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MAHLER MEASURES GENERATE THE LARGEST POSSIBLE
GROUPS

Artūras Dubickas

Abstract. We prove that free additive and multiplicative groups generated by
the set of all Mahler measures consist of all real algebraic integers and of all posi-
tive algebraic numbers, respectively. More precisely, we show that every positive
algebraic number can be written as a quotient of two Mahler measures. It is also
shown that the set of all Mahler measures is not an additive semigroup.

1. Introduction

Let α be an algebraic number of degree d over Q with minimal polynomial

adX
d + · · ·+ a1X + a0 = ad(X − α1) . . . (X − αd) ∈ Z[X].

Its Mahler measure is defined by M(α) = ad

∏d
j=1 max{1, |αj |}. It is well–known

that, for every α ∈ Q, M(α) is a real algebraic integer greater than or equal to
1.

Let M be the set of all Mahler measures of algebraic numbers, and let M∗
be a monoid under multiplication generated byM. By the multiplicative prop-
erty of Mahler measures M∗ is the set of all Mahler measures of integer (not
necessarily irreducible) polynomials. A thorough investigation of the sets M
andM∗ is considered to be a very ambitious task [2], since even the apparently
simple question of Lehmer [8] on whether there are elements ofM in the interval
(1, 1.176) remains open.

The aim of this note is to show that the set M is very rich. Denote by
P the set of Perron numbers, i.e. positive algebraic numbers α such that the
moduli of their conjugates (if any) are all strictly smaller than α. Let Q>0 be the
multiplicative group of all positive algebraic numbers, and let G = {∏ m

kj

j |mj ∈
M, kj ∈ Z} be a free multiplicative group generated by all Mahler measures.
With this notation, we have that

M⊆M∗ ⊆ P ⊆ G ⊆ Q>0.

It was shown in [4] thatM 	=M∗ with, say α = (
√

2+1)(
√

3+2) ∈M∗ \M.
Hence M⊂M∗. The fact that every Mahler measure (and so their product) is
a Perron number was firstly noticed by Adler and Marcus [1]. Of course, not
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every Perron number is an algebraic integer, so M∗ ⊂ P. Furthermore, Boyd
[3] showed that not every Perron integer belongs to M∗. For instance, if α is
the largest positive root of Xd −X − 1 = 0, d � 4, then α is a Perron number,
but α /∈M∗. (To be precise, Boyd proved that α /∈M, but his argument easily
extends to the following criterion: if α ∈ M∗ then its conjugates different from
α all have moduli smaller than α and greater than or equal to α−1.) In [6] the
author showed that, for every Perron number α, there is a positive integer n
such that nα ∈ M, so α can be written as a quotient of two Mahler measures
nα and n = M(n). On the other hand, say

√
2 = M(

√
2 + 2)/M(

√
2 + 1) is not

a Perron number, hence P ⊂ G. The final relation between the sets G and Q>0

is an unexpected one: it turns out that G = Q>0. Summarizing, we have that

M⊂M∗ ⊂ P ⊂ G = Q>0.

We will prove the equality G = Q>0 in a more special and precise form. Recall
that α > 1 is a Pisot number if it is an algebraic integer whose other conjugates
(if any) all lie strictly inside the unit circle. We call α > 1 a generalized Pisot
number if it satisfies the above definition but without assumption that α is an
algebraic integer. (This definition follows the line proposed in [7].) Of course,
every generalized Pisot number is a Perron number and every Perron number is
a certain rational multiple of a generalized Pisot number.

We are now able to give our first result which implies that the free group
under multiplication G generated byM is the multiplicative group of all positive
algebraic numbers.

Theorem 1. For every positive algebraic number α there exist two general-
ized Pisot numbers β, γ ∈ Q(α) such that α = M(β)/M(γ).

What happens if we replace multiplication by addition? Although now the
multiplicative structure of the Mahler measure will be mixed with the additive
structure of a group one may already expect that the situation will be similar
to that above. This is indeed the case. Let M+ be a monoid under addition
generated by M, and let A = {∑ kjmj | mj ∈ M, kj ∈ Z} be a free additive
group generated byM. We begin with an example showing thatM 	=M+.

Theorem 2. Let d � 4 be an even integer. Then α > 1 solving Xd−Xd−1−
· · · −X − 1 = 0 is a Pisot number, and α + 1 ∈M+ \M.

Boyd’s example of the positive root α of Xd − X − 1 = 0 also shows that
M+ 	= P, since every α < 2 lying in M+ must belong to M. Note that

√
2 =

M(2
√

2 + 2) −M(
√

2 + 2) is not a Perron number, so P 	= A. Hence, in the
additive case, we have that

M⊂M+ ⊂ P0 ⊂ A,

where P0 stands for the set of Perron numbers which are algebraic integers.
Clearly, every element of A is a real algebraic integer. As above, the converse is
also true. Once again we give it in a more precise form.
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Theorem 3. For every real algebraic integer α there exist four generalized
Pisot numbers β, γ, β′, γ′ ∈ Q(α) and two positive integers b, c such that α =
bM(β) + cM(γ)− bM(β′)− cM(γ′).

The reason that four numbers appear instead of two is that in the proof below
we first express a real algebraic integer as a difference of two Perron integers and
then each of these two as a linear form in two Mahler measures. In conclusion,
we ask whether, similarly to the multiplicative case, every real algebraic integer
can be expressed as a difference of two Mahler measures.

2. Main lemma

We will first show that there is a Tschirnhausen transformation which maps
a real algebraic number σ into another real algebraic number in the field Q(σ)
which is large compared to its other conjugates.

Lemma. Let σ be a fixed real algebraic number of degree d � 2 over Q
with its other conjugates σ2, . . . , σd. Then there is a positive number λ = λ(σ)
depending on σ only such that, for every sufficiently large number T, there
is a polynomial f(X) ∈ Z[X] (depending on T ) for which f(σ) > T and
max2�j�d |f(σj)| < λT (d−2)/(d−1).

Proof. Set �j =
∏

i |σi − σj |, where the product is taken over every i 	= j

in the range 2 � i � d, and � =
∏d

j=2 |σ − σj |. Also, putting σ1 = σ, let
sep(σ) = min1�i<j�d |σi − σj |.

Let L be a large positive integer to be chosen later, and let nj be the Gaussian
integer Z+Z

√−1 nearest to Lσj . (In case if there are several of these, let nj be
the smallest in absolute value.) Consider the polynomial f1(X) =

∏d
j=2(LX −

nj). Evidently, nj ∈ Z for every j with real σj . Also (LX−nj)(LX−nj) ∈ Z[X].
It follows that f1(X) ∈ Z[X], since all complex conjugates of σ come in complex
conjugate pairs.

By the choice of nj , |Lσj − nj | � 1/
√

2. From |Lσi − nj | � |L(σi − σj)| +
|Lσj−nj | it follows that |Lσi−nj | is at most 2L|σi−σj | for i 	= j (provided that
L > 1/sep(σ)). Hence, the upper bound |f1(σj)| < (2L)d−2�j holds for every
j = 2, . . . , d. Similarly, since |Lσ−nj | � |L(σ−σj)|− |Lσj−nj | > (L/2)|σ−σj |
for L >

√
2/sep(σ), we see that |f1(σ)| > (L/2)d−1�. In order to complete the

proof it is sufficient to take f(X) = f1(X)2, L = [2(T/�2)1/2(d−1)] + 1 and
λ = 36�−2/(d−1) max2�j�d �2j .

3. Proofs

Proof of Theorem 1. Let α be a positive algebraic number, and let t be a
positive integer such that tα is an algebraic integer. We apply the lemma for σ =
tα. Assume that f(X) is the resulting polynomial. Then both ξ = tαf(tα) and
ζ = tf(tα) are algebraic integers. For T sufficiently large, they are both of degree
d. Choose two primes p and q which are so large that p, q > max{H(ξ), H(ζ)},
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where H stands for the height of an algebraic number, i.e. the largest modulus
of the coefficients of its minimal polynomial, and satisfy

λt max
2�j�d

{1, |αj |}T (d−2)/(d−1) < p/q < T/(t max{1, α}).

Then β = qξ/p and γ = qζ/p are generalized Pisot numbers lying in Q(α). More-
over, the leading coefficients of their minimal polynomials are both equal to pd.
Thus M(β) = pd−1qξ = pd−1qtαf(tα) and M(γ) = pd−1qζ = pd−1qtf(tα) =
M(β)/α, giving the result for every α of degree d � 2. For rational α = u/v,
where u and v are positive integers, we simply have α = M(u)/M(v).

Proof of Theorem 2. The fact that Xd −Xd−1 − · · · −X − 1 = 0, d � 2, defines
a Pisot number α, where 1 < α < 2, is well–known (see, e.g., [5], [9]) and follows
easily from Rouché’s theorem. Thus β = α+1 ∈M+, since α = M(α) ∈M and
1 = M(1) ∈ M. The number β < 3 is the largest positive root of its minimal
polynomial g(X) = (X − 1)d − ((X − 1)d − 1)/(X − 2) ∈ Z[X]. If β ∈M∗ then,
by Boyd’s condition mentioned above, we would have that all conjugates of β
over Q are greater than 1/3 in absolute value. However, for even d � 4, we have
that g(0) = 1 > 0 and g(1/3) = (8(−2/3)d − 3)/5 � −23/81 < 0. So g(X) has
a root in the interval (0, 1/3), a contradiction. This proves that β ∈ M+ \M∗
which is more than required.

Proof of Theorem 3. We now apply the lemma for σ = α, and assume that
the resulting polynomial is f(X). Then ξ = f(α) and ζ = α + f(α) are real
algebraic integers. For T is sufficiently large, they are both of degree d. (More-
over, they are both Perron integers.) Let us take four distinct prime numbers
p, q, p′, q′ > max{H(ξ), H(ζ)} such that the quotients p/q and p′/q′ both lie
between 2 max{λT (d−2)/(d−1),max2�j�d |αj |} and T − |α|. Then β = qζ/p, β′ =
qξ/p, γ = q′ξ/p′ and γ′ = q′ζ/p′ are generalized Pisot numbers lying in Q(α).
Furthermore, the leading coefficients of the minimal polynomials of β, β′, γ and
γ′ are, respectively, pd, pd, p′d and p′d. Thus M(β) = pd−1qζ, M(β′) = pd−1qξ,

M(γ) = p′d−1
q′ξ and M(γ′) = p′d−1

q′ζ. Choosing positive integers b and c

which satisfy bpd−1q − cp′d−1
q′ = 1, we deduce that ζ = bM(β) − cM(γ′) and

ξ = bM(β′)−cM(γ). Hence α = ζ−ξ = bM(β)+cM(γ)−bM(β′)−cM(γ′). This
proves the theorem for every algebraic integer α of degree d � 2. For α = k ∈ Z,
we trivially have k = M(|k|+ k + 1) + M(1)−M(|k|+ 1)−M(1).
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