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Overconvergent unit-root F -isocrystals

and isotriviality

Teruhisa Koshikawa

We show that a semisimple overconvergent “absolutely unit-root”
F -isocrystal on a geometrically connected smooth variety over a
finite field becomes constant over a finite covering.

1. Introduction

1.1. The main theorem

We will study overconvergent unit-root F -isocrystals on a smooth variety
over a finite field. We first state a result for a smooth projective curve, using
p-adic representations of the étale fundamental group.

Let X be a geometrically connected smooth projective curve over a finite
field Fq of characteristic p. We will write Fq for an algebraic closure of Fq,
and GFq for the absolute Galois group of Fq. Then, we have the following
exact sequence of fundamental groups:

1→ π1(XFq
)→ π1(X)→ GFq → 1.

(We omit the base points.) It is a well-known consequence of class field
theory that the image of the geometric fundamental group π1(XFq

) in the

abelianization π1(X)ab is finite.
We will consider a p-adic non-abelian version by using the Langlands

correspondence ([24] and [4]). For this, as pointed out by Drinfeld, we need
to introduce a condition on the Frobenius eigenvalues.

Definition 1.1. Let ρ be a continuous finite-dimensional Qp-representation
of π1(X). For any closed point x of X, we consider the eigenvalues of the
geometric Frobenius at x.

1) Suppose ρ is irreducible with finite determinant. We say that ρ is
absolutely unit-root if ι(λ) is a p-adic unit for any Frobenius eigenvalue
λ and any ring homomorphism ι : Qp → Qp.
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2) We say that ρ is absolutely unit-root if any irreducible constituent ρ′

of ρ has an absolutely unit-root twist ρ′ ⊗ χ for some character χ of
GFq .

Note that, if ρ is irreducible with finite determinant as in (1), any Frobe-
nius eigenvalue λ is known to be an algebraic number by [4, 4.2.2 Theorem]
and [24, Théorème VII.6.(i)].

Our first result is

Proposition 1.2. Let X be a geometrically connected smooth projective
curve over Fq and ρ a continuous finite dimensional Qp-representation of
π1(X). Suppose ρ is absolutely unit-root.

If ρ is semisimple, or if ρ is not semisimple but any irreducible con-
stituent of ρ has determinant of finite order, then the image of π1(XFq

)
under ρ is finite. In other words, ρ factors through a subgroup of GFq after
replacing X by some finite étale covering.

If ρ is semisimple and any irreducible constituent of ρ has determinant
of finite order, the whole action of π1(X) factors through a finite quotient.

If an absolutely unit-root ρ is not semisimple, some additional assump-
tion is necessary; see Example 3.5. For the converse direction, if the image
of π1(XFq

) is finite, ρ is absolutely unit-root; see Lemma 2.1(4).
This is an analogue of the unramified Fontaine-Mazur conjecture in the

number field case ([16, Conjecture 5a] and [23]). To recall the conjecture, let
L be a number field and GL the absolute Galois group of L. The conjecture
says that any continuous finite-dimensional Qp-representation of GL which
is unramified at almost all places including all places dividing p has finite
image.

Proposition 1.2 can be generalized to smooth varieties. We will state
such a generalization in terms of overconvergent F -isocrystals as follows.

We let X be a smooth variety over Fq. As we recall in Section 2, a p-adic
representation of π1(X) corresponds to a unit-root (convergent) F -isocrystal
onX. For a non-properX, one should put a condition at infinity to generalize
Proposition 1.2, and we will consider overconvergent unit-root F -isocrystals
on X. Let F -Overconv(X/Qp)

◦ denote the category of overconvergent unit-

root F -isocrystals on X with coefficients in Qp.
We define a notion of overconvergent absolutely unit-root F -isocrystals

in the same way as absolutely unit-root representations.
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Definition 1.3. Let M be an overconvergent unit-root F -isocrystal with
coefficients in Qp. For any closed point x of X, we consider the Frobenius
eigenvalues at x.

1) Suppose M is irreducible with finite determinant. We say that ρ is
absolutely unit-root if ι(λ) is a p-adic unit for any Frobenius eigenvalue
λ and any ring homomorphism ι : Qp → Qp.

2) We say that M is absolutely unit-root if any irreducible constituent
M ′ of M has an absolutely unit-root twist M ′ ⊗ χ, where χ is the
pullback of an F -isocrystal on Fq of rank 1.

Note that Esnault and Shiho [15] proved that, if M is irreducible with
finite determinant as in (1), any Frobenius eigenvalue is an algebraic number.

There are unit-root F -isocrystals that are not absolutely unit-root; see
Example 2.2.

We say that an F -isocrystal is constant if it is the pullback of an F -
isocrystal on a finite field. Our goal in this paper is to prove the following
theorem:

Theorem 1.4. Let X be a geometrically connected smooth variety over Fq

and M an object of F -Overconv(X/Qp)
◦. Suppose M is absolutely unit-root.

If M is semisimple as an overconvergent F -isocrystal, or if M is not
semisimple but any irreducible constituent of M has determinant of finite
order, then M is isotrivial, i.e., becomes constant over a finite étale covering
of X.

If M is semisimple as an overconvergent F -isocrystal and any irreducible
constituent of M has determinant of finite order, M becomes trivial over a
finite étale covering.

Conversely, ifM is isotrivial,M is absolutely unit-root; see Lemma 2.1(4).
An `-adic version of the theorem is discussed in Remark 4.1 below. An-

other related `-adic statement is the de Jong conjecture [7]: for any contin-
uous finite-dimensional F`((t))-representation of π1(X), π1(XFq

) has finite
image.

Here is an outline of the proof: if X is projective, Theorem 1.4 follows
from Proposition 1.2 by considering hyperplane sections. The general case
can be reduced to the projective case as a p-adic representation correspond-
ing to M is known to be potentially unramified.
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1.2. Variants

A motivic picture behind Theorem 1.4 is the following: if a unit-root M is
the p-adic realization of a “pure motive” over X with coefficients in Q, M
is isotrivial. More precisely, it can be stated as

Theorem 1.5. Let X be a geometrically connected smooth variety over Fq

and M an object of F -Overconv(X/Qp)
◦. Assume the following:

• M is semisimple.

• The characteristic polynomial of Frobenius at any closed point has co-
efficients in Q.

Then, M is isotrivial.

If the characteristic polynomial of Frobenius at some closed point is not
in Q, M may not be isotrivial; see Example 2.2.

In the projective case, we have the following generalization:

Theorem 1.6. Let X be a geometrically connected smooth projective vari-
ety over Fq and M a convergent F -isocrystal with coefficients in Qp. Assume
the following:

• M is semisimple.

• The characteristic polynomial of Frobenius at any closed point has co-
efficients in Q.

• The Newton polygon of M is constant.

Then, M is isotrivial.

The case of ordinary abelian schemes is well-known, cf. Remark 2.3.
We prove Theorem 1.5 and Theorem 1.6 by using Proposition 1.2 and the
existence of crystalline companions [4] in the case of curves.

Theorem 1.6 is false for F -crystals, but see Section 6 for positive results.

1.3. Organization of the article

After a preparation in Section 2, we prove Proposition 1.2 in Section 3,
Theorem 1.4 in Section 4, and Theorem 1.5 and Theorem 1.6 in Section 5.
We discuss integral versions of Theorem 1.6 in Section 6.
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2. Preliminaries

We will review the relation between F -isocrystals and p-adic representations
of fundamental groups. In particular, we explain why Theorem 1.4 general-
izes Proposition 1.2.

Let X be a smooth variety over Fq. We first recall the notion of a unit-
root F -crystal M on X relative to the ring of Witt vectors W = W (Fq).
It is a sheaf on the crystalline site (X/W )crys whose values are locally free

of finite rank, equipped with an isomorphism ϕ∗M
∼=−→M . Here ϕ denotes

the f -th power of the absolute Frobenius of X for f = logp q. We write
F -Crys(X/W )◦ for the category of unit-root F -crystals.

There is also a notion of unit-root convergent F -isocrystals (relative
to K = W [1

p ]) as discussed in [5, Section 1]. We write F -Conv(X/K)◦ for
the category of unit-root convergent F -isocrystals. By [5, 2.1.Theorem and
2.2.Theorem], there is an equivalence of categories

F -Crys(X/W )◦ ⊗Z Q
∼=−→ F -Conv(X/K)◦.

Further there is a notion of unit-root overconvergent (“=overconvergent
unit-root” as below) F -isocrystals (relative to K) as defined in [5, Section 1],
for instance. There is a natural (sort of forgetful) functor

F -Overconv(X/K)◦ −→ F -Conv(X/K)◦,

where F -Overconv(X/K)◦ denotes the category of unit-root overconvergent
F -isocrystals. This functor is known to be fully faithful1 (Tsuzuki [30, Corol-
lary 1.2.3] and [21, Theorem 4.2.1]). Moreover, this is an equivalence if X is
proper.

These categories of F -isocrystals are K-linear categories, and we may
extend the scalars to a fixed algebraic closure Qp of Qp, cf. [4, 1.4]. The cate-
gory of unit-root overconvergent (resp. convergent) F -isocrystals with coeffi-
cients in Qp will be denoted by F -Overconv(X/Qp)

◦ (resp. F -Conv(X/Qp)
◦).

We shall explain the relation to representations of π1(X). Let
RepW (Fq)(π1(X)) denote the category of continuous finite free W (Fq)-
representations of π1(X) and RepQp

(π1(X)) the category of continuous

finite-dimensional Qp-representations of π1(X). There are two compatible

1This is the precise meaning of “overconvergent unit-root=unit-root overconver-
gent”.
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equivalences of categories

F -Crys(X/W )◦
∼=−→ RepW (Fq)(π1(X)),

F -Conv(X/Qp)
◦ ∼=−→ RepQp

(π1(X)).

The former is [18, Proposition 4.1.1], and the latter is [5, 2.2. Theorem].
Moreover, if M is an object of F -Overconv(X/Qp)

◦, the correspond-

ing Qp-representation ρ is potentially unramified in the sense of [22, Def-
inition 2.3.5]. This important fact was proved by Tsuzuki [30, Proposi-
tion 7.2.1].

In fact, any potentially unramified representation corresponds to a unit-
root overconvergent F -isocrystal and this induces an equivalence of these
categories as shown by Tsuzuki [29, Theorem 7.2.3] in the case of curves2

and by Kedlaya [22, Theorem 2.3.7] in the general case. (See also [2, Propo-
sition 1.4.3] with a general theory of six operations [4].)

We would like to mention a result of Shiho [28, Theorem 4.3]. He showed
that a Qp-representation that has finite local monodromy along the generic
points of “boundary divisors” is potentially unramified; see ibid. for the
precise definition. We will not use this result in this article.

In the introduction, we defined absolutely unit-root representations and
overconvergent absolutely unit-root F -isocrystals. These two definitions are
compatible under the above correspondences, and Theorem 1.4 generalizes
Proposition 1.2. Indeed, suppose M satisfies one of the assumptions in Theo-
rem 1.4. Since the category of potentially unramified representations is closed
under subobjects and quotients, we see that the corresponding representa-
tion ρ satisfies a similar assumption. Therefore, Theorem 1.4 is true for M
if and only if the corresponding statement is true for ρ. Hence Theorem 1.4
generalizes Proposition 1.2.

The converse of Theorem 1.4 is easy:

Lemma 2.1. Let X be a geometrically connected smooth variety over Fq

and M an object of F -Overconv(X/Qp)
◦. Let Y be a connected finite étale

covering of X and MY denote the pullback of M to Y .

1) If M is irreducible with finite determinant, every irreducible constituent
of MY has finite determinant.

2) M is absolutely unit-root if and only if MY is absolutely unit-root.

2Technically speaking, one should also use [28, Proposition 4.2], which claims that
ρ is potentially unramified if and only if each inertia subgroup has finite image.
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3) If M is isotrivial and irreducible with finite determinant, M becomes
trivial over a finite étale covering.

4) If M is isotrivial, M is absolutely unit-root.

Proof. (1) As semisimplicity is preserved by finite étale coverings, MY is
semisimple. Using twisting [3, 6.1 Lemma.(ii)], write MY as

MY =
⊕
i

Mi ⊗ χi,

where Mi is irreducible with finite determinant and χi is constant of rank
1. We need to prove χi is finite.

Take a finite étale covering Y ′ of Y that is Galois over X. Write the
pullback MY ′ of M to Y ′ as

MY ′ =
⊕
j

M ′j ⊗ χ′j ,

where M ′j is irreducible with finite determinant and χ′j is constant of rank 1.
By a usual Clifford description of the restriction of an irreducible represen-
tation to a normal subgroup of finite index, the rank of M ′j is independent
of j.

Look at the determinant of the pullback of Mi ⊗ χi to Y ′. Since the
determinants of Mi and M ′j are finite, we see that the pullback χi,Y ′ of χi
to Y ′ satisfies

χni,Y ′ = (finite order character) ·
∏

(χ′j)
nij

for some integers n > 0 and nij ≥ 0. If every χ′j is finite, χi is finite. There-
fore, we can assume Y is a Galois covering of X.

Let ρi be a representation of π1(Y ) corresponding to Mi ⊗ χi. By Clif-
ford’s description, the determinants of ρi’s are related to each other by con-
jugation of elements of π1(X). Precisely, fix i0 and let χ denote the deter-
minant of ρi0 . The determinant of ρi has the form of g 7→ χ(hgh−1) with
g ∈ π1(Y ) and h ∈ π1(X).

We will regard χi as a character of π1(Y ). Since χi0 is trivial on π1(YFq),

a character g 7→ χi0(hgh
−1) of π1(Y ) is equal to χi0 . As the determinants

of Mi0 and Mi are finite, this implies that χi0 and χi differ only by a finite
order character.

As the determinants of M and Mi are finite, the product
∏
i χi is also

finite. Therefore, we conclude that χi is finite.
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(2) We may assume M is irreducible with finite determinant, and we
will use the notation of the proof of (1). Let ι : Qp → Qp be a ring homo-
morphism.

First, assume MY is absolutely unit-root. Then, Mi is absolutely unit-
root and irreducible with finite determinant. Let λ be a Frobenius eigenvalue
of M . Some power of λ is a Frobenius eigenvalue of Mi ⊗ χi for some i. By
(1), a unique Frobenius eigenvalue λi of χi is a root of unity. Therefore, ι(λ)
must be a p-adic unit. As ι is arbitrary, M is absolutely unit-root.

Assume M is absolutely unit-root. Let λ be a Frobenius eigenvalue of
Mi. Since M is absolutely unit-root, ι(λ) · ι(λi) is a p-adic unit. Thus, ι(λ)
is a p-adic unit because λi is a root of unity by (1). As ι is arbitrary, Mi is
absolutely unit-root. So, MY is absolutely unit-root.

(3) There is a Galois covering X ′ of X such that the pullback MX′ of
M to X ′ is constant. Note that MX′ is semisimple as M is irreducible.

Every irreducible constituent of a constant unit-root F -isocrystal has
rank 1. Combined with (1), this implies that every irreducible constituent
of MX′ corresponds to a finite character. Thus, M becomes trivial over a
finite étale covering.

(4) This follows from (2) because a constant unit-root F -isocrystal is
absolutely unit-root. �

We remark on a relation to crystalline companions. Suppose X is a
geometrically connected smooth curve and M and M ′ are overconvergent
F -isocrystals on X. Assume that for any closed point x of X, the charac-
teristic polynomial of Frobenius of M and M ′ have coefficients in a number
field E independent of x. We say that M ′ is a crystalline companion of M if
there exists σ ∈ Gal(E/Q) such that for each closed point x ∈ X, the char-
acteristic polynomial of Frobenius at x of M ′ is obtained by applying σ to
the characteristic polynomial of Frobenius at x of M .

Suppose M is an irreducible object of F -Overconv(X/Qp)
◦ with finite

determinant. As we recall in Theorem 3.2 below, Abe [4] proved that there
is a number field E such that the characteristic polynomial of Frobenius at
any closed point has coefficients in E. By the main result of [4], for any σ′ ∈
Gal(E/Q), there is a crystalline companion such that we can take σ = σ′ in
the definition of crystalline companions. Note that crystalline companions of
M may not be unit-root, and M is absolutely unit-root if and only if every
crystalline companion of M is unit-root.

The following example suggested by Drinfeld gives a unit-root F -
isocrystal that is not absolutely unit-root. In fact, it is not isotrivial.
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Example 2.2. We consider Hilbert-Blumenthal modular varieties and their
stratifications as in [17]. Let L be a totally real field of degree d > 1 over
Q with the ring of integers OL, and suppose p splits completely in L. For
an integer n ≥ 3 prime to p, let Mn

L be a fine moduli scheme over Fp of
Hilbert-Blumenthal abelian schemes with real multiplication by OL and full
level n structure. (There is a condition on polarizations, but we will not
recall it here.) It is smooth of dimension d.

We will denote by D the overconvergent F -isocrystal (or contravariant
crystalline Dieudonné module) of the universal abelian scheme over Mn

L.
Given a decomposition OL ⊗ Zp =

∏
vOL,v, D has a decomposition D =⊕

v Dv such that Dv has an OL,v-structure of rank 2.
For each place v of L dividing p, Goren [17, Section 1] defined a smooth

divisor Yv of Mn
L such that, at the generic point of Yv, Dv is supersingu-

lar and Dv′ is ordinary for every v′ 6= v. In particular, Dv is supersingular
over Yv. Moreover, the intersection of Yv and Yv′ with v 6= v′ is smooth of
codimension 2.

Fix a place v of L dividing p, and set Y = Yv. There is a twist M of Dv
satisfying the following:

• M is unit-root over Y .

• The characteristic polynomial of Frobenius at some closed point does
not have coefficients in Q.

We claim that M is not isotrivial over Y . Indeed, suppose M is isotrivial
over Y . Then, crystalline companions of M have constant Newton polygon
over Y . On the other hand, for each v′ 6= v, some twist M ′ of Dv′ is a
crystalline companion of M and M ′ does not have constant Newton polygon.
This is a contradiction.

In particular, by Theorem 1.4, the semisimplification of M over Y is not
absolutely unit-root. In fact, M itself is semisimple over Y by [26, Proposi-
tion 4.9], hence not absolutely unit-root.

Remark 2.3. Let X be a geometrically connected smooth curve over Fq

and A an abelian scheme over X. We denote by D the overconvergent F -
isocrystal of A over X. This is semisimple as an overconvergent F -isocrystal
by [26, Theorem 1.2].

If A is ordinary, the unit-root part M of D is a nonzero unit-root con-
vergent F -isocrystal on X whose Frobenius eigenvalues are Weil q-numbers.
So, one might try to construct a non-isotrivial overconvergent unit-root F -
isocrystal on X in this way.
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However, this is impossible at least in the following cases:

• If X is projective, any non-isotrivial A must have a non-ordinary fiber
by a result of Raynaud, see [25, Chapitre XI.5.1].

• If X is not projective and A is a non-isotrivial family of ordinary
elliptic curves, M is not overconvergent. This follows from a result of
Igusa, see [18, Theorem 4.3] and [5, 4.15].

3. The proof of Proposition 1.2

In this section, X is a geometrically connected smooth projective curve
over Fq.

Lemma 3.1. If Proposition 1.2 holds for every semisimple absolutely unit-
root ρ, it holds for any non-semisimple absolutely unit-root ρ whose irre-
ducible constituents have determinant of finite order.

Proof. Take a non-semisimple Qp-representation ρ of π1(X) whose irre-
ducible constituents have determinant of finite order. By assumption, any
such irreducible constituent becomes trivial as a representation of π1(X)
after a finite covering of X, thus we may assume all irreducible constituents
are trivial.

We will show that the action of π1(X) on such a ρ factors through GFq .
We prove it by induction on dim ρ. We also prove the following statement
by induction:

(∗n): Let ρ′ be a representation of GFq of dimension n−
1 whose irreducible constituents are trivial. A natural map
H1(GFq , ρ

′)→ H1(π1(X), ρ′) is surjective.

Assume dim ρ = 2. Then, ρ is an extension of the trivial character by
itself, and is classified by

H1(π1(X),Qp) = Hom(π1(X),Qp).

Any element in Hom(π1(X),Qp) factors through π1(X)ab. By class field

theory, the kernel of π1(X)ab → GFq is torsion. Since Qp is torsion-free, any

element in Hom(π1(X),Qp) factors through GFq . This means it comes from

H1(GFq ,Qp) and the corresponding extension comes from a representation
of GFq .
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Note that we have checked (∗2) as well. We prove (∗n) by induction on
n. Let ρ′ be as in (∗n) and take an exact sequence

0→ Qp → ρ′ → ρ′′ → 0

of representations of GFq . There is a commutative diagram of exact se-
quences:

H1(GFq ,Qp) −→ H1(GFq , ρ
′) −→ H1(GFq , ρ

′′) −→ H2(GFq ,Qp) = 0

'
y y y

H1(π1(X),Qp) −→ H1(π1(X), ρ′) −→ H1(π1(X), ρ′′).

H2(GFq ,Qp) vanishes because the p-cohomological dimension of Fq is 1.
The right vertical arrow is surjective by induction, so the middle vertical
arrow is also surjective. This proves (∗n).

Let ρ be a representation of π1(X) whose irreducible constituents are
trivial. Take an exact sequence

0→ ρ′ → ρ→ Qp → 0

of representations of π1(X). This exact sequence gives an element of
H1(π1(X), ρ′). By induction, ρ′ becomes a representation of GFq . Using (∗n),
we conclude that the action of π1(X) on ρ factors through GFq . �

Thus it suffices to show Proposition 1.2 for every irreducible absolutely
unit-root Qp-representation ρ. As in Section 2, ρ corresponds to an ab-

solutely unit-root overconvergent F -isocrystal M with coefficients in Qp.
Since this correspondence is an equivalence of categories, irreducibility is pre-
served. In fact, M is irreducible in the category F -Overconv(X/Qp) of (not

necessarily unit-root) overconvergent F -isocrystals with coefficients in Qp as

the unit-root condition is closed under subquotients in F -Overconv(X/Qp).
The first key fact, which is a p-adic version of Deligne’s conjecture [8,

Conjecture 1.2.10 (ii)], is a consequence of the p-adic version of the Lang-
lands correspondence established by T. Abe [4] following Drinfeld-Lafforgue’s
strategy.

Theorem 3.2 ([4]). For any irreducible object of F -Overconv(X/Qp) with

finite determinant, there exists a finite extension E of Q inside Qp such that,
for any closed point x ∈ X, the characteristic polynomial of Frobenius at x
has coefficients in E.
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This follows from the Langlands correspondence [4, 4.2.2.Theorem] and
the corresponding statement for cuspidal automorphic representations, see
also the proof of [24, Théorème VII.6.(i)].

Our M may not satisfy the assumption of Theorem 3.2, but after twist-
ing [3, 6.1 Lemma.(ii)] we may assume that the determinant of M is of finite
order, and we can apply Theorem 3.2.

The second ingredient, which also relies on [4], is:

Proposition 3.3. Let ρ be an irreducible object of RepQp
(π1(X)) with finite

determinant. If ρ is absolutely unit-root, any Frobenius eigenvalue is a root
of unity.

Proof. As before, we write M for the corresponding overconvergent unit-root
F -isocrystal. Applying Theorem 3.2 to M , we obtain a number field E.

Given a Frobenius eigenvalue of M , take a finite extension E′ of E con-
taining it. By [4] and [24, Théorème VII.6.(ii)-(iii)], any Frobenius eigen-
value has complex absolute values equal to 1, and is a v-adic unit for any
finite place v of E′ prime to p.

Since M is absolutely unit-root, it is also a v-adic unit for any v above
p. Such a number must be a root of unity. (Inside the group of ideles A×E′ , it
is in the intersection of a discrete subgroup E′× with a compact subgroup.
So, it has finite order.) �

Finally, we explain how to combine Theorem 3.2 and Proposition 3.3 to
prove Proposition 1.2. Since the degree of the characteristic polynomial of
Frobenius at a closed point x is fixed and independent of x, Theorem 3.2
and Proposition 3.3 imply that there are only finitely many possibilities for
the characteristic polynomial of Frobenius. Since the action is continuous,
the map from π1(X) to Qp[t] defined by the characteristic polynomial is also
continuous. By using the Chebotarev density, we see that there are also only
finitely many possibilities for the characteristic polynomial of any element in
π1(X), and the map π1(X)→ Qp[t] is locally constant. Therefore, there is an
open neighborhood H ′ of the identity e ∈ π1(X) such that ρ(h) is unipotent
for every h ∈ H ′. Take an open normal subgroup H of π1(X) contained in
H ′. The Zariski closure ρ(H) of ρ(H) is a connected unipotent algebraic
group. On the other hand, as ρ is irreducible and H is normal, its restriction
to H is semisimple. This means ρ(H) is reductive. Hence, ρ(H) is trivial
and ρ(π1(X)) is finite.

Remark 3.4. If the number field E is equal to Q, the absolutely unit-root
assumption is automatically satisfied. Namely, if ρ is irreducible with finite
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determinant and the characteristic polynomial of Frobenius at any closed
point has coefficients in Q, ρ factors through a finite quotient. This is a
special case of Theorem 1.5.

Example 3.5. For a non-semisimple absolutely unit-root ρ that has an
irreducible constituent with infinite determinant, Proposition 1.2 is not nec-
essary true. For example, let Tp = lim←− J(Fq)[p

n] be the p-adic Tate module
of the Jacobian J of X. It is a representation of GFq and known to be
semisimple after inverting p. Via the surjection π1(X)→ GFq , we regard it
as a representation of π1(X), which is absolutely unit-root. Assuming the
p-rank of J is nonzero, we will make a counterexample as an extension of
the trivial character by Tp ⊗Q with infinite geometric monodromy.

Via the Kummer sequence, H1(GFq , Tp) is isomorphic to the p-primary
part of J(Fq).

On the other hand, we have the following map

J(X) = MorFq(X, J)→ H1
flat(X, J [pn])→ H1(π1(X), J(Fq)[p

n]).

By taking the limit, we obtain J(X)→ H1(π1(X), Tp).
Suppose q is large enough so that X has an Fq-rational point x0. It

induces a nonconstant map f : X → J sending x0 to 0. We claim that the
image of f in H1(π1(X), Tp ⊗Q) is nonzero and gives the desired counterex-
ample.

Since the action of π1(XFq
) is trivial on Tp,

H1(π1(XFq
), Tp) = Hom(π1(XFq

)ab, Tp) = Hom(Tp, Tp).

Then the image of f in Hom(Tp, Tp) can be identified with the identity. This
implies the desired claim.

4. The proof of Theorem 1.4

As explained in Section 2, let ρ be a potentially unramified Qp-representation
of π1(X) corresponding to M . We will prove the corresponding statement
for ρ.

Since ρ is potentially unramified [30, Proposition 7.2.1], there is a con-
nected finite étale covering Y of X such that the restriction of ρ to π1(Y ) is
unramified in the sense of [22, Definition 2.3.6].

Note that we can shrink X if necessary. Then, by de Jong’s alteration [6,
4.1 Theorem], after replacing Y by some connected finite étale covering of
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an open subscheme of X, we can find an open dense immersion from Y into
a smooth projective variety Y such that ρ factors through π1(Y ).

First, we treat the case where M is semisimple. So, ρ is also semisimple.
As semisimplicity is preserved by finite étale coverings, ρ is also semisimple
as a representation of π1(Y ). By the Bertini theorem and the Lefschetz-type
theorem for π1 [1, Exposé X, Lemma 2.10], after a finite base extension3,
one can find a geometrically connected smooth projective curve C inside Y
inducing a surjection π1(C)→ π1(Y ).

We denote by MC (resp. MY ) the convergent F -isocrystal on C (resp. Y )
corresponding to ρ as a representation of π1(C) (resp. π1(Y )). We claim
that MC is absolutely unit-root. To prove this claim, we can assume M is
irreducible with finite determinant. By Lemma 2.1(1) and (2), we have a
decomposition

MY =
⊕
i

Mi,

where Mi is irreducible with finite determinant and absolutely unit-root over
Y . The pullback Mi,C of Mi is irreducible with finite determinant because
so is Mi and the map π1(C)→ π1(Y ) is surjective. Let M ′ be a crystalline
companion of Mi,C . Then, M ′ is unit-root over C ∩ Y , and that implies that
M ′ is unit-root over the whole of C as the Newton polygon of M ′ must be
constant. So, Mi,C is absolutely unit-root. Hence, MC is absolutely unit-root.

Therefore, for a semisimple M , the isotriviality of M follows from the
case of curves, i.e., Proposition 1.2.

Next, assume M is irreducible and its determinant is of finite order.
Since we already proved M is isotrivial, M becomes trivial over a finite
étale covering by Lemma 2.1(3).

Finally, assume that M is not semisimple and the determinant of every
irreducible constituent of M is of finite order. We may assume that every
irreducible constituent is trivial. As in the beginning of the proof, we can
find a finite étale covering Y of an open subscheme of X with a smooth
compactification Y such that ρ becomes a representation of π1(Y ). So, we
can assume X is a geometrically connected smooth projective variety. Then,
by [20, Theorem 2], the kernel of π1(X)ab → Gab

Fq
is finite. Using this finite-

ness, one can see that the action of π1(X) on ρ factors through GFq as in
the proof of Lemma 3.1.

Remark 4.1. Let ` be a prime different from p and F an irreducible Q`-
local system on a (connected) normal scheme of finite type over Fq whose

3In fact, no base extension is necessary by [27, Theorem 1.1].
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determinant is of finite order. Then, any Frobenius eigenvalue is an algebraic
number ([24, Théorème VII.7.(i)] and [11, 1.5-9]).

Our proof of the theorem can be modified to show that, if all of the
Frobenius eigenvalues of F are p-adic units, then F becomes trivial after
passing to a finite étale covering. In the case of a smooth curve, the same
argument works even when the curve is not proper. The reduction to the
case of a curve is done by [10, 1.7-8]. (See also [14, Appendix B].)

This also shows the existence of crystalline companions in this particular
case. Note that it is not known in full generality if dimX > 1, though one
hopes to have a p-adic version of [12] if X is smooth.

5. The proofs of Theorem 1.5 and Theorem 1.6

5.1. The proof of Theorem 1.6

First note that the slope filtration of M splits as M is semisimple.
Let M ′ be any graded piece of the slope filtration. It has a constant

Newton polygon with a single slope. Take a twist M ′′ of M ′ with finite de-
terminant, which is unit-root. Since twisting preserves isotriviality, it suffices
to show M ′′ is isotrivial.

Take a geometrically connected smooth projective curve C inside X
inducing a surjection π1(C)→ π1(X). By the surjectivity of π1(C)→ π1(X),
the restriction M ′′C of M ′′ to C is semisimple. Since π1(CFq

)→ π1(XFq
) is

also surjective, M ′′ is isotrivial if M ′′C is isotrivial.
As the slope filtration of M splits, the restriction MC of M to C is

semsimple and M is isotrivial if MC is isotrivial. Since MC satisfies the
assumptions of Theorem 1.6, we may assume X is a smooth projective curve.

Assume X is a smooth projective curve. Let I be the set of irreducible
constituents of M . Let Mi be an irreducible constituent of M for i ∈ I and
M ′i its twist with finite determinant. By Theorem 3.2, the characteristic
polynomial of Frobenius at any closed point of M ′i has coefficients in some
Galois extension E′i of Q inside Qp. Take an element σ of the Galois group
Gal(E′i/Q). The main result of [4] produces a crystalline companion M ′i,σ of
M ′i such that the characteristic polynomial of Frobenius at any closed point
of M ′i,σ correspond to those of M ′i via σ.

We claim that similar statements hold for Mi. As M ′i is a twist of Mi,
Mi = M ′i ⊗ χi for some constant χi of rank 1. Since the Frobenius eigenval-
ues of Mi and M ′i are algebraic numbers, a unique Frobenius eigenvalue λi of
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χi is an algebraic number.4 Let Ei ⊂ Qp be the Galois closure over Q of the
field generated by E′i and λi. Then, we can find crystalline companions of
Mi. Namely, the characteristic polynomial of Frobenius at any closed point
of Mi has coefficients in Ei and, for any element σ of Gal(Ei/Q), Mi has a
crystalline companion Mi,σ. In fact, Mi,σ = M ′i,σ|E′

i

⊗ σ(χi), where σ(χi) is

constant of rank 1 and has a unique Frobenius eigenvalue σ(λi).
Take a Galois extension of E of Q inside Qp containing all Ei. For an

element σ of Gal(E/Q), consider

Mσ =
⊕
i∈I

Mi,σ|Ei .

As the characteristic polynomial of Frobenius at any closed point of M has
coefficients in Q, the Frobenius eigenvalues of Mσ and M are same. Hence,
by Chebotarev [4, 4.4.4 Corollary], Mσ is isomorphic to M .

So, Mi,σ is an irreducible constituent of M for any i and σ ∈ Gal(Ei/Q).
This implies that M ′i,σ is a twist of Miσ for some iσ ∈ I. Since Miσ has
the constant Newton polygon, M ′i,σ also has the constant Newton polygon.
Then, M ′i,σ is unit-root because the determinant of M ′i,σ is of finite order.
This means that M ′i is absolutely unit-root, and we conclude that M ′i is
isotrivial by Proposition 1.2. Therefore, M is isotrivial.

5.2. The proof of Theorem 1.5

Let ρ denote the representation of π1(X) corresponding to M as before.
Theorem 1.5 can be reduced to the case of projective curves as in the

proof of Theorem 1.4. Precisely, there is a connected finite étale covering
Y of an open subscheme of X with a smooth projective compactification
Y such that the restriction of ρ to π1(Y ) factors through π1(Y ). There is a
smooth projective curve C inside Y inducing a surjection π1(C)→ π1(Y ). As
a representation of π1(C), ρ is semisimple. We denote by MC the convergent
F -isocrystal on C corresponding to ρ as a representation of π1(C).

We claim that the characteristic polynomial of Frobenius at any closed
point of MC has coefficients in Q (cf. [13, Theorem 3.1.(ii)]). As in the proof
of Theorem 1.6 (see the footnote), they have coefficients in some Galois ex-
tension E of Q and, for any σ ∈ Gal(E/Q), there is a semisimple convergent
F -isocrystal MC,σ over C such that the characteristic polynomials of Frobe-
nius at closed points of MC,σ correspond to those of MC via σ. Over C ∩ Y ,

4It suffices to know that Frobenius eigenvalues of Mi and M ′
i are algebraic at one

closed point to show λi is algebraic. This remark is used in the proof of Theorem 1.5.
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MC,σ is isomorphic to MC , hence unit-root. Therefore, even over C, MC,σ

is unit-root and isomorphic to MC . This means we can take E = Q.
So, we can assume X is a smooth projective curve and we finish by

Theorem 1.6.

6. Remarks on F -crystals

Theorem 1.6 has an immediate corollary for unit-root F -crystals:

Corollary 6.1. Let X be a geometrically connected smooth projective va-
riety over Fq and M a unit-root F -crystal. Assume the following:

• The associated unit-root F -isocrystal M ⊗Q is semisimple.

• The characteristic polynomial of Frobenius at any closed point has co-
efficients in Q.

Then, M is isotrivial.

Proof. Let ρ be the finite free W (Fq)-representation of π1(X) corresponding
to M . By Theorem 1.6, ρ⊗Q has finite geometric monodromy. Therefore,
ρ also has finite geometric monodromy. This means M is isotrivial. �

This corollary is false for F -crystals with constant Newton polygons.
Indeed, there exists a family of supersingular abelian surfaces over the pro-
jective line P1 such that the associated p-divisible group is non-constant,
cf. [19, p. 159].

Nevertheless, Remark 2.3 suggests the following generalization for “or-
dinary” F -crystals (cf. [9, Définition 1.3.3]).

Corollary 6.2. Let X be a geometrically connected smooth projective va-
riety over Fq and M an F -crystal. Assume the following:

• The associated F -isocrystal M ⊗Q is semisimple.

• The characteristic polynomial of Frobenius at any closed point has co-
efficients in Q.

• M admits a filtration by sub F -crystals

0 ⊂M0 ⊂M1 ⊂ · · · ⊂Mi ⊂Mi+1 ⊂ · · ·
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such that (Mi/Mi−1) has the form of M ′i(−i) with unit-root M ′i .
5 Here,

(−i) denotes the Tate twist.

Then, M is isotrivial.

Proof. By the proof of Theorem 1.6, M ′i ⊗Q is isotrivial. Like the proof of
the previous lemma, this implies that M ′i is isotrivial. Thus, we may assume
M ′i is constant. To show M is constant, it suffices to show the underlying
crystal of M is trivial. Indeed, if M is trivial as a crystal, M is the pullback
of H0

crys(X,M) as an F -crystal.
Fix i > j ≥ 0 . Let Ni and Nj be constant unit-root F -crystals over X.

We consider an extension N of Ni(−i) by Nj(−j):

0→ Nj(−j)→ N → Ni(−i)→ 0.

Suppose this exact sequence splits after inverting p. It suffices to show it
splits as an exact sequence of crystals.

We have the following exact sequence:

0→ H0
crys(X/W,Nj(−j))→ H0

crys(X/W,N)→ H0
crys(X/W,Ni(−i))

δ→ H1
crys(X/W,Nj(−j)).

The map δ is 0 after inverting p. Since the underlying crystal of Nj(−j)
is trivial, H1

crys(X/W,Nj(−j)) is torsion-free. Therefore, δ is 0. Namely, we
have the following exact sequence:

0→ H0
crys(X/W,Nj(−j))→ H0

crys(X/W,N)→ H0
crys(X/W,Ni(−i))→ 0.

This means that there is a splitting Ni(−i)→ N of crystals because the
underlying crystal of Ni(−i) is trivial. �
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Séminaire de géométrie algébrique du Bois Marie 1960–61. [Al-
gebraic Geometry Seminar of Bois Marie 1960-61], Directed by
A. Grothendieck, with two papers by M. Raynaud, Updated and anno-
tated reprint of the 1971 original [Lecture Notes in Math., 224, Springer,
Berlin; MR0354651 (50 #7129)].

[2] T. Abe, Comparison between Swan conductors and characteristic cycles,
Compos. Math. 146 (2010), no. 3, 638–682.

[3] T. Abe, Langlands program for p-adic coefficients and the petites coma-
rades conjecture, (2011).

[4] T. Abe, Langlands correspondence for isocrystals and existence of crys-
talline companion for curves, arXiv:1310.0528v2, (2016).

[5] R. Crew, F -isocrystals and p-adic representations, in: Algebraic geome-
try, Bowdoin, 1985 (Brunswick, Maine, 1985), Vol. 46 of Proc. Sympos.
Pure Math., 111–138, Amer. Math. Soc., Providence, RI (1987).

[6] A. J. de Jong, Smoothness, semi-stability and alterations, Inst. Hautes
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