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GROMOV-WITTEN INVARIANTS OF SYMPLECTIC SUMS

Eleny-Nicoleta Ionel and Thomas H. Parker

The natural sum operation for symplectic manifolds is defined by gluing along
codimension two submanifolds. Specifically, let X be a symplectic 2n-manifold
with a symplectic (2n − 2)-submanifold V . Given a similar pair (Y, V ) with a
symplectic identification V = V and a complex anti-linear isomorphism between
the normal bundles of V and V , we can form the symplectic sum Z = X#V =V Y .
This note announces a general formula for computing the Gromov-Witten in-
variants of the sum Z in terms of relative Gromov-Witten invariants of (X, V )
and (Y, V ).

Section 1 is a review of the GW invariants for symplectic manifolds and the
associated invariants, which we call TW invariants, that count reducible curves.
The corresponding relative invariants of a symplectic pair (X, V ) are defined in
section 2. The sum formula is stated in a special case in section 3, and in general
as Theorem 4.1. The last section presents two applications: a short derivation of
the Caporaso-Harris formula [CH], and new proof that the rational enumerative
invariants of the rational elliptic surface are given by the “modular form” (5.3).

Related results, involving symplectic sums along contact manifolds, are being
developed by Li and Ruan [LR] and by Eliashberg and Hofer.

1. Symplectic invariants

The moduli space of (J, ν)-holomorphic maps from genus g curves with n
marked points representing a class A in the free part of H2(X; Z) has a com-
pactification Mg,n(X, A). This comes with a map

Mg,n(X, A) −→ Mg,n × Xn × H free
2 (X; Z),(1.1)

where the first factor is the “stabilization” map st to the Deligne-Mumford mod-
uli space (defined by collapsing all unstable components of the domain curve),
the second factor records the images of the marked points, and the last one keeps
track of the homology class A of the image. After perturbation (cf. [LT]), the
image defines a rational homology class,[Mg,n(X, A)

] ∈ H∗(Mg,n; Q) ⊗ H∗(Xn; Q) ⊗ H∗(H free
2 (X; Z); Q),(1.2)

for each choice g, n, A. The last term in (1.2) can be identified with the rational
group ring RH2(X) of H free

2 (X; Z), that is, with finite sums
∑

cAtA over A ∈
H free

2 (X; Z) where cA ∈ Q and the tA are variables satisfying tAtB = tA+B .
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After summing on A and dualizing, (1.2) defines a map

GWg,n,X : H∗(Mg,n) ⊗ H∗(Xn) → RH2(X).(1.3)

(This is well-defined for 2g + n ≥ 3, and we will always assume that it has been
extended to all g, n by the stabilization procedure of [IP1] §3).

Finally, we sum over n and g by setting M =
⋃

g,n Mg,n, letting T(X) denote
the total tensor algebra T(H∗(X)) on the rational cohomology of X, and intro-
ducing a variable λ to keep track of the euler class. The total Gromov-Witten
invariant is then the map

GWX : H∗(M) ⊗ T(X) → RH2(X)[λ],(1.4)

which is linear in the second factor and defined by the Laurent expansion

GWX =
∑

g,n,A

1
n!

GWg,n,A,X tA λ2g−2.(1.5)

The diagonal action of the symmetric group on Mg,n×Xn leaves GWX invariant
up to sign, and if κ ∈ H∗(Mg,n) then GWX(κ, α) vanishes unless α is a tensor
of length n.

We can recover the familiar geometric interpretation of these invariants by
evaluating on cohomology classes. Given κ ∈ H∗(M; Q) and a vector α =
(α1, . . . , αn) of rational cohomology classes in X of length |α| = n, fix a generic
(J, ν) and generic geometric representatives K and Ai of the Poincaré duals of
κ and of the αi. Then GWg,n,A,X(κ, α) counts (with orientation) the number of
genus g (J, ν)-holomorphic maps f : C → X with C ∈ K and f(xi) ∈ Ai for
each marked point xi. By the usual dimension counts, this vanishes unless

deg κ +
∑

deg αi − 2|α| = (dimX − 6)(1 − g) − 2KX · A,

where KX is the canonical class of X.
It is sometimes useful to also incorporate the ‘ψ classes’. There are canonical

oriented real 2-plane bundles Li over Mg,n(X, A) whose fiber at each map f is
the cotangent space to the domain curve at the ith marked point. Let ψi be the
euler class of Li, and for each vector D = (d1, . . . dn) of non-negative integers let
ψD = ψd1

1 ∪ · · · ∪ ψdn
n . Replacing the lefthand side of (1.2) by the pushforward

of the cap product ψD ∩ [Mg,n(X, A)
]

and again dualizing gives invariants

GWg,n,D,X : H∗(Mg,n) ⊗ H∗(Xn) → RH2(X),(1.6)

which agree with (1.3) when D is the zero vector. These invariants can be
included in (1.4); the series (1.5) then has additional variables that keep track
of the vector D. To keep the notation manageable we will not do this explicitly,
although these invariants will reappear at the end of section 4. (The similar
classes φi defined by the cotangent space of the stabilized domain are already
part of (1.4)).
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The invariant (1.4) counts (J, ν)-holomorphic maps from connected domains.
It is often more natural to work with domains with more components, as Taubes
does in [T] (see also [IP1]). Let M̃χ,n be the space of all stable curves of euler
characteristic χ with any number of components, of any possible genus, and with
n ordered points distributed in all possible ways. More precisely, let Pn be the
set of all ordered partitions of the set {x1, . . . xn}. Each π = (π1, . . . , π) ∈ Pn

records which marked points go on each component. Then

M̃χ,n =
⊔

π∈Pn

⊔
gi

Mg1,π1 × . . . ×Mgl,πl
,

where Mgi,πi is the Deligne-Mumford space with ni marked points labeled by
the set πi and where the second sum is over all gi with

∑
(2 − 2gi) = χ. Define

the “Taubes-Witten” invariant

TWX : H∗(M̃) ⊗ T(X) → RH2(X)[λ],

by

TWX = eGWX .(1.7)

As before, when this is expanded as a Laurent series

TWX(κ, α) =
∑ 1

n!
TWX,A,χ,n(κ, α) λ−χ tA,

the coefficients count the number of curves (not necessarily connected) with euler
characteristic χ representing A and satisfying the constraints (κ, α).
Remark 1.1 Specifically, if α = α1 ⊗ · · · ⊗ αn, then for each partition π =
(π1, . . . π) let απi be the product of αj for all j ∈ πi. If κ = κ1 ⊗ · · · ⊗ κ, then:

TWX,n(κ, α) = ∑
π∈Pn

ε(π)
!

(
n

n1,...,n�

)
GWX,n1(κ1, απ1) ⊗ · · · ⊗ GWX,n�

(κ, απ�
),

where επ = ±1 depending on the sign of the permutation (π1, . . . , π) and the
degrees of α. Note that A and χ add when one take disjoint unions, so the
variables tA and λ multiply.

2. Relative invariants

The invariants of Section 1 can be extended to invariants for (X, ω) relative
to a codimension two symplectic submanifold V (a related invariant has been
defined by Li-Ruan [LR]). This requires addressing two major issues: “rim tori”
and higher order contact between the holomorphic curves and V .

Each almost complex structure J on X compatible with the symplectic form
determines a metric by g(v, w) = ω(v, Jw), a Levi-Civita connection ∇, and a
splitting of TX along V as the sum TV ⊕NV of tangent and normal bundles. Let
J V be the space of pairs (J, ν) where ν is a perturbation (as in [RT]) satisfying
the following three conditions on the 1-jet of (J, ν) along V : (i) J preserves TV
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and ν|V takes values in TV , (ii) the bundle map A : TX ⊗ TX → NV defined
by A(ξ, v) = (∇ξJ + J∇JξJ)N (v) satisfies A(ξ, v) = A(v, ξ) for all ξ ∈ NV and
v ∈ TV , and (iii) for each ξ ∈ NV , (∇ξν + J∇Jξν − J∇ν( )J)N ∈ Ω0,1(NV )
vanishes. (These conditions ensure that for each (J, ν)-holomorphic map whose
image C lies entirely in V , the restriction of the linearization DC to the normal
bundle to V is a complex operator.) A (J, ν)-holomorphic map into X is V -
regular if the inverse image of V is a finite set of points. For each (g, n), the
V -regular maps form an open subset MV

g,n(X) of the moduli space of maps, and
this is a manifold for generic (J, ν) ∈ J V . We will write this moduli space as a
disjoint union of strata and compactify each strata separately.

The strata are labeled by sequences s = (s1, s2, . . . , s) of integers with si ≥ 1.
Let S be the set of all such sequences and define the degree, length, and order
of s ∈ S by

deg s =
∑

si +(s) = +, |s| = s1s2 · · · s.

Associated to each s is the moduli space

MV
g,n,s(X) ⊂ MV

g,n+(s)(X),

consisting of those maps f such that f−1(V ) is exactly the points xi, n + 1 ≤
i ≤ n + +(s), each with multiplicity si. Then MV

g,n,s(X) defines a stratum of
MV

g,n(X) via the projection that forgets the last +(s) points, and MV
g,n(X) is

the disjoint union of these strata.
To compactify MV

g,n,s(X), we introduce the “symplectic compactification” X̂
of X \ V . This is a compact, symplectic manifold whose boundary is the circle
bundle S of the normal bundle to V in X together with a projection π : X̂ → X
which is the projection S → V on the boundary and is a symplectomorphism in
the interior. Let V ∗ be V with the discrete topology, and let S∗ be S topologized
as the disjoint union of its fiber circles. Then π : S∗ → V ∗ and the inclusions
V ∗ ⊂ X and S∗ ⊂ X̂ are continuous. The long exact sequence of the pair
(X̂, S∗) gives maps

H2(X̂) −→ H2(X̂, S∗)
ρ−→ H1(S∗).(2.1)

Each V -regular map lifts to a map into X̂; this determines an element of
H2(X̂, S∗) that projects under ρ to an element of the symmetric product SymV .
Similarly, each f ∈ MV

g,n,s(X) lifts to X̂, and evaluation at the last +(s) marked
points gives a map into the space

SV =
⋃
s∈S

Vs,

where each Vs is a copy of V (s). We give SV the topology of that makes this
a disjoint union. Restricting (2.1) to SymV and pulling back by the projec-
tion SV → SymV , then gives a space HV

X = H2(X̂, S∗) ×Sym V SV with an
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evaluation map ε into SV :

H2(X̂) −→ HV
X�ε

SV.

(2.2)

We topologize HV
X so that ε is a covering map. With this setup, lifting maps

into X̂ gives a diagram

MV
g,n,s(X)

φ→ HV
X

ε→ SV� � �
MV

g,n(X) → H2(X̂, S∗)
ρ→ SymV.

(2.3)

Note that the intersection divisor with V can be recovered by applying ρ, and
that the image of φ implicitly describes that class of the lift in H2(X̂, S). How-
ever, these data cannot be separated because the covering (2.2) is not, in general,
trivial.

Remark 2.1 The covering (2.2) can be partially trivialized. Let RX be the
kernel of the projection H2(X̂) → H2(X). Elements of RX are called rim tori
because they can be represented by tori of the form α × µ where α is a curve
in S and µ is a fiber of S → V . Projecting 2-cycles in (X̂, S∗) into X defines a
map π∗ : HV

X → H2(X). Then (2.2) can be rewritten as a covering map

RX −→ HV
X�

H2(X) × SV.

Lemma 2.2. For generic (J, ν) in J V , the image of MV
g,n,s(X) under φ has

compact closure in HV
X for each s ∈ S, and these images define elements of

H∗(HV
X ; Q).

The relative GW invariant of the pair (X, V ) is then obtained by repeating
the discussion leading from (1.2) to (1.4). Writing T(H∗(X, V )) as T(X, V ), the
relative invariant is thus a map

GWV
X : H∗(M) ⊗ T(X, V ) −→ H∗(HV

X)[λ],

with an expansion

GWV
X =

∑
g,n

1
n!

GWV
g,n,X λ2g−2.(2.4)

Formula (1.7) extends this to a relative Taubes-Witten invariant

TWV
X : H∗(M) ⊗ T(X, V ) → H∗(HV

X)[λ].(2.5)
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When V is the empty set HV
X is H2(X) and the relative invariant takes values in

RH2(X). The relative and absolute invariants are then equal: GW ∅
X = GWX .

These relative invariants depend only on the symplectic structure:

Theorem 2.3. GWV and TWV are independent of the generic (J, ν) in J V .

The geometric interpretation of the relative invariant (2.4) is similar to that
of (1.5). Given κ ∈ H∗(M), a vector α = (α1, . . . , αn) of classes in H∗(X, V ),
and a γ ∈ H∗(HV

X), fix generic geometric representatives K ⊂ Mg,n, Γ ⊂ HV
X

and Ai ⊂ X of their Poincaré duals. Then the evaluation pairing γ ·GWV
g,X(κ, α)

counts the oriented number of genus g (J, ν)-holomorphic maps f : C → X with
C ∈ K, φ(f) ∈ Γ, and f(xi) ∈ Ai for each marked point xi.

Note that the condition φ(f) ∈ Γ constrains both the homology class A of
the map and the boundary values of the curve. In the special case when there
are no rim tori, these homology and the boundary value constraints can be fully
separated.
Example 2.4 When there are no rim tori, HV

X is the subset of H2(X)×⋃
s V (s)

consisting of pairs (A, s) with deg s = A · V . The homology of HV
X is the

corresponding subalgebra of RH2(X) ⊗ CT where CT is the “contact tensor
algebra” of V :

CT(V ) = T(H∗(V ) × N).

The relative invariants are then maps

H∗(M) ⊗ T(X, V ) → CT(V ) ⊗ RH2(X)[λ],

and have Laurent expansions like (1.5) with coefficients in CT(V ). In fact, a basis
for the contact algebra is given by elements of the form Cs,γ = Cs1,γ1⊗· · ·⊗Cs�,γ�

,
where γi are elements of H∗(V ; Q) and si ≥ 1 are integers. Let {C∗

s,γ} denote
the dual basis. With κ and α as above, we can expand∑

s,γ

GWV
g,A,X(κ, α;Cs,γ) C∗

s,γ tA λ2g−2,(2.6)

where the coefficients count the oriented number of genus g (J, ν)-holomorphic
maps f : C → X with C ∈ K, f(xi) ∈ Ai, and having a contact of order sj with
V along fixed representatives Γj of the Poincaré duals of the γj .

3. The convolution

Having defined the relative invariants, we now turn to the problem of describ-
ing how they behave under the symplectic sum operation. The goal is to give a
formula expressing the absolute invariants of a symplectic sum Z = X#V =V Y
in terms of the relative invariants of X and Y . This turns out to be most natu-
ral when one works with the TW invariants, and when one works with relative
invariants throughout.

Let X be a symplectic manifold with two disjoint symplectic submanifolds U
and V with real codimension two. Suppose that V is symplectically identified
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with a submanifold of similar triple (Y, V , W ) and that the normal bundles of
V ⊂ X and V ⊂ Y have opposite chern classes. Let (Z, U, W ) be the resulting
symplectic sum. We will choose (J, ν) on the X and Y sides so that the 1-jets
of (J, ν) match along V = V . In this section we will define a “convolution”
operation and establish a formula of the form

TWU∪V
X ∗ TWV ∪W

Y = TWU∪W
Z ,(3.1)

under the assumption that all curves contributing to the invariants are V -regular
(this condition will be eliminated in the next section).

The convolution operation is assembled from several pieces. The first ingre-
dient is a gluing map defined on Deligne-Mumford spaces. Given stable curves
C1 and C2 (not necessarily connected) with euler characteristics χi and ni + +
marked points, we can construct a new curve by identifying the last + marked
points of C1 with the last + marked points of C2, and then forgetting the marking
of these new double points. This defines an attaching map

ξ : M̃χ1,n1+ × M̃χ2,n2+ −→ M̃χ1+χ2−2,n1+n2 ,

whose image is a subvariety of complex codimension +. Taking the union over
all χ1, χ2, n1 and n2 gives a map ξ : M̃ × M̃ → M̃ for each +.

The second ingredient describes how maps are glued along V . Consider the
evaluation map

ev : MV (X) ×MV (Y )
φ−→ HV

X ×HV
Y

ε−→ SV × SV

defined by the top row of (2.3) on each factor; this evaluation map records the
intersection points with V , together with their multiplicities. The diagonal of
SV × SV is the union of components

∆s ⊂ SV × SV

labeled by sequences s. With this notation, we can state our first main result.
It is a ‘gluing theorem’ for families of pseudo-holomorphic maps which is proved
by PDE methods [IP2].

Theorem 3.1. For each sequence s, there is an |s|
(s)! -fold cover of ev−1(∆s),

denoted
MV (X) ×evs

MV (Y ), and a commutative diagram

MV (X) ×evs MV (Y ) −→ M(Z)�st
�st

M̃ × M̃ ξ�(s)−→ M̃,

where the top arrow is a diffeomorphism.
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The next step is to pass to homology. We can glue a curve in X to a curve in
Y provided the two curves meet V at the same points with the same multiplicity;
this defines a map

g : HU,V
X ×ε HV ,W

Y → HU,W
Z .(3.2)

Combining this with the map ξ above gives the convolution operator that de-
scribes how homology classes of maps combine in the gluing operation for the
symplectic sum.

Definition 3.2. The convolution operator

∗ : H∗(M̃ ×HU,V
X ; Q[λ]) ⊗ H∗(M̃ ×HV ,W

Y ; Q[λ]) −→ H∗(M̃ ×HU,W
Z ; Q[λ]),

is given by

(κ ⊗ h) ∗ (κ′ ⊗ h′)=(3.3) ∑
s

|s|
+(s)!

(
ξ(s)

)
∗ (κ ⊗ κ′) g∗

[
h × h′|ε−1(∆s)

]
λ2(s).

To conform with this definition, we will regard the TW invariant of X as a
map

TWU,V
X : T(X, V ) → H∗(M̃ ×HU,V

Z ; Q[λ]),

by dualizing the first term in (2.5). Finally, a constraint α ∈ H∗(Z) separates as
αX + αY if its Poincaré dual PD(α) is the image of (PD(αX), PD(αY )) under
the Mayer-Vietoris map H∗(X \ V ) ⊕ H∗(Y \ V ) → H∗(Z). These generate a
subalgebra Ts(Z) of T(Z), namely the span of tensors of the form

α = αX + αY ,(3.4)

with αX ∈ T(X, V ) and αY ∈ T(Y, V ). Then, when α has this form and assum-
ing that all curves contributing to the invariants are V -regular, (3.1) holds in
the sense that

TWU,W
Z (α) = TWU,V

X (αX) ∗ TWV ,W
Y (αY ).(3.5)

Example 3.3 (The S-matrix) Starting from the normal bundle NV of V in
X, we can form the P1 bundle F = P(NV ⊕ C) over V . In F, the zero section V
and the infinity section V are disjoint symplectic submanifolds. The symplectic
sum of (X, U, V ) and (F, V , V ) is a symplectic deformation of (X, U, V ), so has
the same TW invariant. The convolution then defines a operation

H∗(M̃ ×HU,V
X ; Q[λ]) ⊗ H∗(M̃ ×HV ,V

F
; Q[λ]) −→ H∗(M̃ ×HU,V

X ; Q[λ]).

Thus for each choice of constraints α ∈ T(F, V ∪ V ), the TW invariant of F

relative to its zero and infinity section defines an “S-matrix”

TWV ,V
F

(α) ∈ End
(
H∗(M̃ ×HU,V

X ; Q[λ])
)

,(3.6)
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which describes how families of curves on X are modified — “scattered”— as
they pass through a neck modeled on (F, V , V ) containing the constraints α.

The identity in the endomorphism algebra (3.6) is always realized as the
convolution by the element

I ∈ H∗(M̃ ×HV ,V
F

; Q[λ]),

corresponding to that part of TW (1) coming from the maps whose domain is
unstable and whose image is a multiple cover of a fiber of F. As in physics, it is
convenient to write the S-matrix (3.6) as I + RV ,V ; the inverse of the S-matrix
is then given by the series

(3.7) (TWV ,V
F

)−1 =

I − RV ,V + RV ,V ∗ RV ,V − RV ,V ∗ RV ,V ∗ RV ,V + . . . .

Example 3.4 When V = P1, F → V is one of the rational ruled surfaces
with its standard symplectic and holomorphic structure. If we wish to count
all pseudo-holomorphic maps, without constraints on the genus or the induced
complex structure, the relevant S-matrix is the relative TW invariant with
(κ, α) = (1, 1) ∈ H0(M) × H0(X). This case works out neatly: a dimension
count shows that TWV ,V

F
(1, 1) = I.

4. The sum formula

The full formula for the invariants of a symplectic sum is obtained from (3.5)
by a ‘stretching the neck’ argument. The sum X#V Y can be viewed as assem-
bled from n+1 symplectic sums, where the middle n pieces are copies of the ruled
space F associated to V . We again pick (J, ν) on the pieces of this sum so that
their 1-jets match along each cut. The pigeon-hole principle implies that, for
each A ∈ H2(Z), we can take n sufficiently large so that all pseudo-holomorphic
A-curves in Z limit to V -regular curves in the n + 1-fold sum. Thus the curves
in Z decompose into curves in X joined to curves in Y by a chain of curves in
the intermediate copies of F. Applying formula (3.5) along each cut yields the
general sum formula.

Theorem 4.1. Let (Z, U, W ) be the symplectic sum of (X, U, V ) and (Y, V , W )
along V = V . Suppose that α ∈ T(Z) separates as in ( 3.4). Then the relative
TW invariant of Z is given in terms of the invariants of (X, U, V ) and (Y, V , W )
by

TWU,W
Z (α) = TWU,V

X (αX) ∗ (TWV ,V
F

)−1 ∗ TWV ,W
Y (αY ),

where the middle term is the inverse of the S-matrix ( 3.7).

One interesting special case is when U and W are empty and we put no
constraints on the complex structure of the curves. Theorem 4.1 then gives a
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formula expressing the absolute invariant of Z in terms of the relative invariants
of X and Y .

In this case the algebra of the formula simplifies: we drop all references to M̃
and, because U and W are empty, H∗(HU,W

Z ) is simply RH2(Z). The convolution
(3.4) can then be thought of as a bilinear pairing

〈 , 〉 : H∗(HV
X ; Q[λ]) ⊗ H∗(HV

Y ; Q[λ]) −→ RH2(Z)[λ].

In this case g : HV
X ×ε HV

Y → RH2(Z), so for each sequence s, ε−1 (∆s) is the
union of components ∆A,s = ε−1 (∆s)∩g−1(A), and the formula for the bilinear
pairing becomes

〈h , h′〉 =
∑

s

|s|
+(s)!

∑
A∈H2(Z)

g∗[∆A,s ∩ (h × h′)] tA λ2(s).

The S-matrix is the operator obtained by letting TWV ,V
F

(1, 1) ∈ H∗(HU,V
X ; Q[λ])

act by convolution; let SV ,V denote its inverse.

Corollary 4.2. Let Z be the symplectic sum of (X, V ) and (Y, V ) and suppose
that α ∈ T(Z) separates as in ( 3.4). Then

TWZ(α) =
〈

TWV
X (αX), SV ,V · TWV

Y (αY )
〉

.

Another simplification occurs when there are no rim tori in X and Y , and
therefore in Z. Then the relative invariants have an expansion of the form (2.6).
For simplicity we take U and W both empty. Then HU,W

Z is simply H2(Z) and
the map g of (3.2) is the identification SV ×ρ SV with SV together with the
addition H2(X) × H2(Y ) → H2(Z). The key part of the convolution (3.4) is
then given by the cap product with the Poincaré dual of the diagonal:

g∗
[
h × h′|∆s

]
=

∑
B∈H2(X)

∑
C∈H2(Y )

PD (∆s) ∩ (h × h′) tBtC .

We can then ‘split the diagonal’ by fixing a basis {hp} of H∗(SV ) and writing

PD (∆s) =
∑
p,q

QV
p,q hp × hq =

∑
p

hp × hp,

where QV
p,q is the intersection matrix of the Poincaré dual basis, and {hp} is the

dual basis with respect to QV . In fact, fix a basis {γi} of H∗(V ), and let {γi}
be the dual basis of H∗(V ) with respect to the intersection form. Then the {hp}
can be taken to be the basis {C∗

s,γI = C∗
s,γ1 ⊗ · · · ⊗C∗

s�,γ�} of Example 2.4. The
convolution then has the more explicit form

(κ⊗h) ∗ (κ′⊗h′) =
∑

B,C,s

|s|
+(s)!

(
ξ(s)

)
∗ (κ⊗κ′)

∑
I

C∗
s,γI (h) C∗

s,γI
(h′) tB+Cλ2(s).
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Finally, we can also include the ψ-classes (1.6) to obtain a sum formula for
the numbers

TWχ,A,D,X(κ, α),

in terms of the relative invariants (also numbers) TWV
χ,A,D,X(κ, α;C∗

s,γ). For
this, we will take κ = 1 and pair each ψ class with an α. This case is usually
written in terms of the classes τd(α) = ψd

i ∪ ev∗i (α), so we adopt the notation

TWV
χ,A,X (τD(α); s, γ) := TWV

χ,A,D,X(1, α;C∗
s,γ).

Using dual bases {γI , γI} as above, we let TWχ,A(s1, γ
I ; s2, γJ) denote the rel-

ative invariant of F satisfying the contact constraints C∗
s1,γI along V and C∗

s2,γJ

along V . Then the inverse S-matrix is the alternating series

(4.1) SV ,V
χ,A (s1, γI ; s2, γ

J) =

I(s1, γI ; s2, γ
J) − TWV ,V

χ,A (s1, γI ; s2, γ
J) +∑

A1+A2=A

χ1+χ2−2�(s3)=χ

∑
s3,I3

|s3|
+(s3)!

TWV ,V
χ1,A1

(s1, γI ; s3, γ
I3) TWV ,V

χ2,A2
(s3, γI3 ; s2, γ

J)−. . . .

Theorem 4.3. Suppose there are no rim tori in (X, V ) and (Y, V ) and that the
constraint α separates as in ( 3.4). Then the number

TWχ,A,Z(τD(α)),

is given by

(4.2)
∑ |s1| |s2|

+(s1)! +(s2)!
TWV

χ1,A1,X(τD(αX); s1, γ
I) SV ,V

χ0,A0
(s1, γI ; s2, γ

J)

TWV
χ2,A2,Y (s2, γJ ; τD(αY )),

where the sum is over all (a) decompositions A = A1+A0+A2 and χ = χ1+χ0+
χ2 − 2+(s1) − 2+(s2), (b) pairs of sequences s1, s2 ∈ S of degree deg si = Ai · V ,
and (c) pairs of multiindices I, J enumerating bases {γI , γI} of H∗(V (si)) dual
by the intersection form.

In the case where TWV,V (1, 1) = I only the leading term of (4.1) is present,
and this sum formula simplifies to

∑
A=A1+A2

χ1+χ2−2�(s)=χ

∑
s,I

|s|
l(s)!

TWV
χ1,A1,X

(
τDX

(αX); s, γI
)

TWV
χ2,A2,Y (s, γI ; τDY

(αY )) .
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5. Applications

This section presents two consequences of Theorem 4.1: the Caporaso-Harris
recursion formula for the number of curves in P2, and the formula (related to
the “Yau-Zaslow conjecture”) for the number of curves in the rational elliptic
surface. While these formulas are both known, the proofs outlined here are
considerably easier and more transparent than the existing ones.

We begin by examining the relative invariants for the pair (P2, L) (the man-
ifold X̂ of section 2 is then the 4-ball, and in that sense we are considering the
relative invariant of (B4, S3)). This pair can be written as a symplectic sum

(P2, L) #
L=E

(F1, E, L) = (P2, L),

where (F1, E, L) is the ruled surface with euler class one with its zero section
L and its infinity section E. We will obtain a recursive formula for the relative
invariants of (P2, L) by moving one point constraint p to the F side, and applying
the sum formula.

Following [CH], let Nd,δ(α, β) be the number of degree d curves in P2 with
δ double points with a contact with L of order k at αk fixed points, and at
βk moving points, and passing through the appropriate number of fixed generic
points off L. Similarly, let Na,b,δ

F
(α′, β′; p ;α, β) be the number of curves in

F representing aL + bF that have contact described by (α′, β′) along E, (α, β)
along L, and pass through p ∈ F. By elaborating on Example 2.4, one can relate
these numbers Nd,δ to the relative TW invariants. Theorem 4.1 then becomes

Nd,δ(α, β) =
∑

|α′| |β′| Nd′,δ′
(α′, β′) · Nd−d′,d,δ′′

F
(β′, α′; p ;α, β),(5.1)

(the S-matrix is the identity by Example 3.4). Furthermore, a dimension count
shows that there are exactly two types of curves that contribute to the last
term in (5.1): either (i) several rational covers of the fiber, one of them passing
through the point p, or (ii) several rational covers of the fiber and a rational
curve in the class L + aF passing through p and having all contact points with
E and L fixed. In each situation there is a unique such curve. In the case
(i) nothing changes, except that a contact of some order k at a moving point
becomes a contact of order k at the fixed point p0 where the fiber through p
hits E; in case (ii) the degree of the curve drops by 1, and the curve loses some
of the contact conditions at fixed points and gains some at moving points, so
α ≥ α′ and β′ ≥ β. Thus the product in (5.1) becomes a sum of two terms. The
resulting formula has the form

(5.2) Nd,δ(α, β) =∑
kNd,δ′

(α − εk, β + εk) +
∑

|β′ − β| ·
(

α

α′

)(
β′

b

)
· Nd−1,δ′

(α′, β′),

and is exactly the formula of Caporaso-Harris ([CH] Theorem 1.1).
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The same method, applied to the sum Fn#Fn = Fn yields the recursion
formula of Vakil [V].

We next consider the invariants of the rational elliptic surface E. Let f and s
denote, respectively, the homology class of the fiber and the section of the elliptic
fibration E → P1. We will consider the invariants GWg,s+df , which count the
number of connected genus g curves in the class s+df through g generic points.
These define power series

Fg(t) =
∑
d≥0

GWg,s+df (pg) td ts,

where t = tf . Recently, Göttsche and Pandharipande [GP] obtained recursive
relations for the coefficients of F0, and Bryan-Leung [BL] proved the closed-form
expression

F0(t) = ts

(∏
d

1
1 − td

)12

,(5.3)

(this formula was very strongly motivated by the work of Yau-Zaslow [YZ]). We
will prove this by relating it to the similar series of elliptic (g = 1) invariants

H(t) =
∑
d≥0

GW1,s+df (τ1(f∗)) td ts,

where f∗ ∈ H2(E) is the Poincaré dual of the fiber class. The “topological
recursion relation” for g = 1 (TRR) easily implies that

H(t) =
1
12

(t F ′
0 − F0) + F0G,(5.4)

where G =
∑

σ(d)td is the generating function for σ(d) =
∑

a|d a. On the other
hand, we can write E = E#F T 2×S2, and compute H by moving the constraint
onto the T 2×S2 side and using Theorem 4.1. For this situation, the only possible
splitting is a genus 0 curve on E side representing s + d1F and a genus 1 curve
on the T 2 × S2 side. But the genus 1 invariant of T 2 × S2 is computable from
TRR, and comes out to be 2(G(t) − 1/24). Therefore,

H(t) = 2F0

(
G − 1

24

)
.

Equating this with (5.4), we see that F0 satisfies the ODE

t F ′
0 = 12GF0,

with F0(0) = GW0,sts = ts. Integrating and rearranging gives (5.3).
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Finally, by applying Theorem 4.1 to the fiber sum E#E = K3 and noting that
there are no J-holomorphic curves in K3 for generic J , we find that Fg+1 = FgG

′.
Thus, as in [BL],

Fg(t) = ts (G′(t))g

(∏
d

1
1 − td

)12

.
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