on an open set 
D in the complex plane which is holomorphic in D off the real axis is holomorphic in 
D. We refer to [3, Theorems 5.1 and 5.2] for generalizations of this. In addition, the 
paper [5] contains results of this type for holomorphic functions of several variables. 

As mentioned above, the corollary is an immediate consequence of Theorem 5.1. 
However, in order to illustrate a different approach for this kind of problem, we shall 
give a proof of the corollary which does not depend on Theorem 5.1 when £ > 1. 

Proof of Theorem 5.1. Let u G Cpq{D) be the differential form whose coefficients u^p 
coincide with those (w^) of uk on Dk U S. We show that u satisfies 

(-l)^1^^ / u^dV=  [ U^dV (5.4) 
i,/3 D j D 

for every <p G C^0(D) and each strictly increasing multi-index a G W and 7 G N9+1. 
Let cp G C^0(D). If the support of cp is in Di U D2 then (5.4) follows immediately, 
since in that case, du = f on a neighborhood of the support of cp. If the support of 
(p intersects 5, then we consider a subdomain W C W C D containing the support of 
(p such that, for k = 1,2, the boundary of Wk — W fl Dk is of class C1, and we show 
that 

k 

JD az3 u-i JWk        aZ3 

for each j = 1,..., m and each strictly increasing multi-index a G W and /3 eW. We 
have 

JD VZj k=lJw>* J k=lJwk   {0   3 tk- 
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These integrals exist since du^/dzj admits a continuous extension to Wk- We denote 
by nk the exterior normal to Wk- By the divergence theorem [12, page 100], we have 

5" /    ^(uk
a0
iP)dv = y2 ;:{vu£/jcos(sj,rife)-i<pt40.cos(%,#)}ds. 

This is zero since n1 = -n2 on dWi f) dW2, and (5.5) follows. Now (5.4) follows from 
(5.5) since 

i,/3 J ^ M k=lJw fwk     d
z3 

= E   /      V fa-y dV = V faj dV, 

and therefore we see that u satisfies the conclusion of Theorem 5.1. This completes 
the proof. 

Proof of Corollary. Our proof rests on the famous 

Bochner-Martinelli Formula. [7, page 54] Let D be a domain ofCm with piecewise 
C1-boundary. If u e C0(D) satisfies du = / e CQ^(D), then for each z € D 

u{z)= [   uWK&z)- [ mAKfoz) (5.6) 
JdD JD 

where K(€, z) is the Bochner-Martinelli kernel. 

Let u be the continuous function on D = Di U D2 U 5 which equals uk on Dk. Let 
B C B C D be a ball centered at a point of S with a radius so small that S divides B 
into two subdomains B1 C Di and B2 C D2. Consider the function u defined in Cm 

by 

u{z) = f u(om, z) - [ /(o A m, z) 
JdB JB 

2 

= E/     uk{i)K^z)- [ mAK&z).    (5.7) 
k=1JdBk JB 

Since the kernel ^(C,^) is of class (7°°, we see that the integral over dB in (5.7) is a 
function of class C00 in B. Moreover, by a result on the regularity of transformations 
defined by certain singular integrals (see [7, Lemma 1.8.5]), the volume integral in 
(5.7) belongs to C^a(B) for each 0 < a < 1. This therefore shows that u e CiJrOL(B) 
for each 0 < a < 1. 

We now prove that u = uk on B^. To do this, we first observe that, by (5.6), we 
have 

uk{z) = /     uk{t-)K& z) - [   /(0 A K& z) (5.8) 
JdBk JBk 

for each z G Bk- In addition, it follows from Stokes' theorem that 

/ uk(om,z)= [ di[uk(om,z)] = [ mAm,z)     (5.9) 
JdBk JBu JBk 
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for each z G Bj with j'^ fc, since 

<% [uk{Z)K(i, z)\ = di [uk{e)m, z)] = duk{fi) A K(£, z) = /(£) A if ($, ^). 
Thus by (5.7), (5.9), and (5.8), we obtain 

"(*) = E i /     ^'(O^Cf. ^) - f   m A ^(C, z)) 
j=1   {JOBj JBj J 

= / uk{om,z)-1 mAK(z,z)=uk{z) 
JdBk JBk 

for each z G Bk- This shows that u belongs to C^(X(B), and therefore to C^+a(jD), 
for each 0 < a < 1. If ^ > 1, it is then clear that du = f in D. If I = 0 then the 
argument in the proof of Theorem 5.1 applies and we see that du = f in D in the 
generalized sense. In each case we have shown that u satisfies all the conclusions of 
the corollary and this completes the proof. 
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