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GERONIMUS POLYNOMIALS AND WEAK CONVERGENCE ON A 
CIRCULAR ARC* 

LEONID GOLINSKIlt 

Abstract. Orthogonal polynomials on the unit circle are completely determined by their reflec- 
tion coefficients through the Szego recurrences. We analyze weak convergence results in a certain 
class of orthogonal polynomials on a circular arc by comparing them with the orthogonal polynomials 
with constant reflection coefficients, which were studied earlier by Ya. L. Geronimus. Under certain 
assumption on the rate of convergence of the reflection coefficients, we gather some information about 
the Radon-Nikodym derivative of the orthogonality measure. 

1. Introduction. Let fi be a probability measure on the interval [0,27r) such that 
its support, supp(/x) (which is, by definition, the smallest closed set whose complement 
has fi measure 0), is an infinite set. 

Orthonormal polynomials {^(AOIO
0
 
on the unit circle T = {zEC:|z| = l} are 

defined by 

where 

r27r f /     v?n(e^,A*)v?m(ei^,/z)d/i = 5m,n,        m,nE 
./o 

(pn(z,fjL) = Kn(jjL)zn + lower degree terms,       ^n(/^) > 0 

def and Z+ = {n e Z : n > 0}.   For simplicity, we often refer to /J as a probability 
measure on T or its parts. 

The monic orthogonal polynomials are $n(A0 = ^(f^Pniv), and the complex 
numbers {$n(0,/i)}neN which describe completely the orthonormal polynomials are 
known as reflection coefficients. Since all the zeros of $n are inside the unit circle (cf. 
[5, Section 8, p. 9]), |$n(0, //)| < 1 for n G N. Conversely, given a sequence of complex 
numbers {an}nGN with |an| < 1, Favard's theorem on T (cf. [3]) states that the 
polynomials $n obtained by the Szego recurrences are monic orthogonal with respect 
to a unique probability measure JJ, on T with infinite support, and an = $n(0,/i) for 
neK 

In addition to {<£n(A0}n€N; we will also study the second kind polynomials 
{ipn(v)}n£N which are defined as the orthogonal polynomials with reflection coeffi- 
cients {—an}n^. They can be computed simultaneously with the polynomials (pn{fi>) 
by the Szego type matrix recursions (cf. [7, p. 395, formula (8)]). 

We begin with the simplest class of measures //a not in the Szego class which have 
constant and nonzero reflection coefficients $n(0,^a) = a, 0 < |a| < 1 (see [6, pp. 93- 
94], [4, S4.3])1. The set of all such measures constitutes the Geronimus class G and 
the corresponding orthonormal polynomials are called Geronimus polynomials. In the 
problem under consideration, they play a similar role to that played by the second 
kind Chebyshev polynomials for the interval [—1,1]. For the reader's convenience, we 
present a detailed description of this class in Section 2, including explicit formulas for 
the C-function, corresponding orthonormal polynomials, etc. 
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1Our a corresponds to —a in [6]. 
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The Geronimus polynomials essentially live on an arc of the unit circle character- 
ized by a, such that 

(1.1) .    Ct def i   i sm 2   = H» ae (0,7r). 

For such a, we define 

(1.2)         Aa
d^{ew

: :a<t9<27r-a}, Aodef{e« a < $ < 27r - a). 

Using this terminology, the support of the orthogonality measure /ia consists of AQ, 

and at most one mass point in the complement T\Aa. 
The main item of business in this paper is weak convergence results for orthonor- 

mal polynomials on an arc of the unit circle. In the case of the whole unit circle and 
the real line, this problem has been extensively investigated in [11, Chapter 4] and 
[10]. We obtain such type of results for the Geronimus polynomials in Section 3. Next, 
we establish the weak convergence result for measures from a certain class which can 
be regarded as a quite natural extension of the Geronimus class (see [2]). 

DEFINITION. A probability measure ji belongs to the Lopez class Ci2 if, for the 
monic orthogonal polynomials ^nO-O? the following relations are valid: 

(1.3) lim |$„(0,/i)| = r,    0 < r < 1, lim V?^ = 6'    ^ = 1- 

It is clear that the "asymptotically constant" measures // such that lim $n(0, //) = 
n—too 

a, 0 < |a| < 1 form a proper subclass of Ci. With no loss of generality, we may assume 
6 = 1 (this is just the matter of appropriate rotation). 

Finally, in Section 5, we apply the weak convergence result to studying the Radon- 
Nikodym derivative JJ,' within some subclass of the Lopez class, which is characterized 
by a certain rate of convergence in (1.3). We follow here the reasoning from [15, 
Section 2]. 

2. Geronimus polynomials. The theory of orthogonal polynomials on arcs of 
the unit circle is now well developed thanks to primarily F. Peherstorfer and R. Stein- 
bauer (see [12, 13, 14]). However, for the sake of convenience, we present here a 
detailed account of the simplest case of Geronimus polynomials, including explicit 
expressions for the orthogonality measure, weight function, and the corresponding 
C-function (cf. [5, 6] and [7, Section 2]). 

Given a € C with 0 < |a| < 1, let /ia denote the probability measure on T for 
which the corresponding orthogonal polynomials satisfy $n(0,//o) = a for n G N. 
The set of all such measures constitutes the Geronimus class G- We will denote the 
corresponding orthonormal polynomials and second kind orthonormal polynomials by 
(pn(z,a) and ^(2;, a), respectively. As a matter of fact, ^n(z,a) = Lpn(z,-a). In 
addition, for a in (1.1) and a < $ < I-K — a, put 

/o 1 \ def « n r-To x def coS 2 \ ^ rn     1 (2.1) p = cos— = vl - M >        cosA =  -,    A G [0,7r]. 
2 p 

2 For the definition of the general Lopez class £JV, see [1], 
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With this notation, the orthonormal polynomials (pn(z,a) and ^n{z,a) are given 
by (cf. [7, Section 2, formulas (17), (19)]) 

(2.2) <pn(z,a) = -L((z + a) ^—^ - zp2 zi     ' **     ) ,        n e N, 
Pn  \ 31-22 Z1-Z2j 

1    / ^n _ ^n rn-l n-1 \ 
(2.3) ^n(^a) = 4((^"fl)^-^--V ^      ~   2      ),        n€N, 

pn V ^1-2:2 21 - 2:2   y 

where 

^.4J    zi = , ^ =  ^ '- 

are roots of characteristic equation w2 - (z + l)w + zp2 = 0, and the branch of the 
square root is chosen for which 

\/(z-eia)(z -e-ia) 
hm -^ ^ i = 1. 

The reversed *-polynomials <(z,a) = zn(pn(l/z,a) and ^*(2,a) are also known 
explicitly (cf. [7, Section 2, formulas (18), (20)]): 

1    / 7n _ „n -n-1 n-1 \ 

yn(^fl) = 4((1+ag)^—^-V ^      ~2      ),        n€N Pn V 2i-22 2i - 22       J 

and 

1    / rn _ rn rn-l       ~n-l \ 
rn(z,a) = -((l-az)Z-±—^-zp2Z-± -^_)>        nGN. 

Pn\ 21-22 21 - 22     / 

The latter formulas enable one to find C-function 

m     ,def f27r ew + 2 , ..      ^(2,a) 
Jo     e^-2 n-^oo^*(2;,a) 

associated with the measure //a. As l^l < |2i| in the unit disk and 2^2 = zp2, we 
have 

F^^^lim^-^^-^-^2^"1-^"1) n->oo (1 + 5z)(^n _ zn) _ zp2(zn-l _ ^n-lj 

22 + a2 - 1 2a2 
22 - a2 - 1 22 - a2 - 1 ' 

Multiplying both numerator and denominator by 21 - az - 1 and taking into account 
the equality 

(22 -az- l)(z1 -az-1) = zp2 - (2 + l)(a2 + 1) + (a2 + I)2 

= a2{(l - a) - (1 - a)z} , 

we come to the relation 

2(21 -az-1) 
(2.5) F(z,a)-1 = 

(1 - a) - (1 - a)2 * 
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Define now a parameter 0 by 1 — a= \1 - a\ exp(i/?/2). We have 

1 — Jfta = |1 — a\ cos — ,        — Sa = |1 — a\ sin — . 

From an elementary inequality |^||1 — ^|_1 < \z\, \z\ < 1, it follows that 

i  •   P\        \^a\    ^ i  ,       •   a 
sm —  = — : < a = sm — 1       21      |l-a| - '  ' 2 

and, hence, /? ^ (a,27r — a).  Note that the equality here is attained if and only if 
|a — || = | and, what is more, /? = a (ft — 27T — a) if and only if ^a < 0 (9a > 0), 
respectively. We refer to this case as special Geronimus polynomials. 

In view of (2.4), relation (2.5) takes the form 

(9 fi\                    F(r n\     1 - z-2az-l + ^(z- e*°){z - e-*) (2.6) F{z,a)-1- ____ . 

We see that fj,a may have at most one masspoint at $ = /?. It is not hard to show that 

_/iT^(l«-ll2-i)> ifl«-il>!, 
k0, if|0_I|<I. 

The latter, in particular, means that the masspoint (if it exists) is always located off 
the closed interval [a, 27r — a]. 

Let us turn to the weight function Pa($) = MaW? which is known to satisfy 

27rpa($) = lim SRF(re^) = 1 + lim »(F(rew) - 1) 
r—>-l r—>1 

a.e. on the unit circle. From (2.6), we obtain for e1^ G Aa 

Q ez2 — 2ae22 — e z2 — 2i\/cos2 ~ — cos2 f 
F(e«) _ i = eii —      V      g 1 

v     ' (l-a)(e^-e^) 

where the sign of the square root is chosen to ensure PaW > 0. But 

e't - 256** - e-'* = 2(1 - 5)6** - 2 cos - = 2|1 - ole'^ - 2 cos - , 

so that 

— 11 — ale2-^- + cos f + i\/cos2 % — cos2 f 
F(ew) - 1 - ^4  . V     ; i|l-a|sin^ 

Thus, the weight function pa on Aa is of the form 

i \ /cos2 f - cos2 f 
(2-7) P«W = o-ii—^T     ^    '        «<^<27r-a. 27r|l-a| sm^^ 

It is readily seen that pa vanishes for e1^ £ Aa. 
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In what follows, the explicit formula for the Geronimus polynomials on AQ, is of 
particular importance. We have, for e1^ G Aa, 

2i,2(e^) = e22 I cos- ±i\ cos2 — - cos2 - > = e1"*p {cosA±isinA} = pel^±x") 

z™ - z2 = pnein%(einX - e-inX) = 2ismn\pnein% , 

so that, by (2.2), 

1  f, a       ^pnein% sinnA       ^ 2 p^-^^-^t sin(n - 1)A| 

^   L pe' 2 sm A pe' 2 sm A J 

/0 oN in±(e^ + a   _i± sinnA     sin(n-l)A>l 
(2.8) =em2^ e *2 __ v.   A       }. 

[     p smA smA      J 

In conclusion, put 6(e^) = 6(e^,a) = p~1(el'& + a)e~1^ = (pi(e^,a)e-z2 and 
calculate two expressions we shall make use of in the next section. First, 

and, hence, 

b(e^) = - ( (1 + Jfta + i 3a) cos | + (i - i ^a + 9a) sin • 

0f6(ew) = - ((1 - Jfa) sin ^ + 9a cos | 
P V 2 2 

m(e^) = -[(14- 5Ra) cos | + 3a sin | ). 

Then 

and 

2 

P5 
\b(ei*)\2 + 1 = —(l + 3?acos^ + 9asin79) 

|6(e^)|2 + 1 - 2 cos A»(6(ew)) - — sin ^ ( (1 - 5fta) sin ^ + 9a cos ^ ), 
2       $ ( d $ 

— 1(1 — 5fta) sin — + 9a cos — 

or, in terms of the parameter /?, 

96(e^) = -! Lsin-—^, 
p 2 

(2.9) |6(ew) |2 + 1 - 2 cos A »fe(ew) = 2|17Q| sin ^ sin ^-^ . 
p^ 2 2 

3. Weak convergence for Geronimus measures. Here we are going to es- 
tablish the main weak convergence result for measures from the Geronimus class. 

THEOREM 3.1. Let p — pa G Q, and denote Tn the n-th Chebyshev polynomial 
of the first kind, i.e., Tn(cosi?) = cosra?. Then, for every integer k and for every 
continuous function f on the unit circle T, we have 

Ik(f,a) =f lim   / 7r/(e
w)<pn(ew,a)Vn+,(e«,a)d/xa 

(3.1) = i- r~a^iH-iK/^cosfWfri^cosf)/(cW)^ 
V00^! e"** A/COS^ ^ - cos-' 2 
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In particular, 

(3.2) 

Jo(/,a)= lim   /     /(e«)|y»n(ew,o)|2dAia = 5-/ , 2 /(e<tf)dtf. n-K0O-/o 27r^ y(^2|_C0S2| 

Proof. Assume first that A; € N. The integral in the left-hand side (3.1) equals 

y»27r   flit — ot   

/     /(ew)y»„(ew,o)¥»n+*(e«>a)d/ia= / /(^^^(e^^O^+^e'^a)^^)^ 

It is known that ^n |(^n(e^,a)|2 < oo for /ia{/3} > 0, so that the second term on the 
right tends to zero as n —)> oo. Hence, it suffices to compute the limit 

Ik(f,a) = lim Jnjfc(/),    /„,*(/) d=lf /        /(e^)^n+1(e^,a)^n+,+1(e^,a)paW^. 

We see from explicit formula (2.8) for the Geronimus polynomials that each ipn 

on the arc Aa is a linear combination of two consecutive Chebyshev polynomials of 
the second kind 

(3.3) 

^(e* a) = ein* {b(eM)Un-^cosX) - [/n_2(cosA)},    C/„.-i(cosA) = 5^, 
sm A 

where cos A = p-1 cos f (for special Geronimus polynomials, see [5, p. 50]). Hence, 

eik* ^n+i(ew,a) ipn+k+1(e^,a) 

= |&(e^)|2C/n(cos A) C7n+/c(cos A) + [/n_i(cos A) ^n+A;_i(cos A) 

(3.4) - 6(6**) £/n(cos A) C7n+jfc_i(cos A) - b(e^) C7n_i(cosA) C/n+fc(cos A). 

It remains only to find the limit 

n2ir—a 

(3.5) Jq(g) =   lim   / g(e^) Up(cos A) Up+q(cos A)pfl(tf) dt? 

for a continuous function g on Aa and # G Z+. Assume first that |a — 11 7^ |. Then 

Jq(g) = lim   / Pi(e^) Up (cos A) [/p+g(cos A) Wcos2 - - cos2 - d#, 
p^-oo y^ V ^ ^ 

(3.6) 5l(e")= ^^ 
27r|l-a|sin^ 

is also continuous function on Aa.   We can go over to the interval [—1,1] by the 

hi(t) 

def 
change of variables t = cos A (2.1) to get 

JgG7)=lim   /   G^UpWUp+qtyy/l-Pdt,    G1(t)=2p2^= 
pH2 
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According to [10, Theorem 11.1] (see also [15, Theorem 2]), 

' Jqi9) =, f
1 Mm. dt=.^ f2-    *f)Tqia»x)    M 

2j_l    Jv-P 47r|l-o|ya Sin^^ cos2 f - cos2 I 

It is clear from (3.4) that /*(/) = Jfc(/i) + J*(/2) - Jk-iifs) - Jk+i{fi) with appro- 
priate functions /,-. Thus, (3.7) implies for k e N 

|l-o|/*(/) = 

?_ f271-" {|(|6(e^)|2 + l)rfc(cosA) - b(ei*)Tk-1(co8\)-b@s)Tk+1(coB\)} 
47r •/« eik f sin ^ ^/cos2 f - cos2 f 

x/(ew)d0 

By using the well-known identity for the first kind Chebyshev polynomials 

Tk+1(t) -tTk(t) = tTk(t) - T/b-iCt),    fc E N, 

we can rewrite the expression under the integral sign as 

{|6(e^)|2 + 1 - 2cos A»6(ew)}rfc(cos A) + 2iQb(e^){Tk+1(cosX) - cos A Tk (cos A)}. 

If we take into account (2.9), then 

h(f) = 

r2*-01 {sin f Tfc(cos A) + ip(Tk+1 (cos A) - cosAT^cos A))} /(ew) dtf 

v- e^ 2 A/cos2 ^ — cos2 | 

The latter is equivalent to (3.1) in view of (2.1). For k = 0, even easier computation 
leads to (3.2). 

To prove (3.1) for negative &, one only has to take complex conjugates and to 
notice that 

e~l2 cosmA — pcos(m + 1)A = pcos(m — 1)A — ez2 cosmA 

and \k\ -1 = |fc + l| for k< -1. 
Now let us turn to the special Geronimus polynomials and assume for definiteness 

that ^sa < 0, so that /? = a. We have no right to appeal to Theorem 11.1 from [10] 
directly, because gi (3.6) is no longer continuous at # = a. Nevertheless, the argument 
above works for / = P where P is a polynomial with P{eia) = 0. Next, note that for 
/ = 1, the right-hand side in (3.1) can be calculated immediately (with the aid of the 
same change of variables (2.1)), and is zero for k € N and one for k = 0. Therefore, 
(3.1) is always true for / = 1. Now, given / € Aa, write / = f(eia) + /i with 
fi(eia) — 0. By the Runge theorem, there exist polynomials Pm which satisfy 

lim   max l/i - Pm\ = 0       and       Pm(eia) = 0. 
m-4-oo    Aa 

For each such polynomial, the argument above gives 

lim In,k{Pm) = h(Pm),    fe = 0Jl,...   . 
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Hence, 

\InAfl) - h(h)\ < \InAfl) - InAPm)\ + |^(Pm) " /*(Pm)| + \h(Pm) - h(fl)\- 

Take m big enough to make the first and the third terms on the right less than e, and 
then let n -> oo. We end up with the inequality 

limsupll^/i) -4(/i)| < 2e. 
n^-oo 

The rest is immediate by letting e -> 0. Finally, 

lim Jn,ib(/)=  lim /„,*(/!)+ lim In,k(f(eia)) = Ik(f). 
n—>oo n—>-oo n-^-cxD 

The proof is complete. D 

REMARK 3.2. By using (2.7), (2.8), and (2.9), it is not hard to show that 

i sin ±   
|¥>„(ew,a)|2pa(0) = ±    . 2 -c(e^)e2^-c(e^)e-2j"A, 

27r -^COS2 f - COS2 f 

whence it follows that there is no strong convergence result for the Geronimus poly- 
nomials. More precisely, for every Borel set E € (a, 27r — a) of positive measure, the 
relation 

limsup /   \vn(e™,a)\2pa($) -  
sinf 

cos2 f — COS2 |- 
dtf >0 

holds (cf. [10, Corollary 11.2]). 

4. Weak convergence (general case). To reveal the closeness of the two 
classes of measures introduced above, it seems reasonable to view the Geronimus 
polynomials as the unperturbed polynomials, while the Lopez polynomials are the 
perturbed ones. To make this relation even more transparent, we invoke the per- 
turbation theory of linear operators in the Hilbert space (cf. [7, Section 3]). For 
orthogonal polynomials on the real line, there is an intimate relationship with infi- 
nite Jacobi matrices containing the coefficients of the three-term recurrence relation 
for the orthonormal polynomials. These Jacobi matrices are symmetric tridiagonal 
matrices which can be extended to self-adjoint operators acting on the Hilbert space 
<?2(N). 

For orthogonal polynomials on the unit circle, there is a similar relationship with 
infinite matrices, but instead of a self-adjoint tridiagonal matrix (for determinate 
moment problems on the real line), one deals with a unitary Hessenberg matrix (for 
measures outside the Szego class). 

Given a probability measure a on T with infinite support, let I/2(cr, T) denote the 
Hilbert space of measurable, square-integrable functions on the unit circle T with the 
inner product and norm 

(f,9)/=ljf9da       and        \\f\l ^ J(fJl • 
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By a theorem of A. N. Kolmogorov and M. G. Krein, the system of orthonormal 
polynomials {^n(cr)}^L0 forms an orthonormal basis in L2(a, T) if and only if 

(cf.  [9, Theorem 3.3(a), p. 49]). The latter is obviously true for measures from the 
Lopez class. 

In what follows, a key role is played by the unitary multiplication operator U(a) 
which acts on L2((7, T) by 

(4.1) [W/](*)= */(*),        *GT, /€L2(<7,T), 

and its matrix representation U(a) in the orthonormal basis {<^„(CT)}^L0 

(woo    woi    • • A 
«io   «ii    •••    , 

=    ;   ••./ 

where 

Uij = (U{p)<pj(<T) ,(Pi((T))0 

(4.3) 
-*,■+!((),*)^(o,*) nLHi(i-l^(o^)l2)1/2,  i<i + i, 

for i, j = 0,1,... (cf. [7, p. 401]). Infinite matrices such as (4.2)-(4.3) in which all 
entries below the subdiagonal vanish are called (upper) Hessenberg matrices. 

We can view the infinite matrix (4.2)-(4.3) as a unitary operator U(a) in ^(N) 
which is unitarily equivalent to the multiplication operator U(a). In particular, supp 
(a) agrees with the spectrum of U(a). 

Let JJ, E Ci. Along with the multiplication operator U(fi) (4.1) consider the multi- 
plication operator l7(/zr) on the space I/2(/Xr, T) where //r G Q with r taken from (1.3). 
To study both these operators simultaneously, write their matrix representations U(IJ) 

(4.2)-(4.3) and 

U(fir) ^10     Mil     • • • Uij = (U(llr)<Pj(lJ>r) iVifar)), 

where 

(4.4) 

f-r(l-r2)^2, * = 0> 
_r2(1_r2)y-0/2)    0<*<j + l, 

(l-r2)1/2, *=i + l, 
lo, i>i + i. 

for i,j = 0,1,... . This follows from (4.2)-(4.3) applied with /* replaced by jur. Both 
U(fj,) and U(jjir) are unitary operators acting on the same Hilbert space ^(N). We 
will refer to U(fi) as the perturbation of J7(/ur). 
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LEMMA 4.1. Let fj, £ C\. Then the difference £/(//)-U(fir) is a compact operator. 

Proof We proceed along the line of [7, Theorem 3] with no essential variation. 
Let 5 be the left shift operator in ^(N) with the adjoint 5*. Write £/(//) as 

oo 

(4.5) ^) = 5*2J-iai) + 5^2?i(^ 
3=0 

where each Dj(fjb) is a diagonal operator in ^(N) whose main diagonal is equal to the 
jth diagonal above the main diagonal of 17(/z), that is, 

r{-*J+HI(O,AO^Mni^m V1 - I^MI
2
}^,. J 

e z+ 

,w    UV/I-I^CM)!
2
}^' J^"1- 

This infinite series representation for £/(//) converges in the operator norm. To see 
this, note that ||5|| = 1 and for ju G A, {||^j(A*)ll}jS:-i decreases exponentially, and, 
therefore the series in (4.5) converges uniformly (cf. [7, formula (30), p. 403]). Let us 
also notice that owing to (1.3) <I>i(0,//) ^ 0 for large enough i, so that 

(4.6) -*i+<+1(0,Ai»^) = -^5^pl*«(0^)l2- 

Similarly, we can write U(fJLr) as a uniformly convergent series 

oo 

i=o 

Now consider the difference U(fi) - U(nr)> Given j = -1,0,1,..., the difference 
Dj(fjb) - Dj([ir) is a diagonal operator for which the entries converge to zero by (1.3) 
and (4.6). Hence, Dj(fjb) - Dj(iJ,r) is a compact operator. Linear combinations of 
compact operators and the product of a compact operator with a bounded operator 
remain compact. Moreover, the set of compact operators on a Hilbert space is closed. 
Thus, U(fjb) - U{nr) is a compact operator. □ 

The measure /ir in Lemma 4.1 may be replaced by any other measure //& £ Q 
with |6| = r, since it is easily seen from (4.4) that the difference U(iir) - U(^b) is a 
one-dimensional operator. 

It should be noted that Aa C supp (//) and supp (/x)\Aa is at most a countable 
set whose limit points (if any) must belong to Aa. This is a direct consequence of 
H. Weyl's theorem in view of relation between supp (JJ) and the spectrum of I7(^a)- 

We are in a position now to prove our main weak convergence result. 

THEOREM 4.2. Let // £ Ci and {(pnfo)}™ be the corresponding orthonormal 
polynomials. Then, for every integer k and for every continuous function f on the 
unit circle T, we have 

h(f) d=f lim   f * f{e**) ^(e^vWe^MM 

(4.7) = L r" />^+i|(p-1cosf)-e^r|fc|(^cosf) /(eW)M 
■yfc e' 2 \/cos'i ^ — cos^ f 
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In particular, 

(4.8) 
/>27r 1     />27r-Q; sin - 

/o(/) = Nlim   /     /(cw)|Vn(^^)|2dAi=T-/ , 2 /(e^)dtf. 
n->00^ 27r^ ^Cos2|-cos2f 

Proo/. By Lemma 4.1, the difTerence U(ii) — U(/^r) is a compact operator. Hence, 
for each m € Z, the difference J7m(^) — £7m(^r) is also a compact operator. The latter 
implies 

I(£"»e„+fc ,en) - (f/m(Mr)en+k ,en)\<\\{Um(^ - Um(nr)) en+k\\ -»■ 0, 

n -> oo 

for each fixed k e Z. In terms of the original L2-spaces, this means that 

lira ( f    eimi} ipn (ei#, /*) y„+ft (e*, /i) d/x 

- ^ " e<m* <pn (ew, r) ^„+fc (e«, r) c/^r) = 0. 

By Theorem 3.1, we have 

^27r 

lim   [\im»ipn(ei^»)<pn+k(ei»^)d» = Ik(eim»),    m G Z. 

Therefore, the relation (4.8) holds for every trigonometric polynomial. The rest is a 
matter of standard passing to the limit (cf. the argument at the end of Theorem 3.1). 
D 

COROLLARY 4.3. Let A = [/?i,/?2] be a closed subinterval in (a:,27r — a).  Then, 
under the hypothesis of Theorem 4.2, 

"°°J& 2*Jz e'H^/cos'f-cos2! 

as long as fii and 02 are not masspoints of fi. 

REMARK 4.4. The weak limit relation (4.7) holds true for functions / which are 
continuous on Aa and bounded on supp (//) (cf. [11, Chapter 4.2, Theorem 13]). 

The following limit relations are straightforward consequences of (4.7)-(4.8): 

j;(/)^ lim   rf(ei*)<p;i(ei*,ri<p^k{e*°,ridv = Ik(fe^), 
Jo 

(4.9)       lim - /     Kn{eM,n)f{^) dfi = ^- 2 /(ew) d& 
"->00 n Jo 27r J« ^COS^I-COS^f 

where 
n-l 

def ' 

k=0 
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5. Measures from the Lopez class and their derivatives. We will examine 
the properties of measures from the Lopez class under somewhat stronger assumptions 
on their reflection coefficients an = $n(0,/x). 

DEFINITION. A measure fi belongs to the Lopez class £1,1, if its reflection coeffi- 
cients satisfy 

(5.1) ^ ||an| - r| < 00,    0 < r < 1,    and    ^ 
n=0 n=0 

00 

< 00. 

It follows immediately from (5.1) that the sequence {an} converges to a nonzero 
limit 

lim an = a, lal = r. 
n—loo 

The class £1,1 can be regarded as a natural extension of the class of measures which 
satisfy 

00 

(5.2) ^2 IMM) -a| < 00 
n=0 

(cf. [7, Section 4]).3 

THEOREM 5.1. Let ji E £1,1 ♦ Then the orthonormal polynomials of the first and 
second kind ^n(/f) and ^(AO ore uniformly bounded on compact subsets of A^ (1.2) 
and 11 is absolutely continuous therein.   Moreover, JJ! is positive and continuous in 

K- 
Proof. We follow the reasoning from [8, Sections 3 and 4] with only slight modi- 

fications. 
Our starting point is the three-term recurrence relation 

(5.3) yn+2(z) - [Z +       Vn+lKZ) + Z 2 yn\z) = 0 , 71 > UQ 

where 

(5.4) no = min{A; E No : an+i 7^ 0   for every n > fc} . 

The index no is finite now since limn_>00 an = a ^ 0. Then {^n}^ and {V'n}^ form 
a fundamental set of solutions to (5.3) for the range n > no- It will be convenient and 
instructive to rewrite (5.3) for the orthonormal polynomials as 

(5.5) (£n+2 - (ri,n + ^2,n)^n+l + n.,n ^2,n ^n = 0 , U > UQ 

where ri,n and r2,n stand for the roots of characteristic equation 

(5.6) ^-(z + ^±l)lhi±lr + z^±l'h^±l = 0y       n>n0) 
V an+l) ^n+1 ttn+1      ^n+i 

3In exactly the same fashion as L\ contains measures with asymptotically constant reflection 
coefficients. 
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of linear recurrence (5.3), that is 

(5.7) ri,n + r2,n = U +     ,        ri,n ^2,n = ^ 2 • 

In particular, for z G T rijn ^ 0 and r2,n ^ 0 forn > no- Note that the equation (5.3) 
for the "unperturbed" Geronimus polynomials corresponding to the value a amounts 
to 

(5.8) <pn+2(2,a) - (ri +r2)<Pn+i(2,a) + rir2<Pn(2,a) = 0,       n > 0, 

with 

(5.9) ri +r2 = p-1 (z H-1),        n. r2 = 2: 

(see (2.4), where Zj = p~1rj, j = 1,2). 
A bit more accurate computation than that accomplished in [8, Section 3] gives 

\ri,n + r2,n -n -r2\ < Ei< |^ + l|||an+2| - |an|| + 
«n+2 -1 

(5.10) k^n^^ -r1r2\ < E2 
an+2 

^n+i 
,    n > ni > no 

where constants Ei, E2 depend only on r = \a\. 
It seems reasonable to handle (5.5) as a constant coefficient non-homogeneous 

equation 

(5.11) 

where 

^n+2 - (ri + T^n+l + n r2 Wn = Qn 

def 
Qn  =  (ri,n + ^2,n - n - r2)(pn+l " (ri,n ^2,n " n ^Vn. 

If z £ A#, then r]2 and rj form a fundamental set of solutions to the homogeneous 
form of (5.11). Thus, by the well-known result from difference equations theory (cf. 
[8, Proposition 1]) 

71-1 

k=ni 

rk+l        k+1 
rl r2 
rl r2 

.k+1     rk+l 
1 r2 

^k+2        k+2 

Qk + ci r? + C2 r% 

n~ 1     ^n—k      ^n—k 

= E r9     — r 

fe=ni+l 
r2 -n. 

-—(^i,ib-i + ^2,^-1 - n - r2)^ + 
r2 -ri 

-^ni+l 

(5.12) 
n-2   ^n-A;-! _ rn-A;-l r 

 -{ri,k r2,k - n r2)<Pk -r1r2 — 
k—ni 

n-ni-1 n-ni-1 
11 

7*2 -m r2 -n 
-<Pni • 

The latter equality can be extended to the whole Aa by taking the limit value on the 
right-hand side if z -> e±ia. 
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We are in a position to establish bounds for {(pn}™- To this end write 

n-l 

(5.13) \<Pn(z)\ < dn{z) + ^ vkn{z) \iPk(z)\,        z ^ Aa, n > ni, 
k=ni 

which is a consequence of (5.12). Here 

j    def 
«n  = 

rn~ r2 

r2 -ri 
l^n1+l| + 

n-m-l _    n-m-l 

r2-ri 

def 
Vkn  = 

r
n-k _ r

n-k 

2           1     (ri,fc_i+r2,ib-i     ri     r2) 
^2 - ri 

(5.14)                                 + 
rn-k-l _rn-k-l 

2               1         (ri,*^,*     r1r2) 
r2-r1 

We will also use 

l^nj, 

(5.15) ^fc   =   kl,ib-l +^2,Jfc-l -n -^2| + |ri,fc^fc - rir2|. 

Given a compact A C A^, there exist d(A) > 0 and v(A) > 0, such that dn < d(A) 
and Vkn < v(A)vk for n > rti. Thus, we can apply Gronwall's inequality (cf. [15, 
p. 440], [8, Proposition 2]) and use (5.10) and (5.1) to obtain that sup;2GA5n>ni |^n(^)| 
< oo. Hence, sup^^^^ neN|(^n(^)| < oo as well. As the class £i?i is invariant with 
respect to taking second kind measures (that is, replacing an by — an) the same 
assertion holds for the polynomials {ipn}™- 

We can appeal now to [7, Lemmas 1 and 2] to verify that /J, is absolutely continuous 
inside A^ and 1/// G L00(A) for each compact set A 6 A£. It remains only to prove 
that the function fi' is positive and continuous therein. 

Much as in [8, formula (36)], we show that there are two functions Coo £ C(A£) 
and Doe G C(A£) such that 

lim Mn(e^)=0,    Mn(e^)d^f^n(e^)-C00^n(e^,a)-D00Vn(e^,a) 
n—>-oo 

holds uniformly on compact subsets of'A£. We may use an elementary identity 

Um(cos A) - e-iX l7m_i(cos A) - eimA 

for the Chebyshev polynomials and explicit formula (2.8) for the Geronimus polyno- 
mials to obtain (cf. [15, p. 444]) 

^n(e^,a)-e^t-A)^n_l(e^)a) = ein(|+A) (6(ew a)e-<A _ ^u^ 

^n(ew,o) - e^*-^ tin-iie1*,a) = ein^+^ (6(ew, -a)e-iA - e-2iA), 

so that 

^n(e^) - e^t-A) ^.^e**) - ein<*+A> ^ + Mn(e
w). - e^*"^ M^^e^), 

where Aoo G C(A£). Hence, 

lim |^n(cw) - c«*-A) ^-i(^)|2 = lAoo^)!2 
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uniformly on compact subsets of A^,. In particular, if / is a continuous function with 
supp / C A°, then 

lim   / |<£n-ei(t-AVn-i|2/^=  / l^ool2/^. 

On the other hand, for the same function / by Theorem 4.2, we have 

lim  fV - e^-A> pn-if/dfi = 2/o(/) - J^**-*) /) - /^(e"^"^ /). 

We omit a tedious but simple computation based on (4.7)-(4.8) which gives 

i-       f^\     r n>\      i(*-x) /^M2^        />27r-asinA(psinA + sinf) 

Since ft is absolutely continuous inside A°, we come to the following expression for 

A*': 

,      sin X(p sin A + sin ^) 
/i = — 

^cos2 f - cos2 f ( y/cos2 f - cos2 f + sin f J 

Trp^ooCe^)!2 Trp2 |^oo(e«)|2 

The latter and 1/// G L00(A) imply // > 0 and continuous. The proof is complete. D 

REMARK 5.2. There is yet another way to show that the system (pn is uniformly 
bounded inside A£ for measures from Ci^. Indeed, it is not hard to see from (5.10) 
that 

5^lri,n-^| <ooi j = 1,2 
n=0 

uniformly on compact sets inside A^ whenever conditions (5.1) are met. Hence, both 
infinite products O^Ln lr.7>l ^or J ~ 1*2 converge. The desired property of the 
polynomials <^n follows now from [8, Theorem 17]. 

REMARK 5.3. Under much more general assumptions than (5.2) (which do not 
cover (5.1) though), the result was obtained in [14, Lemma 3.1 and Theorem 4.1]. 

REFERENCES 

[1] D. BARRIOS ROLANIA AND G. LOPEZ LAGOMASINO, Ratio asymptotics for polynomials orthog- 
onal on arcs of the unit circle, Constr. Approximation, 15 (1999), pp. 1-31. 

[2] M. BELLO HERNANDEZ AND G. LOPEZ LAGOMASINO, Ratio and relative asymptotics of polyno- 
mials orthogonal on an arc of the unit circle, J. Approx. Theory, 92 (1998), pp. 216-244. 

[3] T. ERDELYI, J. S. GERONIMO, P. NEVAI, AND J. ZHANG, A simple proof of "Favard's Theorem" 
on the unit circle, Atti. Sem. Mat. Fis. Univ. Modena, 29 (1991), pp. 41-46. 

[4] YA. L. GERONIMUS, Certain limiting properties of orthogonal polynomials, Vestnik Kharkov. 
Gos. Univ., 32 (1966), pp. 40-50. (Russian) 

[5]      , Orthogonal Polynomials, Consultants Bureau, New York, 1961. 
[6]      , Orthogonal polynomials, in Two Papers on Special Functions, Amer. Math. Soc. Transl., 

series 2, vol. 108, Providence, Rhode Island, 1977, pp. 37-130. 
[7] L. GOLINSKII, P. NEVAI, AND W. VAN ASSCHE, Perturbation of orthogonal polynomials on an 

arc of the unit circle, J. Approx. Theory, 83 (1995), pp. 392-422. 



436 L. GOLINSKII 

[8] L. GOLINSKII, P. NEVAI, F. PINTER, AND W. VAN ASSCHE, Perturbation of orthogonal polyno- 
mials on an arc of the unit circle, II, J. Approx. Theory, 96 (1999), pp. 1-33. 

[9] U. GRENANDER AND G. SZEGO, Toeplitz Forms and Their Applications, University of California 
Press, Berkeley, 1958; 2nd edition: Chelsea Publishing Company, New York, 1984. 

[10] A. MATE, P. NEVAI, AND V. TOTIK, Strong and weak convergence of orthogonal polynomials, 
Amer. J. Math., 109 (1987), pp. 239-281. 

[11]   P. NEVAI, Orthogonal Polynomials, Memoirs of the Amer. Math. Soc. 213, 1979. 
[12] F. PEHERSTORFER AND R. STEINBAUER, Orthogonal polynomials on arcs of the unit circle I, J. 

Approx. Theory, 85 (1996), pp. 140-184. 
[13]    ,  Orthogonal polynomials on arcs of the unit circle 11.  Orthogonal polynomials with 

periodic reflection coefficients, J. Approx. Theory, 87 (1996), pp. 60-102. 
[14]    , Asymptotic behaviour of orthogonal polynomials on the unit circle with asymptotically 

periodic recurrence coefficients, J. Approx. Theory, 88 (1997), pp. 316-353. 
[15] W. VAN ASSCHE, Asymptotics for orthogonal polynomials and three-term recurrences, in Or- 

thogonal Polynomials: Theory and Practice, P. Nevai, ed., NATO ASI Series C: Mathemat- 
ical and Physical Sciences 294, Kluwer Academic Publishers, Dordrecht-Boston-London, 
1990, pp. 435-462. 


