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BOTT-TYPE SYMPLECTIC FLOER COHOMOLOGY AND
ITS MULTIPLICATION STRUCTURES

Yongbin Ruan and Gang Tian

One of the celebrated theories in the 80’s is the Floer (co)-homology.
Floer first defined his cohomology in the context of symplectic geometry in
an attempt to solve the Arnold conjecture. Later, he extended his cohomol-
ogy to gauge theory, which he called Instanton cohomology. Even though
the gauge theoretic Floer (co)-homology was an analogue of his symplec-
tic Floer (co)-homology, it has attracted more attention during last few
years and experienced a rapid development, due to the work of Donaldson,
Taubes, Kronheimer, Mrowka, Stern, Finturshel, Fukaya, Austin-Braam
and other gauge theorists. The development of the symplectic Floer (co)-
homology was at a slower pace. Recently, partly inspired by the quantum
cohomology theory, there is a surge of interest in studying multiplication
structures on the symplectic Floer cohomology. It seems that those mul-
tiplications can be unified by introducing a Bott-type symplectic Floer
cohomology. The main purpose of this paper is to give a brief description
of the construction of the Bott-type symplectic Floer cohomology and its
multiplication structures on semi-positive symplectic manifolds. The de-
tails of the proof will appear in a forthcoming paper. The gauge theoretic
Bott-type Floer homology (without considering the multiplication ) has
been previously established by Austin-Braam [AB] and Fukaya [Fu], based
on the analysis developed by Mrowka [M]. We are partially inspired by
their work. We should point out that these multiplication structures are
unique for the symplectic Floer cohomology and there is no analogue in
gauge theory.

The quantum cohomology played a critical role in recent developments
in algebraic geometry and mathematical physics. Recently, we established
its mathematical foundation for semi-positive symplectic manifolds [RT].
The quantum cohomology imposed a new ring structure on the ordinary
cohomology with the Novikov ring as its coefficient ring. The new mul-
tiplication is called quantum multiplication. Such a quantum cohomology
captures the full information of Witten’s topological sigma model theory.
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The symplectic Floer cohomology was defined for a hamiltonian symplec-
tomorphism whose fixed points are nondegenerate. A crucial step to a
solution of the Arnold conjecture is to show that the Floer cohomology is
the same as the ordinary cohomology. Furthermore, Floer also introduced
a multiplication on the Floer cohomology, extrinsic multiplication, by the
ordinary cohomology. This multiplication is very useful in the resolution
of the Arnold conjecture in the case of degenerate fixed points [F], [OV].
On the other hand, there is a natural way to define an intrinsic multiplica-
tion on the Floer cohomology by using the perturbed J-holomorphic maps
from a pair-pants to the symplectic manifold. In fact, such an intrinsic
multiplication has been established by Betz and Rade [BR]. It has been
conjectured that all these multiplications (intrinsic and extrinsic) are the
same as the quantum multiplication. For the extrinsic multiplication, a
physical argument was given by Sadov [S]. In [P], Piunikhin outlined a dif-
ferent approach towards the proof of the equivalence of the extrinsic mul-
tiplication and the quantum multiplication by using intersection theory.
The difficulty with this approach lies in the fact that the compactification
of the moduli space of trajectories has codimension 1 boundary (cf. section
2). On the other hand, the equivalence of the intrinsic multiplication and
the quantum multiplication has not been addressed at all.

A hamiltonian symplectomorphism is Bott-type if and only if the fixed-
point set consists of nondegenerate submanifolds in the sense of Bott (cf.
Definition 1.1). It is easy to see that identity and nondegenerate hamilto-
nian symplectomorphisms are Bott-type. The ordinary Floer cohomology
was defined in terms of a nondegenerate hamiltonian symplectomorphism.
But almost all the analysis in this case fails when we replace the nonde-
generate symplectomorphism by a Bott-type symplectomorphism. Topo-
logically, our Bott-type Floer cohomology is defined as the cohomology of
a chain complex consisting of all geometric chains (cf. section 2) in the
fixed-point set of the Bott-type symplectomorphism. In order to define
the boundary operator on such a chain complex, we have to prove that the
compactification of the moduli space of trajectories is a simplicial complex
(cf. Theorem 2.1). It involves a very difficult analysis of the behavior of the
moduli space of trajectories near degenerations. This analysis refines that
developed in [RT]. We will show that our Bott-type Floer cohomology is
actually independent of a particular Bott-type hamiltonian symplectomor-
phism. Our Bott-type cohomology can often be interpreted as the limit of
a spectral sequence. Such a spectral sequence arises from the filtration of
our chain complex. As a corollary of our Bott-type Floer cohomology the-
ory, we prove a version of the Arnold conjecture for Bott-type hamiltonian
symplectomorphisms (cf. Corollary 1.3).

Furthermore, we will construct two different multiplications on our



BOTT-TYPE SYMPLECTIC FLOER COHOMOLOGY 205

Bott-type Floer cohomology (extrinsic and intrinsic) and prove that they
are independent of a particular Bott-type hamiltonian symplectomorphism.
It is easy to check that the intrinsic and extrinsic multiplications of identity
are the same as the quantum multiplication. Therefore, the multiplications
on the ordinary Floer homology of nondegenerate hamiltonian symplecto-
morphisms are the same as the quantum multiplication. In the last section,
we define the quantum Massey product. The same method can be used
to define various secondary operations over the Bott-type Floer cohomol-
ogy (cf. section 5), generalizing Fukaya’s construction [Fu1]. A famous
theorem in algebraic topology states that the ordinary Massey product
vanishes for Kahler manifolds. Our approach indicates that the quantum
Massey product should also vanish for Kahler manifolds. Our Bott-type
Floer cohomology also gives a new approach to calculating the quantum
cohomology of fibration, which is a rather difficult problem in algebraic
geometry. We shall leave it for the future research.

During the preparation of this paper, Piunikhin, Salamon and Schwarz
also announced an independent proof of the equivalence of the multipli-
cations on the Floer cohomology and the quantum multiplication. Their
approach is completely different from ours.

1. Statements of main theorems

Let (V, ω) be a closed symplectic manifold. Given any function H on
V × S1, we can associate a vector field XH as follows:

(1.1) ω(XH(z, t), v) = v(H)(z, t), for any v ∈ TzV

We call H a periodic hamiltonian and XH a hamiltonian vector field as-
sociated to H. Let φt(H) be the integral flow of the hamiltonian vector
field XH . Then φ1(H) is a hamiltonian symplectomorphism.

Definition 1.1. We declare a periodic hamiltonian H to be of Bott-type if
and only if the fixed-point set F (φ1(H)) of φ1(H) is nondegenerate in the
sense of Bott, i.e., F (φ1(H)) consists of smooth submanifolds in V and
φ1(H) is nondegenerate in the normal directions of these submanifolds.

Example 1.2. If H is nondegenerate, then H is of Bott-type. If H = 0,
then φ1(H) is the identity and clearly of Bott-type, so H = 0 is of Bott-
type.

To state the main theorems, we need some notations. Let H be a Bott-
type periodic hamiltonian function. Let L(V ) be the space of contractible
maps (sometimes called contractible loops) from S1 into V and L̃(V ) be



206 YONGBIN RUAN AND GANG TIAN

the universal covering of L(V ); namely, L̃(V ) is as follows:

(1.2) L̃(V ) = {(u, x)|u ∈ L(V ), x : D2 → V such that u = x|∂D2}/ ∼,

where the equivalence relation ∼ is the homotopic equivalence of x. The
covering group of L̃ over L is π2(V ). We can define a symplectic action
functional on L̃(V ),

(1.3) aH((u, x)) =
∫

D2
x∗ω +

∫ 2π

0

H(t, u(t))dt

It follows from the closedness of ω that aH descends to the quotient space
by ∼. The Euler-Lagrange equation of aH is

(1.4) u̇ − XH(t, u(t)) = 0

Let R(H) be the critical point set of aH , i.e., the set of smooth contractible
loops satisfying the Euler-Lagrange equation. Using that H is Bott-type,
one can show that R(H) is a union of smooth manifolds and aH is non-
degenerate on the normal bundle of R(H) in L̃(V ). Though the image of
R(H) in L(V ) is a finite union of compact smooth manifolds, R(H) may
have infinitely many connected components, which are generated by the
covering transformation group π2(V ).

Given (x, u) ∈ R(H), choose a symplectic trivialization

Φ(t) : R2n → Tx(t)V

of x∗TV which extends over the disc D. Linearizing the Hamiltonian
differential equation along x(t), we obtain a path of symplectic matrices

A(t) = Φ(t)−1dφt(x(0))Φ(0) ∈ Sp(2n, R).

Here the symplectomorphism φt : V → V denotes the time-t-map of the
hamiltonian flow

φ̇t = ∇Ht(φt).

Then, A(0) = Id and A(1) is conjugate to dφ1(x(0)). In the Bott-type
case, 1 could be the eigenvalue of A(1). In this case, we perturb the path
A(t) slightly to ˜A(t) such that 1 is not an eigenvalue of ˜A(1). Then, we
can assign a Conley-Zehnder index for ˜A(t). The Conley-Zehnder index
of (x, u) is defined as the sum of the Conley-Zehnder index of path ˜A(t)
and the number of 1-eigenvalues of A(1) which becomes negative in the
perturbation. The Conley-Zehnder index is independent of the choice of
the trivialization and the perturbations. Furthermore, it is constant on a
connected component of R(H). Then, we can decompose R(H) as

R(H) = ∪iRi(H),
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where Ri(H) consists of critical points in R(H) with the Conley-Zehnder
index i.

The group Γ0 = {A ∈ π2(V );C1(V )(A) = 0} acts on L̃(V ) and gener-
ates (possibly) infinitely many components in Ri. We denote by Rs

i (H)
the component of Ri(H), then Ri(H) =

⋃
Rs

i (H). To define the Bott-type
Floer cohomology, we first construct a chain complex and boundary map
(C∗(V, H), δH). The detailed construction will be given in the next sec-
tion. Roughly speaking, Cm(V, H) consists of m−i cochains of Ri for all i.
The boundary map δH involves the trajectory spaces of all the dimensions.

We define the Bott-type Floer cohomology HF ∗(V, H) to be the coho-
mology of the chain complex (C∗(V, H), δH) (cf. Definition 2.7) It fol-
lows from a standard argument that this Bott-type Floer cohomology
HF ∗(V, H) is independent of any particular Bott-type hamiltonian func-
tion H (Lemma 2.8). If H satisfies an additional condition of self-indexing
(cf. section 2), let E1

i,j to be the set of sum f =
∑

s fs, where fs ∈
Hom(Hj(Rs

i (H), Z), Z) satisfying the following condition

(1.5) {s | fs �= 0, aH(Rs
i ) ≥ C} < ∞

where C is any constant.

Proposition 1.1. Let (V, ω) be a semi-positive symplectic manifold and
H be a self-indexing Bott-type hamiltonian. Then there exists a spectral
sequence E∗

∗∗ on the upper half plane where E1
i,j is defined as above and

E∗
i,j =⇒ HF i+j(V, H).

It is easy to check that both nondegenerate hamiltonian functions and
the zero hamiltonian function are self-indexing.

We recall that the Novikov ring Λω is defined as follows: each a in
H2(V, Z) induces a homomorphism, formally denoted by e2π

√−1a, from
H2(V, C) into C∗ by sending φ to e2π

√−1φ(a), then the Novikov ring Λω is
the ring of the formal series of the form

λ =
∑

a

λae2π
√−1a

such that for each c > 0, the number of nonzero λa with ω(a) ≤ c is finite.
The following lemma can easily be proved. In fact, if the hamiltonian

function H is identically zero, the spectral sequence E∗
∗,∗ defined in Propo-

sition 1.1 degenerates at E1
∗,∗ (cf. section 2).

Lemma 1.2. As a Λω-module, the cohomology HF ∗(V, 0) = H∗(V, Λω),
i.e., the ordinary cohomology with the coefficient ring Λω.
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It follows from this lemma that the Bott-type Floer cohomology HF ∗(V )
is the same as the ordinary cohomology with the coefficient ring Λω. In the
nondegenerate case, this was proved by Floer by using a time independent,
generic Morse funtion. His proof involved some delicate analysis on the
contributions of non-trivial periodic orbits. The proof here is more direct.

Let F (H) = ∪iFi(H) be the fixed point set of H, where Fi(H) are the
connected components. Clearly, F (H) is just the quotient of R(H) by
the covering transformation group π2(V ). If X is a topological space, we
use B(X) to denote the sum of the Betti numbers. With some additional
work, we can prove

Theorem 1.3. Let (V, ω) br a semi-positive symplectic manifold. Then∑
i

B(Fi(H)) ≥ B(V )

This can be considered as the resolution of a generalized Arnold con-
jecture for Bott-type hamiltonian symplectomorphisms.

Theorem 1.4. Let H be a Bott-type hamiltonian. Any α ∈ H∗(V, Z)
induces an natural action on HF∗(V, H). Furthermore, the action is in-
dependent of H, so there is an action of H∗(V, Z) on HF ∗(V ).

It is not hard to see that when H is nondegenerate, the action of α is
the same as that of Floer. The following is a simple observation.

Lemma 1.5. When H = 0, the action of α is the same as the quantum
multiplication if we consider α as an element of the quantum homology.

Theorem 1.6. There is a multiplication

h : Ci(V, H) ⊗ Cj(V, H) → Ci+j(V, H)

such that

δHh(x ⊗ y) = h(δHx ⊗ y) + (−1)i+j(x ⊗ δHy).

Hence, it induces an intrinsic multiplication on the Bott-type Floer homol-
ogy HF ∗. Furthermore, this multiplication is independent of H.

As before, one can show that when H is nondegenerate, this intrinsic
multiplication on HF ∗(V, H) is the same as the intrinsic multiplication on
the Floer homology. The following lemma can be easily proved.

Lemma 1.7. When H = 0, the intrinsic multiplication is the same as the
quantum multiplication.
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It follows from Lemma 1.6, 1.7

Theorem 1.8. The extrinsic, intrinsic and quantum multiplications on
H∗(V, Λω) are the same.

In the next three sections, we shall describe the construction of our
Bott-type Floer cohomology and the proof of Theorems 1.4, 1.6. In the
last section, we define the Massey product. In fact, one can define more
complicated secondary multiplications in a similar fashion.

2. Bott-type symplectic Floer cohomology

Fix a periodic compactible almost complex structure J , i.e., J = Jt is a
circle family of compactible almost complex structures. We can consider
the gradient flow equation of aH :

F(u(s, t)) =
∂u

∂s
+ J(t, u)

∂u

∂t
+ �H(t, u) = 0,

where we use s to denote the time variable and t to denote the circle
variable in a traditional way. Let

M̃ = {u : S1 × R → R |

F(u) = 0,

∫
S1×R

(|∂u

∂s
|2 + |J(t, u)

∂u

∂t
+ �H(t, u)|2)dsdt < ∞}.

Analytically, there is a difference between our Bott-type case and Floer’s
case. Since the set of critical points is not discrete, in general we don’t
necessarily have a flow line from or to a critical point. In fact, it is not clear
that a flow line will converge to a point in any critical manifolds at all.
For example, in prior, a flow line could spiral into a critical submanifold,
and its limit set would be a circle instead of a point. The flow line may
also converge to a critical point at a very slow speed. The following lemma
rules out this phenomenon for Bott-type hamiltonian functions.

Lemma 2.1. For every u ∈ M̃, us(t) = u(s, t) converges to u±∞(t) ∈
R(H) when s → ±∞. If H is of the Bott-type, us converges exponentially
to its limit, i.e., |us − u±∞| < Ce−δ|s| for s ≥ |T |.
This can be proved by a standard argument in stability theory. The key
point is that all critical points of H are integrable, since H is of Bott-type.
The exponential decay serves as the basis for the transversality theory. It
may fail for a hamiltonian H of non-Bott type. In the gauge theory, such
examples had been found by Mrowka [M].
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By this lemma, we can divide M̃ into

M̃ =
⋃

M̃(i, j),

where

M̃(i, j) = {u ∈ M̃; lim
s→−∞us ∈ Ri(H), lim

s→∞us ∈ Rj(H)}.

Clearly, R1 acts on M̃ as translations in time. Let M = M̃/R1 and
M(i, j) = M̃(i, j)/R1.

Lemma 2.2. For a generic J , M(i, j) is a smooth, oriented manifold of
dimension i − j − 1 + dimRi(H).

By Lemma 2.1, we can define the boundary maps

∂i
− : M(i, j) → Ri(H), ∂j

+ : M(i, j) → Rj(H).

For a generic J , the boundary maps ∂i
± are smooth and transverse to each

other whenever they have the same target space.
Now we are ready to construct the chain complex and boundary maps.

Definition 2.3 ( [Fu]). A finite simplicial complex P is said to be an
abstract geometric chain of dimension n if

(1) There is a subset Preg which is an oriented manifold of dimension
n with boundary ∂Preg.

(2) We put Ps = P − Preg. Then, Ps is a subcomplex of P .
(3) dimPs ≤ n − 2.
(4) We put ∂P = ∂Preg. Then, dimPs ∩ ∂P ≤ n − 3.

The following theorem contains the most technical and difficult work of
this paper.

Theorem 2.4. The moduli space M(i, j) admits a compactification M(i, j),
which is an abstract geometric chain.

For a smooth manifold, a pair (P, f) of an abstract geometric chain P
and a continuous map f : P → X is said to be a geometric chain of X, if f
is piecewise smooth and the restrictions of f to Preg and ∂Preg are smooth.
For each component Rs

i (H), let Ct
m(Rs

i (H), Z) be the space of geometric
chains transversal to all the boundary maps into Rs

i (H). It follows from
the standard transversality theory that

H∗(Ct(Rs
i (H), ∂)) = H∗(Rs

i (H), Z),
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where ∂ is the boundary map of the ordinary homology. In order to de-
fine the boundary operator, we have to extend both ∂+ and ∂− to the
compactification of M(i, i − k).

Lemma 2.5. For any i and j, both ∂+ and ∂− can be extended to be
continuous maps from the compactification M(i, j). We will use the same
symbols to denote the extensions.

Intuitively, these extensions are defined as follows: let uα be any se-
quence in M(i, j), which converges to u∞ in M(i, j)\M(i, j). Then u∞
is a union of u∞,β in M(iβ , jβ), where 1 ≤ β ≤ 4, i1 = i, j� = j, and
there are finitely many pseudo-holomorphic spheres. We simply define
∂+(u∞) = ∂+(u∞,�) and ∂−(u∞) = ∂−(u∞,1). One can show that these
extensions are continuous with respect to the Gromov-Uhlenbeck topology
on M(i, j). Now we can define a boundary map

∂k : Ct
m(Ri(H)), Z) = ⊕sC

t
m(Rs

i (H), Z) → Ct
m+k−1(Ri−k, Z)

as follows: for any (P, f) ∈ Ct
m(Rs

i , Z), the fiber product

P ×Rs
i
(H) M(i, i − k)

is an abstract geometric chain of dimension m + k− 1. This can be shown
by taking simplicial approximations of ∂−. Then ∂k(C) is the composition
of the natural projection P ×Rs

i
(H) M(i, i − k) → M(i, i − k) and the

boundary map ∂+ : M(i, i−k) → Ri−k. In general, even if C is an honest
chain, ∂k(C) could have infinitely many components involving infinitely
many components of Ri. We define the cochain complex Ct(Ri(H), Z) ⊂
⊕sHom(Ct(Rs

i (H), Z), Z) satisfying the finiteness condition described in
the previous section. We define the coboundary map

δk : Cm
t (Ri(H), Z) → Cm−k+1

t (Ri+k(H), Z)

as usual, i.e., δk(α) = α∂k. It follows from the Gromov-Uhlenbeck com-
pactness theorem that the image of δk satisfies the finiteness condition
(1.5). Furthermore, we define ∂0 = (−1)n+j∂ and δ0 similarly.

We put
Cn

t (V, H) = ⊕iC
n−i
t (Ri(H), C), δH = ⊕δk

Lemma 2.6. (Cn
t (V, H), δH) is a chain complex with the boundary map

δH , namely, δHδH = 0.

Definition 2.7. The Bott-type Floer cohomology HF ∗(V, H) for the ham-
iltonian function H is defined to be the cohomology H∗(Ct(V, H), δH).
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Lemma 2.8. The Bott-type Floer cohomology

HF ∗(V, H) = H∗(Ct(V, H), δH)

is independent of H.

Because of this, we sometimes write HF ∗(V ) for HF ∗(V, H).
To prove Theorem 1.3, one constructs an injective map

π : Ker δH → ⊕Ker δ0,

where the restriction of (−1)n+iδ0 to each Ri is the standard coboundary
operator. This map induces an injective homomorphism from HF ∗(V, H)
into the quotient of ⊕H∗(Ri, Z) by π(Im(δH)) as the modules over the
Novikov rings. Therefore, we prove Theorem 1.3.

Definition 2.9. H is called self-indexing if for a generic J , M(i, j) = ∅
for j ≥ i.

Clearly, if H is nondegenerate, H is self-indexing. Furthermore, H = 0
is self-indexing. When H is self-indexing, there is a filtration

Fk(Cn
t (V, H)) = ⊕i≥kCn−i

t (Ri).

By standard homological algebra theory, such a filtered chain complex
(Cn

t (V, H), δH) induces a spectral sequence convergent to

H∗(Ct(V, H), δH).

Moreover, its E1
i,j term equals Hj(Fk/Fk−1), which is the subspace of

elements in Hj(Ri, Z) = ⊕sH
j(Rs

i (H), Z), which satisfy the finiteness
condition (1.5). Then, Proposition 1.1 follows from the filtration.

When H is nondegenerate in the classical sense, the corresponding spec-
tral sequence degenerates at E2; it follows from the definition that our
Bott-type Floer cohomology is just the Floer cohomology in the ordinary
sense. When H = 0, it is easy to check that HF ∗(V, 0) is the same as
H∗(V, Λω), where Λω is the Novikov ring.

3. The extrinsic multiplication

In [F], Floer defined a multiplication on the Floer cohomology by the or-
dinary cohomology (extrinsic multiplication). Then, he used the extrinsic
multiplication to solve some cases of the Arnold conjecture where the fixed
points are degenerate. We should point out that Floer did not define the
extrinsic multiplication directly for degenerate hamiltonian symplectomor-
phisms. He only defined it for nondegenerate hamiltonian symplectomor-
phisms and studied its asymptotic behavior when hamiltonians function
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become degenerate. We now generalize Floer’s construction to the Bott-
type case. We need to construct an action of H∗(V, Z) on HF ∗(V, H).
For this purpose, we will construct an action of generic cocycles in V on
(Ct(V, H), δH).

Given κ ∈ Cm−i
t (Ri(H), Z) and a generic cocycle α representing a co-

homology class [α] ∈ Hk(V, Z), define

α(κ) ∈ Cm+k
t (V, H) = ⊕jC

m+k−j(Rj , Z)

as follows:
Let α(κ) =

∑
j αj(κ), where αj(κ) ∈ Cm+k−j

t (Rj , Z). Consider the
evaluation map

e : M̃(j, i) → V

by e(u) = u(0, 0). Recall that modulo bubbling offs, the boundary of
M̃(j, i) consists of broken trajectories

M̃(j, k1) × M̃(k1, k2) × · · · × M̃(ks, i).

The evaluation map extends over such a compactification. Since the eval-
uation map only takes value on a component, it descends to the quotient
where we divide all but one component by time translations. In other
words, we can get a compactification whose boundary consists of

M(j, k1)×· · ·×M(kp−1, kp)×M̃(kp, kp+1)×M(kp+1, kp+2)×· · ·×M(ks, i).

We denote this smaller compactification by M∗
(j, i). Then e extends over

M∗
(j, i).

Lemma 3.1. M∗
(j, i) is an abstract geometric chain.

This can be proved by the same arguments as those in the proof of
Theorem 2.4.

For any geometric chain (P, f) ∈ Ct
m+k−j(R

s
j(H), Z), the fiber product

P ×Rs
j
M∗

(j, i)

is an abstract geometric chain of dimension m + k. Together with map

∂+ × e : P ×Rs
j
M∗

(j, i) → Ri(H) × V,

it gives a geometric chain of Ri(H) × V . We define α(κ)((P, f)) = κ ×
α((P ×Rs

j
M∗

(j, i), ∂+ × e)).
Using the fact that α is closed, we can show that it is a chain map, i.e.,

Lemma 3.2. We have δα − αδ = 0
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Corollary 3.3. α induces an action of [α] of H∗(V, Z) on the Bott-type
Floer cohomology HF ∗(V, H).

Lemma 3.4. The action [α] is independent of H.

Theorem 1.4 follows from Corollary 3.3 and lemma 3.4.
When H is nondegenerate, it follows from the definition that the ex-

trinsic multiplication we just defined is the same as Floer’s. When H = 0,
it is easy to check that it is indeed the quantum multiplication if we view
[α] as an element of the quantum cohomology (cf. 1.5).

Corollary 3.5. The extrinsic multiplication is equivalent to the quantum
multiplication.

4. The intrinsic multiplication

As we mentioned before, there is another way to define a multiplication
between elements of the Floer cohomology; in terms of pseudo-holomorphic
maps from a pair-pants to a symplectic manifold, whose ends approach to
periodic orbits. Now we generalize this construction to the Bott-type case.

Let T be a pair-pants, which has two outgoing ends T+
1 , T+

2 and one
incoming end T−. The incoming end is modeled by S1 × (−∞, 0] and
outgoing end is modeled by S1 × [0,∞). We fix a parameterization for
three ends. For any compatible almost complex structure J , we consider
the smooth map f : T → V such that f satisfies the equation

(4.1) df(x) + J · df · jT (x) = ν(x, f(x)), x ∈ T

where jT denotes the conformal structure on T , and ν is an inhomogeneous
term on T × V , i.e., ν(x, y) is a linear map from the tangent space of T at
x into the tangent space of V at y satisfying ν(x, y) · jT,x = −Jy · ν(x, y).
Any such map f is called a (J, ν)-holomorphic map, or simply a (J, ν)-
map. Let MT be the set of all (J, ν)-maps. We will assume that our ν is
given by H near each end of T as follows: if x = (t, s) with |s| sufficiently
large, we have

(4.2) ν(x, y)(
∂

∂t
) = ∇yH(t, y), ν(x, y)(

∂

∂s
) = J∇yH(t, y)

Note that jT ( ∂
∂s ) = ∂

∂t . By using the same argument as that in the proof
of Lemma 2.1, one can show

Lemma 4.1. For every u ∈ MT , over any end of T , us(t) = u(s, t)
converges to u±∞(t) ∈ R(H), when s → ±∞. If H is of the Bott-type, us

converges exponentially to its limit, i.e., |us −u±∞| < Ce−δ|s| for s ≥ |T |.



BOTT-TYPE SYMPLECTIC FLOER COHOMOLOGY 215

We will use ∂1
+, ∂2

+, ∂− to denote the boundary value of ends T+
1 , T+

2 , T−.
By this lemma, we can divide the moduli space

MT = ∪MT (k; i, j),

where

MT (k; i, j) = {u ∈ MT |∂1
+u ∈ Ri, ∂

2
+u ∈ Rj , ∂−u ∈ Rk}.

For generic J, ν, the MT (k; i, j) are smooth manifolds of dimension
dimRk + k − i− j, transverse to each other whenever they have the same
target space. Again, by the same argument, we can show that the compact-
ification MT (k; i, j) is an abstract geometric chain. By abusing notation,
we also use Ct to denote the geometric chains transverse to the boundary
maps of MT (k; i, j) and M(i, j). Now we are ready to define the intrinsic
multiplication

h : Cm
t (V, H) ⊗ Ck

t (V, H) → Cm+k
t (V, H)

such that
δ(h(x ⊗ y)) = h(δx ⊗ y + (−1)deg(x)x ⊗ δy).

Let x ∈ Cm−i
t (Ri, Z), y ∈ Ck−j

t (Rj , Z). Then

h(x ⊗ y) ∈
∑

r

Cm+k−r(Rr, Z).

If h(x ⊗ y) =
∑

r≥i+j hr(x ⊗ y), where hr(x ⊗ y) ∈ Cm+k−r
t (Rr, Z), then

hr(x ⊗ y) ∈ Cm+k−r
t (Rr, Z) is defined as follows:

For any (P, f) ∈ Ct
m+k−r(Rr, Z),

(P ×Rr MT (r; i, j), ∂1
+ × ∂2

+)

is a geometric chain of degree m + k − i − j in Ri × Rj . We define

hr(x ⊗ y)((P, f)) = (x × y)((P ×Rr MT (r; i, j), ∂1
+ × ∂2

+)).

Clearly, h preserves the filtration. It is straight forward to check

Lemma 4.2. δh(x ⊗ y) = h(δx ⊗ y + (−1)deg(x)x ⊗ δy).

Theorem 4.3. h induces a multiplication on the Bott-type Floer cohomol-
ogy HF ∗(V, H). Such a multiplication is independent of the hamiltonian
H. We call it intrinsic multiplication and denote it by x 7 y.

This is just Theorem 1.6. It follows from the definition that

Corollary 4.4. When H = 0, the multiplication h is the same as the
quantum multiplication.
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5. The quantum Massey product

In [F], Fukaya defined a quantum Massey product and the quantum
version of various secondary operations. Recall that Fukaya defined them
by using moduli space of the grading flow lines of several Morse functions.
In practice, it is very difficult to calculate such a quantized Massey product.
For instance, it is hard to see if such a quantum product vanishes on a
compact Kähler manifold. Therefore, it would be very important to define
such a quantum Massey product in a different way. In this section, we
will define the quantum Massey product in terms of our Bott-type Floer
cohomology. Our construction is motivated by that of Fukaya. When H
is nondegenerate, it will give the Massey product for the ordinary Floer
cohomology defined by Fukaya. A particular interesting case is H = 0,
where the definition doesn’t rely on any hamiltonian or Morse function.
A famous theorem of Deligne, Griffiths, Morgan and Sullivan says that
the ordinary Massey product vanishes on a compact Kähler manifold. It
looks likely from our definition that the quantum Massey product is zero
on a compact Kähler manifold. The quantum Massey product appeared in
[BD] for some representation spaces of flat bundles over Riemann surfaces.
An interesting problem is whether or not one can quantize holomorphic
torsions for Käher manifolds. We leave it for future research.

Let us define the quantum Massey product. Let α, β and γ be three
cocycles representing cohomology classes [α], [β] and [γ] in H∗(V, Z). Sup-
pose that [α] 7 [β] = 0 and [β] 7 [γ] = 0. Then by definition, there are
cochains x and y such that h(α, β) = δx and h(β, γ) = δy, where h(·, ·) was
defined in the last section by using a pair-pants. The coboundary of h(x, γ)
is h(h(α, β), γ), while the coboundary of h(α, y) is (−1)deg αh(α, h(β, γ)).
These two coboundaries do not necessarily coincide, but they are cobor-
dant to each other. In order to find this cobordism, we will first introduce
a homomorphism h3.

Let π : S �→ [0, 1] be a fibration such that π−1(u) is diffeomorphic to a
sphere with 4 punctures for 0 < u < 1 and the union of two S2’s transverse
to each other for u = 0, 1. We denote by p0 and p1 the nodes in π−1(0)
and π−1(1). Let σi (i = 1, · · · , 4) be four disjoint sections of the fibration
satisfying:

(1) σ1(0), σ2(0) are in one connected component of π−1(0)\p0;
(2) σ3(0), σ4(0) are in one connected component of π−1(0)\p0;
(3) σ1(1), σ3(1) are in one connected component of π−1(1)\p1;
(4) σ2(1), σ4(1) are in one connected component of π−1(1)\p1.

We put

(5.1) S′ = S\{p0, p1, σ1([0, 1]), σ2([0, 1]), σ3([0, 1]), σ4([0, 1])}.
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We assume that S′ is modeled by S1 × [0,∞) × [0, 1] near σi([0, 1]) (i =
1, 2, 3) and by S1 × (−∞, 0]× [0, 1] near σ4([0, 1]). Choose a generic inho-
mogenous term ν on S′ × V such that near each σi([0, 1]), we have

(5.2) ν(t, s, u, y)(
∂

∂t
) = ∇yH(t, y), ν(t, s, u, y)

∂

∂s
= J(y)∇yH(t, y)

where y ∈ V and |s| is sufficient large, furthermore ν|π−1(0),π−1(1) is defined
as in (4.2) near each node. Let MS be the set of (J, ν)-maps from some
π−1(u) into V . As before, one can show that each f ∈ MS converges
exponentially to a point in some Ri. We shall use ∂1

+f , ∂2
+f , ∂3

+f and ∂−f
to denote the limits at σ1(u), σ2(u), σ3(u) and σ4(u). Then

MS =
⋃

M(j; i1, i2, i3)

where for any f in M(j; i1, i2, i3), ∂p
+f ∈ Rip and ∂−f ∈ Rj . For a generic

pair (J, ν), M(j; i1, i2, i3) is a smooth, oriented manifold of dimension
dimRj + j − i1 − i2 − i3 +1. Furthermore, ∂i

± are transverse to each other
whenever they have the same target space. By abusing notation, we again
use C∗

t (Ri, Z) to denote the complex of geometric chains transverse to all
the boundary maps.

Lemma 5.1. The Gromov-Uhlenbeck compactification M(j, i1, i2, i3) of
M(j; i1, i2, i3) is an abstract geometric chain.

The proof of this lemma is the same as that of Theorem 2.4.
We define a homomorphism

h3 : C∗
t (V, H) ⊗ C∗

t (V, H) ⊗ C∗
t (V, H) �→ C∗

t (V, H)

as follows: let βl ∈ Cml−il
t (Ril

, Z), where l = 1, 2, 3. Suppose that

h3(β1, β2, β3) =
∑

i

hi
3(β1, β2, β3)

where m = m1 + m2 + m3 and hi
3(β1, β2, β3) ∈ Cm−1−i

t (Ri, Z). Let us
define hi

3(β1, β2, β3) as follows: for any (P, f) in Cm−1−i
t (Ri, Z), by Lemma

5.1, the fiber product P ×Rj M(j; i1, i2, i3) is an abstract geometric chain.
Together with the boundary map ∂1

+×∂2
+×∂3

+, this gives rise to a geometric
chain in Ri1 × Ri2 × Ri3 of degree m − i1 − i2 − i3. Then

hi
3(β1, β2, β3)((P, f)) = β1 ⊗ β2 ⊗ β3(P ×Rj M(j; i1, i2, i3), ∂1

+ × ∂2
+ × ∂3

+)

Now we return to the definition of the quantum Massey product. Let
α, β and γ be the cocycles as above. One can easily show

(5.3) δh3(α, β, γ) = −h(h(α, β), γ) + (−1)deg αh(α, H(β, γ))
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Therefore, we have

δ(η2(x, γ) + (−1)deg α−1η2(α, y) + h3(α, β, γ)) = 0

Definition 5.2. The Massey product m([α], [β], [γ]) of [α], [β], [γ] is
defined to be the cohomology class in

Hdegα+degβ+degγ−1(V, Z)/(α 7 H∗(V, Z) + γ 7 H∗(V, Z))

represented by the cocycle

(5.4) m(α, β, γ) = h(x, γ) + (−1)deg α−1h(α, y) + h3(α, β, γ)

where h(α, β) = δx and h(β, γ) = δy. Note that the quotient by α 7
H∗(V, Z)+γ7H∗(V, Z) reflects the fact that there are no canonical choices
of x, y.

One can show that this quantum Massey product is independent of
the hamiltonian function H. A particularly interesting case is when H is
identically zero. If the moduli space of holomorphic maps from S2 into V
is reasonably good, the homomorphism h3 can be defined by using only
holomorphic maps; consequently, the quantum Massey product can be
defined by using only holomorphic maps. This indicates that the quantum
Massey product is related to the Massey product on the moduli spaces
of holomorphic maps and, consequently, the vanishing of the quantum
Massey product on a compact Kähler manifold.

More generally, we can start with a Riemann sphere Tk with k + 1-
marked points which are on the equator. Furthermore, we first fix three
points and allow the rest of the marked points to move on the equator
in a suitable order. Then, we remove the marked points and regard a
neighborhood of each marked points as an infinite cylinder. Here, we
orient in such a way that first k − 1 cylinders are outgoing and last one is
incoming. As we described in the last section, we choose an inhomogeous
term ν which is given by the hamiltonian function H in a neighborhood
of each marked point, allowing us to consider the moduli space MTk

of
(J, ν)-maps defined. Then one can define hk in the exactly same way as
we defined h3. For βi ∈ Cmi−pi

t (Rpi , Z) for 1 ≤ i ≤ k, we have

hk(β1, · · · , βk) =
∑

hi
k(β1, · · · , βk), hi

k(β1, · · · , βk) ∈ Cm+2−k−i
t (Ri, Z)

where m =
∑

mi. More precisely, if (P, f) ∈ Ct
m+2−k−i(Ri, Z), then we

have

hi
k(β1, · · · , βk)((P, f)) = β1 ⊗ · · · ⊗ βk((P ×Ri M(i; p1, · · · , pk),

∏
pj

∂+
pj

)).
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It is not hard to see that h1 = δ, h2 = h. Moreover,

δhk(β1, · · · , βk) =
∑
i<j

εhk−j+i+1(β1, · · · , hj−i(βi+1, βj), · · · , βk),

where ε = (−1)(j−i)(degβ1+···+degβi). Then one can define more general
multiplications by using these homomorphisms hk (cf. [Fu]).

Remark. In our basic model Tk, we can also fix all the marked points.
Then the resulting multiplication is just the higher quantum product by
the composition law the authors proved in [RT].
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