
Methods and Applications of Analysis © 1995 International Press 
2 (3) 1995, pp. 307-319 ISSN 1073-2772 

LITTLEWOOD-PALEY DECOMPOSITION 

AND NAVIER-STOKES EQUATIONS 

Marco Cannone and Yves Meyer 

ABSTRACT. Using the dyadic decomposition of Littlewood-Paley, we find a simple 
condition that, when tested on an abstract Banach space X, guarantees the exis- 
tence and uniqueness of a local strong solution v(t) G C([0,T); X) of the Cauchy 
problem for the Navier-Stokes equations in E3. Many examples of such Banach 
spaces are offered. We also prove some regularity results on the solution v(t) and 
we illustrate, by means of a counterexample, that the above-mentioned sufficient 
condition is, in general, not necessary. 

1. Introduction 

In this paper, we prove some existence and uniqueness results for local strong solutions 
of the Cauchy problem for the Navier-Stokes equations in M3. We are primarily 
interested in the strong solutions v(t) belonging to C([0,T);X), where X denotes 
an abstract Banach space of vector distributions on R3. 

Several authors have addressed this problem. T. Kato [5] first presented a detailed 
HS(R3) theory and was able to prove such a result if s > 5/2. However, his method, 
which makes special use of some commutator and energy estimates, does not apply to 
the physical case i71(]R3). Later, Kato and Ponce [8] generalized the same arguments 
in the case of Lf (E3) spaces with 1 < p < oo and s > 1 + 3/p. 

More recently, considerable effort has been devoted to the analysis of Morrey- 
Campanato spaces M£(R3) [3, 4, 7, 11]. In particular, Federbush [2, 3] has obtained 
such an existence and uniqueness theorem in the M^R3) setting when p > 3. His 
clever proof is essentially based upon a bilinear operator estimate which is expressed 
in a simple quadratic form using a wavelet frame. The paper of Taylor [11] deals 
with the more general case M|(R3), including the limiting case p = 3, and yields 
extensions of the results obtained in both [3] and [4]. His proof analyzes some general 
semigroup estimates in the Morrey-Campanato spaces, but does not deal with the 
infrared problem, which is, on the other hand, treated in [3]. 

All of the above-mentioned methods [3-5, 7, 8, 11] are rather specific and adapted 
to each different space. Therefore, it appears difficult to utilize them for more general 
applications. It remains desirable to have a general argument which can be used for an 
arbitrary Banach space X. This is exactly the purpose of the present paper, which has 
been partially inspired by the wavelet approach of Federbush, although a systematic 
use of the Littlewood-Paley decomposition in dyadic blocks Aj will be exploited. 
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More generally, if X is a Banach space of vector distributions on M3 whose norm is 
translation invariant and if there is a sequence of reals r]j > 0, j G Z, such that 

Y,2~lJlVj <oo (1.1) 
jez 

and that 

\\±i(f9)\\x<vMx\\9\\x (1.2) 

for any scalar distributions / and g belonging to X, then we will show that for any 
initial data VQ £ X with V • VQ = 0, there exists T = T(||vo||x) > 0 and a unique 
strong solution v(t,x) £ C([0,T);X) to the Navier-Stokes equations: 

^r Av = —(v • V)v - Vp, 
dt (1.3) 

V"?; = 0,        v(0)=i;o, 

where p is the usual pressure field that is automatically determined from v via (1.3) 
to within an inessential additive function of time. 

The plan of the paper is the following. Section 2 contains the basic definitions and 
the proof of the main theorem. Section 3 presents several examples of Banach spaces X 
for which (1.1) and (1.2) are satisfied and allows us to recover many previous known 
results on Navier-Stokes. Finally, Section 4 is devoted to a counterexample which 
shows that (1.1) is, in general, not necessary to obtain an existence and uniqueness 
theorem for the Navier-Stokes equations and to offer concluding observations. For 
further applications and more general details on the subject treated below, we refer 
the reader to [2], where a systematic study of the existence and uniqueness of strong 
mild solutions to the Cauchy problem for the Navier-Stokes is performed. 

2. The Navier-Stokes equations 

2.1. The main theorem. We study the Cauchy problem for the Navier-Stokes equa- 
tions (1.3) governing the time evolution of an incompressible fluid filling all of M3. We 
will focus our attention on the existence of solutions to (1.3) in C([0,T);X), the space 
of continuous functions of t G [0, T) with values in some Banach space X of vector 
distributions on R3. 

Before stating the main hypotheses concerning X, let us recall some definitions. 

Definition 2.1 (The operator P). We let dj = —id/dxj, (i2 = —1), and we indicate 
the Riesz transformation by Rj = dj(—A)"2 5 for j = 1, 2, and 3. 

For an arbitrary vector field v(x) = {vi(x),V2{x),vs(x)) on M3, we set 

3 

z(x) = Y,(Rjvj)(x), (2.1) 
i=i 

and finally, we define the operator P by 

(Fv)k(x) = vk(x) - (Rkz)(x),        k = 1,2,3, (2.2) 

where P is a pseudo-differential operator of degree zero and is an orthogonal projection 
onto the kernel of the divergence operator. 
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Definition 2.2 (The Littlewood-Paley decomposition). Let us choose a real rotation- 
ally invariant function y> in the Schwartz space <S(1R3) whose Fourier transform is such 
that 

o < m < i, m = i if KI < | ^(o=o if 1^i > |,       (2.3) 

and let 

^(x) = 8V(2x)-V(x), (2.4) 

^(^) = 23V(2^), jGZ, (2.5) 

^i(x) = 23jX2J"ar), j € Z. (2.6) 

We denote by Sj and Aj, respectively, the convolution operators with ^ and ^ and, 
finally, the set {Sj,Aj}jez (actually a set) is the Littlewood-Paley decomposition of 
unity, say, 

J = So+ ][>,■. (2.7) 
j>0 

Definition 2.3 (Well-suited Banach spaces). We will say that a Banach space X of 
vector distributions on R3 is well-suited for the study of the Navier-Stokes equations 
(1.3) if the following conditions are satisfied: 

(i) the X-norm is translation invariant, i.e., 

IK- + ife)|| = ||t;(-)||    forall/cGM3, (2.8) 

(ii) there exists a sequence of reals r]j > 0, j G Z, such that 

5^2-1^ <oo (2.9) 

and that 

\\^(f9)\\<Vj\\f\\\\g\\ (2-10) 

for any scalar distributions / and g in X. 
For every such space X, we also define the Besov-type space B^ (R3) by 

B0/(R3) = {/ € X :  £ HAj-Cflll < oo}. (2.11) 

We now can state the main theorem of the paper. 

Theorem 2.1. If X is a well-suited Banach space, then for any initial data VQ G X, 
V - VQ = 0, there exists T = T(||t;o||) > 0 and a unique strong solution v(t,x) G 
C([0,T);X) o/^/ie Navier-Stokes equations in the following "mild" form (where S(t) = 
exp(tA) denotes the heat-semigroup) 

v(t) = S(t)vo - j   ¥S(t - s)V • (v 0 i;)(s)d5. (2.12) 
Jo 

Moreover, the fluctuation function w, defined by 

w(t,x) =: v(t, x) - S(t)vo(x), (2.13) 

belongs to ^(R3) for0<t<T. 
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This last sentence signifies that w(t) has a fast convergent development on a wavelet 
series, whereas the same is not necessarily true for v(t) nor S(t)vo. This argu- 
ment could explain the intuitive choice of Federbush [3] to expand the velocity field 
v(t) — Vo = w(t) + S(t)vo — VQ in terms of a divergence free wavelet basis. In fact, this 
amounts to a single condition to be verified on the initial data, say on S(t)vo — VQ. Be- 
fore passing to the proof Theorem 2.1, let us link (2.12) to the Navier-Stokes equations 
(1.3). We will see that 

/   ||P5(4-5)V-(i;0t;/)(5)||rf3<cfy"2-|^77J)   sup  \\v(s)\\  sup  ||^(5)||   (2.14) 
JO ^eZ 0<s<4 0<s<4 

for any pair of vector fields v and v' in X. This enables us to use a standard contraction 
mapping argument to solve (2.12). Finally a "mild " solution of the Navier-Stokes 
equation (2.12) is a "classical" solution of (1.3), and the reader is referred to [2] for a 
detailed discussion on the equivalence of these two problems. 

Let us now concentrate our attention on the proof of Theorem 2.1. 

2.2. The proof of the theorem. The proof of Theorem 2.1 is essentially based on 
the lemma: 

Lemma 2.1. IfX is a well-suited Banach space, then there exists a function ^(t) > 0 
belonging to L^O^] such that, for any t e (0,T) and any pair of vector fields v and 
v' in X 

||P5(*)V • {v 0 t/JH < 7r(*)|M| Wv'l (2.15) 

In order to prove the lemma, let us first remark that we can limit ourselves, without 
loss of generality, to its scalar version, say, the estimate 

||A5(t)(/5)||<^)ll/IIIMI, (2-16) 

where A = (—A)-2 is the scalar Calderon operator and / and g are two arbitrary 
scalar functions in X. In fact, this is true if we recall that the vector operator PV- 
is a pseudo-differential operator of degree 1 whose symbol is given by the following 
coefficients: 

cf{t) = ^. (2.17) 

The proof of the lemma is based on the estimate 

TTW^C^^+C   £   2-2'-+3"V (2.18) 
3<m j>m+l 

iit e Jm := [4-m,4-m+1). The constants rfj are defined by (2.9) and (2.10) for any 
well-suited Banach space X. 

Assuming (2.18) holds true, we find 
r4 00 

n(t)dt<Zy] \ sup 7r(i)l4-m 

OO OO 

<c££2''"2ro^+c£ £ 2-2^ 
m=0j<m m—0j>m-\-l 

<2cJ22~lJlVj- (2-19) 
jez 

f Jo 
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Let us now return to (2.18).  Keeping in mind the decomposition of unity (2.7), we 
arrive at the identity 

A5(t) = 5^AiA5(t)AJ-, (2.20) 

where 

Ai(/) = /*^, (2.21) 

iPj being defined as Vj, except that ^ is unity when f < |£| and zero when |£| < | 
or |^| > 6.  All this implies that A^A^ = Aj.  It should be noted that in (2.20) the 
different operators commute. 

At this point, we let 

2>Wjtt = AjASlt),    j < m, (2.22) 

and 

2-2H3mWjt = A .A5(t),    j > m + 1. (2.23) 

We observe that 

wJM) = f*wv> (2-24) 
where w^t € L^R3). More precisely, if t G Jm, the following estimate can be deduced: 

IKt||i<c. (2.25) 

Finally, as the X-norm is translation invariant, we have, for / € X and w G L^E3), 

||/*Hlx<IHIi||/llx, (2-26) 

and the lemma follows. The proof of (2.25) is easy and left to the reader (see [2] for 
more details). 

Let us now recall a classical lemma which enables us to conclude the proof of the 
existence and uniqueness part of Theorem 2.1. 

Lemma 2.2. Let X be an abstract Banach space and B: X x X —> X a bilinear 
operator, \\ \\ being the X-norm, such that for any xi e X and xz £ X, we have 

\\B(xuX2)\\<v\\xi\\\\x2l (2.27) 

Then for any y G X such that 

477112/11 < 1, (2-28) 

the equation 

x = y + B{x,x) (2.29) 

has a solution x in X. Moreover, this solution x is the only one such that 

11*11 < 1-^1-47?M. (2.30) 
11   " - 27] 
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2.3.  Some regularity results. Here we show that the solution v(t) € C([0,T);X) 
given by Theorem 2.1 is such that 

v(t) - S(t)vo eB0/,    0<t<T. (2.31) 

In other words, we must find a decomposition {dj(t)}jez of functions in X such that 

t;(*)-5(*)^ = 5]di(*), (2.32) 

supp dj C {£ G M3 : a2j < |f| < 02?, 0 > a > 0}, (2.33) 

and 

53l|di(t)|| <oo,    0<t<T. (2.34) 
jez 

To see this, we recall (2.12) and (2.20) to obtain 

v(t) - S(t)vo = Y" [ &jWS(t - s)AjV • (v 0 v)(s)ds 
jezJo 

= Edi(*)' (2-35) 

jez 

where 

di(t)= / dj(t-s)s)ds. (2.36) 

The following estimates hold for dj when t — s G Jm: 

H^-MII <c2^(  sup   ||^)||)2,    j<m, (2.37) 

and 

\\dj(t-s,s)\\<c2-2^3m
Vj(  sup   \\v(s)\\)\    j>m + l; (2.38) 

thus implying that 

||^(<)||<c(2-W%)(  sup   |KS)||)2. (2.39) 

The proof of Theorem 2.1 now is complete. 
Before providing the reader with some examples of well-suited Banach spaces, let 

us comment here on the strong continuity of the solution v(t, x) so far obtained. 
In the previous pages, we have tacitly assumed that the heat semi-group S(t) is Co- 

continuous in the well-suited Banach space X, for otherwise the flow S(t)vo, vo E X, 
would not be an element of C([0,T)]X). More clearly, if X is a non-separable well- 
suited Banach space, then S(t) is not necessarily a Co semi-group; consequently, the 
solution v(t,x) given by Theorem 2.1 does not necessary belong to C([0,T);X). 

On the other hand, it is not difficult to prove (using the translation invariant 
property of the X-norm eq. (2.8)) that S(t) is a bounded flow, say 

||5(t)«d|| < ||S(t)||i|M| = M (2-40) 

and that S(t)vo is weakly continuous in the sense of distributions. 
All this is to say that, even if the heat semi-group is not necessarily Co-continuous 

in X, Theorem 2.1 still applies and gives a solution v(t,x) which belongs at least to 
C*([0,T);X) in the sense made precise by the following definition. 
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Definition 2.4. A vector flow v(t,x) belongs C*([0,T);X) if and only if v(t^x) is 
weakly continuous in the sense of distributions and is a bounded flow in X, viz. 
v(t,x)eL<*>{[0,T)',X). 

3. Examples 

This section is devoted to the study of some classical Banach spaces (Holder, Lebesgue, 
Sobolev, Morrey-Campanato) that are well-suited for the Navier-Stokes equations, 
according to the Definition 2.3. More general examples (including, for example, Besov 
and Triebel-Lizorkin spaces) are treated in [2]. 

3.1. The Holder spaces. The inhomogeneous Holder spaces CS(R3), s > 0 are 
defined, in terms of the Littlewood-Paley decomposition, by the two conditions 

IISo/Hoo < c, (3.1) 

HAj/IU < c2-",    j>0. (3.2) 

As is well known, CS(R3), s > 0, is a multiplicative algebra of functions, i.e., 

Il/flll < c||/|| Ml, (3-3) 
and this easily implies that C5(M3) is a well-suited Banach space, as one can choose 

^■ = 1^111 = 0. (3.4) 

Concerning the regularity result (2.31), here one can prove (following the arguments 
given in Subsection 2.3) that 

^(t)-5(t)t;oGCs+1(R3), (3.5) 

whereas both ^o and v(i) belong to CS(R3) only. 
As a consequence of Theorem 2.1, we thus obtain the result 

Theorem 3.1. Let X be the Holder space CS(R3), s > 0. Then for any initial 
data VQ £ C5(R3)7 V • ^o = 0, there exists T = T(||vo||) > 0 and a unique solu- 
tion v(t,x) G C*([0,T);Cs(R3)) of the Navier-Stokes equations in the "mild" integral 
form. Moreover, the fluctuation function w(t,x) satisfies the regularity property given 
by (3.5). 

3.2. The Lebesgue spaces. In this case, Young's inequality gives 

\\&i(f9)\\r<m\r\\f9\\s, (3-6) 
where, as usual, 

! = ? + !-!. (3.7) 
p     p     r 

Now, 

Il^l|r = c23^> (3.8) 

so that rjj = c23^p and LP(R3) is a well-suited Banach space as long as p > 3. This 
is, of course, a classical result (see, e.g., [11]). What we can infer here is that 

^)-5(^oe^(R3),    * = 1--, (3.9) 

J5^f(R3) being the usual Besov space (see [2] for more details). 
As a consequence of Theorem 2.1, we thus obtain the result 
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Theorem 3.2. Let X be the Lebesgue space LP(R3)? 3 < p < oo. Then for any initial 
data VQ € LP(M3), V-^o = 0; there exists T = T(||^o||) > 0 and a* unique strong solution 
v(t,x) e C([0,T);Lp(R3)) of the Navier-Stokes equations in the "mild" integral form. 
Moreover, the fluctuation function w(t,x) satisfies the regularity property given by 
(3.9). 

3.3. The Sobolev spaces. The case of the Sobolev spaces il^M3) gives us the 
opportunity to show the general algorithm to be used in order to evaluate the constants 
rjj which appear in Definition 2.3 of well-suited Banach spaces. The above-mentioned 
algorithm is the well-known Bony's paraproduct decomposition [1], which reads as 
follows: for any two arbitrary tempered distributions / and g, 

oo oo 

fg = ^2 ^nfSn-29 + £ &ngSn-2f +      ^      An'/An£ + SofSoQ. (3.10) 
0 0 ln-n'1^2 

From this decomposition we deduce, modulo some nondiagonal terms that we are 
neglecting for simplicity, for j > 0, 

Ajifg) = AjfS^g + AjgS^f + Aj ( £ AkfAkgj. (3.11) 

The three contributions to rjj now are treated separately. To this end, let us first 
recall that the Sobolev space HS(R3) is characterized, in terms of a Littlewood-Paley 
decomposition, by the equivalent norm 

OO !_ 

11/11 = l|5o/||2+(E22iS|lAi/ll22)"- (3.12) 
j=0 

Now, if j > 0 and 0 < s < |, we find, by using Bernstein's inequalities, 

\\Sj-2fAjgh < ||5,-_2/||oo||AJ-ff||2 

<c2-^23^2||/||2-^||5|| (3.13) 

and, if j > 0 and 5 = |, the same argument shows that 

WSj-tfAjghKcjWm-i'Wgl (3.14) 

On the other hand, if j > 0 and 5 > 0, Young's inequality gives 

llA^^Afc/A^)!   < c23^||^Afc/A^||i 

k>j 2 k>j 

<c2^/2^||A,/||2||Afc5||2 

k>j 

< c23^22-^2-^ 11/11 ||5||. (3.15) 

Finally, if s > 5, it is well known that HS(RS) is a multiplicative algebra, i.e., 

\\±i(f9)\\ < c\\f\\ \\gl (3.16) 

All this implies that HS(R3) is a well-suited Banach space if 5 > |. Moreover, it also 
is easy to show the following regularity properties on the fluctuation. More precisely, 
if I < s < §, then for any e > 0 and any 0 < t < T, 

v(t) - S(t)vo e H2s-$-€(R3) (3.17) 
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and, if s > |, then for any e > 0 and any 0 < t < T, 

v{t)-S{t)v0eHs+1-e{R3). (3.18) 

As a consequence of Theorem 2.1, we thus obtain the result 

Theorem 3.3. Let X be the Sobolev space HS(R3), s > |. Then for any initial data 
VQ G ^(K3), V • vo = 0, there exists T = T(||vo||) > 0 and a unique strong solution 
v(t,x) G C([0,T);iJs(M3)) of the Navier-Stokes equations in the "mild" integral form. 
Moreover, the fluctuation function wftjx) satisfies the regularity property given by 
(3.17H3.18). 

3.4. The Morrey-Campanato spaces. Given / G L^C(R
3), we say that / belongs 

to the Morrey-Campanato space M^M3), 1 < q < p < oo, provided that 

||/||-   sup   R^(R-* [   \f\*)lq <oo, (3.19) 
xGR3 V JBR / 

0<R<1 

where BR = B(x,R) is an arbitrary ball of radius R centered at x. In the case 
q = 2, the Morrey-Campanato space is characterized, in terms of the Littlewood- 
Paley decomposition, by the two conditions [2] 

||So/||oo ^ C (3-20) 

and 

/    ( J2 \Ajf\2) ^ c2-Sm^-2^\ (3.21) 

Qm = Q(x,m) being an arbitrary cube with sides of length 2"m, m > 0, centered 
at x. 

Using this equivalence, it is quite easy to prove that Mf (R3) is a well-suited Banach 
space when p > 3, which is in agreement with the results obtained in [3] and [11]. The 
extension to the general case M£(R3) is possible, but not pursued here. 

In order to prove the result for 9 = 2, let us recall the paraproduct decomposition 
(3.11); this allows us to treat the three contributions to rjm separately. 

We first use a standard Bernstein's argument to infer from (3.21) that 

||5J/||00<23^||/||, (3.22) 

so that for any cube Qm with m < j, 

f    15,-2/A^I2 < ||/||226'> f    |Ai5|2 

<||/||2||p||226^2-3m(1-2/rt, (3.23) 

which finally gives 

Tfc = c23^,        j > 0, (3.24) 

for the first and second terms in (3.11). Let us now examine Aj(^fc>. A/e/A^^). 
Here, we make special use of the fact that q = 2 to deduce the estimate ^see also [11, 
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< 
^k>j /\\ooJQm\ \'C>7 ^ 

(3.25) 

Next, for an arbitrary cube Rj of length 2~-7, we have 

JRJ 

which gives 

Afe/Afc5 

< 11/11 bw-w-w. (3.26) 

Afc/Afeff) < 11/11 M26i/P- 
oo 

(3.27) 

Finally, we observe that if m < j, then 

/    \Ajf\Kcsvipf    |/|, 
JQm Q'm  JQ'm 

but 

(3.28) 

L E^/^<(/ Ei^/i2)V/ Ei^i2)" 
< 11/11 \\9\\^j{l-2,p\ 

thus giving the same value of 

m = c23i'p 

(3.29) 

(3.30) 

for the third term on the left-hand side of (3.11). The estimate of rjj for j < 0 is trivial 
and leads to rfj = c (see [2]); this allows us to deduce that 

(3.31) 

as long as p > 3. 
In this case, Theorem 2.1 applies and gives a solution v(t) G C*([0,T);Mf (M3)) of 

the Navier-Stokes equations. Moreover, this solution is such that if 3 < p < 6, then 

v(t)-S(t)voeC*([0,Ty,M, . Ayf3P/(6-P)nD>3 
))■ 

if p = 6, then 

t;(t) - S(t)vo G C.dO.TJjBAfOCR3)), 

and if p > 6, then 

«(*) - 5(*)«b 6 C^ICTOJC
1
-

6
/"^)). 

As a consequence of Theorem 2.1, we thus obtain the result 

(3.32) 

(3.33) 

(3.34) 
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Theorem 3.4. Let X be the Morrey-Campanato space Mf (K3), p > 3. Then for 
any initial data VQ G Mf (M3), V • VQ =0, there exists T = T(||vo||) > 0 and a 
unique solution v(t,x) E C*([0,T);M2 (E3)) of the Navier-Stokes equations in the 
"mild" integral form. Moreover, the fluctuation function w(t^x) satisfies the regularity 
property given by (3.32)-(3.34). 

4. A counterexample 

Here we exhibit a Banach space X such that 

5^2-1^ = 00, (4.1) 
jez 

r)j being the best constant appearing in (2.10) for which an existence and uniqueness 
theorem for the Navier-Stokes equations in C([0,T);X) can be deduced. 

The space X is defined, in the Littlewood-Paley framework, by the two conditions 
on/eS'tM3), 

WSofh < c (4.2) 

and 

IIAi/lla < cj^,    j>0,    c,-GZ2(N), (4.3) 

and the X-norm is assigned by 
OO 1 

11/11 = l|5o/||3+(X;0>l)2l|AJ-/||l)'v (4.4) 

An easy calculation shows that (see [2]) 

^=cj^i,        j>0, (4.5) 

thus implying (4.1). On the other hand, 

and this condition enables us to use the contraction mapping argument in the space 
C([0,T); X) exactly in the same fashion as in Section 2. The main idea is to establish 
an estimate analogous to (2.14) for 

r4 

I JO 
P5(4 - s)V • {v ® vf)ds , (4.7) 

/o 
i.e., without utilizing the convexity inequality first. 

In what follows, only the "high-frequency" part of the X-norm will be examined 
since no problems arise for the HSo/Ha-part. 

We again use the identity 

AS(t) = £ tfbjWjt +   Yl   2-2'"+3'nAiWM> (4.8) 
j<m j>m-\-l 

where 

Wj,t(f) = f*^t (4.9) 

with 

IKt||i<i,      jez,   t€Jm- (4.10) 
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Then 
I     /»4 oo 

\jo  AS(s)[f(4-S)g(4-s)}ds   -    ^/, 
771=0 

(4.11) 

where 

Im= f m      ( E 2fcAfc WM +   2   2-2fe+3™Afe^fc,s) (/5)(4 - s)ds.      (4.12) 
1/4     m ^ k<m fc>rr7-4-1 / 

k k<.m 

Now, at the high frequencies, 

00 ..00 

k>m+l 

EO'+DINE'-O 
Lj=0 771=0 

and, modulo some nondiagonal terms, 

< 
00 00 

:>>'+i)2(EiiA^ii3y 
i=o 771=0 

IIA^Ha < c2-2m+i sup ||Ai(/5)(4 - s)h,    0 < 3 < m, 
s£Jm 

and 

W^jlmh < c2m-2j sup ||Ai(/5)(4 - S)||3,    j > m, 
sGJm 

from which, utilizing the definition of 7^, we finally obtain 

EW+IJ^EII^^IU)   <c(E2-2^)5 SU
P II/WII ^p ibwii, 

(4.13) 

(4.14) 

(4.15) 

0<s<4 0<s<4 

(4.16) 
j=0 771=0 -« j=0 

and the contraction mapping argument applies as long as (4.5) is valid. 

5.  Concluding remarks 

In this paper, we presented a general algorithm to solve the Cauchy problem for the 
Navier-Stokes equations in R3 with initial data in an abstract Banach space X. 

Although this algorithm does not provide a complete characterization (i.e., a neces- 
sary and sufficient condition) of the problem, it turns out to give, for each functional 
family (such as LP(M3), iJs(M3), or AfJ(M3)), the "right" functional setting of the 
problem. More precisely, the above-mentioned algorithm applies a,s long as rjj (which 
is the best constant appearing in (2.10)) does not attain the limit value 2j, which 
corresponds, in turn, to the limit space X (such as L3(R3), i71/2(R3), or M|(R3)) 
whose norm is characterized, in each family, by the property 

\\v(')\\ = ||Ai;(A-)||        for all v G X and A > 0. (5.1) 

Now, we note that if v{t,x) is a solution of the Navier-Stokes equations, then the 
same holds true for v\{t,x) = \v(\2t,\x) for every A > 0. In other words, the limit 
spaces have, as far as the space variable is concerned, the same scaling invariance as 
the Navier-Stokes equations. 

T. Kato was the first author to consider this limit space and to circumvent the 
problems arising in the study of the Lebesgue space Z7(R3). We have not treated this 
problem here and we refer the reader to Kato's original paper [6]. We recall as well that 
his clever method thereafter was applied by different authors in different frameworks 
(see, e.g., [11] for the Morrey-Campanato space, [2, 10] for the Besov spaces, and [9] 
for the Sobolev-Bessel space). 



LITTLEWOOD-PALEY DECOMPOSITION 319 

References 

1. J. M. Bony Calcul symbolique et propagation des singularites pour les equations aux derivees 
partielles non lineaires, Ann. Sci. Ec. Norm. Sup. 4eme Serie 14 (1981), 209-246. 

2. M.  Cannone   Ondelettes,   paraproduits et Navier-Stokes,  Ph.D.  thesis,   Universite de Paris- 
Dauphine, Paris IX, 1994; published by Diderot Editeur (1995). 

3. P. Federbush Navier-Stokes meet the wavelet, Comm. Math. Phys. 155 (1993), 219-248. 
4. Y. Giga and T. Miyakawa Navier-Stokes flows in M3 with measures as initial vorticity and the 

Morrey spaces, Comm. PDE 14 (1989), 577-618. 
5. T. Kato Quasi-linear equations of evolution with application to partial differential equations, 

Lecture Notes in Mathematics 448, Springer, 1975, pp. 25-70. 
6.  Strong Lp solutions of the Navier-Stokes equations in Rm with applications to weak so- 

lutions, Math. Zeit. 187 (1984), 471-480. 
7.  Strong solutions of the Navier-Stokes equations in Morrey spaces, Bol. Soc. Brasil. Math. 

(N.S.) 22 (1992), 127-155. 
8. T. Kato and G. Ponce Commutator estimates and the Euler and Navier-Stokes equations, Comm. 

Pure Appl. Math. 41 (1988), 891-907. 
9.  The Navier-Stokes equations with weak initial data, preprint (1994). 

10. F. Planchon Global strong solutions in Sobolev or Lebesgue spaces for the incompressible Navier- 
Stokes equations in R3, Ann. Inst. H. Poincare, to appear. 

11. M. E. Taylor Analysis on Morrey spaces and applications to the Navier-Stokes and other evolution 
equations, Comm. PDE 17 (1992), 1407-1456. 

DEPARTMENT OF MATHEMATICS, WASHINGTON UNIVERSITY, ST. LOUIS, MISSOURI, 63130, U.S.A. 
E-mail: cannone@inathp7.jussieu.fr 

CEREMADE, UNIVERSITE DE PARIS-DAUPHINE, PLACE DE LATTRE DE TASSIGNY, F 75775 PARIS 

CEDEX 16, FRANCE 

E-mail:  ymeyer@dmi.ens.fr 




