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A GRADIENT BOUND FOR THE

GRAD-KRUSKAL-KULSRUD FUNCTIONAL

Peter Laurence and Edward Stredulinsky

A bstract . We announce a gradient bound for minimizers of a variational
problem arising in the Grad-Kruskal-Kulsrud model for the equilibrium
of a confined plasma. The variational problem involves derivatives of the
nondecreasing rearrangement of minimizers. In the case of a convex domain
our results answer in the negative a question raised by Grad concerning the
possibly singular behavior of the magnetic field at the point of maximum
flux. It completes a research program begun in 1983 in which an approach
using free boundaries was initiated to handle the nonlinear nonlocal nature
of the problem. Limiting minimizers of the variational problem are shown
to have bounded gradient and satisfy a weak equation which for one model
problem takes the form

�ψ = −ψ∗′′(µψ(ψ))

where ψ∗, µψ are respectively the nondecreasing rearrangement, and distri-
bution function of ψ.

Plasmas and variational problems with global constraints

The Grad-Kruskal-Kulsrud model (hereafter GKK) [GHS], [KK] for the
confinement of a thermonuclear plasma is a realistic one in which the non-
linearities are nonlocal nonlinear functionals of the solution. Here we apply
the variational problem to axisymmetric magnetic bottles, known as toka-
maks [CH]. These devices are at the forefront of experimental research to-
day. [TFTR at Princeton, Jet at Culham, ...]. Associated with the plasma
in equilibrium is an energy, expressed in terms of the magnetic field B
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and the scalar pressure p, which must be minimized over an appropriate
function space:

(1) E =
∫

T

|B|2
2

+ p.

In order to deal with the nonlocal and nonlinear structure of the varia-
tional problem a method of approximation via a sequence of free boundary
problems was introduced in [LS1]. Although the method soon proved pow-
erful enough [LS4, 5] to yield a gradient bound for certain semilinear elliptic
problems with nonmonotone, L1 nonlinearities, its application to the Grad
variational problem proved substantially more challenging and for a long
period produced only partial results. Over the last year the method was
further refined so that it could be applied successfully to the Grad func-
tional. The purpose of the present announcement is to advertise the coming
of age of this method along with its successful application to a problem that
has resisted other approaches.

In this announcement for simplicity we will, following Grad, consider a
simplified model where curvature effects are ignored and the axisymmetric
torus is replaced by a periodic cylinder. As in the axisymmetric case the
variational problem then reduces to one in the cross-section of the cylinder.
The magnetic field may then be represented as the orthogonal gradient of
a stream function ψ and p may be eliminated in favor of the density ρ

assuming an adiabatic equation of state, i.e.

B = ∇⊥ψ(x) + Bz(x)∇z, p = Sρ2

where the z axis is orthogonal to the cylindrical cross-section Ω, Bz is the
z component of the magnetic field, ∇z is a unit vector in the z direction,
and the constant S is the entropy. The energy (1) can then be written

(2) J(ψ) =
∫

Ω

{
|∇ψ|2 + |Bz|2 + Sρ2

}
dA,

where dA denotes integration with respect to Lebesgue measure in the
cross-section Ω. The energy (2) is to be minimized subject to constraints of
prescribed total mass M(ψ) within the flux surfaces {ψ = c} and prescribed
total toroidal flux µ(ψ) defined by

(3) M(c) =
∫

ψ>c

ρ dA , µ(c) =
∫

ψ>c

B · ∇z dA.
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The constraints are

(4) M(ψ) = f1(ψ), µ(ψ) = f2(ψ),

where f1 and f2 are given continuous functions and f1 is positive.
Solutions are normalized by setting ψ = 0 at ∂Ω, and the total flux

maxΩ ψ − minΩ ψ is normalized to one.
It was shown heuristically in [KK] and rigorously in [LS6] that the func-

tional J(ψ) achieves its minimum, subject to the constraints and ψ
∣∣
∂Ω

= 0,
at a function ψ which minimizes the Grad functional

(5) J(ψ) =
∫

Ω

|∇ψ|2 dA +
∫ |Ω|

0

[Sf ′2
1 (ψ) + f ′2

2 (ψ)]ψ∗′2(µ) dµ

where ψ∗ is the nondecreasing rearrangement of ψ defined by

(6) ψ∗(µ) = sup { t : |{x : ψ(x) < t }| < µ } .

Formula (5) is the functional studied in [GHS]. The variational prob-
lem was studied by Laurence and Stredulinsky [LS1-3] after Mossino and
Temam had introduced a slightly different version of the problem to the
mathematical community in [MT]. For simplicity, take S = 1, f1(t) =
f2(t) = t/2 to obtain the model problem

(7) J̃(ψ) =
∫

Ω

|∇ψ|2 dA +
∫ |Ω|

0

ψ∗′2(µ) dµ

with the Euler equation:

∆ψ = −ψ∗′′(µψ(ψ)),

where µψ(t) = |{ψ > t}| is the distribution function of ψ. In general there
is no simple expression for ψ∗′′. If |∇ψ| is bounded from zero and ψ is
smooth one has

ψ∗′′(µψ(t)) =
{∫

ψ=t

∇ ·
( ∇ψ

|∇ψ|2
)

d�

|∇ψ|

}
ψ∗′3 .

The functional J̃ is to be minimized on the space

W =
{

ψ ∈ H1
0 (Ω) : ψ∗ ∈ H1(0, |Ω|), ψ∗(0) = 0, ψ∗(|Ω|) = 1

}
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Results

We have obtained a gradient bound for certain minimizers of J̃ on W

when Ω is a convex subset of �2. Uniqueness is not known so we can-
not claim a gradient bound for all minimizers. Our method, which is
constructive, approximates the variational problem by a sequence of free
boundary problems. The nth approximating free boundary problem is as-
sociated with n-layers A

(n)
i = {x : t

(n)
i−1 ≤ ψn < t

(n)
i }, i = 1, . . . , n − 1,

A
(n)
n = {ψn = t

(n)
n−1} (minimizers satisfy inf ψn = 0, supψn = t

(n)
n−1), with

its minimizers ψn being harmonic within each layer and satisfying a jump
condition

(8) |∇ψext
n |2 − |∇ψint

n |2 =

(
∆t

(n)
i+1

|A(n)
i+1|

)2

−
(

∆t
(n)
i

|A(n)
i |

)2

across the free boundaries Γ(n)
i = ∂{ψn = t

(n)
i }, i = 1, . . . , n−2. Here |A(n)

i |
denotes the Lebesgue measure of A

(n)
i , and 0 = t

(n)
0 < t

(n)
1 < . . . < t

(n)
n = 1,


t
(n)
i = t

(n)
i − t

(n)
i−1. Due to an area constraint on A

(n)
n the gradient jump

across Γ(n)
n−1 = ∂{ψn = t

(n)
n−1} is an unknown constant which can only be

bounded using an inequality analogous to (8).
The key to our approach is to obtain a gradient bound, uniform in n, on

minimizers of the approximating problems. This is combined with a proof
that the minimizers of the approximating problems converge to a minimizer
of (7).

Our efforts to obtain a gradient bound for minimizers of (7) were initi-
ated in [LS1]. From the outset we focused, as we also do here, on the case
where Ω is convex. However a fundamental difference is that in earlier work
[LS1,3] an extraneous assumption was made that level sets of minimizers
were to be convex. The gradient bound we present here is independent of
this or any other extraneous assumption.

An indication as to why one may expect a gradient bound for minimizers
of J̃ comes from the following a priori estimate derived in [LS1]. By making
a range variation in J̃ one obtains

(9) ψ∗′ +
∫

{ψ=t}

|∇ψ| = inf J̃ ,

thus ψ∗′ is bounded by the minimum energy. Also as follows by a p function
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argument of Mossino [M], and Payne and Stakgold [PS]

(10) P (ψ) = |∇ψ|2(x) +
∫ ψ(x)

0

ψ∗′′(µψ(t)) dt

attains its maximum where ∇ψ = 0. Thus introducing a change of variables
t = ψ∗(µ) in (10) and integrating one gets in conjunction with (9) the
inequality

(11) |∇ψ| ≤ ψ∗′(µψ(ψ(x̄))) ≤ inf J̃ .

The method of [M], [PS] assumes ψ ∈ C2 and ψ is superharmonic. As
minimizers are only in H1

0 the point of using the approximating variational
problems is to find a version of (11) (and (9)) that can be established in the
approximating setting where minimizers are Lipschitz continuous. Also our
proof does not rely on superharmonicity (which is not known at this point).
One then passes to the limit to obtain a gradient bound for a minimizer of
(7). Our main result is

Theorem 1. If Ω is convex then there exists a Lipschitz continuous min-
imizer ψ of J̃ on W satisfying

(12) |∇ψ| ≤ inf J̃ a.e.

This minimizer satisfies the following weak form of the Euler equation

(13)
∫

Ω

{
(∇ψ)⊥

[
(∇ψ)⊥ · ∇η

]
+

[
1
2 |∇ψ|2 + ψ∗′2(µψ(ψ))

]
∇η

}
dA = 0

∀ η ∈ C∞
0 (Ω) × C∞

0 (Ω).

The weak equation (13) is derived in [LS6] directly by making appro-
priate variations without the aid of the approximating problems. On the
other hand equation (12) will require the full strength of the approximating
free boundary problems which we now introduce.

Approximating free boundary problems

Let

(14) JT (ψ) =
∫

Ω

|∇ψ|2 dA +
n∑

i=1

∆ti
2

|Ai|
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where T = {t0 = 0 < t1 < · · · < tn = 1} is a partition of the interval
[0, 1], Ai = {ti−1 ≤ ψ < ti}, and where Γi = ∂{ψ = ti}, i = 1, . . . , n − 2,
Γn−1 = ∂{tn−1 ≤ ψ} are the n − 1 free boundaries corresponding to the
partition T . Consider the approximating variational problem of finding
a = an ∈ (0, |Ω|) at which the following supremum is attained

(15) Sn = sup
0<a<|Ω|

inf
(T,ψ)∈Wa,n

JT (ψ)

where

Wa,n =
{

(T, ψ) : T = {t0 = 0 < t1 < · · · < tn = 1}, 
tn ∈ (0, 1),


t1 = · · · = 
tn−1, ψ ∈ H1
0 (Ω), |An| = |{tn−1 ≤ ψ < tn}| = a

}
,

and a pair (T (n), ψn) at which the inf in (15) is attained for a = an i.e.
Sn = JT (n)(ψn). Formally the functions ψn satisfy condition (8) at the
free boundaries Γ(n)

i . We refer to this problem as the approximating Grad-
Kruskal-Kulsrud problem (AGKK). A natural question is to ask why we
need the area constraint in Wa,n and the supremum over a in (15). The
answer is that to establish a uniform gradient bound one needs an analogue
of (9) in the free boundary setting. But (9) was established using a range
variation. It turns out that the only straightforward way to do a range
variation in the free boundary setting is to allow variation in the levels
ti, i = 1, . . . , n − 1, while fixing an = |A(n)

n | to prevent the minimum of
the functional from degenerating to zero. Unfortunately one then loses
knowledge of the magnitude of the jump in the gradient at the innermost
free boundary (an area constraint implies only that the jump is constant)
which prevents a complete gradient bound from being established. However
an estimate of the gradient jump can be recovered for the special value of
a for which the supremum in (15) is obtained.

Theorem 2. Let Ω be convex. Then there exists a Lipschitz continuous
function ψn which solves AGKK and satisfies

(i) |∇ψn| ≤ ∆t(n)
n /|A(n)

n | a.e.

and

(ii) ∆t(n)
n /|A(n)

n | ≤ JT (ψn) ≤ inf
W

J̃
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The proof of Theorem 2 relies on a maximum principle for |∇ψ| which
circumvents the difficulty that ∇ψ may not be defined in a classical sense
at points on the free boundaries Γi which are elements of an exceptional set
C of zero one dimensional Hausdorff measure. The free boundary condition
(8) is satisfied classically off of C and in addition for x ∈ C in the following
weak sense:

(16) lim sup
y→x
y∈Ai

|∇ψn(y)|2 +
(

∆ti
|Ai|

)2

= lim sup
y→x

y∈Ai+1

|∇ψn(y)|2 +
(

∆ti+1

|Ai+1|

)2

Theorem 3. (Limiting Behavior). The solutions ψn of AGKK satisfy
(i) |A(n)

n | → 0, (ii) ψnk
−→ ψ in H1

0 (Ω) (for some subsequence nk), where
ψ minimizes (7) over W .

That the limiting function ψ in Theorem 3 is an element of W is due to
the fact that the summation term in (14) is the square of the L2 norm of
the derivative of the linearization of ψ∗

n at levels t
(n)
i . This fact allows one

to take advantage of the lower semicontinuity properties of the individual
terms in the functional (7). Since the distribution functions of ψ∗

n and its
linearization agree at levels t

(n)
i , which are becoming dense in the limit, it

is possible to establish that the linearizations of ψ∗
n tend to ψ∗ in the limit

and that the limiting function ψ is a minimizer of (7) over W .

Monotonicity formula mimics curvature

If the free boundaries Γi were known to be C2, an argument involving
their curvature, similar to that in [LS4], could be used to establish part
i) of Theorem 2. In the presence of an exceptional set where the free
boundaries are not smooth we can use the striking monotonicity formula
in Alt, Caffarelli, Friedman [ACF] to mimic the effects of curvature at
the exceptional points (see details in next section). The functional (14) is
a nonlinear n layer version of that in [ACF] (note [BKP] for a result on
spherical caps which is needed in [ACF]). Blow up arguments can be used
to linearize our functional and recover crucial nondegeneracy estimates in
[ACF].

Outline of proofs

In this section we explain the proof of Theorem 2, part i), which contains
the application of the monotonicity formula. This part of the Theorem
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deals with regularity and a maximum principle. A first and fundamental
step in our analysis consists in proving that the minimizers are Holder
continuous. This first step uses Morrey’s dyadic argument and is inspired
by [ACF,Theorem 2.1 ]. It is more delicate however because of the presence
in our case of the constraint |{ψn ≥ tn}| = a which limits the variations
that can be made. An immediate consequence of the continuity of our
minimizers is that the free boundaries ∂{ψn = ti}, i = 1, . . . , n − 1 are
separated (i.e. closed and nonintersecting) and so in our variational analysis
we may vary one free boundary at a time. Thus for the most part we deal
with a 2-phase free boundary problem. This two phase free boundary
problem is a nonlinear version of that in [ACF] since, as noted before, the
terms |{ti ≤ ψn < ti+1}| appear in the denominator rather than in the
numerator.

We establish a maximum principle which shows that the sup of the
modulus of the gradient of a solution of our n-layer free boundary problem
(15) is bounded a.e. by the value of a quantity Λn associated with An =
|{tn−1 ≤ ψn < tn}|.

We will refer to layer An and the corresponding free boundary as ‘in-
nermost’. This terminology is introduced in order to make the ensuing
discussion more visual. It has limited validity however since it is accurate
only if the free boundaries ∂{ψn = ti}, i = 1, . . . , n are nested. At present
we are unable to rule out the possibility that the free boundaries may have
many components and that the level sets {ψn = ti}, i = 1, . . . , n − 1 may
have positive measure (recall that the set {ψn = tn} has measure a by con-
struction). It turns out that the possible multiplicity of the components
does not cause additional difficulties in our analysis except when dealing
with the Haussdorff convergence of the innermost free boundaries associ-
ated with minimizing sequences.

The essence of our maximum principle is an argument based on the weak
free boundary condition (16). Note that (16) is essentially equivalent to
the statement that the definition of the function

Λ(x) = |∇ψ(x)|2 +

t2i
|Ai|2

, for x ∈ Ai = {ti−1 ≤ ψ < ti},

i = 1, . . . , n, can be extended to the closure of Ω \ An as an upper semi-
continuous function. We will show that Λ(x) attains its maximum on ∂An,
this maximum being bounded by the value of Λ on An. This leads to the
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inequality
sup
Ω

Λ = sup
An

Λ ≥ lim sup
x→∂{ψ<tn−1}

ψ(x)<tn−1

Λ(x)

from which our gradient bound is directly derived.
The derivation of the weak form of the free boundary condition requires

the study of blow up limits of a minimizer at points on its free boundaries.
These blow up limits are shown to be global minimizers of a linearized
version of the functional (14). The linearization of (14) is essentially the
functional in [ACF]. In [ACF] blow up limits of the linearized functional
have been shown to be either one or two plane solutions. This strong
information when coupled with the monotonicity formula yields the weak
free boundary condition (even in the linear case this seems to be new in
the sense that it yields a useful free boundary condition at an earlier stage
in the analysis). The monotonicity formula, in the two dimensional case,
says that if x0 ∈ {u = 0} where u is a function harmonic in BR \ {u = 0}
then the quantity

M(u, r) =
1

|Br|2
∫

Br

|∇u+|2 ·
∫

Br

|∇u−|2

is increasing in r for small r.
To begin the proof of our gradient bound notice that Λ(x) cannot reach

its maximum on ∂Ω. Indeed ∂Ω is convex and so by a well known identity
[LS1, p. 353]

(17)
∇ψ

|∇ψ| · ∇(|∇ψ|) = κ|∇ψ|

(κ is curvature of level curves of ψ) the gradient increases initially in the
interior normal direction. In addition, since g = |∇ψ|2 is subharmonic
where ψ is harmonic, g can achieve an interior maximum in some Ai only
when constant. But from (17) this would imply that g ≡ 0 (which only
happens in An and so is not relevant in Ω \ An), or κ ≡ 0, which only
happens when level curves of ψ are lines, i.e. ψ is linear (due to constant
gradient), a geometrical impossibility since Ω is bounded. Thus Λ(x) can
achieve its maximum only on one of the free boundaries.

Now we use the monotonicity formula to conclude that the maximum of
Λ(x) can not occur on a free boundary other than ∂An. To see this assume
that the maximum occurs at x0 on another free boundary ∂{ψ = ti}. Let

α = lim sup
y→x0
y∈Ai

|∇ψn(y)|2, β = lim sup
y→x0

y∈Ai+1

|∇ψn(y)|2.
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Using arguments from [ACF] one can show that the blowup limit ψ̃ at
x0 is a two plane solution, i.e. linear on either side of a line, with gradients
α and β. Combining this with the monotonicity of M(u, r), u = ψ− ti one
gets M(ψ̃, 1) ≤ M(ψ, r) so

(18)
αβ

4
= M(ψ̃, 1) ≤ αβ

|Br ∩ {ψ > ti}| |Br ∩ {ψ ≤ ti}|
|Br|2

≤ αβ

4
.

Equality implies that |∇ψ| is constant on either side of the free bound-
ary (in some small ball) which as before leads to a contradiction due to
(17). One sees again the connection between the monotonicity formula and
curvature in that the monotonicity of M(ψ, r) leads to the conclusion that
level curves have zero curvature. To further emphasize this connection note
that equality in (18) also implies that the free boundary splits Br exactly
in two, measure wise, which would be impossible for all small r at a point
of nonzero curvature if the free boundary were known to be smooth. An-
other indication of this connection comes from the observation that one
can replace the use of (17) in the above argument by an application of
the monotonicity formula as above in order to show level curves have zero
curvature.

In any event we have established that the maximum of Λ (over the closure
of Ω \ An) occurs on ∂An. However one can show that the innermost free
boundary ∂An is convex (or consists of convex components) and that it is
analytic. It then follows by free boundary calculations and a range variation
that Λ is constant, and (16) holds as an inequality, on ∂An. This allows us
to conclude that

Λ(x) ≤
(

∆tn
|An|

)2

in Ω since ∇ψ = 0 in An. But by virtue of Theorem 2 Part ii) this last
quantity is bounded by the energy JT (ψn) of the minimizer of the nth

approximating problem, which is bounded independently of n by infW J̃

(J̃ as in (7)).
Another approach to the GKK problem has been investigated by Eyde-

land, Lifschitz, Spruck and Turkington [EST], [LTES], [TESL]. They intro-
duce an elegant method of approximating the variational problem (2) which
is well adapted to numerical work. However they do not consider uniform
gradient bounds and so cannot derive a gradient bound for minimizers of
GKK (in the presence of infinitely many constraints).
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