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MEROMORPHIC FUNCTIONS, BIFURCATION SETS AND
FIBRED LINKS

Arnaud Bodin and Anne Pichon

Abstract. We give a necessary condition for a meromorphic function in several vari-

ables to give rise to a Milnor fibration of the local link (respectively of the link at infinity).

In the case of two variables we give some necessary and sufficient conditions for the local
link (respectively the link at infinity) to be fibred.

1. Introduction

A famous result of J. Milnor [11] states that the link f−1(0)∩S2n−1
ε (0 < ε � 1) of

a holomorphic germ f : (Cn, 0) −→ (C, 0) is a fibred link and moreover that a fibration
is given by the so-called Milnor fibration f

|f | : S2n−1
ε \f−1(0) −→ S1. Throughout this

paper Sn−1
r denotes the sphere with radius r centered at the origin of Rn.

The proof of this result has been extended in several directions in order to construct
some natural fibrations in other situations of singularity theory. In this paper, we
focus on two of them :

(1) Let f : (Rn+k, 0) −→ (Rk, 0) be a real analytic germ with an isolated critical
point at the origin. J. Milnor [11, Chapter 11] proved that for every sufficiently
small sphere Sn+k−1

ε centered at the origin in Rn+k, the complement Sn+k−1
ε \

Lf of the link Lf = Sn+k−1
ε ∩ f−1(0) fibres over the circle. As pointed out by

Milnor, the fibration is not necessarily given by the Milnor map f
‖f‖ .

This result can be extended to a real analytic germ f : (X, p) −→ (Rk, 0)
with isolated critical value satisfying a suitable stratification condition, where
(X, p) is a germ of real analytic space with isolated singularity at p ([15],
Theorem 1.1).

(2) Another direction deals with links at infinity. Let f : Cn −→ C be a poly-
nomial map. The link at infinity associated with the fibre f−1(0) is defined
by Lf,∞ = f−1(0) ∩ S2n−1

R for a sufficiently large radius R � 1. In [12],
A. Némethi and A. Zaharia proved that under a condition called semitame,
the link at infinity Lf,∞ is fibred by the Milnor map f

|f | : S2n−1
R \Lf,∞ −→ S1.

When n = 2, A. Bodin in [1] proved that the link at infinity is fibred if
and only if the semitame condition holds, or equivalently iff the set of critical
values at infinity is void or equal to {0}.

In the first part of the paper we consider a meromorphic function f/g, where
f : (Cn, 0) −→ (C, 0) and g : (Cn, 0) −→ (C, 0) are two holomorphic germs. We firstly
define a condition called semitame at the origin for f/g by adapting the definition of
[12]. Namely it consists of defining a bifurcation set B which reflects the behaviour
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of the points of non-transversality between the fibres of f/g and the spheres S2n−1
ε ,

ε � 1, centered at the origin of Cn. In particular, under the semitame condition
B = {0,∞}, there are no non-isolated singular points of the meromorphic function
f/g (nor points of indeterminacy) outside (f = 0) ∪ (g = 0).

Theorem 1.1. Let f, g : (Cn, 0) −→ (C, 0) be two germs of holomorphic functions
without common factors such that the meromorphic germ f

g verifies the semitame
condition B = {0,∞} at the origin. Then for all sufficiently small ε > 0 the Milnor
map

f/g

|f/g|
: S2n−1

ε \ (Lf ∪ Lg) −→ S1

is a C∞ locally trivial fibration.
Moreover for n = 2 this fibration is a fibration of the link Lf/g = Lf ∪ −Lg.

The second part is devoted to find a reciprocal of Theorem 1.1 in the case of two
variables: n = 2. More precisely we give other equivalent conditions to the equivalence
(1) ⇔ (2) due to A. Pichon and J. Seade.

Theorem 1.2. Let f : (C2, 0) → (C, 0) and g : (C2, 0) → (C, 0) be two holomorphic
germs without common branches. Then the following conditions are equivalent:

(1) The link Lf ∪ −Lg is fibred;
(2) The real analytic germ fg : (C2, 0) → (C, 0) has 0 as an isolated critical value;
(3) The Milnor map fg

|fg| = f/g
|f/g| : S3

ε \ (Lf ∪Lg) is a C∞ locally trivial fibration;
(4) The meromorphic map f/g holds the semitame condition at the origin;
(5) Each c 6= 0,∞ is a generic value of the local pencil generated by f and g.

The equivalence (1) ⇔ (2) is proved by A. Pichon in [14] when f and g have 0 as an
isolated critical point and generalized by A. Pichon and J. Seade in [15]. In particular
Theorem 1.2 gives an alternative proof to (1) ⇒ (5) which was first observed by
F. Michel and H. Maugendre in [10].

Notice that a natural question consists of comparing the Milnor fibration fg
|fg| :

S3
ε \ (Lf ∪ Lg) −→ S1 with the local fibrations of meromorphic germs introduced in

[4, 5]; this will be done in a forthcoming work with J. Seade.

The last part of the paper is devoted to the global case. Let f : C2 → C and
g : C2 → C be two polynomial maps. The link at infinity Lf/g,∞ of the meromorphic
function f/g is defined by Lf/g,∞ = Lf,∞ ∪ −Lg,∞. In [7], after observing that
fḡ
|fḡ| = f/g

|f/g| , M. Hirasawa and L. Rudolph ask whether the methods developed in [14]
can be adapted to f/g at infinity. Namely there are two natural questions: Under
which conditions is the link Lf/g,∞ fibred? When Lf/g,∞ is fibred, is the Milnor map
f/g
|f/g| : S3

R \ Lf/g,∞ → S1 a fibration of Lf/g,∞?
We define a semitame condition at infinity for meromorphic maps, that enables

one to adapt the methods of [12] and [1] and of the first sections of this work. We
first get a version of Theorem 1.1 at infinity (see Theorem 3.4) and then we obtain
the following result, which is a complete answer to the question of M. Hirasawa and
L. Rudolph:
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Theorem 1.3. Let f : C2 → C and g : C2 → C be two polynomial maps. The
following conditions are equivalent:

(1) the meromorphic function f/g is semitame at infinity;
(2) the link Lf/g,∞ is fibred.

Moreover, if these conditions hold, then the Milnor map f/g
|f/g| : S3

R \ Lf/g,∞ → S1 is
a fibration of the link Lf/g,∞.

It should be noticed that the local situation for meromorphic maps is similar to the
polynomial situation at infinity and the situation at infinity for meromorphic maps is
morally the gluing of a finite number of meromorphic local situations.

2. Milnor map of a meromorphic function:
the local case

The multilink of a meromorphic function. An oriented link in Sk is a disjoint
union of oriented (k− 2)-spheres K1, . . . ,K` embedded in Sk. A multilink is the data
of an oriented link L = K1 ∪ . . . ∪K` together with a multiplicity ni ∈ Z associated
to each component Ki of L. We denote L = n1K1 ∪ . . . ∪ n`K` with the convention
niKi = (−ni)(−Ki) where −Ki means Ki with the opposite orientation (see [3]).

For example, the multilink of a holomorphic germ f : (Cn, 0) → (C, 0) is defined
by Lf = n1Lf1 ∪ . . . ∪ n`Lf`

, where f =
∏`

i=1 fni
i is the decomposition of f in the

ufd ring C{x1, . . . , xn} and where Lfi
= f−1

i (0) ∩ S2n−1
ε , ε � 1, is oriented as the

boundary of the piece of complex manifold f−1
i (0) ∩ B2n

ε . The diffeomorphism class
of the pair (S2n−1

ε , Lf ) is independent of ε when ε is sufficiently small.

Definition 2.1. Let f, g : (Cn, 0) −→ (C, 0) be two germs of holomorphic functions
without common factors in the decomposition in the ufd ring C{x1, . . . , xn}. Let f, g :
U → C be some representative of f and g. The multilink Lf/g of the meromorphic
function f/g : U −→ P1 is defined by

Lf/g = Lf ∪ −Lg

where Lf and Lg denote the multilinks of f and g.

Semitame map at the origin. Let U be an open neighbourhood of 0 in Cn and
let f, g : U −→ C be two holomorphic functions without common factors such that
f(0) = g(0) = 0.

Let us consider the meromorphic function f/g : U → P1 defined by (f/g)(x) =
[f(x) : g(x)]. Notice that f/g is not defined on the whole U ; its indetermination locus
is I(f/g) = {x ∈ U | f(x) = 0 and g(x) = 0}.

Adapting Milnor’s definition let us define the gradient of f/g outside I(f/g) by:

grad(f/g) =

(
∂(f/g)

∂x1
, . . . ,

∂(f/g)
∂xn

)
.

Let us consider the set

M(f/g) =
{

x ∈ U \ I(f/g) | ∃λ ∈ C, grad
f

g
(x) = λx

}
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consisting of the points of non-transversality between the fibres of f/g and the spheres
S2n−1

r centered at the origin of Cn.
We define a bifurcation set B ⊂ P1 for the meromorphic function f/g as follows.

Definition 2.2. The bifurcation set B consists of all values c ∈ P1 such that there
exists a sequence (xk)k∈N of points of M(f/g) such that

lim
k→∞

xk = 0 and lim
k→∞

f(xk)
g(xk)

= c.

By convention and to avoid discussion we set

{0,∞} ⊂ B.

The following definition is adapted from that of [12] which concerned polynomial
maps at infinity.

Definition 2.3. The meromorphic germ f/g is semitame at the origin if B = {0,∞}.

Remark 2.4.

(1) When f/g is semitame at the origin, the non isolated singular points of the
meromorphic function f/g in an open neighbourhood of the origin belong to
(f = 0) ∪ (g = 0). Indeed, assume that there exists a sequence (xk)k∈N of
points of U \ I(f/g) such that

lim
k→∞

xk = 0 and grad(f/g)(xk) = 0.

Then for all k, xk ∈ M(f/g). As the critical values of f/g are isolated, one
can assume that there exists c ∈ P1 such that for all k, (f/g)(xk) = c. The
semitame condition therefore implies c = 0 or c = ∞.

(2) Notice that f and g can have non-isolated singularities, whereas f/g is semi-
tame at the origin. See example 2.5.

(3) It is not hard to prove that the bifurcation set of g/f is the set of the inverse
elements 1

c of the elements c of the bifurcation set of f/g.
(4) One can prove (using e.g. the arguments of the proof of Lemma 2.7) that a

sequence (xk) as in Definition 2.3 verifies:

lim
k→∞

‖xk‖ · ‖ grad
f

g
(xk)‖ = 0.

Example 2.5. (1) Let f(x, y) = x2 and g(x, y) = y3. Then B = {0,∞} and f/g
is semitame at the origin.

(2) Let f(x, y) = x(x + y2) + y3 and g(x, y) = y3. Then B = {0, 1,∞} and f/g
is not semitame at the origin.
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Fibration theorem under the semitame condition.

Theorem 2.6. Let f, g : (Cn, 0) −→ (C, 0) be two germs of holomorphic functions
without common factors such that the meromorphic germ f

g is semitame at the origin.
Then there exists 0 < ε0 � 1 such that for each ε 6 ε0 the Milnor map

f/g

|f/g|
: S2n−1

ε \ Lf/g −→ S1

is a C∞ locally trivial fibration.

The proof follows Milnor’s proof [11, Chapter 4] with minor modifications. See
also [12]. The main modification concerns Lemma 4.4 of [11], for which we give an
adapted formulation and a detailed proof:

Lemma 2.7. Assume that the meromorphic germ G = f/g is semitame at the origin.
Let p : [0, 1] −→ Cn be a real analytic path with p(0) = 0 such that for all t > 0,
G(p(t)) /∈ {0,∞} and such that the vector grad log G(p(t)) is a complex multiple
λ(t)p(t) of p(t). Then the argument of the complex number λ(t) tends to 0 or π as
t → 0.

Proof. The equality grad log G(p(t)) = λ(t)p(t) implies gradG(p(t)) = λ(t)p(t)G(p(t)).
Therefore p(t) ∈ M(G).

Let us consider the expansions

p(t) = atα + . . . ,

G(p(t)) = btβ + . . . ,

gradG(p(t)) = ctγ + . . . ,

with α ∈ N∗, β, γ ∈ Z, a 6= 0, b 6= 0.
Assume that c = 0, i.e. that gradG(p(t)) is identically 0. By definition of grad(G),

one has

(1) ∀t ∈]0, 1[,
dG

dt
(p(t)) =

〈
dp

dt
| gradG(p(t))

〉
.

Therefore G(p(t)) is a constant ν, different from 0 and ∞ by the hypothesis of the
lemma. This contradicts the fact that G is semitame as ν belongs to the bifurcation
set B. Then in fact c 6= 0.

Replacing each term by its expansion in the equality gradG(p(t)) = λ(t)p(t)G(p(t)),
we get

ctγ + . . . = λ(t)(atα + . . .)(b̄tβ + . . .).

Identifying the coefficients of lower degree, we obtain λ(t) = λ0t
γ−α−β + . . ., and

c = λ0ab̄. Then from (1) we obtain

βbtβ−1 + . . . = α‖a‖2λ̄0bt
α−1+γ + . . .

Assume that β = 0 then limt→0 G(p(t)) = b ∈ C∗ (and α + γ > 0 which implies
‖p(t)‖ · ‖ gradG(p(t))‖ → 0) and b belongs to the bifurcation set B. This contradicts
the fact that G is semitame. Then in fact β 6= 0.

Therefore, β = α‖a‖2λ̄0 which proves that λ0 is a non-zero real number. �
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Another modification of the proof of Milnor to apply the curve selection lemma is to
transform all equalities involving meromorphic function into real analytic equalities.
For instance, for G = f

g let us consider the set M(G) of all z ∈ Cn for which the
vectors gradG(z) and z are linearly dependent, as in Lemma 4.3 of [11]. Then the
equation gradG(z) = λz, where z = (z1, . . . , zn), is equivalent to the system of
analytic equations:

f
∂g

∂zi
− g

∂f

∂zi
= λziḡ

2, i = 1, . . . , n.

As in Milnor’s proof these equations can be transformed into real analytic equations
with real variables (x1, y1, . . . , xn, yn), where xi = Re(zi) and yi = Im(zi). Then the
set M(G) is a real analytic set.

In the next paragraphs, we restrict ourselves to the case n = 2.

The Milnor map and the local multilink. At first, let us recall the notion of
fibration of a multilink in S3. For more details see [3].

Definition 2.8. A multilink L = n1K1∪ . . .∪n`K` in S3 is fibred if there exists a map
Φ : S3 \ L −→ S1 which satisfies the following two conditions:

(1) The map Φ is a C∞ locally trivial fibration;
(2) For each i = 1, . . . , `, let mi = ∂Di be the boundary of a meridian disk of a

small tubular neighbourhood of Ki oriented in such a way that Di ·Ki = +1
in S3. The degree of the restriction of Φ to mi equals ni.

The following is obtained by examining the behaviour of the map π ◦ f/g
|f/g| near

each component of the strict transform of f ·g, where π : Σ → C2 denotes a resolution
of the germ f · g. For details see [14, Proposition 3.1] or [15, Lemma 5.1].

Proposition 2.9. Let f, g : (C2, 0) −→ (C, 0) be two germs of holomorphic functions
without common factors. If the Milnor map

f/g

|f/g|
: S3

ε \ Lf/g −→ S1

is a C∞ locally trivial fibration, then it is a fibration of the multilink Lf/g.

The bifurcation set B and the special fibres of the pencil. Let f, g : (C2, 0) −→
(C, 0) be two germs of holomorphic functions without common factors. Let V ⊂ C be
a Zariski open. Let us denote by (f/g)−1(t) the germ of plane curve at the origin of
C2 with equation f(x, y)− tg(x, y) = 0. The pencil of curves ((f/g)−1(t))t∈V is equi-
singular if for all t1, t2 ∈ V , the curves (f/g)−1(t1) and (f/g)−1(t2) are equisingular
in the sense of Zariski. There exists a maximal Vmax with this property (see e.g. [8]).

Definition 2.10. The set B′ = P1 \ Vmax is called the set of the special fibres of the
pencil of plane curves generated by f and g, or equivalently, the special fibres of the
meromorphic function f/g.

By convention and to avoid discussions we set

{0,∞} ⊂ B′.
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The following result is a meromorphic and local version of parts of the well-known
equivalence of the different definitions of a critical value at infinity for a polynomial
map, see [2] for a survey and proofs, and also [6], [8], [13], [16].

Proposition 2.11. (n = 2)
For c /∈ {0,∞}, the following assertions are equivalent:

(1) c /∈ B;
(2) The topological type of the germ of curve (f/g)−1(t) is constant for all t near

c;
(3) c is a regular value of the map Φ obtain from the resolution of f/g at the

origin;
(4) c /∈ B′.

Corollary 2.12. (n = 2)

B = B′.

A condition for fibration in terms of bifurcation sets.

Proposition 2.13. Let f, g : (C2, 0) −→ (C, 0) be two germs of holomorphic functions
without common factors. If the link Lf/g of f/g is fibred then B′ = {0,∞}.

Proof. The proof follows the one of [1, Theorem 2] excepted for the case where the
link Lf/g (or the underlying link if it has multiplicities) is the Hopf link.

We briefly recall the ideas from the proof. We suppose that c ∈ B′ with c /∈ {0,∞},
then

F =
(

f/g

|f/g|

)−1(
− c

|c|

)
∩ S3

ε,

is a Seifert surface for the link Lf/g. According to Proposition 2.11 there exists a
dicritical divisor D of the resolution of f/g at 0 that is of valency 3, that is to say
it corresponds to a Seifert manifold in the minimal Waldhausen decomposition of
S3

ε \ Lf/g. For ω sufficiently near c, there exists a connected component ` of the link
(f/g)−1(ω)∩S3

ε corresponding to D. Clearly `∩F = ∅. Then by the characterisation
of fibred links in [3, Theorem 11.2] if Lf/g is not the Hopf link then Lf/g is not fibred.

For the Hopf link, up to an analytical change of coordinates we can suppose
f(x, y) = xp and g(x, y) = yq, that implies B′ = {0,∞}. �

Remark 2.14. There is an alternative proof using the results of [9] and [10] about
another bifurcation set B′′ defined in terms of the Jacobian curve of the morphism
(f, g) : (C2, 0) → (C2, 0): if the multilink Lf/g is fibred, then [9, Theorem 1.1] implies
that 1 is not a Jacobian quotient of the germ (f, g) : (C2, 0) → (C2, 0). Then, by
Remark 3 and Theorem 1 of [10], any c 6∈ {0,∞} is a generic value of the pencil
generated by f and g.
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Summary. Theorem 2.6, Corollary 2.12 and Proposition 2.13 lead to the following
Theorem :

Theorem 2.15. Let f, g : (C2, 0) −→ (C, 0) be two germs of holomorphic functions
without common factors. The following are equivalent:

(1) The meromorphic function f/g is semitame at the origin;
(2) Each c 6∈ {0,∞} is a generic value of the pencil of curves generated by f and

g;
(3) The multilink Lf/g is fibred.

Moreover, if these conditions hold, then the Milnor map

f/g

|f/g|
: S3

ε \ Lf/g −→ S1

is a fibration of the multilink Lf/g.

Proof. (1) ⇒ (3) is Theorem 2.6 and Proposition 2.9
(3) ⇒ (2) is Proposition 2.13
(3) ⇔ (1) is Proposition 2.12 �

Now, Theorem 2.15 and Theorem 2 of [15] can be summarized in the statement of
Theorem 1.2 of the introduction.

3. Milnor map of a meromorphic function:
the global case

We now produce a very similar description for singularities at infinity, which leads
to a complete answer to the question of Hirasawa and Rudolph. The statements and
the proofs are directly adapted from that of Section 2.

Let f, g ∈ C[x1, . . . , xn] be two polynomials with no common factor. For short,
we denote by f/g the meromorphic map f/g : C2 −→ C well-defined outside I(f/g).
Recall that Lf,∞ and Lg,∞ denote the multilinks at infinity f−1(0) ∩ S2n−1

R and
g−1(0) ∩ S2n−1

R , R � 1, of f and g respectively.

Definition 3.1. The multilink at infinity Lf/g,∞ of the meromorphic function f/g is
defined by

Lf/g,∞ = Lf,∞ ∪ −Lg,∞

We will state a fibration theorem for Lf/g,∞ under a semitame condition. Then
for n = 2 we will state the reciprocal. We again consider the set M(f/g) defined as
in Section 2 (where U is now Cn) and we define a bifurcation set B∞ ⊂ P1 for the
meromorphic function G = f/g at infinity as follows.

Definition 3.2. The set B∞ consists of all values c ∈ P1 such that there exists a
sequence (xk)k∈N of M(G) such that

lim
k→∞

‖xk‖ = +∞ and lim
k→∞

G(xk) = c.

By convention, we set
{0,∞} ⊂ B∞.
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Definition 3.3. The meromorphic map f/g is semitame at infinity if

B∞ = {0,∞}.

As for polynomial maps at infinity ([12], [1]) we can state a Milnor fibration theorem
which is the adaptation of Theorem 2.6 and Proposition 2.9 to the global case.

Theorem 3.4. Let f, g ∈ C[x1, . . . , xn] be two polynomials with no common factor.
If the meromorphic function is semitame at infinity, then there exists R0 � 1 such
that for each R > R0, the Milnor map

f/g

|f/g|
: S2n−1

R \ Lf/g,∞ −→ S1

is a C∞ locally trivial fibration. Moreover it is a fibration of the multilink at infinity
Lf/g,∞.

In the sequel, we restrict to the case n = 2. Let f, g ∈ C[x, y] be two polynomials
with no common factor. We denote by f̃ ∈ C[x, y, t] and g̃ ∈ C[x, y, t] the homogeni-
sations of f and g. The meromorphic map G̃ = [ f̃

g̃ : 1] : P2 −→ P1 may not be defined
at some points on the line at infinity H∞ = {t = 0} of P2. In the case deg f = deg g,
then the restriction G̃| : H∞ −→ P1 is a ramified covering.

Definition 3.5. A point of H∞ where G̃ is not well-defined is an indetermination point
of G̃, and a point of H∞ where G̃ is well-defined but the restriction G̃| : H∞ → P1 is
ramified is a ramification point of G̃.

Let π : Σ −→ P2 be a resolution of the meromorphic function G̃, i.e. the com-
position of a finite sequence of blows-up of points starting with the blows-up of the
indetermination and of the ramification points of G̃ such that there exists a map
Ĝ : Σ −→ P2 such that Ĝ = G̃ ◦ π which is well defined on π−1(H∞)

The following is the analogous of Proposition 2.11.

Proposition 3.6. For n = 2, c /∈ {0,∞}, the following assertions are equivalent:
(1) c /∈ B∞;
(2) outside a large compact set of C2, the topological type of the curve f/g

−1(s)
is constant for all s near c;

(3) c is a regular value of the map Ĝ.

Proposition 3.6 and the arguments of the proof of Proposition 2.13 (or [1], Theorem
2) lead to the following:

Proposition 3.7. Let f, g ∈ C[x, y] be two polynomials with no common factor. If
the multilink at infinity Lf/g,∞ of f/g is fibred then B∞ = {0,∞}.

These results enable one to answer positively to the question of M. Hirasawa and
L. Rudolph [7]:

Theorem 3.8. Let f, g ∈ C[x, y] be two polynomials with no common factor. The
following conditions are equivalent:

(1) The meromorphic map f/g is semitame at infinity;
(2) The multilink at infinity Lf/g,∞ is fibred.
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Moreover, if these conditions hold, then the Milnor map
f/g

|f/g|
: S3

R \ Lf/g,∞ −→ S1

is a fibration of the multilink Lf/g,∞.

Example 3.9. Let us take an example from [7] : G = x2−y2

x2+y2 . Then the link at infinity
is not fibred and we have B∞ = {0,+1,−1,∞}.
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