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POINCARÉ SERIES AND ZETA FUNCTION OF THE
MONODROMY OF A QUASIHOMOGENEOUS SINGULARITY

W. Ebeling and S.M. Gusein-Zade

Abstract. We give a formula connecting the Poincaré series of the coordinate ring
of a (Newton non-degenerate) quasihomogeneous hypersurface singularity with the
Saito dual of the zeta function of its monodromy.

In the last years there have appeared several results which can be described
as follows: the Poincaré series (or rather a Poincaré series: sometimes one has
to be careful with the choice) of the ring of functions on a singularity is con-
nected with the zeta function of its classical monodromy transformation. The
first observation of this sort [CDG1] says that the Poincaré series of an irre-
ducible plane curve singularity (with respect to the natural filtration defined
by a uniformization of the curve) coincides with the zeta function of its clas-
sical monodromy transformation. There was obtained a global version of this
statement for an algebraic plane curve with one place at infinity [CDG2]. For
a reducible plane curve singularity, it was shown that the Poincaré polynomial
(appropriately defined as a polynomial in several variables) of the multi-index
filtration of the ring of functions (defined by uniformizations of the branches of
the curve) coincides with the Alexander polynomial ∆(t1, ..., tr) (in several vari-
ables) of the link of the singularity [CDG3, CDG4]. (The Alexander polynomial
reduces to the zeta function of the monodromy when identifying all the variables
ti: ζ(t) = ∆(t, . . . , t).) It was noticed that this statement has a formulation in
terms similar to motivic integration [CDG5].

For an isolated quasihomogeneous two-dimensional hypersurface singularity,
it was shown that the Poincaré series of the (quasihomogeneous) filtration on
the ring of functions on the singularity can be obtained from the characteristic
polynomial of the classical monodromy operator by applying the Saito duality
construction and multiplying by binomials corresponding to the orbit invariants
of the natural action of the group C

∗ of nonzero complex numbers on the surface
[E1, E2]. Saito duality [S1, S2] was formulated in order to describe the connec-
tion between the characteristic polynomials of the dual singularities in Arnold’s
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strange duality. So there it connected objects of the same nature. In [E1, E2]
the Saito duality is used to connect objects of different nature: topological and
algebraic ones.

The proofs of all the results essentially consist of computing both sides of the
equations (in terms of a resolution or in terms of the weights of the variables)
which turn out to coincide. Though each single one can be considered as a
pure coincidence, the number of these “coincidences” shows that there must be
a general phenomenon behind all of them which seems not to be understood.
There is no proof which explains these coincidences.

The aim of the paper is to generalize the result of [E1] about quasihomo-
geneous surface singularities to any dimension and also to some non-isolated
singularities. This generalization rewrites it in more uniform terms.

Let f : C
n → C be a quasihomogeneous polynomial function of degree d with

respect to the weights q1, . . . , qn (qi are positive integers, gcd(q1, . . . , qn) = 1),
i.e., f(λq1x1, . . . , λqnxn) = λdf(x1, . . . , xn), λ ∈ C. This means that f(x) =∑

akxk (x = (x1, . . . , xn), k = (k1, . . . , kn), xk = xk1
1 · . . . · xkn

n ) where, for
ak �= 0, q1k1 + . . . + qnkn = d. The group C

∗ of nonzero complex numbers acts
on the space C

n by λ ∗ (x1, . . . , xn) = (λq1x1, . . . , λqnxn).
Let (X, 0) = (f−1(0), 0) be the zero set of f , and let A = C[x]/(f) be the

coordinate ring of X. There is a natural grading on the ring A: As is the set of
functions g ∈ A such that g(λ ∗x) = λsg(x). Let PX(t) =

∑∞
s=0 dimAst

s be the
Poincaré series of the graded algebra A = ⊕∞

s=0As.
Let Xε = f−1(ε) ∩ Bδ (0 < ‖ε‖ 	 δ, Bδ is the ball of radius δ centred at the

origin in C
n) be the Milnor fibre of the germ of the function f at the origin, let

h : Xε → Xε be the classical monodromy transformation of the germ f , and let
ζ̃f (t) be its (reduced) zeta function:

ζ̃f (t) =
∏
p≥0

{
det

(
id − t · h∗|H̃p(Xε)

)}(−1)p

.

Pay attention that in the definition there are the reduced homology groups of the
Milnor fibre Xε, i.e., its homology groups modulo a point. If X has an isolated
singular point at the origin, n ≥ 2, then

(
ζ̃f (t)

)(−1)n−1

= det
(
id − t · h∗|Hn−1(Xε)

)
is the characteristic polynomial of the classical monodromy operator of f .

The zeta function ζ̃f (t) can be written in the form∏
�|d

(1 − t�)α� , α� ∈ Z.

Following K. Saito [S1, S2], we define the Saito dual (rational) function ζ̃∗f (t) by

ζ̃∗f (t) =
∏
m|d

(1 − tm)−αd/m .
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Let Y = (X \ {0})/C
∗ be the space of orbits of the C

∗-action on X \ {0}.
There is a natural stratification of the variety Y defined by the types of the
orbits: Ym is the set of orbits for which the isotropy group is the cyclic group of
order m. (The stratum Ym can be nonempty only if m is equal to the greatest
common divisor of a subset of the weights q1, . . . , qn.)

Let Γ be the Newton diagram of the germ f , i.e., the convex hull in R
n of

the points k ∈ Z
n such that ak �= 0 (f(x) =

∑
akxk). The diagram Γ lies in the

hyperplane H = {k ∈ R
n | q1k1 + . . . + qnkn = d}.

Suppose that the function f is non-degenerate with respect to its Newton
diagram Γ in the sense of [V]. For a topological space Z let χ(Z) denote its
Euler characteristic.

Theorem 1.
PX(t) = ζ̃∗f (t) ·

∏
m≥1

(1 − tm)−χ(Ym).

Remarks. 1. We put the correction term
∏

m≥1(1 − tm)−χ(Ym) on the same
side as ζ̃∗f (t) because in some sense its nature is more close to the one of the zeta
function.

2. For n = 2, the statement reduces to the statement of [CDG1] for irreducible
quasihomogeneous plane curve singularities (i.e., plane curve singularities with
one Puiseux pair). In this case, the zeta function ζ̃f (t) is self dual and Y = Y1 =
pt. For isolated hypersurface singularities with n = 3, the statement coincides
with that of [E1]. The number of equal orbit invariants which participate in the
equation of [E1] is the Euler characteristic of the corresponding 0-dimensional
set, the exponent at the term (1− t) is the Euler characteristic χ(Y1) of the open
stratum Y1 of the quotient curve Y where the C

∗-action is free.

Proof. One has

PX(t) =
1 − td∏n

i=1(1 − tqi)
.

For I ⊂ I0 = {1, . . . , n}, let |I| be the number of elements of I, LI = {k ∈
R

n | ki = 0 for i �∈ I}, and ΓI = Γ∩LI . Let TI = {x ∈ C
n |xi = 0 for i �∈ I, xi �=

0 for i ∈ I} be the complex torus of dimension |I| and let mI = gcd(qi, i ∈
I). The integer mI is the order of the isotropy group of the C

∗-action on the
intersection of X with the torus TI . From [V] it follows that

ζ̃f (t) = (1 − t)−1
∏

I⊂I0, |I|≥1

(
1 − td/gcd(d,mI)

)(−1)|I|−1(|I|−1)!V (ΓI)

where V (ΓI) is the (|I| − 1)-dimensional volume of the polyhedron ΓI defined
by the lattice H ∩ LI ∩ Z

n (i.e., the volume of a fundamental parallelepiped of
it is equal to 1 by definition). For |I| = 1, V (pt) = 1, V (∅) = 0. Note that, if
mI �= gcd(d, mI), i.e., if mI does not divide d, then ΓI is empty.
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The Saito dual of ζ̃f (t) is equal to

ζ̃∗f (t) = (1 − td)
∏

I⊂I0, |I|≥1

(1 − tmI )(−1)|I|(|I|−1)!V (ΓI)
.

For |I| ≥ 2, (−1)|I|(|I| − 1)!V (Γi) is equal to the Euler characteristic of (X ∩
TI)/C

∗. For ΓI �= ∅ this follows from [BKKh, Kh]. For ΓI = ∅, the intersection
V ∩ TI coincides with TI and χ(TI/C

∗) = 0 (for |I| ≥ 2). If |I| = 1, i.e., for
I = {i} consisting of one element i, 1 ≤ i ≤ n, the intersection X ∩T{i} is empty
if Γ{i} is not empty (i.e., is a point) and vice versa. The Euler characteristic of
T{i}/C

∗ = pt is equal to 1. Therefore χ((X ∩ T{i})/C
∗) = 1 − V (Γ{i}). Thus

ζ̃∗f (t) =
1 − td∏n

i=1(1 − tqi)

∏
I⊂I0, |I|≥1

(1 − tmI )χ((X∩TI)/C
∗)

.

Since Ym =
⋃

I:mI=m

(X ∩ TI)/C
∗ and the Euler characteristic is additive,

ζ̃∗f (t) = PX(t) ·
∏
m≥1

(1 − tm)χ(Ym).
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