
Pure and Applied Mathematics Quarterly

Volume 6, Number 4

(Special Issue: In honor of

Joseph J. Kohn, Part 2 of 2 )

1035—1050, 2010

Higher Order Invariants of Levi Degenerate

Hypersurfaces

Martin Kolář
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Abstract: The first part of this paper considers higher order CR invariants
of three dimensional hypersurfaces of finite type. Using a full normal form
we give a complete characterization of hypersurfaces with trivial local auto-
morphism group, and analogous results for finite groups. The second part
considers hypersurfaces of finite Catlin multitype, and the Kohn-Nirenberg
phenomenon in higher dimensions. We give a necessary condition for local
convexifiability of a class of pseudoconvex hypersurfaces in Cn+1.
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1. Introduction

In complex dimension two, the lowest order local CR invariant of a smooth
hypersurfaces M ⊆ C2 at a point p ∈ M is the type of the point. This funda-
mental invariant was introduced by J. J. Kohn in [9], in order to study boundary
behavior of the ∂̄ operator on weakly pseudoconvex domains. It measures the
number of commutators of CR and anti-CR vector fields needed to span the whole
complexified tangent space to M at p. In more geometric terms, the type of p is
the maximal order of contact between M and complex curves passing through p.
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1036 Martin Kolář

On the next level, there is a well defined model hypersurface at p, which gives
important numerical local invariants, characterizing local geometry of M ([10]).

In higher dimensions, local geometry of Levi degenerate hypersurfaces is much
more complicated. The order of contact with complex curves does not give an
open condition anymore, and cannot characterize subellipticity of the ∂̄ operator
on the boundary. In order to obtain invariants relevant for analysis of the ∂̄

equation, one has to consider orders of contact with singular complex varieties.
Such invariants have been introduced in the work of J. P. D’Angelo ([5]).

Let M be a smooth hypersurface in Cn+1, where n ≥ 2. If dk denotes the
maximal order of contact of M with complex varieties of dimension k at the
given point, the n-tuple (dn, . . . , d1) is called the D’Angelo multitype of p.

For pseudoconvex hypersurfaces, D. Catlin ([3]) introduced a different, more
algebraic notion of multitype. As an important advantage, it provides a well
defined weighted-homogeneous model, an essential tool for local analysis. The two
notions of multitype coincide on a class of hypersurfaces called semiregular ([6]),
or h-extendible ([20]). It contains, for example, all decoupled and all convexifiable
hypersurfaces.

Since the definition of multitype is nonconstructive, and the models are not
uniquely defined, it is not a priori clear what is the relation between various
models. In some situations, when low order boundary invariants are needed, it
is enough to choose an arbitrary model. On the other hand, in order to study
higher order CR invariants it is essential to understand the non-uniqueness in
the definition of models. In particular, it is not a priori obvious whether all
models are necessarily biholomorphically equivalent. In the case of h-extendible
pseudoconvex hypersurfaces, biholomorphic equivalence of models was proved by
N. Nikolov in [19].

The first part of this paper considers local CR invariants of hypersurfaces of
finite type in C2. In dimension two, a complete set of local CR invariants can
be constructed, on the level of formal power series, using analysis of generalized
Chern-Moser operators ([15]). Combined with the result of M. S. Baouendi, P.
Ebenfelt and L. P. Rothschild on convergence of formal equivalences, it gives a
solution to the local equivalence problem. One of the main applications of this
result provides understanding of local symmetries of finite type hypersurfaces.
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In Section 3 we give a characterization of finite type hypersurfaces with triv-
ial local automorphism group, in terms of normal form coordinates. Analogous
complete classification is obtain in the case of finite local automorphism group of
order m > 1.

In Section 4 we consider a constructive approach to the Catlin multitype on a
general (not necessarily pseudoconvex) hypersurface in Cn+1. Section 5 gives a
review of Kohn-Nirenberg invariants in complex dimension two. The results are
used in Section 6, where we define certain numerical invariants on hypersurfaces
for which at the given point all multitype entries coincide. We show how they
can be used to study the Kohn-Nirenberg phenomenon in higher dimensions.
In particular, we obtain a necessary condition for local convexifiability of such
hypersurfaces.

2. Preliminaries

In the first part of this paper, we will consider a real analytic hypersurface
M ⊆ C2 and a Levi degenerate point p ∈ M of finite type k > 2.

In order to describe M in a neighbourhood of p, we will use local holomorphic
coordinates (z, w) centered at p, where z = x + iy, w = u + iv. The hyperplane
{v = 0} will be assumed tangent to M at p. In this setting, M is described near
p as the graph of a uniquely determined real valued function

v = Ψ(z, z̄, u).

Recall that p ∈ M is a point of finite type k if and only if there exist local
holomorphic coordinates such that M is given by

(1) v = P (z, z̄) + o(|z|k + |u|),
where the leading term is a nonzero real valued homogeneous polynomial of degree
k without harmonic terms,

(2) P (z, z̄) =
k−e∑

j=e

ajz
j z̄k−j ,

with 1 ≤ e ≤ k
2 and

(3) ae = 1.

We will now recall some basic facts from the normal form construction [15].



1038 Martin Kolář

Using (2), we will define two basic integer valued invariants. The first one,
denoted by e and defined implicitly by (2), is the essential type of the model
hypersurface (defined below).

When e < k
2 , the second invariant is defined as follows. Let e = m0 < m1 <

· · · < ms < k
2 be the indices in (2) for which ami 6= 0. The invariant, denoted by

d, is the greatest common divisor of the numbers k− 2m0, k− 2m1, . . . , k− 2ms.

The polynomial P need not be determined uniquely by (2), (3). In order to
make it unique, the following condition is imposed. Denote

qi =
gcd(k − 2m0, k − 2m1, . . . , k − 2mi)

gcd(k − 2m0, k − 2m1, . . . , k − 2mi+1)

for 0 ≤ i ≤ s− 1. In addition to (2), (3), we require that P satisfies

(4) arg ami+1 ∈ [0,
2π

qi
)

for 0 ≤ i ≤ s− 1. This determines P uniquely.

The model hypersurface MH to M at p is defined using the normalized leading
homogeneous term,

(5) MH = {(z, w) ∈ C2 | v =
k−e∑

j=e

ajz
j z̄k−j}.

In particular, when the leading term is circular, we write

(6) Sk = {(z, w) ∈ C2 | v = |z|k}.
Another exceptional model is the tubular hypersurface

(7) Tk = {(z, w) ∈ C2 | v =
1
k
[(z + z̄)k − 2Re zk]}.

The local automorphism group of a hypersurface M at a point p will be denoted
by Aut(M, p). It was proved in [15] that if e < k

2 , the local automorphism group
of MH consists of transformations

z∗ = δ exp iθz, w∗ = δkw,

where exp iθ is a d-th root of unity and δ > 0 for k even or δ ∈ R \ {0} for k odd.
Hence Aut(MH , p) = R+ ⊕ Zd for k even and Aut(MH , p) = R∗ ⊕ Zd for k odd.
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The local automorphism group of Sk is three dimensional, consisting of trans-
formations of the form

(8) f(z, w) =
δeiθz

(1 + µw)
1
e

, g(z, w) =
δkw

1 + µw
,

with δ > 0, and θ, µ ∈ R.

3. Local automorphism groups in C2

We write

Ψ(z, z̄, u) = P (z, z̄) + F (z, z̄, u),

where

F (z, z̄, u) =
∑

j,l,m

ajlmzj z̄lum.

We will also consider the Taylor expansion of F in terms of z, z̄,

F (z, z̄, u) =
∑

j,l

Fjl(u)zj z̄l,

where

Fjl(u) =
∑
m

ajlmum.

The results of [15] give three different complete normal forms, depending on the
form of the model. There are two exceptional models, Sk and Tk, while the
generic case covers all remaining models.

When e = k
2 , we have the following complete normalization. F is in normal

form if

(9)

Fj0 = 0, j = 0, 1, . . . ,

Fe,e+j = 0, j = 0, 1, . . . ,

F2e,2e = 0,

F3e,3e = 0,

F2e,2e−1 = 0.

Normal coordinates (i.e. such in which the normal form conditions hold), are
determined uniquely up to the action of the symmetry group (8).
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When MH = Tk, we have the following normal form conditions:

(10)
Fj0 = 0, j = 1, 2, . . . ,

Fk−1+j,1 = 0, j = 0, 1, . . . ,

and

(11) F2k−2,2 = Re Fk−2,1 = Re Fk,k−1 = 0.

Again, normal coordinates are determined uniquely up to the action of the
symmetry group Aut(Tk, 0).

Now, let MH be a generic model, i.e. e < k
2 and MH is different from Tk.

Denote Fk−1(u) = (F1,k−2(u), F2,k−3(u), . . . , Fk−2,1(u)). The normal form condi-
tions are:

(12)

Fj0 = 0, j = 1, 2, . . . ,

Fk−e+j,e = 0, j = 0, 1, . . . ,

F2k−2e,2e = 0,

(Fk−1, Pz) = 0,

where

(13) (Fk−1, Pz) =
k−2∑

j=1

Fj,k−1−j(j + 1)āj+1.

The corresponding normal coordinates are unique up to the action of the sym-
metry group Aut(MH , 0).

The following result was obtained in [16].

Proposition 3.1. Let M be a Levi degenerate hypersurface of finite type with
e = k

2 , not equivalent to v = |z|k. Then all local automorphisms expressed in
normal coordinates have the form of decoupled linear transformations

(14) z∗ = δeiθz, w∗ = δkw,

for some θ ∈ R and δ ∈ R∗.

Now we turn to the general case. Let (z, w) be normal coordinates for M at p,
and v = P (z, z̄)+F (z, z̄, u) be the defining equation in such coordinates. Denote

Θ1 = {(j, l,m) ∈ Z3
+ : j 6= l and aj,l,m 6= 0}
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and

Θ2 = {(j, k − j, 0) ∈ Z3
+ : j 6= k − j and aj 6= 0}.

Set Θ = Θ1 ∪Θ2. If Θ is nonempty, we define

µ0 = gcd(j,l,m)∈Θ |j − l|.

We have the following complete description of all finite type hypersurfaces with
finite local automorphism group.

Theorem 3.1. Let M be a Levi degenerate hypersurface of finite type, not
equivalent to a model hypersurface. Then Aut(M, p) is finite if and only if Θ is
nonempty. In this case, the stability group is isomorphic to Zµ0.

proof: First we will prove that in normal coordinates all local automorphisms
of M are decoupled linear, of the form (14). By Proposition 3.1, it remains to
consider the case e < k

2 .

By definition, any local automorphism of M in normal coordinates preserves
normal form. In [15], such transformations are completely characterized, and
correspond to the action of the local symmetry group of the model.

Starting with the generic case, we assume MH is a generic model, and con-
sider the normal form conditions (12). The local symmetry group of the model
acts on normal forms. We will prove that the transformation by each element
of Aut(MH , p) preserves the normal form, hence its action on normal forms is
direct and no renormalization is needed. Since every element of Aut(MH , p) is a
decoupled linear transformation, its application clearly preserves the first three
conditions. In order to see that the last condition is also preserved, we write P

as

P (z, z̄) =
k−1∑

j=1

ajz
j z̄k−j ,

where aj 6= 0 only if k − 2j is divisible by d. Denote

βj(u) = Fj,k−1−j(u).

We have

Pz(z, z̄) =
k−1∑

j=1

jajz
j−1z̄k−j .
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Since dilations clearly preserve all the normal form conditions, we consider the
action of a transformation z∗ = αz, where αd = 1. Using this and the fact that
aj 6= 0 implies k − 2j is divisible by d, we obtain

(F ∗
k−1, Pz) =

k−1∑

j=2

jājβj−1(u)αj−1ᾱk−j =

= α−1
k−1∑

j=2

jājβj−1(u)αjᾱk−j = α−1(Fk−1, Pz) = 0,

which proves the claim. Now let the model be the tubular hypersurface Tk.
In this case e = 1, and since all the coefficients aj of P are nonzero, we obtain
immediately the value of d. If k is even, all the numbers k−2m0, k−2m1, . . . , k−
2ms are even, and we have d = 2. If k is odd, then again immediately d = 1.

Consider the normal form conditions (10), (11). Clearly this normalization is
preserved when an element of Aut(Tk, 0) is applied.

Thus we have proved that whenever M is different from Sk, all local automor-
phisms in normal coordinates are of the form (14). Hence it remains to consider
the action of (14) on the defining equation of M .

If Θ is empty, then any rotation in z preserves M , so the local automorphism
group is infinite. Let us assume now that Θ is not empty.

Since all local automorphisms are decoupled linear in normal coordinates, they
act on each monomial in the expansion of F separately, in an obvious way. Since
M is not a model, it follows immediately that weighted dilations do not preserve
F . If (j, l, m) ∈ Θ, then the coefficient aj,l,m is preserved by a rotation z∗ =
exp iθz if and only if

(exp iθ)j−l = 1.

Since this holds for any element of Θ, the result follows.

As a particular case, we obtain a complete description of hypersurfaces with
trivial local automorphism group.

Theorem 3.2. Let M be a Levi degenerate hypersurface of finite type, not
equivalent to a model. Aut(M, p) is trivial if and only if Θ is nonempty and
µ0 = 1.
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4. Hypersurfaces of finite multitype

Let M ⊆ Cn+1 be a smooth hypersurface (not necessarily pseudoconvex), and
p be a Levi degenerate point on M . We will assume that p is a point of finite type
in the sense of Bloom and Graham. In this section we consider a constructive
approach to the Catlin’s definition of multitype.

Consider local holomorphic coordinates (z, w), where z = (z1, z2, ..., zn) and
w = u + iv, zj = xj + iyj , centered at the point p ∈ M . Again, the hyperplane
{v = 0} is assumed to be tangent to M at p. M is described near p as the graph
of a uniquely determined real valued function

(15) v = Ψ(z1, . . . , zn, z̄1, . . . , z̄n, u).

We now apply Catlin’s definition of multitype to M at p. In the following, α, β

will denote multiindices, and we will use the standard multiindex notation.

Definition 4.1. A weight is an n-tuple of nonnegative rational numbers Λ =
(λ1, ..., λn), where 0 ≤ λj ≤ 1

2 , and λj ≥ λj+1, such that for each k either λk = 0,
or there exist nonnegative integers l1, ..., lk satisfying lk > 0 and

k∑

j=1

ljλj = 1.

The component λj of Λ is interpreted as the weight of the variable zj . The
variables w and u are given weight one. The weighted degree of a monomial
cαβlz

αz̄βul is

wt(cαβlz
αz̄βul) = l +

n∑

i=1

(αi + βi)λi.

A real valued polynomial P (z, z̄, u) is Λ - homogeneous of weighted degree κ if it
is a sum of monomials of weight κ.

A weight Λ will be called distinguished if there exist coordinates (z, w) in which
the defining equation has form

(16) v = P (z, z̄) + owt(1),
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where P (z, z̄) is a Λ - homogeneous polynomial of weighted degree one which is
not pluriharmonic, and owt(1) denotes terms in the Taylor expansion of weight
greater than one.

The fact that distinguished weights do exist follows from the assumption of
Bloom-Graham finite type ([2]).

We denote by ΛM = (µ1, . . . , µn) the infimum of distinguished weights with
respect to the lexicographic ordering.

The multitype of M at p is defined to be the n-tuple (m1,m2, . . . , mn), where
mj = 1

µj
if µj 6= 0 and mj = ∞ if µj = 0. If none of the mj is infinity, we say

that M is of finite multitype at p.

Note that since the definition of multitype considers all distinguished weights,
the infimum is a biholomorphic invariant, and we may speak of the multitype.

Coordinates corresponding to a distinguished weight Λ, in which the local
description of M has form (16), with P being Λ - homogeneous, will be called Λ
- adapted.

ΛM will be called the multitype weight. Note that for any δ > 0 there exist
only finitely many points (l1, . . . , ln) ∈ Zn

+ such that lj ≤ 1
δ for all j = 1, . . . , n. It

follows immediately that if M at p is of finite multitype, ΛM - adapted coordinates
do exist (cf. [3]).

From now on we assume that p ∈ M is of finite multitype. If (16) is the defining
equation in some ΛM - adapted coordinates, we define a model hypersurface to
M at p to be

(17) MH = {(z, w) ∈ Cn+1 | v = P (z, z̄)}.

Models are useful for many geometric and analytic results. In order to deal
with biholomorphisms between models, we introduce the following terminology.
Here weighted degree is understood with respect to the multitype weight ΛM .

Definition 4.2. A transformation

w∗ = w + g(z1, . . . zn, w), z∗i = zi + fi(z1, . . . zn, w)
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preserving form (15) is called

– homogeneous if fi is a ΛM -homogeneous polynomial of weighted degree µi

and g is a ΛM -homogeneous polynomial of weighted degree one,

– subhomogeneous if fi is a polynomial consisting of monomials of weighted
degree less or equal to µi and g consists of monomials of weighted degree less or
equal to one,

– superhomogeneous if the Taylor expansion of fi consists of terms of weighted
degree greater or equal to µi and g consists of terms of weighted degree greater or
equal to one.

We write P in the form

(18) P (z, z̄) =
∑

|α,α′|ΛM
=1

Aα,α′z
αz̄α′ ,

where |α, α′|ΛM
=

∑n
j=1 µj(αj + α′j). Homogeneous transformations are of the

form

(19) z∗i = zi +
∑

|α|ΛM
=µi

Cαzα, w∗ = cw +
∑

|α|ΛM
=1

Dαzα

where |α|ΛM
=

∑n
j=1 µjαj and c ∈ R∗.

Let us remark that the problem of biholomorphic equivalence of models is con-
sidered in [14]. The following result was obtained there. Note that models are
understood in the sense of this section, i.e. corresponding to ΛM -adapted coor-
dinates.

Theorem 4.1. A biholomorphic transformation takes ΛM -adapted coordinates
into ΛM -adapted coordinates if and only if it is superhomogeneous. Moreover, let
MH and M̃H be two models for M at p. Then there is a homogeneous transfor-
mation which maps MH to M̃H . In particular, any two models are biholomorphic
by a polynomial transformation.
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5. Kohn-Nirenberg hypersurfaces

We now review some explicit conditions for local convexifiability of pseudo-
convex hypersurfaces in complex dimension two, which will be used in the next
section. There are no new results in this section.

Let

(20) P (z, z̄) = a0|z|k +
∑

j=2,4,...,k

|z|k−jRe(ajz
j)

be a subharmonic but not harmonic homogeneous polynomial of degree k. We
will denote

γlk =
k

l2 − k

if l2 ≥ 3k − 2 and

γlk =

√
(4k − l2 − 4)k2

(4k − 4)(k2 − l2)

if l2 ≤ 3k − 2.

Further, we consider hypersurfaces of the Kohn-Nirenberg type. Let

Mk,l
a = {(z, w) ∈ C2 | Im w = P k,l

a (z, z̄)},
where

P k,l
a (z, z̄) = |z|k + a|z|k−lRe zl

with a ≥ 0.

We have the following characterization of convexifiability of Mk,l
a , obtained in

[11].

Proposition 5.1. Mk,l
a is convex if and only if a ≤ γlk. Moreover, if l is not a

divisor of k, then this condition is equivalent to convexifiability of Mk,l
a .

The following result appears in [13], as Theorem 3 .

Proposition 5.2. Let the model at p ∈ M be given by (20). If M is convexifi-
able at p, then

(i)
|aj |
a0

≤ γjk for all j > k
2 ,

and

(ii)
|aj |
a0

≤ 2γjk for all j ≤ k
2 .
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6. Hypersurfaces with homogeneous models

We will now consider a smooth pseudoconvex hypersurface M ⊆ Cn+1 and local
holomorphic coordinates (z1, z2, ..., zn, w), where w = u + iv and zj = xj + iyj ,
centered at a point p ∈ M . We assume p is of finite Catlin multitype.

Consider ΛM - adapted coordinates, in which the hypersurface is described by

v = P (z1, . . . , zn, z̄1, . . . , z̄n) + owt(1).

It is well known that on any locally convex domain the Catlin and D’Angelo
multitypes coincide, and the numbers mj are all even integers (see [21]). Hence
inequality of the two multitypes is a trivial obstruction to convexifiability. Our
aim is to study other possible obstructions, hence we restrict ourselves to domains
on which the two multitypes coincide. This simplifies substantially the form of
the leading polynomial P (z, z̄). When restricted to a coordinate axis zj it gives
a subharmonic but not harmonic real valued homogeneous polynomial of degree
mj of the form

(21) Pj(zj , z̄j) = aj
0|zj |mj +

∑

i=2,4,...,mj

|zj |mj−iRe(aj
iz

i
j)

for some aj
i ∈ C and aj

0 > 0.

We will now consider hypersurfaces for which the multitype at the given point
satisfies m1 = m2 = · · · = mn = m, each entry being equal to a fixed even
integer m. Hence, in ΛM - adapted coordinates, the leading polynomial P is
a plurisubharmonic homogeneous polynomial of degree m which, by the equal-
ity of multitypes, is not harmonic along any complex line passing through the
origin. Indeed, if it were harmonic along such a line, the order of contact with
complex curves would exceed m. In this case for all homogeneous and subhomo-
geneous transformations the f component of the transformation is linear. This
substantially simplifies the analysis.

We define the Kohn-Nirenberg numbers of M at p as follows. For a nonzero
vector c = (c1, . . . cn) ∈ Cn we consider the restriction of P to the complex line

(22) Γc = {z ∈ Cn ; z = ζc, ζ ∈ C},
generated by c. This restriction as a function of ζ is a subharmonic polynomial of
the form (20), which we denote Pc, and its coefficients by ac

j . For an even integer
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l we define the Kohn-Nirenberg number

κl
M = sup

c

|ac
l |

ac
0

.

We have the following necessary condition for local convexifiability.

Proposition 6.1. If there exists an l > m
2 such that κl

M > γlm, or an l ≤ m
2

such that κl
M > 2γlm, then M is not locally convexifiable.

proof: By Proposition 5.2., M is not convex in the original coordinates (z, w).
Let (z∗, w∗) be another system of local holomorphic coordinates, and let the
biholomorphic coordinate change be given by

(23)
z∗i = fi(z, w)

w∗ = g(z, w).

We may restrict attention to transformations which preserve the form (15), and
moreover satisfy the normalization condition gw(0, 0) = 1. The general case is
obtained from this by an affine transformation, which does not affect convexity.

Let F ∗ denote the function which describes M in the new coordinates. By
substituting (23) into v∗ = F ∗(z∗, z̄∗, u∗), we obtain

(24)
F ∗(f(z, u + iF (z, z̄, u)), f(z, u + iF (z, z̄, u)),

Re g(z, u + iF (z, z̄, u)) = Im g(z, Re g(z, u + iF (z, z̄, u)),

where f = (f1, . . . , fn). Now we will distinguish two cases. First, let g contain
terms of weight less than one. Let gκ denote the leading homogeneous term in g,
where κ denotes the corresponding weight. By comparing terms of weight κ in
(24), it follows that F ∗ starts with a nonzero pluriharmonic polynomial Q(z, z̄) of
weight κ. We choose a complex line Γc of the form (22), such that the restriction
of Q to Γc is nonzero. The defining equation restricted to this line has form

v = Re αζmκ + o(mκ),

where α 6= 0, hence F ∗ is not locally convex.

Let now g contain only terms of weight greater or equal to one, and let g1

denote the homogeneous part of g of weight one. We separate the leading linear
term in f(z, w) in the z-variables. Write

fi(z, w) = Li(z) + owt(
1
m

)
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and denote L(z) = (L1(z), . . . , Ln(z)). Let P ∗ denote the leading homogeneous
term in F ∗. Since there are no terms of weight less than one on the right hand
side of (24), P ∗ is of weight one. For terms of weight one in (24) we obtain

P ∗(L(z), L(z)) = P (z, z̄) + Im g1(z).

It follows that the leading term in F ∗ is obtained from P by a linear transfor-
mation in z and addition of pluriharmonic terms. In the original coordinates we
choose a line Γc, on which |ac

l |
ac
0

> γlm, for some l > m
2 or |ac

l |
ac
0

> 2γlm, for some
l ≤ m

2 , and denote Γ∗c the image of this line by the linear part L(z). It follows
from linearity that the same condition holds on this line, hence by Proposition
5.2., F ∗ is not convex.
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