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L2-ESTIMATES FOR A CLASS OF

SINGULAR OSCILLATORY INTEGRALS

Andreas Seeger

A bstract . We prove L2 estimates for singular integral operators with
oscillatory terms and consequently obtain new results for Hilbert transforms
along variable curves in the plane. In particular we extend a result of Nagel,
Vance, Wainger and Weinberg for translation invariant even curves.

1. Introduction

We study the L2 boundedness of singular integral operators acting on
functions on the real line which are of the form

(1.1) Tλf(x) = lim
ε→0

∫
|x−y|≥ε

eiλS(x,y)K(x, y)f(y)dy

where S ∈ C2(X × X), X ⊂ R open and where the singular kernel K
is compactly supported in X × X. We assume that K is the kernel of a
classical pseudodifferential operator K of order 0; that is, K ∈ OPS0

1,0(R)
has a principal symbol which is homogeneous of degree 0. In other words,
in local coordinates

K(x, y) =
β0(x, y)
x − y

+ β1(x, y)δ∆ + K−1(x, y)

where δ∆ is a measure supported on the diagonal (the pullback ρ∗δ of the
Dirac measure δ in R under ρ(x, y) = x−y) and K−1(x, y) = O(log |x−y|)
for x near y. For obtaining Lp estimates the only nontrivial term to be
considered is (x − y)−1.

The operators Tλ and their generalizations in higher dimensions have
been studied by Phong and Stein [8], Ricci and Stein [10], and Pan [7]. As
shown in [8] uniform L2(R) estimates for Tλ can be applied to show L2(R2)
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boundedness of Hilbert transforms H along variable curves, in certain model
cases. Here H is defined a priori on functions in C∞

0 (R2) by

Hf(x) = η(x) p.v.
∫ δ

−δ

f(x1, x2 − S(x1, x1 − t))
dt

t

where η is a cutoff-function and δ > 0 is suitably small.
The behavior of Tλ is well understood if one imposes a weak finite type

condition (namely that the mixed derivative S′′
xy does not vanish of infinite

order at any point (x0, y0), see [7]). In this paper we consider some cases
where this finite type condition is not satisfied. In a translation invariant
model case, which corresponds to S(x, y) = γ(x−y), Nagel, Vance, Wainger
and Weinberg [6] proved a completely satisfactory result in the case that γ
is even and convex. In this case the associated Hilbert transform is bounded
if and only if γ′ satisfies a doubling condition; i.e. γ′(Bt) ≥ 2γ′(t) for t ≥ 0
and a suitable constant B. In the odd case they have an even weaker
necessary and sufficient condition.

In order to formulate a diffeomorphism invariant result for Tλ one would
like to introduce a concept of generalized convexity which is invariant under
a C2 change of variable.

Definition. A C1-function F : I → R is κ-quasimonotone if F ′(t) = a(t)+
b(t)F (t) where a does not change sign in I and |b(t)| ≤ κ for all t ∈ I.

Now for γ ∈ C2(I) a weak convexity condition would be that the de-
rivative γ′ is a κ-quasimonotone function in I, for some κ > 0. This
condition is invariant under a C2 change of variable. To see this suppose
that χ : I ′ → I is a C2 diffeomorphism and that we can split γ′′ = a + bγ′

as in the definition. Then

(γ ◦ χ)′′(t) = (χ′(t))2a(χ(t)) +
[
χ′(t)b(t) +

χ′′(t)
χ′(t)

]
(γ ◦ χ)′(t)

which shows the κ′-quasimonotonicity of (γ ◦χ)′ on I ′ for a suitable κ′ ≥ 0.

Theorem 1.1. Suppose that κ ≥ 0, and suppose that for any y the func-
tions

x �→ S′
x(x, y) − S′

x(x, x)

are κ-quasimonotone in {x : x > y} and in {x : x < y}; moreover suppose
that for any u the functions

y �→ S′
y(u, y) − S′

y(y, y)
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are κ-quasimonotone in {y : y > u} and in {y : y < u}.
Let g : R+ → R+ be a nondecreasing function satisfying

(1.2) g(Bt) ≥ 2g(t)

and suppose that

A−1g(|x − y|) ≤ |S′
x(x, y) − S′

x(x, x)| ≤ Ag(|x − y|)(1.3)

A−1g(|x − y|) ≤ |S′
y(x, y) − S′

y(y, y)| ≤ Ag(|x − y|)(1.4)

Then Tλ is bounded on L2(R) with bound independent of λ.

Using the Fourier transform in the x2 variable and Plancherel’s theorem
as in [8, p.117] one obtains the following Corollary for Hilbert transforms
on variable curves (as defined above).

Corollary 1.2. Suppose that S satisfies the assumptions of Theorem 1.1.
Then H is bounded on L2(R2).

Remarks.
(1) The hypotheses are satisfied for certain flat cases; for example one

may take S(x, y) = e−(x−y)−2
g1(x, y) or S(x, y) = e−g2(x,y)(x−y)−2

where g1, g2 ∈ C2 and g1(x, x) �= 0, g2(x, x) > 0 (of course it suffices
to check the hypotheses near the diagonal).

(2) In the translation-invariant case we have S(x, y) = γ(x−y). Assume
that γ(t) is even or odd, convex for t > 0, and |γ′(t) − γ′(0)| is
doubling in R+. Then the hypotheses of Theorem 1.1 are satisfied.
In particular we recover the result of [6] for even curves.

(3) The nondegenerate case S′′
xy �= 0 is covered by Theorem 1.1. The

derivative of x �→ S′
x(x, y)−S′

x(x, x) is −S′′
xy(x, x)+O(|x−y|) near

the diagonal. This shows the quasimonotonicity and (1.3) with
g(t) = t. The same argument applies to y �→ S′

y(x, y) − S′
y(y, y).

(4) Our hypotheses do not depend on the size of the second derivatives
of S. Therefore the assumption S ∈ C2 may be relaxed; for example
one can cover certain piecewise linear examples.

(5) Clearly the hypotheses of Theorem 1.1 are invariant under changes
of variables; in the sense that if the hypotheses apply to Tλ and χ
is a change of variable then they also apply to f �→ [Tλ(f ◦ χ)] ◦
χ−1. This can be considered a first step towards a diffeomorphism
invariant version of Corollary 1.2. We note that under finite type
conditions a diffeomorphism invariant theory for Hilbert transforms
on curves has been worked out by Christ, Nagel, Stein and Wainger
([2], [3]).
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(6) Using a different method, Carbery, Wainger and Wright earlier ob-
tained Lp estimates for Hilbert transforms on a class of flat curves
on the Heisenberg group, which are dilation invariant under certain
group automorphisms (see [1]). The orthogonality argument of the
present paper however has its root in [11, §4].

(7) Greenleaf and Uhlmann [4] showed that singular Radon transforms
can be considered as members of more general classes Ip,l of Fourier
integral operators associated with two cleanly intersecting
Lagrangians. For general finite type or even flat cases estimates for
operators in Ip,l classes are presently not well understood.

In what follows c and C will always be positive constants independent
of λ which may assume different values in different lines.

2. Almost orthogonality arguments

As pointed out above we may assume that K(x, y) = β(x, y)(x − y)−1

where β vanishes if |x − y| ≥ 1/2. Let χ ∈ C∞
0 (R) be an even function

supported in (1/2, 2)∪(−2,−1/2) with the property that
∑∞

l=−∞ χ(2ls) = 1
for all s �= 0. Let

Kj(x, y) = χ(2j |x − y|)K(x, y)

and denote by Tj the integral operator with kernel Kj . Observe that the
operators Tj are uniformly bounded on Lp, 1 ≤ p ≤ ∞; moreover Tλ =∑

Tj as operators acting on C∞
0 functions. In order to show that Tλ

extends to a bounded operator on L2(R) we consider the operator T =∑
Tj , where the sum involves only finitely many terms, and show that it

is bounded with operator norm independent of λ and the number of terms
in the sum. The uniform boundedness of Tλ then follows by a limiting
argument.

We now describe the first basic decomposition of the operator. Let N
be such that

2N−2 ≤ B < 2N−1

and let
t0 = min

{
max{t : tg(t) ≤ λ−1}, 2−2N

}
Let M ∈ N be defined by

2−M−1 < t0 ≤ 2−M .

We decompose

T =
∑

j>M+2N

Tj +
∑

M−2N≤j≤M+2N

Tj +
∑

j<M−2N

Tj

= T 1 + T 2 + T 3
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Since the sum defining T 2 involves only 4N + 1 terms it is a bounded
operator on L2 with operator norm O(log B). We use the orthogonality
lemma of Cotlar and Stein (see [5]) and the L2-boundedness of T 1 and T 3

will follow from
‖T ∗

j Tl‖ + ‖TjT
∗
l ‖ ≤ C2−(l−j)γ

where l > j+2N and either j, l ≥ M+2N or j, l ≤ M−2N and γ > 0. Note
that the case l < j − 2N follows by duality and that the case |l − j| ≤ 2N
follows from the uniform boundedness of the Tj .

The following estimate is crucial in our proof.

Lemma 2.1. Suppose (1.2-4) hold and suppose that |x−z| ≈ 2−l, |x−y| ≈
2−j, j < l − N − 2. Then there is γ > 0 such that the inequality

|S′
x(x, z) − S′

x(x, x)| ≤ C2−γ(l−j)|S′
x(x, y) − S′

x(x, x)|

holds..

Proof. The assertion with γ ≥ c[log(1 + B)]−1 is a straightforward conse-
quence of the doubling condition (1.2) for g. �
Estimation of T 1. kernel Hjl of T ∗

j Tl which is given by

(2.1) Hjl(y, z) =
∫

eiλ(S(x,z)−S(x,y))Kj(x, y)Kl(x, z) dx.

We shall first assume that j, l ≤ M − 2N (and l > j + 2N). Note that if
this case comes up at all then t0g(t0)λ ≥ 1. An integration by parts yields

Hjl(y, z) =
i

λ

∫
e−iλ(S(x,y)−S(x,z)) S′′

xx(x, y) − S′′
xx(x, z)

(S′
x(x, y) − S′

x(x, z))2
Kj(x, y)Kl(x, z) dx

− i

λ

∫
e−iλ(S(x,y)−S(x,z))

d
dx

[
Kj(x, y)Kl(x, z)

]
S′

x(x, y) − S′
x(x, z)

dx

= I(y, z) + II(y, z).

Let Jl(z) = {x : 2−l−1 ≤ |x − z| ≤ 2−l+1} and split Jl(z) = J+
l (z) ∪

J−
l (z) where x > z if x ∈ J+

l (z) and x < z if x ∈ J−
l (z). We split

I = I+ ∪ I− where I+, I− are defined by restricting the x-integration in
(2.1) to J+

l (z) and J−
l (z), resp. In the same way split II and for the present

case j, l > M +2N we only consider I+ and II+ (the analysis for the three
remaining terms is the same).

Define
Ψ(x, y) = S′

x(x, y) − S′
x(x, x).
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Then

|I+(y, z)| ≤ 2j+l

λ

∫
J+

l (z)

|Ψ′
x(x, y)| + |Ψ′

x(x, z)|
(Ψ(x, y) − Ψ(x, z))2

dx

In view of the doubling property of Ψ (Lemma 2.1) we have x ∈ J+
l (z)

(2.2) |Ψ(x, y) − Ψ(x, z)| ≥ 1
2
|Ψ(x, y)| ≥ c2(l−j)γ |Ψ(x, z)|

and by the monotonicity of tg(t) (which follows from the monotonicity of
g(t))

(2.3) |Ψ(x, z)| ≥ cA−1g(|x − z|) ≥ c′A−1 t0g(t0)
|x − z| .

By assumption the functions x → Ψ(x, y) are κ-quasimonotone in J+
l (z).

Therefore we may decompose

(2.4) Ψ′
x(x, y) = ay(x) + by(x)Ψ(x, y)

where ay does not change sign and |by(x)| ≤ κ. Using the first inequality
in (2.2) and using (2.4) twice we estimate

∫
J+

l (z)

|Ψ′
x(x, y)|

(Ψ(x, y) − Ψ(x, z))2
dx ≤ C

[∫
J+

l (z)

|ay(x)|
(Ψ(x, y))2

dx+
∫

J+
l (z)

|by(x)|
|Ψ(x, y)|dx

]

(2.5)

≤ C

[∣∣∣
∫

J+
l (z)

Ψ′
x(x, y) − by(x)Ψ(x, y)

(Ψ(x, y))2
dx

∣∣∣ + κ

∫
J+

l (z)

1
|Ψ(x, y)|dx

]

≤ C

[∣∣∣
∫

J+
l (z)

∂

∂x

1
Ψ(x, y)

dx
∣∣∣ + 2κ

∫
J+

l (z)

1
|Ψ(x, y)|dx

]

By (2.5), the second inequality in (2.2) and (2.3) we obtain

(2.6)
∫

J+
l (z)

|Ψ′
x(x, y)|

(Ψ(x, y) − Ψ(x, z))2
dx ≤ C2−l2−(l−j)γ [t0g(t0)]−1.
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Similarly
∫

J+
l (z)

|Ψ′
x(x, z)|

(Ψ(x, y) − Ψ(x, z))2
dx ≤ C

∫
J+

l (z)

|Ψ′
x(x, z)|

(Ψ(x, y))2
dx

(2.7)

≤ C2−2(l−j)γ

∫
J+

l (z)

|Ψ′
x(x, z)|

(Ψ(x, z))2
dx

≤ C2−2(l−j)γ

[∫
J+

l (z)

|az(x)|
(Ψ(x, z))2

dx + κ

∫
J+

l (z)

|bz(x)|
|Ψ(x, z)|dx

]

≤ C2−2(l−j)γ

[∣∣∣
∫

J+
l (z)

∂

∂x

1
Ψ(x, y)

dx
∣∣∣ + 2κ

∫
J+

l (z)

1
|Ψ(x, y)|dx

]

≤ C2−2(l−j)γ2−l[t0g(t0)]−1.

From (2.6) and (2.7) and the definition of t0 it follows that

I+(y, z) ≤ C2j 2−(l−j)γ

λt0g(t0)
≤ C2j2−(l−j)γ

Finally, using (2.2) and (2.3) again we see that

II+(y, z) ≤ C22j+lλ−1

∫
J+

l (z)

|Ψ(x, y) − Ψ(x, z)|−1 dx ≤ C2j2−(l−j)γ .

Analogous estimates hold for I− and II−. Now I± and II± vanish when-
ever |y − z| ≥ 2−j+2. Therefore we obtain

∫
|Hjl(y, z)| dz +

∫
|Hjl(y, z)| dy ≤ C ′2−(l−j)γ

which implies ‖T ∗
j Tl‖ = O(2−(l−j)γ) if l > j + 2N and j, l ≤ M − 2N .

The same conclusion for ‖TjT
∗
l ‖ follows in exactly the same way if we use

the hypothesis (1.3) instead of (1.2). This yields the desired estimate for
‖T 1‖. �
Estimation of T 3. In order to bound ‖T 3‖ we have to bound ‖TjT

∗
l ‖ for

j, l ≥ M + 2N and l > j + 2N . Since χ is an even function we have
∫

χ(2l(x − z))
x − z

dx = 0

and therefore

Hjl(x, z) =
∫

Jl(z)

[Rjλ(x, y, z) − Rjλ(z, y, z)]
χ(2l(x − z))

x − z
dx
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where
Rjλ(x, y, z) = e−iλ(S(x,y)−S(x,z))β(x, z)Kj(x, y).

Now whenever |x′ − z| ≤ 2−l+1 we have

λ|S′
x(x′, y) − S′

x(x′, z)| ≤ λ|S′
x(x′, y) − S′

x(x′, x′)|
+ λ|S′

x(x′, z) − S′
x(x′, x′)|

≤ 2λ|S′
x(x′, y) − S′

x(x′, x′)|
≤ 2Aλg(|x′ − y|)
≤ A2j+2λ|x − y|g(|x − y|)

≤ A2j+2λ
t0
2

g(
t0
2

)

≤ C2j .

From this one easily sees that ∂xRjλ(x′, y, z) = O(22j) and therefore

|Rjλ(x, y, z) − Rjλ(z, y, z)| ≤ C22j−l

if |x − z| ≤ 2−l+1. This implies the bound

∫
|Hjl(y, z)| dz +

∫
|Hjl(y, z)| dy ≤ C2−(l−j)

and shows that ‖T ∗
j Tl‖ = O(2−(l−j)) if l > j + 2N and j, l ≥ M + 2N .

Since the analogous conclusion for ‖TjT
∗
l ‖ follows similarly we can deduce

the boundedness of T 3. �

This completes the proof of Theorem 1.1.
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