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EFFECTIVE BOUNDS ON THE SIZE

OF THE TATE-SHAFAREVICH GROUP

Dorian Goldfeld and Daniel Lieman

Throughout this paper we will work over Q, although our methods gen-
eralize quite naturally to any number field.

Consider an elliptic curve E defined over Q. We use the following nota-
tion: XE denotes the Tate-Shafarevich group of E, NE denotes the conduc-
tor of E, j(E) denotes the j-invariant of E, ∆(E) denotes the discriminant
of E, and |S| denotes the cardinality of any set S. It has been conjectured
by Goldfeld and Szpiro [GS] that for every ε > 0 there exists an effectively
computable constant c > 0 depending only on ε such that

|XE | < c N
1
2+ε.

Goldfeld and Szpiro also show that if this conjecture holds for rank zero
semistable elliptic curves, a version of the ABC conjecture follows. In
particular, for coprime integers A, B and C satisfying A + B + C = 0 one
has

|ABC|1/3 = O


 ∏

p |ABC

p




3+2ε

;

if in addition one assumes a Lindelöf hypothesis, one may improve this to

|ABC|1/3 = O


 ∏

p |ABC

p




1+ 13
6 ε

.

We prove the conjecture of Goldfeld and Szpiro (subject to various stan-
dard conjectures) for any collection C of elliptic curves which has the prop-
erties that: 1) the set {j(E) |E ∈ C} is finite; and 2) C does not contain any
curves with j-invariant 0 or 1728. In many cases, the conjectures we assume
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are already known, and our results become unconditional. (In particular, as
a consequence of the work of Rubin [R], we obtain the unconditional bound
|XE | < c N59/120+ε, for rank zero complex multiplication curves whose j-
invariant is unequal to 0 or 1728.) In the two exceptional cases of j-invariant
0 or 1728, we obtain the slightly weaker bounds: |XE | < c N79/120+ε,
|XE | < c N37/60+ε, respectively.

To simplify the statements of our theorems, we shall use the term “BSD
curve” to refer to an elliptic curve defined over Q which is modular and
satisfies the Birch and Swinnerton-Dyer conjecture. Our main results are:

Theorem 1. Let j0 be a fixed j-invariant not equal to 0 or 1728. Let
Ej0 be a modular elliptic curve defined over Q, of minimal discriminant
with j (Ej0) = j0. Then for every ε > 0, there is a computable constant c
depending only on ε and Ej0 such that:

i) for every BSD curve E of rank at most 1 with j(E) = j0,

|XE | < c N
95/192+ε
E .

If, in addition, E has complex multiplication, then

|XE | < c N
59/120+ε
E .

ii) For every rank 0 complex multiplication curve E with j(E) = j0,

|XE | < c N
59/120+ε
E .

(We do not need the hypothesis that E is a BSD curve in this case.)

Theorem 2. For every ε > 0, there is a computable constant c depending
only on ε such that:

i) For every rank 0 curve E with j(E) = 1728,

|XE | < c N
37/60+ε
E .

ii) for every rank 1 BSD curve E with j(E) = 1728,

|XE | < c N
37/60+ε
E .

Theorem 3. For every ε > 0, there is a computable constant c depending
only on ε such that:

i) for every rank 0 curve E with j(E) = 0,

|XE | < c N
79/120+ε
E .
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ii) for every rank 1 BSD curve E with j(E) = 0,

|XE | < c N
79/120+ε
E .

Remark 4. If we assume Ej0 is semistable, then by the recent results of
Wiles [W] and Taylor-Wiles [TW], it follows that Ej0 is modular. In many
cases, E then satisfies the Birch and Swinnerton-Dyer conjectures (cf. Re-
mark 7, below). In fact, if Ej0 is semistable, the constant c in Theorem 1
takes the form c = c1∆ (Ej0)

c2 . We may extend our main theorems to
curves of higher rank by assuming Lang’s conjecture [La, p. 161] on a lower
bound of the size of the regulator of an elliptic curve. If we do not assume
Lang’s conjecture, but instead use estimates of Hindry and Silverman [HS],
we may still extend our theorems to curves of any rank, but with weaker
exponents for curves of rank larger than 1. It will be clear in the proof how
these constants are affected by relaxing the hypotheses in the theorems.

One consequence of Theorems 1-3 is

Corollary 5. For every ε > 0, there is a computable constant c depending
only on ε such that:

i) for every rank 0 curve E with complex multiplication,

|XE | < c N
79/120+ε
E .

ii) for every rank 1 BSD curve E with complex multiplication,

|XE | < c N
79/120+ε
E .

Proof. The Corollary follows from the fact that every curve with com-
plex multiplication is modular [D] and has one of only thirteen possible
j-invariants (including both 0 and 1728, cf. [Se]).

Remark 6. If we study the behavior of X on average, we may obtain
stronger results than we can obtain (in this paper) for individual curves
(subject to the truth of the same standard conjectures). In fact, it follows
from the arguments of [Li] and Remark 8 at the end of this paper that for
the class of curves

ED : y2 = x3 − 432D2,

XED
satisfies on average

|XED
| = O

(
N

1/3+ε
ED

)
.
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(Our methods in this paper prove that for such curves,

|XED
| < cN

49/120+ε
ED

.

The conductor of ED is 27 · n · d2, where d is the product of the primes
dividing D, and n is either 1 or 9, depending on d.) Indeed, one expects
(from the full strength of the Lindelöf hypothesis for the L-functions of
elliptic curves) that for the family of elliptic curves with fixed j-invariant
not equal to 0 or 1728,

|XE | < cN
1/4+ε
E ,

while for the family of curves with j-invariant 1728

|XE | < cN
3/8+ε
E ,

and for the family with j(ED) = 0

|XE | < cN
5/12+ε
E .

(In fact, one may carry out an analysis identical to what we have done in
Remark 8 to verify that these bounds are satisfied on average for all curves
with j-invariant not equal to 0 or 1728.)

Proof of Theorems 1-3. There are two main ingredients in our proof. The
first is an analysis of the “Birch and Swinnerton-Dyer constant,” and how
this number varies in a family of twists. The second is an upper bound on
the size of the nth derivative of the L-series of a cusp form twisted by an
arbitrary character, at the center of the critical strip. We should remark
at the onset that this second part of our proof is due completely to Duke,
Friedlander, and Iwaniec ([DFI1], [DFI2]). In fact, they recognized the
applications of their bound to elliptic curves, and began investigations into
the use of their work to bound the height of Heegner points. Our insight
is the use of their bound on families of twists to obtain bounds on the size
of XE . We now turn to the proof proper.

The conjecture of Birch and Swinnerton-Dyer asserts that at the center
s = 1

2 of the critical strip (we use this somewhat nonstandard normalization
for consistency with our discussion of the L-series of cusp forms, below),
we have

(1) lim
s→1/2

L(E, s)
(s − 1/2)r

=
|XE |ΩE RE cE

|E(Q)tors|2

where r is the rank, ΩE is the period, RE is the regulator, and cE is a
positive integer.
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Remark 7. The work of Kolyvagin [K] and either Bump, Friedberg and
Hoffstein [BFH1, BFH2] or Murty and Murty [MM] shows that for many
modular elliptic curves of rank 1, one has an identity similar to (1) over an
appropriate number field K. In fact, their works shows that (where we use
the subscript K to indicate we are thinking of these various quantities for
the curve over K)

lim
s→1/2

L(EK, s)
(s − 1/2)r

=
|XEK

|ΩEK
REK

cEK
m

|E(K)tors|2

for some positive integer m (in fact, Kolyvagin characterizes m (which is
predicted to be 1) completely: its prime factors are 2 and the odd primes
p where the Galois group of the extension Q(Ep) is smaller than expected,
where Ep denotes the p-torsion points of E).

In particular,

lim
s→1/2

L(EK, s)
(s − 1/2)r

≥ |XEK
|ΩEK

REK
cEK

|E(K)tors|2

(cf. [Gr, Thm 1.3 (Kolyvagin)]). Rubin [R] has proved a similar result for
CM curves of rank 0, and in these cases our results are unconditional (as we
mention below, we do not need Lang’s conjecture or the results of Hindry-
Silverman in this case of low rank). In particular, Rubin’s work also applies
to curves over Q; this is why the main theorems are unconditional for CM
curves of rank 0. As will be clear in the proof, we do not require the full
Birch and Swinnerton-Dyer conjecture, just an inequality in the direction
of those of Kolyvagin and Rubin.

We now note that:
a) Mazur’s theorem [M] asserts that |E(Q)tors|2 ≤ 256.
b) It is easy to see (cf. [Si2, C.15.2.1]) that 1 ≤ cE ≤ 4τ(NE), where

τ(NE) is the number of primes dividing NE .
c) Fix a j-invariant j0, and let n be the integer

n =




2 j0 �= 0 or 1728,
4 j0 = 1728,

6 j0 = 0.

Again, let Ej0 be a curve with minimal discriminant satisfying j (Ej0) = j0.
Then every curve E with j(E) = j0 is a twist of Ej0 by a rational number
D ∈ Q×/Q×n

. In particular, we may assume (without loss of generality)
that D is an integer (by clearing denominators by multiplying by an nth
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power) and nth power free. We will assume from this point on that our D
is of this form. It thus follows that

ΩE = D− 1
n ΩEj0

.

Further, it follows from the work of Goldfeld [Go] that if Ej0 is semistable,
one may bound ΩEj0

from below:

ΩEj0
≥ c3∆ (Ej0)

−c4

where the constants c3, c4 are effectively computable absolute constants.
d) When the rank of E is zero, RE is just 1. When the rank of E is 1,

RE is just the height of a point of infinite order, and has been bounded
below by Silverman [Si1] and by Hindry and Silverman [HS]. These bounds
are of the shape

RE � log(∆E) + c

for some constant c independent of E, where ∆E is the discriminant of E.
When the rank of E is greater than 1, Hindry and Silverman (assuming
Szpiro’s conjecture) have obtained the bound

RE � N−γ

for some constant γ independent of E. Lang’s conjecture [La, p. 161], which
implies that there is an absolute constant c0 such that if rE denotes the
rank of E, one has

RE � c
r2

E
0 log (|∆(E)|)rE ,

asserts that for curves of any fixed rank one may take γ = ε where ε > 0 is
arbitrarily small.

Note that when the rank is 0, we may take γ = 0, and that when the rank
is 1, we may take γ arbitrarily small. For higher ranks, we have to assume
either Lang’s conjecture [La], or Szpiro’s conjecture (and then use [HS]).
We will keep track of γ in what follows, in order to allow the dependence on
Lang’s conjecture (which would allow us to remove γ entirely) to be clear.

e) If E is a twist of Ej0 then

NE � D
2
NEj0

,

where D is defined as in (c), D is the product of the primes dividing D
(cf. [Sh]), and the implied constant depends on Ej0 . It immediately follows
that

D  N
1/2
E .
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Further, since D ∈ Q/Qn, it is plain that

D ≤ D
n−1  N

(n−1)/2
E .

We now return to the proof of Theorems 1-3. Fix j0 and a choice of Ej0 ,
and let n, D, γ be as in (c), (d), (e), above. For any curve with j(E) = j0,
let D denote the integer so that E is a twist by D of Ej0 . We then have

(2)

|XE | = lim
s→1/2

L(E, s)|E(Q)tors|2
(s − 1/2)r ΩE RE cE

 Ω−1
Ej0

D1/nNγ
E lim

s→1/2

L(E, s)
(s − 1/2)r

≤ Ω−1
Ej0

D
(n−1)/n

Nγ
E lim

s→1/2

L(E, s)
(s − 1/2)r

 Ω−1
Ej0

N
(n−1)/(2n)+γ
E lim

s→1/2

L(E, s)
(s − 1/2)r

,

where the implied constants depend on γ. This completes our analysis of
the Birch and Swinnerton-Dyer constant.

We now turn to the second part of our argument which consists of ap-
plying a bound from analytic number theory to estimate the size of the
right-hand side of (2). Duke, Friedlander and Iwaniec ([DFI1] and [DFI2])
have proved that if f is a weight 2 holomorphic newform, and χ is a char-
acter with conductor q which is relatively prime to the conductor Nf of f ,
then one has ([DFI2, (22)])

(3) L(f, χ, 1/2)  (Nf )47/192+ε
q47/96+ε

where the implied constant is effective, and depends only on ε.
In fact, they prove much more. In particular, they obtain a bound for

the value of the L-function anywhere on the line at the center of the critical
strip, and they obtain a bound for every derivative of the L-function on the
left-hand side of (3). In this latter case (which we will indeed need), the
implied constant is effective, and depends on the order of the derivative
and on ε. Finally, we mention that in the case where the coefficients of f
are not small too often (in the sense of [DFI2, Corollary 4]), then one has
([DFI2, Theorem 3])

L(f, χ, 1/2)  (Nf )29/120+ε
q29/60+ε.

This additional hypothesis is satisfied when f is the form associated to an
elliptic curve with complex multiplication ([DFI2, Corollary 5]), and hence
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we may use these sharper bounds in that case, cf. the second assertion of
Theorem 1, Theorems 2 and 3, Corollary 5, and the remarks at the end of
the second paragraph of this paper.

We now note the connection between the two parts of our argument.
If E is a twist of Ej0 by an integer D, and n is as above, then the L-
series of E is just the L-series of Ej0 twisted by a character of order n and
modulus D (this follows for the cases of j-invariants 0 and 1728 from the
explicit computations of Ireland and Rosen [IR]; for j �= 0, 1728, it follows
immediately from the definition of twisting, cf. [Si2, X.2.4]). Combining
(2) and (3) with this observation yields

|XE |  ∆ (Ej0)
c2 N

(n−1)/(2n)+γ
E lim

s→1/2

L(E, s)
(s − 1/2)r

 ∆ (Ej0)
c2 N

(n−1)/(2n)+γ
E D47/96+ε  ∆ (Ej0)

c2 N
(n−1)/(2n)+47/192+ε+γ
E

 ∆ (Ej0)
c2 N

(96(n−1)+47n)/(192n)+ε+γ
E .

This is precisely the statement of Theorems 1, 2, and 3. (In order to
obtain the sharper bounds given in the second claim of Theorem 1 and
Theorems 2 and 3, we must replace the fraction 47/96 with the slightly
sharper 29/60 which does apply, as we mentioned above, in this case.)

Remark 8. Finally, we offer a comparison between results for individual
curves, and results which may be obtained on average. The central focus
of [Li] was the family of curves

Em : y2 = x3 − 432m2.

In that paper, Lieman showed that the Dirichlet series
∑

m,n∈Z
m,n �=0

L (Emn2 , 1)
(mn2)s

has a pole at s = 1. It has proven quite difficult to evaluate the order of
this pole; in particular, the function has a pole of order 2, but Lieman
was not able to verify that the residue at this pole is non-zero. He did
show, however, that if the residue is zero at the pole of order two, then
the function has a non-zero residue at a pole of order 1 (again at s=1).
Accordingly, ∑

m<X

L(Em, 1) ∼ cX (log X)e

with e either 0 or 1, for some constant c. This class of curves has trivial
torsion when m ≥ 3; the period of the curve Em is just cmm−1/3Ω1 where
Ω1 is the period of x3 + y3 = 1, and cm is either 1 or 9 depending on the
congruence class of m mod 9. Remark 6 follows from these observations.
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