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COMMUTATIVE CONSERVATION LAWS FOR GEODESIC
FLOWS OF METRICS ADMITTING PROJECTIVE

SYMMETRY

Peter Topalov

Abstract. We prove that the geodesic flow of a pseudo-Riemannian metric g
that admits a “nontrivial” projective symmetry X is completely integrable. Non-
triviality condition of the projective symmetry is expressed in the terms of the
invariants of the pair forms g and LXg, where LX denotes the Lie derivative with
respect to the vector field X. The theorem we propose can be considered as a
“commutative” analog of the Noether theorem.

1. Introduction

Let g be a pseudo-Riemannian metric given on the smooth manifold Mn. In
what follows we call pseudo-Riemannian metrics simply metrics.

By definition, the projective symmetries of the pseudo-Riemannian manifold
(Mn, g) are vector fields that preserve the (unparameterized) geodesics of the
metric g (see Definition 1). The theory of the projective symmetries goes back
to the classical works of Dini, Lie, Fubini, Weyl, Eisenhart, Cartan, Petrov and
many others. The problem of the existence of conservation laws (integrals) of the
geodesic flows of the metrics admitting projective symmetry and their relations
with the general theory of relativity was considered by Davis and Moss in [3].
There was found one canonically given integral (see Remark 1). In the present
paper we give a whole family of pairwise commuting integrals of the geodesic
flows of the metrics admitting projective symmetry (Theorem 1). If some non-
degeneracy condition is satisfied we prove the complete integrability of these
flows. Our theorem lies in the same direction as the Noether theorem, i.e., the
symmetries give conservation laws. Moreover, it appears that the projective
symmetries give rise to commutative conservation laws.

The simplest variant of the Noether theorem asserts that provided the metric
g admits a Killing vector field, i.e., a smooth vector field X whose one-parameter
group of local diffeomorphisms {Gt

X}t preserves the metric g, then the linear in

velocities function IX(ξ) def= g(X, ξ) (ξ ∈ TMn) is a first integral of the geodesic
flow of the metric g. Moreover, it can be easily seen that if the manifold Mn is
connected and the vector field X is not identically equal to zero on Mn, then
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the functions Eg(ξ)
def= 1

2g(ξ, ξ) and IX(ξ) are functionally independent on the
whole tangent bundle TMn.

Any Killing vector field X of the metric g preserves the geodesics, i.e., if
s → γ(s) ∈ Mn is a geodesic of the metric g then the curve s → Gt

X(γ(s)) is
also a geodesic of g. Of course, in the case of Killing symmetry, the parameter
s is natural. Recall that by definition a smooth curve s → γ(s) is written in
natural parameter iff the length of its tangent field γ̇(s) is equal to some constant,
g(γ̇, γ̇) = const.

Let us consider a “symmetry” X that preserves the geodesics but only as sets
of points on Mn, i.e., if s → γ(s) is a geodesic then s → Gt

X(γ(s)) is also a
geodesic but possibly not written in natural parameter.

Definition 1. A vector field X is called projective symmetry of the metric g iff
its one-parameter group of local diffeomorphisms {Gt

X}t takes geodesic lines to
geodesic lines (up to a change of the parameterization of the geodesic lines).

Let X be a projective symmetry of g. Define the tensor field b = b(g, X) def=
LXg, where LX denotes the Lie derivative with respect to the vector field X,
and consider the endomorphism of the tangent bundle B = B(g, X) def= (gikbkj).
Provided that C is an endomorphism of the tangent bundle TMn and x is a point
of Mn, denote by rC(x) the degree of the minimal polynomial of the operator
C|x.

Definition 2. The number r
def= max

x∈Mn
rB(x) is called first approximation rank

of the projective symmetry X.

Consider the one-parameter family of quadratic forms

Kc(g, X)(ξ) def= det(L + c1)g((L + c1)−1ξ, ξ), ξ ∈ TMn,(1)

where L = L(g, X) def= B − tr B
n+11. It is clear that

Kc(g, X)(ξ) = In−1(g, X)(ξ)cn−1 + ... + I0(g, X)(ξ),(2)

where the quadratic forms Ik(g, X) are globally defined on Mn and In−1(ξ) =
g(ξ, ξ).

The aim of the present note is to prove the next theorem.

Theorem 1. Suppose that the manifold Mn is connected and let the metric g ad-
mits a projective symmetry X of first approximation rank r. Then the geodesic
flow of the metric g admits r functionally independent integrals in involution
P1

def= In−1(g, X), ..., Pr
def= In−r(g, X). For every fixed real constant c the qua-

dratic form Kc(g, X) is a linear combination of the forms P1, ..., Pr, i.e., there
exist constants α1, ..., αr such that Kc =

∑r
k=1 αkPk.

We use the Legendre transformation FLg : TMn → T ∗Mn corresponding

to the metric g and consider the symplectic form ωg
def= FL∗

gω on TMn where
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ω denotes the canonical symplectic structure on T ∗Mn. The involutivity of
the forms P1, ..., Pr in Theorem 1 is presumed with respect to the symplectic
structure ωg.

Remark 1. It can be easily checked that In−2(g, X) = 2 tr B
n+1g − b. This integral

is known. It was found by Davis and Moss in [3] ([4], Part II, Chapter II).

Using Theorem 1 we obtain the next corollaries.

Corollary 1. If the metric g admits a projective symmetry of first approximation
rank n then its geodesic flow is completely integrable.

Corollary 2. The set Σ, of the points x ∈ Mn such that r(x) = r, is open and
dense in Mn.

A vector field X is called homothetic symmetry of g iff LXg = const g. It is
clear that the homothetic symmetries are projective symmetries.

Remark 2. The first approximation rank of every homothetic symmetry is equal
to one. The integrals given by Theorem 1 coincide with the “energy” integral.

Corollary 3. Any projective symmetry of first approximation rank 1 corresponds
to a homothetic vector field. Provided the manifold Mn is compact, any projec-
tive symmetry of first approximation rank 1 corresponds to a Killing vector field.

Now, assume that the vector field X is complete. Then the local diffeomor-
phisms {Gt

X}t are globally defined on Mn for all real values of the parameter t.
Applying the results of [6] we obtain the next theorem.

Theorem 2. Suppose that the manifold Mn is connected and let the geodesic
flow of the metric g be complete. Consider the one-parameter family of endo-
morphisms of the tangent bundle Bt ∈ Γ(End(TMn)), (Bt)i

j
def= giα(ḡt)αj, where

gt
def= (Gt

X)∗g. Define the number R
def= max

x∈Mn
max
t∈R

rBt(x). Then the geodesic

flow of the metric g admits R functionally independent integrals in involution.

Remark 3. Due to the theorem of Liouville-Arnold, the existence of commuta-
tive integrals of a Hamiltonian system is useful for the integration of the corre-
sponding equations. In this sense, Theorem 2 is not helpful because it doesn’t give
an explicit form of the corresponding integrals. To write these integrals explicitly
we need to know the solutions {Gt

X}t. Alternatively, the commutative integrals
given by Theorem 1 are written only in the terms of the metric g and the Lie
derivative LXg.

We will investigate the relations between the integrals of theorems 1 and 2 in
a next paper.
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2. Proof of the statements

Proof of Theorem 1. The next well-known lemma is needed for the sequel (see
[1], §68, and [2]).

Lemma 1. The vector field X is a projective symmetry of the metric g iff there
exists a globally defined on Mn 1-form λ such that

∇kbij = 2λkgij + λigjk + λjgik,(3)

where bij are the components of the form b(g, X), λi are the components of λ,
and ∇ denotes the Levi-Civita connection corresponding to the metric g.

It follows from equation (3) that the 1-form λ is exact, i.e., there exists a
globally defined on Mn smooth function Λ such that λk = ∂Λ

∂xk . Indeed, equation
(3) shows that

Bi
j,k = 2λkδi

j + λigjk + λjδ
i
k,

where Bi
j are the components of the operator B = B(g, X) and λi def= gipλp.

Contracting the indices i and j in the last formula, we obtain that λk = ∂Λ
∂xk

where Λ = tr B
2(n+1) . Consider the tensor field

aij
def= bij − 2Λgij .(4)

A direct calculation shows that

∇kaij = λigjk + λjgik.(5)

Recall that two metrics g and ḡ are called geodesically equivalent iff they have
the same geodesics (considered as unparameterized curves in the configuration
space). In coordinates, the condition that the metrics g and ḡ have the same
geodesics is equivalent to the next equation on the “deformation” tensor corre-
sponding to the Levi-Civita connections of the metrics g and ḡ

Γ̄i
jk − Γi

jk = φjδ
i
k + φkδi

j ,

where Γ̄i
jk and Γi

jk are the Christoffel symbols of the metrics g and ḡ respectively,
δi
j is the Kronecker delta, and φi are the components of a globally defined 1-form

(see [1]).
The statement of the next lemma is proved (under the condition of “non-

triviality” of the geodesic equivalence) in [7]. A geodesic equivalence is said to
be “non-trivial” if the covector field φk is not identically equal to zero. The
proof proposed in [7] passes also in our case.

Lemma 2.

1) Suppose that the pseudo-Riemannian metrics g and ḡ are geodesically equiv-
alent; then the tensors aij and λi

aij
def= Aα

i gαj ,
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λi
def= −Aα

i φα,

where (n + 1)φi = 1
2∂i ln

∣∣∣det ḡ
det g

∣∣∣ and

Ai
j(g, ḡ) def=

∣∣∣∣det ḡ

det g

∣∣∣∣
1

n+1

ḡiαgαj ,(6)

satisfy the equation

∇kaij = λigjk + λjgik,(7)

where ∇ is the Levi-Civita connection corresponding to the metric g.
2) Conversely, if a non-degenerate symmetric tensor field aij and an 1-form

λi satisfy equation (7), then the metric

ḡij
def=

(
det ĝ

det g

)
ĝij ,(8)

where ĝij
def= giαaαβgβj, is geodesically equivalent to g.

Let us take an open set U ⊂ Mn with compact closure in Mn. There exists a
real constant c0 such that the tensor field a0

def= a + c0g is non-degenerate in U .
It follows from (5) that a0 satisfies the conditions of the second part of Lemma
2. Hence, the metrics g and

ḡ0
def=

det ĝ0

det g
ĝ0

=
1

det(L + c0)
g(L + c01)−1,(9)

where Li
j

def= giαaαj , are geodesically equivalent in U . It follows from Theorem
1 in [6] that the one-parameter family of quadratic forms

Kα(g, ḡ0)
def= det(A(g, ḡ0) + α1)g(A(g, ḡ0) + α1)−1,(10)

where A
def= A(g, ḡ0) is given by formula (6), are pairwise commuting integrals

of the geodesic flow of the metric g. A direct calculation shows that A(g, ḡ0) =
L + c01. Therefore, the one-parameter family of quadratic forms

Kc(g, X) def= det(L + c1)g(L + c1)−1,(11)

where L
def= g−1a = g−1(b−2Λg) = B−2Λ1, are pairwise commuting integrals of

the geodesic flow of the metric g on U . The forms Kc(g, X) are globally defined
on Mn and the open set U is taken arbitrary. Therefore, the forms Kc(g, X)
are pairwise commuting integrals of the geodesic flow of the metric g. Finally,
the statement of Theorem 1 follows from Theorem 2 in [6] (see also Remark 2
there) and the fact that the degrees of the minimal polynomials of the operators
A(g, ḡ0)|x and B|x (x ∈ Mn) coincide. Theorem 1 is proved.

Corollary 1 follows directly from Theorem 1.
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Proof of Corollary 2. It follows from Theorem 1 that the quadratic forms
P1, ..., Pr are functionally independent on TMn. By definition, rB(x) ≤ r.
Suppose that there exists a connected open set U ⊂ Mn such that for every
x ∈ U , rB(x) < r. Hence, r0

def= max
x∈U

rB(x) < r. Applying Theorem 1 to

the manifold (U, g|U ), we obtain that there exist constants α1, ..., αr0 such that
Pr0+1 =

∑r0
k=1 αkPk on TU . The last equality gives that the quadratic forms

P1, ..., Pr are not functionally independent on TMn. This contradiction shows
that Σ is dense in Mn.

Let us prove that Σ is open in Mn. It follows from Lemma 2 and Proposition 3
both proved in [6] that rB(x) = rk{In−1(g, X)|x, ..., I0(g, X)|x}, where Ik(g, X)|x
are considered as elements of Symm(T ∗

x Mn ⊗ T ∗
x Mn). Therefore, there exists

an open neighborhood V (x) of the point x such that for every y ∈ V (x) we have
rB(y) ≥ rB(x). Taking x ∈ Σ, we obtain that rB(y) = r. This completes the
proof of Corollary 2.

Proof of Corollary 3. It is clear that the projective symmetry X is of first ap-
proximation rank 1 if and only if LXg = fg where f is a smooth function on Mn.
It follows from Theorem 1 and formula (1) that Kc(g, X) = (f/(n + 1) + c)n−1g
is an integral of the geodesic flow of the metric g. Therefore, f = const. This
proves the first statement of Corollary 3.

Suppose that the manifold Mn is compact and let X be a vector field such
that LXg = cg where c is some constant. Denoting by σg the volume element
corresponding to the metric g, we obtain that LXσg = cn

2 σg. Integrating these
n-forms, we obtain 0 =

∫
Mn

LXσg = cn
2 Volg(Mn). Therefore, c = 0. Corollary 3

is proved.

Proof of Theorem 2. It is clear that the metrics g and ḡt are geodesically equiv-
alent. Finally, the statement of Theorem 2 follows from Theorem 2 in [6].

2.1. Examples. Here we consider some examples that illustrate our results.
Example 1. Denote by {(x1, x2, x3)} the coordinates in R3 and consider the
Lorenz metric

dg2
1

def= 4Adx1dx3 + dx2
2 + 2x1dx2dx3 + x2

1dx2
3,(12)

where A
def= x2 + ax3 = 0, a = const. The vector field

X1
def= x3(2x2 + ax3)

∂

∂x2
+ x2

3

∂

∂x3
(13)

is a projective symmetry of the metric g (see [9]). A direct calculation shows
that

L(g1, X1) =


 x3 1 x1

0 x3 2A
0 0 x3


 .

We have that (L − x31)2 = 2A = 0 and (L − x31)3 ≡ 0. Therefore the first
approximation rank of this symmetry is r = 3. The integrals in involution P1,
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P2 and P3 given by Theorem 1 are functionally independent, and therefore the
geodesic flow of the metric g is completely integrable. Remark that till now
only the integrals P1 (the “energy” integral) and P2 have been known. It is
interesting that the quadratic forms P1|x, P2|x and P3|x are not simultaneously
diagonalizable on the tangent plane TxR3.

Example 2. Consider the Lorentz metric in R4 = {(x1, x2, x3, x4)}

dg2
2

def= 2dx1dx2 + x2
1P(dx3, dx4), x1 = 0,(14)

where the coefficients Pαβ (Pαβ = Pβα) of the positive definite quadratic form

P(dx3, dx4)
def=

∑4
α,β=3 Pαβ(x3, x4)dxαdxβ depend only on the variables x3 and

x4. The vector field

X2
def= x1x2

∂

∂x1
+ x2

1

∂

∂x2
(15)

is a projective symmetry of the metric g (see [10]). It can be easily checked that
the first approximation rank of the projective symmetry X2 is r = 3. Therefore,
the geodesic flow of the metric g admits 3 functionally independent integrals in
involution.

The metrics given in Examples 1 and 2 are not flat. An infinitesimal variant of
the construction proposed in [6], Sect. IV, allows constructing projective symme-
tries of first approximation rank n of the standard flat metrics in Rn. Applying
Theorem 1 we obtain complete families of pairwise commuting integrals of these
metrics.
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